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Abstract

Nonlinearities of the iron in high-field mag-
nets are usually treated by the aid of mesh-type
computer programs. In this paper an alternate ap-
proach using a quasi-analytical method is suggested.
Since the field-current relationship of a cos mag-
net deviates even at 40 kG only by a few percent
from a linear law, it seems indicated to treat the
nonlinearities as a perturbation of the infinite-
permeability case. The method is, however, limited
to a geometry with rotational symmetric iron shield.
The application of this method to an actual magnet
is in progress, but a definite statement as to its
accuracy is not yet possible.

I. Introduction

The conventional and highly successful methods
for solving two-dimensional nonlinear magnetostatic
problems rely on some form of mesh-iteration proce-
dure.1-3 Analytical methods, on the contrary, have
in the past received very little attention.%s3
Since, however, the field-current relationship of a
cos® magnet deviates even at 40 kG only by a few
percent from a linear law and since the induced
higher harmonics are also very small, it is tempt-
ing to treat the nonlinearities as a perturbation
of the infinite permeability case.b The applica-
tion of a perturbation method to cosf magnets with
nonlinear iron shield is the subject of this paper.
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Fig. 1. Geometry of cosf magnet.
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Energy Commission.

The relative simplicity of the perturbation
method suggested stems to a large extent from the
simple geometry of a rotational symmetric iron
shield (Fig. 1). The extension to magnets of dif-
ferent types, e.g. AGS magnet, picture-frame magnet,
etc., is not straightforward. In this respect, the
present method is inferior to mesh-type programs,
which in principle can treat any geometry.

We limit ourﬁconﬁidera&ions to two-dimensional
magnetic fields, B = u,B, +ugBg. As usual, we
search for a solution for the vector potential

E= 3ZA rather than the field directly. The field
is then obtained from
B = curl & (1)

which reads in circular-cylinder coordinates

= 12a

Br Y (22)
1.\

By = - 5 - (2b)

The vector potential A is the solution of the dif-
ferential equation (DE) (natural units are used
throughout),

div(y gf;d A) = g%*

3)
with s°* the conduction current density and vy the
inverse of the permeability. +v is assumed to be a
function of the absolute value of the magnetic
field, v = y(B), but otherwise isotropic. By using
the vector identity

div(s;) =sdivv+v - gf%d s
with s and v arbitrary scalar and vector fields,
one can transform the DE (3) into (y = 1 at the

coil location)

ex -1

div(grad A) =AA= - 8°% -y ™" grad v grad A . )

The nonlinear DE (4) can be linearized by evaluating
y for a trial function which is not too different
from the correct solution. A first approximation
is obtained by taking the infinite permeability case
as trial function. A better approximation is, in
principle, obtainable by an iteration procedure.
II. Air-Core Magnet

In this section a method for the analysis of
the magnetic field due to an extraneous current dis-
tribution is elaborated, which matches the geometry
of air-core cos® magnets (Fig. 1). The current den-
sity s®% = s®¥(r,0) is limited to the region
ri <r <ro and exhibits in the absence of fabrica-
tion errors the symmetry properties

5,0 = s%(r,-0)

and s r,0) = - s¥(r,0+m) .

Considerable simplifications are achieved by repre-
senting the current density through the Fourier
series which has the general form
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ex
s =X

(3)

sex(r) cosn@

forr., <r <r
o n i o

with n restricted to odd integers. (We will use
the convention that Y, expresses a sum over odd n
and T a sum over even n.) For certain geometries,
the Fourier analysis of the current distribution
can be done analytically, for others numerically
only, but this question is irrelevant in the con-
text of this paper and the knowledge of the sgx is
assumed.

