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SOME LATTICE CRITERIA FOR PROTON ACCELERATORS AND pE COLLIDERS

N Marshall King
Rutherford and Appleton Laboratories, Chilton, Oxon, UK

ABSTRACT

Lattices for 20 TeV proton machines have been surveyed for a wide range
of tune values in the range 50 < Q < 250, and their sensitivity to
various errors assessed. Results favour lower tunes, in the region of
100, particularly when total quadrupole length and machine circumference
are taken into consideratiomn.

INTRODUCTION
)

Lattices considered at the 1978 ICFA Workshop!’ called for tune values in the region
of 200 at 20 TeV. However, extrapolation from existing SPS and FNAL tunes according to the

1
scaling law Q v P? would suggest much lower values in the range Q = 100-150 at 20 TeV.

Further, the 1978 lattices invite the criticism that they involve large numbers of
long quadrupoles, with consequent large machine circumference and attendent capital expense.
Hence, it seems worthwhile to explore what criteria might be invoked for an optimum choice

of tune.

The present exercise concentrates on 20 TeV machines, covers a wide range of tune,
50 £ Q £ 250, and considers the sensitivity of the normal part of the lattice to various
errors in construction and installation. Dipole, quadrupole, and sextupole effects are
evaluated according to the formulae of Refs 2 and 3, to 98% probability where appropriate,

and conjectured rms error values are assigned.

Basic premises adopted in the 1978 exercise are preserved: namely, FODO cells of
about /2 phase advance; dipole fields of 10T; quadrupole gradients of about 250T/m; and
lattice superperiodicity 8, determined by eight low-B insertions. The insertions are not

considered in detail here.

A new approach to the free space allocated for ancillary equipment in the normal cells
is adopted, as outlined in Section 2. To compare the different lattices, a consistent

selection of working point in the resonance diagrams is made, described in Section 3.

LATTICE GEOMETRY

The lattices contain NB normal FODC cells of about u = /2 phase advance, with dipole

fields B = 10T and quadrupole gradients B' of about 250T/m. A schematic half-cell, involving

'm' dipole units is illustrated below.
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To determine cell dimeﬁsions, three basic assumptions are made: (i) dipole unit
length (LB/m) is in the region of 7m, consistent with existing technology; (ii) spaces %,
to accommodate sextupoles, closed orbit correctors, beam sensors, etc. should have a
minimum length %£; > 4.0m; (iii) similarly, inter-dipole spaces %, to accommodate pumps,
flanges, bellows, electrical connections, etc. should have a minimum length 2, > 0.5m.

These allocations may have to be revised on more detailed scrutiny.

Since Y = m/2, the number of normal cells is given by NB = 4Q; and LB is given by

np/NB with p = 6.67128 km for 20 TeV and B = 10T. Hence, where the subscript 'n.i' stands

for 'nearest integer':

m = (LB/7)n.i = (2994/NB)n.i s 1)
and the above assumptions give an upper limit for LQ in metres:

Ly ¢ @ -1y - im+15) . (2)
Thin lens analysisl) with B'< 250T/m relates LQ to }-cell length L:

L, > 377.5/L . 3

Q

Combining (2) and (3), the ratio L/LB = R/p is given by:

L/Ly > £ + (£% + 377.5/L§)* , 4)

with £ = 0.25 (2 + (m+15)/LB) . (4a)

Thus, for a given value of N_, lattice dimensions are determined for the above minimum

B’
values of 2;, %22, with maximum quadrupole gradient B = 250T/m to thin lens approximation.

WORKING POINT

The typical superperiod resonance diagram for S = 8 is illustrated in Fig 1, where all
superperiod resonances to 3rd order are shown as solid lines, and 4th order as serrated
lines. An exception is the 2nd order difference line Qx— Qy = 0, shown serrated. For
clarity, Q values are exemplified by the weak-focusing case Qo = 52, where Qo is the

nominal tune giving a precise p = /2 phase advance per cell: (ie. Q0 = NB/4).

