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Abstract

The treatment of second neighbour
coupling in loop current solutions of the
free oscillations of LC coupled loop cir-
cuits has usually been done using pertur-
bation technigques. This paper gives the
exact equilibrium solutions for these
currents which are

in = sin ne + acosng + Bsinh ny + ycosh ny

where

- k. D
coshy = —<§osw + 2k2)
k,,k, are the first and second neighbour
coupling constants and o, B, v and ¢ are
functions related to the coupled resonant
mode and the termination of the system.

Relations for the 7/2 mode with
ky/k, << 1 are given as well as the extra-
polation of this method to many neighbour
couplings. The solutions are useful for
studying the effects of large second
neighbour coupling and the effect second
neighbour coupling has on the 7/2 mode
particularly the detuning required for the
first and last cells.

l. Introduction

The representation of a set of coup-
led rf resonators by a coupled-loop equiva-
lent circuit has been very useful in pre-
dicting the behaviour of the physical
system, in understanding its properties and
in determining its tolerances (l1). Tuning
and assembly tolerances, unscrambling of
information from the coupled mode spectra
and relative cell field levels are among
the most useful aspects for which the model
has been used. The treatment of second
neighbour coupling in the loop current
solutions of the free oscillations of LC
coupled loop circuits has usually been done
using perturbation techniques. Exact
equilibrium solutions for these currents
are given below as well as a means of
extrapolating this method to include many
neighbour couplings.
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2. Theory

2.1 Simple Second Neighbour Coupling

The coupled loop circuit analog used
for a set of coupled resonators with all
elements alike is shown in Fig. 1l(a).

The loop current relations for a system
with N loops using Kirchoff's Law are

AKi, + iy, + ciz =0

Kiz + iz + i, + ciy, =0

KlN—l + lN + lN-2 + CJ.N_3 =0

AKlN + lN—l + CIN—Z =0

where x = 2 (1 (22))

in - ocurrent in the nth loop

‘} 1 . .
w, = 2L the free oscillation

frequency of each loop

w - the free oscillation frequency of
the coupled system

c = k2/k]_

X,.,k; - first and second neighbour
coupling constants

A ~ termination constant (full loop
equivalent to full cell, = 1;
half loop equivalent to shorted half
cell, = %)

The treatment of a system with
resistive losses requires the use of a
complex form for K in the following
treatment.

This set of equations can be solved
using standard finite d%ﬁference tech~
niques leading to the n loop current
equation
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n-2
X “(ext* + X +RKX*+X+0C) =0
when in is assumed to be of the form Xn.

Neglecting the trivial solution, X = 0, the
symmetric quartic reduces to

(X° + X+ 1) (¢X* + MX + ¢) =0 (1)
with e + M= 1 and IM 4+ 2c = K (2)

The first bracketed term of equation (1)
has solutions

X = cosyp % jsing with L = -2 coseg
The frequency dispersion relation-
ship is obtained by substituting L = -cosg
into equations (2) giving
w 2
W= e (3)

1 + k,cosp + kycos2y

The second bracketed term of
equation (1) has solutions
X = e‘lJ + e-w
kl
where coshy = = <§osw + 2k2>

The nth loop current general solution
is therefore given by

in = B(sin n¢ + Psinh n{y + ycosh ny) (4)
where B is an arbitrary constant.

The solutions for o, B, v and ¢
are determined from the first two and the
last two loop current equations, For a
system terminated with fpll loops, A =1,
the parameters are given by

a = ‘*sincpsinh(ml)w - sin(M+1)gsinhy}/D
B = {sin(N+2)¢-singcosh(N+1l) ¢ -

sin(N+1) gcoshy }/D (5)
v = {sin(N+1) gsinh{ - sinesinh(M1)y}/D

with D = cosgsinh(N+1)¢§ + cos(Mtl)psinhy -
sinh (N+2) ¢ :
and 0 = f(p) = —sin(N+1) psinh(N+3) ¢ +
2sin(N+2) psinh (N+2) ¢ (6)
- sin(N+3) gsinh(N+1) { = 2singsinhy

Solutions for ¢ which satisfy
equation 6 are used in equations 5 to
yield the parameters a, B, v needed by
equation 4 to determine current solutions.
The resonant frequency for this mode of
operation is obtained by substituting ¢
into equation 3. Some simplifications of
this complicated formula are possible when

k2
c=— << 1,
1

Here
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in = B<§in ng + ¢ singcosny - c sing,
c(l+sin®y) -n_.
[_ c 1+;1n ]n _ (_C)N+l n51n(N+1)w>
Tq
with ¢ = N+1 q = 112r3' ------ N

Note that the addition of second
neighbour coupling changes the current
solutions from the simple sin ng form to
terms involving k,/k, .

kg
For the m/2 mode and c = T << 1

1
the solutions reduce to

i = B(sin n% + ¢ cos nt + (-c)n+l>

n 2 2
which is not of the simple 1,0,-1,0,1,0,-1
-------- form when k, = 0.