The vector potential satisfies the DE (4)
which in the absence of the iron shield is simply

ex (6)

In view of the Fourier representation of the forc-
ing term it is advantageous to make the ansatz for
the vector potential

AAex=’S

A%¥ = 5 A**(r) cosnsg .
[o] n

(N

The components Aﬁx(r) must then each satisfy the
ordinary DE (rj < r < r,)

(x

together with the boundary conditions that Aﬁx and
dAS¥/dr = A/®¥ are continuous at r; and r,. A par-
ticular solution of (8) for the region r;<r<r, is
obtained in integral form

ans*
n

dr

n2 ex ex
)- 274 = -0
r

n

= - (r) (8

r T,
Azx= X I six y w-1 dr+y J six X w-1 dr (9a)
r; T
r ;o .
A’ex=x'j ssx yw dr+y'J s:‘x x w dr (9b)
T, T

1

in which x and y are linearly independent solutions
of the homogeneous equation and w = xy’ - yx’ is

the Wronskian determinant. Putting
n - n
X = (ro/r) ; y (r/ri)
P nt+l . ’ - n-1
x’ = n(to/r) /ro 5y n(r/ri) /ri
_ n
w = 2n(ro/ri) /r
leads to
n n
ex o ex r tex
2 - (2) Fm+(E) Mw (10a)
r r,
i
m+l n-1
n ro ex r tex
arex =B (2) gy (L) GTexy
o i i (10b)
with r
ex _ 1 I ex nt+l
o = s T dr
n n n
2n r T
o i
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ex r-(n-l) ar

For use later on we define

ex _ ex
Sl’l o‘ﬂ (rO)
and s'ex = otex(r )
n n 1
. ex _ _tex -
Obviously, o, (ri) =0, (ro) 0.

Taking into account the boundary conditions
one obtains after simple manipulations

in the region r < ry

n
A%% (_r_) S'rex (10¢)
n r. n
i
and in the region r > Ty
r D
ex _ [ _o ex
Ay ( r ) n : (109)
For the subsequent development only the coef-

ficients ng are required, and it is immaterial
how they were obtained. To simplify the expres-
sions only 'good'" dipole magnets are considered in
the sequel, that is, only S{* will be retained.

As illustration we give here the results for

a perfect dipole distribution, s®¥ = §1 cos@:
a 3 3
r. -1
&% - 1 "o i
1 6 r
o
8
tex _ 1 _
S1 =5 r.(r ri) .

One finds, indeed, that for the given coil geom-
etry STX may be used as the single independent var-
iable.
ITII. Presence of Infinite Permeability
Iron Shield

In the presence of a constant permeability
iron shield the solution for the vector potential
is usually found from DE (6) together with the
boundary condition that A and ydA/dr are continuous
at the iron-air interfaces. An alternate approach,
more suited to the subsequent development, consists
in introducing induced magnetization currents at
the interface. The vector potential is now deter~-
mined by the DE

ex

s Ro

Ri
-8 AR -8 R, an

where §(R) is the delta function with the property
[ £(x) &(R) = £(R)

Consistency requires that the line currents g
satisfy the boundary conditions



& - [o-n g ] (12a)
,te
1
Ro _ oA
g = |-y 3 (12b)
o €
In the case of infinite permeability vy = O and
(12) reduces to
f--[2 :[R (12¢)
Jr +
i
= (12d)

and gRo = [ %% ]R
0"

Separating the effects due to the extraneous
currents and the induced magnetization currents
one can write A = A®¥ + AFe, Subtracting DE (6)
from (11) leads to the DE for AFe=73 Age(r) cosnd

R
e = - gt sy - 8% sy (13
One finds the solution in analogy to (9):
— for the region R; <r< Ro
R. .0 n
P () w5 )
An 2n r En Ri+ Ro Ro (142)
- for the region r < Ri
1 n n
Fe _ 1 r Ri x_ Ro
An " 2n {( R, ) &n Ri+‘( R ) €n Ro } (14b)
i o
— and for the region r > RO
n n
R . R
P (%) $ee(e) @)
An 2n r n Ri+ r Ro e (Lhe)