The }-integer square and working point picked out in Fig 1 is reasonably far from
dangerous systematic lines, and has been chosen to typify all the lattices compared here.
It is expanded in Fig 2 to show neighbouring error resonances to 4th order, again taking
the Q° = 52 case as an example. The working point at Qo— 0.43 is shown at the centre of a
circle, radius AQ = 0.02 to give a feeling for the scale. The resulting phase advance per

normal cell is given by u/m = 0.5 - 0.215/QO, always close to u = m/2,

LATTICE PARAMETERS

With lattice geometry chosen according to Section 2, and working points according to

Section 3, lattice parameters for the range 52 < Qo € 252 are listed in Table I.
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)

The lattice functions were calculated originally using thin lens formulae!';, and were

checked subsequently by an accurate matrix program")

As in the 1978 study, results are in
good agreement, the chief difference being an underestimate of quadrupole strengths in the
thin-lens approach: by 0.27 at Q0 = 52, increasing to about 97 at Qo = 252, The accurate

computed values are quoted in Table I.

CLOSED ORBIT DEVIATIONS

Starting from the formulae of Ref 2, pp 23-24, approximate expressions for maximum
closed orbit deviations to 987 probability are derived for the various types of error.
The approximation consists in taking B-values in the dipoles and drift spaces to be the

rough average value 5(8max +B . ).

5.1 Random Errors in Dipole Field

The maximum horizontal deviation due to random field errors (AB/B) rms is given by:

r i
2 5 2:4T 1+1/3]Sin'r[9l~| Bnax Bnax * Bnin) (48

=)
N |sinmq| My B “rms

s (5)

Q

where MB = 2m NB is the total number of dipoles. Since all the lattices have a tune

value given by an odd integer + 0.57, Equation (5) reduces to:
R 13
*pp ® 7-24 Bmax [Bmax+ BminJ/MBJ ' (AB/B]rms ‘ (5a)

5.2 Random Dipole Tilts

Similarly, the maximum vertical deviation due to random dipole tilts (Ae)rms is

given by:

. 1t
Vg ~ 7.24 ['Bmax(smax * Bmin)/MB 1 - (Ae)rms : (6)

5.3 Random Quadrupole Displacements

Denoting the rms quadrupole displacements by (Aq) for either the x or y planes,

rms

3
A 1/3|sinmQ
qu - yAq /— [ SinmQ max max+ Bmln] MQ KLQ'(Aq)rms ? &2

where MQ = ZNB is the total number of quadrupoles of length L

For 20 TeV and 250 T/m, K = 3.7474 x 10 °, so that:

and gradient factor K.

Q

1
2

A _ A . -3 [

Rpq = Fpq ® 44318 x 10 [ B ax Brax” Bmin) Mg ] Pl e B (7a)
5.4 Stray Field in Normal Lattice Drift Spaces

Denoting the rms vertical and horizontal stray fields by (AB ) and (ABsx)rms’

the factor |2N {22,2 + (m—].)lz}|"L arises in the formulae. Using the values 2:; = 4.0m and

1
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12 = 0.5m chosen in Section 2, the approximate expressions become:

A 131 |
fABs . 0.6[i+1é? SinmQ } P%nax(ﬁmax+5min).(m+127)NB -i;;—_ Eizsy;rms . 8)
Y ABs L inmQ - 4e inj sx’ rms

Choosing an injection field Binj = 2.5 x 103G, these reduce to:

= (ABsy)rms

(ABSX) rms

~ 4,886 x lo_a[Fm+127)N B (B (8a)

}
B "max max+8mini]

5.5 Summary of Closed Orbit Deviations

As was the case for lattice parameters, these estimates of closed orbit deviations
have been checked using an accurate matrix tracking program“), with results in good
agreement. The accurate computed values are quoted in Tables II and III, scaled to
conjectural values of rms errors in general agreement with SPS experience, but modified to
account for uncertainties in superconducting magnet performance. In each plane, the effects
&

have been added in quadrature to give final estimates (X) These values are

rms’ rms’

plotted in Fig 3.