Without going into the details,
the solutions for half loop terminated
systems, A = 3, can be solved in a similar

k2

¢ = — << 1 giving

manner when
kl

. . c(l+sin®g) In
i, = B( sin n@+cotm{cosnw - | = > ] }

(_C)N+l—n :iiNQD
Ny
. _ T (g-1)
with ¢ = (-1

For the 7/2 mode and ¢ = . << 1
1

the solutions reduce to in = Bsin n%,

identical to solutions with k, = 0. Even
numbered loops have zero currents unlike

that for the full loop terminated system

shown above.

q=1,2,3, ===-= N

2.2 Different Second Neighbour Couplings

For second neighbour coupling, ki,
between odd numbered loops and k), between
even numbered loops, the following dis-
persion relationship and current solutions
would result
in = B[sin ny + acos ny + Bsinh ny + ycosh ny)
where a, B, v and ¢ are determined from the
first two and last two loop current
equations,

B = R for odd numbered loops and
B = S for even numbered loops with

1
K + 2£2 cos2g

@ -3




[1 _ (ks + kYK
k1

coshy = cos2p - k,?
_2koks
w
and w =
1 +<¥E§EE 0s2¢ i,‘/[<? :b sZw}
klcosw

With multiple couplings given by
k, ,Ks, kg —=——; first, third, fifth, ---
neighbour coupling

k,,k,, ==-—; second, fourth ~--- neighbour
coupling between odd numbered loops

k4,k}, ===--; second, fourth ~--~ neighbour
coupling between even numbered loops

the dispersion relationship required to
satisfy the coupled equations is

2w ?
o

E+F + ‘f(E—F)2 + 4G®

1 + kpocos29 + k,cosdgp + ——===

Ww =

where E
F =14+ kjcos2¢p + kjcosdyp + ———=

G = k,cosp + kzcos3¢ + kgcos5¢ + ———=

The current solutions for a multiply

coupled system are difficult to solve.

2.3 Biperiodic System Coupling

The biperiodic system shown in
Fig. 1(b) has all even numbered elements
identical but different from the all th
1dent1ca% odd numbered elements. The 2n

and 2n+1 loop current equations are
2 k L
. _UJE ket O et B2 .
*2n <i o2 >'+ 2 v Le(12n+1 + ijpa1) F
k3

2 .
S (iynyp + ippap) =0

w, 2 k, L,
Lon+l <} I ) 7 E?(l2n+2 + iy,) +

kE
< (igng3 + ipp1) =0
} 1
where w, = ——— and uw, =
A TR 2 v 2L,Cp

Ssolving the set of N equations in a
similar manner used in section 2,1 gives
the following dispersion relationship

awt+bul £ Vﬁamf—bu§)2+4m5w§kfcos2m

2 (ab-kfcos®y)

with a = l+kicos2¢; b = 1l+2k,cos2¢
and current solutions

in = B(sin ng + acosng + Bsinh ny + ycoshny)

where B = R for odd numbered loops and

1
B = S-‘fir-for even numbered loops and
2
k2

K' + 2—cos2¢p
X, .

kK’ kiK
2
ks [1‘ k, k, d
coshy = cos2¢p - 2k, 0%,

Some interesting simplifications of
the above solutions are obtained when k! = 0

(a) Half loop terminated system with ki = 0

i = - ; - r(g-1)
ln Bcos (n=1)¢p with ¢ = (N-1)

q=1,2,3,

This is the same solution obtained
with k; = 0. Second neighbour coupling
between odd cells has the effect of
shifting the resonance frequency but not
the loop current amplitudes

(b) Full loop terminated system with k} = 0
k,K'singcosng

klcos¢<?—ki§1>

with 0 = f(p) = 4cos®gsin(N+1l) o -
k2 , K'Y .
4E—K'cosm51n(N+2)m + <?; ) sin (N+3) ¢
1 1

This system is much more complicated
than example (a). The complication is
associated with breaking the system symmetry
by using full loop termination.

i =B

sin ny -
n ®

(c) Full loop termination with k} = 0 and

the end loops altered such that u?
X END
2

_E wz.
loop current equations this change preserves
the symmetry of the system.

= 2
wy +

By inspection of the first and last
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q9_
N+l
—~——— N, similar to the solutions with k,=0.
To obtain a simple sine relation for the
loop currents, the end cells must be al-
tered by a different amount for each

mode. In particular for the 7/2 mode this
criterion requires

Here in Bsin ny with o=1,2,3,

2 = g Ake/2)
END 1 (1-ky)

If the end full cell of the physical
system were made up of two half cells,
the half cell without coupling to the
rest of the system would have to be
resonant at

oy

l"'k2

which is the coupled resonant 7/2 mode
for the entire system.

2
w' =
END

2,4 Multiple Coupling Biperiodic

The dispersion relationship
necessary to solve the set of coupled
equations involving multiple couplings
is given below using the same nomen-
clature as in section 2,2.

Fu? + Ewf = J(wa-sz)2 + 4w w3G®

where F = 1 + k) cos2¢p + k] cosdp + ===~
E=14+ k, cos2¢ + k,cosdyp + ——=-=
G = k,cos9 + kzcos3p + —————

3. Conclusions

The dispersion relationships for
multiply coupled singly periodic and bi-
periodic systems have been given. The
current loop solutions for second
neighbour couplings have been given and
the relations for the 7/2 mode in parti-
cular have turned out to be simple. For
the biperiodic system operating in the
T/2 mode, if care is taken to alter the
frequency of the full end cells by

wf(l-kz/Z)
(l'kz)

2 =

“END
then currents will be zero in even num-
bered loops for an idealized system and

equal in absolute amplitude in the odd
numbered loops.
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Fig. 1 RLC coupled loop circuit analog with k
first neighbour coupling and k,,k,'
second neighbour coupling.

1
Thé singly
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periodic system with all elements alike is shown
in (a) while (b) shows a biperiodic system with
alternate elements different.