The magnitude of the induced magnetization
currents is given by the boundary conditions (12),
from which follows the coupled set of linear equa-

tions in the g and g
n-1 ntl
Ri_ 1 Ri_1 Ri Ro, n %o ex
mictan-i () & () S ase
o o i
nt+l

Ro=_l(R_i_) Ri 1 Ro__n_(___)
&n 2 Ro En 2 & r

Separation of the coefficients is possible, lead-
ing to

(15b)

2n
n

Ri_2n To ex L+ (Ri/Ro)
n R, \ R, Sn 2n (162)

i i 1 - (Ri/Ro)

2n oy 2

Ro n ( o ) ex
g =-=—=| = S _— (16b)
n Ro Ro n 1 - (Ri/RO)2n

The presence of the iron shield increases the
desired field inside the current coils. According
to (14) the increase in the region r < r; is
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given by

aFe = ( (17)

n r 0

L) (_9> ge¥

R, R, n '
i i

It is worth noting that in agreement with intuition

the outer radius does not appear in this equation.

The magnetic flux density in the iron is, however,
dependent on R,.

The total field inside the current coil is
given by (r < ry)
r ; tex Ty 5 Yo ' Six
sao(E) s () (22) 351 oo
i i i Sn
The second term in the square bracket expresses
the relative gain in magnetic field due to the
presence of the infinite permeability iron shield.
As illustrative example we consider again the per-~
fect dipole, for which the relative gain is
(ry + ryrg + r%)/3R§.

In the subsequent nonlinear analysis the
field level will be characterized by S?x, which is
directly related to the dipole field inside the
coil for infinite permeability iron shield

)

1‘ +rr +1‘

B°1° = 2 (1 + (19)

The expressions for the total field inside
the infinite permeability iron shield will be used
as reference in the nonlinear analysis. They can
be represented by (Ri <r <Ry):

Zsex

n n n
A§=U__n—3n—{(i—°)'(%)<;—z)} (202)

(Ri/Ro) ] o

2 ex ntl n~1 nt+l
o - 2n Sn {( ro r ro
2= <) +(&) ()}
®or [1- R /RO R, R
(20b)
It should be noted that A" = 0 but A’> # 0 for

r - Ry, which means that, indeed, the magnetic
field is parallel to the surface and vanishes
outside.

IV. Perturbation Due to Nonlinear Iron

The exact DE for the vector potential in the
presence of a nonlinear iron shield follows from
(4) and (12) as

A= - s%%- y-l gféd Y . grad A

fe-n 22 ]R sry) - [(1- v g—ﬁl( B(R) -
ite "€ (21)

The inverse permeability is now a function of the
absolute value of the local magnetic field B or,
in view of (2), a function of the absolute value

of the gradient of the vector potential, lgfhd Al,
since 2
- (2 (12)
dr r 36 :



It was pointed out in the introduction that
the nonlinear solution differs not too much from
the infinite permeability case. It is, therefore,
natural to consider the finite permeability as well
as the nonlinear case as a perturbation of the in-
finite permeability case,

©
A=A + 6A
with Am in the iron region given by (20). In order

to obtain the DE for the perturbation 8A we sub~-
tract (1l1), that is

o= - eox o [ 28 ]R ber, - [ 2

from DE (21) and find the rigorous nonlinear DE

=g

AbA = - ’Y-l grad Y o* grad A

_[_25a A
or *ty or ]R +
€

i

SSA Y 3r ar ]R 5(Ro)
-e

[o}

8(R)
(22)