Clearly, the deviations are dominated by quadrupole misalignments at the higher tune
values. Although the precise form of the Fig 3 curves depends very much on the chosen rms
values of the field and quadrupole errors, the indication is that a Q value in the region

of 100 would be a sensible choice.

TUNE SHIFTS AND RESONANCE WIDTHS

6.1 Random Errors in Quadrupole Gradient

Random errors in quadrupole gradient (AB'/B')rmS contribute to the width of the half
integer resonances in the neighbourhood of the working point. To good accuracy, the

contribution to full width is given by:

(aB'/3") . 9

rms

- i 2 2
8, = 5 KLQ LNB[Bmax+ Bmin)

6.2 Random Gradient Errors in Dipoles

The contribution from gradient errors (AB'dip)rms in the dipoles may be expressed,
to less good accuracy, by:
Al
- (Bmax+8min] (AB dip)rms
AQB M 1 . B s (10)

oMy

where, as in Section 5, all dipoles are assumed to have a rough average B-value given
by 4(B,,,* B

x+ min)'

6.3 Resultant Width of Half-Integer Resonances

Table IV lists these two effects for conjectural values of the rms errors. In the case
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Table II
Horizontal Closed Orbit Deviations (mm)
- -3 = = =

(AB/B)rms =10 °, (Aqx)rms 0.15 mm, (ABsy)rms 0.28G, Binj 2.5 kG

1
| Ny "208 | 304 !400 | 496 | 592 | 688 | 816 | 912 | 1008

! : .
) i : . |
%y . 37.6 | 26.5 1 22.1 ' 18.3  16.2 | 15.3 . 12.8 | 13.1 E 11.9 |
Ry 184 122,41 25,9 29.0 | 31.8 | 34.7 © 38.0 | 40.6  42.9

i : i ! '
 Rppey 1.0 0.9, 0.8 0.8 0.7, 07 0.7} 0.7 07
i i + ! : ‘ i T l
TR, : 41.9 | 367 34.1 0 34.3  35.7 | 37.9 ' 40.1 | 42.7 | 44.5
rms x ; i i X ! | :
: ' ; | i 1
Table III
Vertical Closed Orbit Deviations (mm)
= = 4 = =
(89y) g = 0-15 mm, (80), = 2x10" “rad, (8B_) . = 0.11G, B, . = 2.5kG
T T i ; i T T '=
Ng 208 | 304 ' 400 | 496 . 592 | 688 ' 816 | 912 | 1008,
‘ — —
; i ; i : } i .
|90 18.4 . 22.4 ' 25.9 | 29.0 | 31.8 ; 34.7 38.0 | 40.6 | 42.9 |
916 7.5 5.3 4l 375 3.2 3.0 2.6 2.6 2.4
Ippex | 04 041 0.3 03 037 0.3 0.3 0.3 03
L@, 199 23.0 1 26.3 0 29.2  32.0 34.8 38.1 | 40.7 43.0
. : . , ! 1 y
Table IV
Half Integer Resonance Widths
1 /R = -3 ' = 2 "1
(8B'/B') o= 10°°, (8B'q; ) /B =10"m
l T T T f H ] 1 1
| Ny 208 . 304 i 400 | 496 592 688 | 816 | 912 ~ 1008
: , ; , , I
§ 8q, 0.011 | 0.014 | 0.016 0.018 0.019 ' 0.020 , 0.022 = 0.024 0.024
? AQ, 0.031 | 0.022 | 0.018 . 0.015 0.014 | 0.013 ' 0.011 0.011 . 0.010

i

: | ;
v . M
| 0.026 - 0.024 0.023  0.02 i 0.024 0.025 : 0.026 0.026 i

|
|
i ! i ! ! § !

of quadrupole gradient errors, the value (AB'/B‘)rms = 10 ? seems to be a reasonable aim:
gradient errors in superconducting dipoles pose more of a problem. Here, the suggested

value (AB' ) /B =102 m! corresponds, for example, to a field error AB/B = 0.5x10 °

dip’/rms
at the edge of a 5 cm radius aperture, ascribed to linear gradient error and which is

evaluated at an injection field of 2.5 kG.