It is now possible to linearize DE (22) by
evaluating v for a known approx1mate trial solution
AT, 1t is tempting to start with AtT = A%, but if
by some other way (mesh iteration) a better solu~
tion would be known, it also could be used. The
approximate, but linear DE describing the nonlinear
iron takes the form

rsa+y " grad y - grad ga =
-1 - - ™ i
-y gfad y- grad A%- G 8(R)) - GN° 5(R ) (23)
together with the boundary conditions
. @©
GRl = [('Y - 1) BQA +y dA ]R (24a)
Jdr dr
te
i
Ro _ _ 364 , . DA”
™= - [ov-1 2 var]R_ . (24b)
5" €
Making the usual ansatz A = £, 8A, cosnf re-

sults in a coupled set of linear DE in the §A,.
Proceeding towards this goal one has to obtain the
Fourier representation of

y(Ro) = y§° + Ze yio cosm@ (25a)
_ Ri Ri
y(Ri) =Y, + Ze Y, cosmd (25b)
and, correspondingly,
y- gféd Yy = y-l _M grad B
=u {Mz(r)+-2e M;(r) cosme}
- ) .
+ ug {Ee Mm(r) 51nme} . (26)
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The determlnation of the functions Mm, Mﬁ, and co-
efficients Ym i ym represents a considerable frac-
tion of the computatlonal work.

Limiting the solution to 'good" dipole mag-
nets, i.e., A® = A7 cos® simplifies Eq. (23) which
is now replaced by the following set of coupled
ordinary linear DE:

dsA 2
1d n n _
r dr (r dr )- ;7 6An+ Dn B
Ri Ro
-8yt G B(RY) -G (R)) 27
with
- (3) e as

- ~ L (e _.0 ®
n M:l-1+Mrn+1) Sty (Mn—l Mn+1) Ay/r  (28b)
and
D=1y (Mr sa’+i MO s /r)
n 27y o n(i+m) m i m i
1 s P )
+3 ‘Eﬁ 5n|i_m| (Mm sA/-1 M 8A /r (29)

in which the Kronecker symbols have their usual
meaning

1 n=1i+m

b =
n(i+m) 0 n#i+m
and

{ 1 n= |i - ml

[ =
n|1-m| 0 n # li - ml

The boundary conditions (24) must be replaced by a

set of coupled linear equations in the Gg and Ggo
GRi o . [GA, :L + gRE 4 FRi (30a)
n n n n
Ro _ ’ . nRo _ _Ro
Gn + [GAn ]R ) En F, (30b)
o €
with
i
Frlt - (Rl 1 R1 [A o ]R (31a)
Ri _
o © (Yn L ¥ Vai) [A ]R (310)
ERi=lzzé Rifoa;
n 2 1 n( i+m) Y
te
i
1 Ri [ '
+55% 8 8A 32
2y m nli-ml Ym i ]R +e (32)
i
and corresponding expressions for Fﬁo and Eﬁo.

The exact general solution of (27) can be
found by numerical methods only. A first approxi-
mation may be obtained by truncating the Fourier
series for 6A and retaining only the dipole term
8A = 8A] cos@®. After having obtained this solutionm,



one extends the series to the sextupole term and
finds the solution for 8A3 while keeping 8A; un-
changed. This procedure can be repeated until all
harmonics of interest are determined. 1In this
paper the solution will be limited to the dipole
term, the details of which will be elaborated in
the subsequent section.

V. The Dipole Approximation

In this section, a solution of DE (27) will
be derived under the assumption that 8A ~ 5A] cos6
represents an adequate description of the nonlinear

effects. We now have the DE
déA
1d
r dr ( ) + D (BA ) =
Ri Ro
-8 - Gl 5(Ri) - G1 6(R°) (33)
in which s; is given by (28a) and
D, (84,) = (Mr+ Mz) M{—%Mg sa /. (34)

The coefficients G%l

ary conditions

and G%o follow from the bound-

Rt [6A' + P (35a)
i 1 1 1
te
1
Ro _ _ . Ro ' . RO
%= -r% [aAl ]R - (35b)
o €
Ri Ro
with the F{ and F, as previously defined by (31)

and
R, 1 R
M=Yetz¥ -1 -
To obtain the general solution of DE (33) it

is necessary to first solve the homogeneous part of
(33), the solutions of which may be written as

x;= RJ/r +& 5 y TrR .+
’ = 2 7. - ’
x/ RO/r + gl I 1/Ri + nl
= [ ’
1 b 4 T4 T

To satisfy boundary conditions one must impose
g (R)) = EJ(R) =0 (36a)

@R = NRY =0 .

and
(36b)

In general, £; and T) must be determined by numer-
ical methods. One possible approach is to rear-
range the homogeneous DE into the DE
14 ’ ) . 2 _.
(r "1 §/x D, (xy)

r dr 37

and a corresponding equation in ﬂl.
It is now possible to derive integral equa-

tions which are readily solved by point-by-point
integration.9 Again using (9) one finds
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r r
% -1 J r2 D (xl) dr~>r J D (Xl) dr (38a)
R, R,
r r
1 -2 2 . 1
g{ =-3T j r lexl) dr-i j Dl(xl) dr  (38b)
R R,
and a corresponding solution for ﬂl,
r
_ l -1 2
ﬂl =3 r D (yl) dr - f D (yl) dr (38¢)
Ri Ri
r r
3 [ ek
nl 5T r Dl(yl) dr 2 Dl(yl) dr (38d)
Ri Ry

After having determined £, and T, as outlined
one proceeds to write the solution of (33) in the
form

s, = % (1) OF /(R + v, (1) Gy (R)

r R
o
-1 -1
+ xl(r) ﬁrslylw1 dr+ yl(r) j 81%1¥; dr (39a)
. r
i

8A[= x/(r) Glfi/"’l(Ri)J' v () GIl{o/wl(R°)

r B
-1 -1
+ x{(r) J 8191 dr%—yf(r) I six;w; dr (39b)
R, r

1

The as yet unknown coefficients G%l and GRo are
now determined by substituting (39) into (35) which
leads to the coupled linear equations

Ri_ Ri ;R1 Ri Ro , ‘t‘] Ri
G1 Fl 1 G1 + Y1 G1 +'y1(Ri) S1 +~F1
(40a)
Ro_ _ . Ro Ro _Ri Ro _Ro ’ _ oRo
6, r [x 6+ Y0 6F x{(R) 51] F,
: (40b)
with R
° -1
S1 = j 81Y1¥ dr
Ry
Ro
+ o -1
S1 = I slxlw1 dr
Ry
and R
X; = x(RY/w (R))
R _
Xl XI(R)/wl(Ri)
o=y ® v R )
¥R =y R R)
1 1 1' o



By solving (40) one obtains for the coefficients

(1 + rR° 'R° ) {r’Rl iR s + pRt

1

Ri
}-n

y {d wwy 5+ 1 }

- n (41a)
1 (1 _ 1_, ,R1 ) (1 + 1.,Ro ,Ro )+ I_.RJ. l..Ro ¢ Ri X,Ro
1 1 1 1
Ro _ ,Ro { i, + Ri } ( _ Ri _Ri ) { o, Ro
Roo K I} yy®p) s+ F b+ (- X i x{®) s, + ¥ (41b)
1 _ Ri,ARi )( o ,Ro) i Ro ,Ri _ Ro
(1 x| R RS R il ol Tkt %
Actually, the change of the field in the
vicinity of the axis due to saturation represents
a quantity of interest and is directly accessible References

to experimental verification.
given by (r <R;j)

x,(R.)
{wl(a) i, (;)c +sf} (42a)

This change is

The leakage field outside the iron shield,
which is also accessible to measurement, is given
by (r > Ro)

R
. O 1
éAl_T{w(R)

The numerical evaluation of the dipole solu-
tion is in progress. The results obtained so far
seem to indicate that the use of the infinite-
permeability case as trial function does not
yield results of sufficient accuracy, limiting
considerably the applicability of this method.

It is possible that a simple iteration procedure
could overcome this limitation. However, a defi-~
nite statement as to the accuracy of the perturba-
tion method is not possible at the present time.

Y1<R )

i+ ¢t +31} (42b)
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