Adding the two effects in quadrature, an estimate (AQ)rms is listed in Table IV.
This suggests a minimum value in the region Q = 100-150: as before it should be emphasised

that much depends on the precise choice of rms error values. Nevertheless, it is
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encouraging to derive a value consistent with the arguments of Section 5.

6.4 Sextupolar Field Errors in Dipoles

In Ref. 3, effects due to sextupole field components in straight dipoles were
analysed. Since such terms are likely to be large in superconducting magnets, it seems

prudent to evaluate their effects. Expressing the dipole field across the aperture by:

B = Bo[ 1+ byx + bzx2 + .. J , (11)

the b1 term used above was 10 2 m
superconducting dipoles5)

. Turning to the b2 term, an estimate based on FNAL
relates to a sextupole field of about 5G at 2.5 cm radius for a
design field B =5 kG: that is, b, = 1.6 m 2. This is about 4 times the corresponding

value for SPS conventional magnets.

Due to closed orbit curvature in the sextupolar field, first order tune shifts arise

in the x and y planes, given by
1[G
AQ = 1o L)E-bzcl.ﬂdipds, . (12)

where ¢y is the error in x-position of the closed orbit at entrance to a dipole, compared
with an ideal position. Taking ¢, to be random with an rms value of 0.2mm, Equation 12
leads to an expression directly comparable with Equation 10. The contribution to the full

width of the half integer resonances is then:

(B .. +8

max min]

AQ = ]
ZMB

.3.2x10 "%, (12a)

where the factor 3.2 x 10 * is to be compared with the value 10 ? used in Equation 10.

Hence this effect may safely be neglected.

Turning to the second order tune spreads directly attributable to the sextupolar field

term, Equations 48 & 51 of Ref. 3 allow the effects to be estimated. These relations

simplify considerably, taking Qx = Qy Q, c, ® 1, and constant values of B = B in all

dipoles:
R B o
80y, = =5 by B T+ by (BB - 3 BB ) T 13
5 2.2 Ey 2, 2 3 -2 &y
Mgy ~ =3 by BB, o + b, (BB -5BB) &
Making the further simplifying assumptions éx = éy =B = Q[Bmax+ Bmin) and
€ = ey =¢ =3 x 10 °m/By, the expressions become:
1 2 _3
AQZx = AQZy x - Z~b2 B €/Q (13a)

Evaluating the effects at Yinj = 500, with b2 = 1.6 m 2 as before:
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Table V

Second Order Tune Spreads

NB 208 304 400 496 592 688 816 912 1008

AQ,x 10°° | 9.8 2.5 1.0 0.5 0.3 0.2 0.1 0.09 0.07

Thus although the spreads could be important at very low tune values, they have fallen
to about 10 ° at Q = 100.

It should also be remarked that the tune spreads will be much more markedly affected
by the lumped sextupole elements inserted for chromatic correction. These have not been

considered here.

CONCLUSIONS

Surveying FODO lattices for 20 TeV proton rings over a wide range of tune values, the
effects of closed orbit deviations, half-integer resonance widths, and sextupolar effects in
the dipoles have been examined. The results all seem to favour a choice of normal lattice
tune in the neighbourhood of Q = 100. This is in good agreement with a P% scaling from

existing SPS and FNAL lattices.

Apart from such criteria, the likely cost of going to higher tune values may be
envisaged from a glance at Table I: npot only the numbers of quadrupoles, but their lengths,

increase with tune value, as does the ring circumference.

It should also be remarked that, if the envisaged closed orbit deviations are to be
completely accommodated in the vacuum chamber before correction, the magnet apertures should
be about the same dimension as in existing proton machines, - this despite the fact that the
beam radius should never be greater than a fraction of a millimetre. After correction, the

beam should lie completely in a very good field region.
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8n+2 8n+4

FIG 1 Superperiod Resonances to 4th Order
S =8, Ny = 4Q,
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FIG 3 Estimated Closed Orbit Deviations to 987 Probability
versus Number of Normal Cells NB z 4Q



