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Abstract

'!1t.••l.ctron riDg in.tabUi"i.s cau••d b7 ra
diatiY. and re.i.tive proo..... 1a a .aveguid.
in th. lin.ar approx1aatioD. are cODS'ider.d. !h.
r ••istive proo..... pl., th. • •••ntial 1'01. for
frequenci.s b.lo. cut-ott ...alue ad a.ar .av.
guid. re.oDaDeies.

I. Th. hy'dro~cal .quatio of l1li&11 cohe-
r.nt oso111atioo ot a r1.Dc b in th, ooorclina-
te 87.te••0'IiDI with the riDe 8ft 1,2) I

j+Qa(Q;_12)~ - t':f2~ = :, (E,.+pBl ) ,

t~"(ij +Qf} = ,;" E(J, (1)
.. 2Q.2 e'(>+ Q i~ ="" E2 -(38,.»

w~.re },~,)' are oo.ponen". ot denallioD. ...eotor
/). (B,t) in the 071inclrical ooorcl1D.at. s7st•• Cf9,

6, e) With Z~is b.ing aloDg the r1Dg qmaetrJ'
axi., E and 8 are perturbatio. fi.lds averaged
over ire ring cross-section, 2=P;/r- angular frequ
encl' of particle rotation, jJC - 11Dear ....looit7•
Qr.~.Q - b.tatron trequenci•• causH b7 external

foCU81Dg. dot _ana d/dt ='lJ/'at + S}. 3/89 • In li-
near approx1ution the rilht 8ide ot equatio:D8
(I) IIq 'be pr.s••t.d as II X .h.re n18 a e.rtain
l:lnear operator. It A(8,t)-.JeKp{in8-il4Jtj aDd the
87st•• is oha:l:"aot.rised b7 uJln1thal Qamet1'7 x)
then the action of op.rator... 11 is .quivalent to
aultiplication bl' a .atrix A,,(wJ=Sl.'aitt and the
syste. of e quatioDS (1) runs a. tollo.8:J\ _ ,I' -J>

~ Lt,(tAJ) /::,. '= II,. (CtJ) A , (2)

where Lit (CIJ) is the left sid. operator of the
S7st.m (I).

The dispersion .quation for momoenergetie
be.. i8 deriTed directly fro. (2):

" '":Det /IL,.(w) - Iln(cu)JI =0 , (3a)

The particl. .n.rgy' spr.ad is tplea into con.ide
ration b7 a well known method 3). In th1s cas.
the dispersion equation is pres.nted in the form

i +jJfa + -l:..R./a _a)+ sf a 1 .Q2__ l II ,.r nQ-w l' 1"' 't". (nS2.-c.»Z ''J(nn.-(c))2-4i21+

+ ;&aH{n.Q.s:~)I.}I(w)dw:, 0,

r S}..t
1. + Jail (nS2-CN)2- Q:.Ql f{wJdw = 0,

_where-~: '/-r.· aDd '(w) is a function ot particle
.n_1'I7 distribution. Let U8 consid.r a aonoen_r
getic beam with 1=to • Aw&'3 from r.soDaDC.. the
801utions of the equation (3a) are:

tor azimuthal osoUlations

x) The abs.no. of uiauthal ~tr7 do•• not

chang. qualitive result••

1'8 =± I(1IQ; - i/,.1o.· , (4a)
for racl.1al and. axial oscillation.

p,.= ±Q,.:+= 2.J~ [ca,.,."+ ~ (arg - a".)+.La. ] (4b)
",. w,. Q: e,

n - + Q - f a (40)
rl - - i +- 2Q. ill'

.her. p= wh2o- n and n'batitu'tioas of p= 0 for
(") and p,: 1:. (}r:z tor (4') aDd (40) were done 1D.
Yalue. alle • Por aol'YiDg (3a) we assuae that

Vito en(Sr;/a)« i , (5)

.h.re Y=N/2r;t;. e~me2 , a is the riDg oro._.eo
tion radius, • i8 the nUllber ot particle. in the
riDg, index "0" IUlrka the value tor 1: 10 • !h.
transv.r.e stabilit7 i8 det.rained b7 1aagiDar,J
part ot ...al... an and [ar ,.+ 'IQ,.(a...-a.,J+i1a~.A8
w. shall show b.low thi. tact i8 directl;, CODD.8C
te4 .ith the pre••D.oe of dis8ipativ. proce•••8
in the 87.t•• (radiation, eneZ'gJ' losses ill th.
.etal). Th. s'tabUit7 ot u1authal o8oillations
dep.nds on both the 1IIIag:ln&r7 and the 1'8&1 part
of ale •

If po{t-,l) is the eharg. densit7 in the undis-
turbedbeam then for /6/ « a. the oharge
and current densi.tie. take the f01"ll

... - ~ -+ (')f =-diV(poll), j = f Vo - i (w - n.Qo) pod ,
-+

-where Vo is the undisturbed velocit7. Us1Dg th.sa
expr.ssions we aay 41..1'1.... tHt

P=!T*ldv = j,wN""Q~to (l/'·Hl), (7)

.here (*) .e&!!.. eOllpl,_! co~ug!ti.!.n. PJ.8C~the

.igenveotor. 4J':~~:f:te.),Az.=~e4J.I1~=~el(e,.,e"
~- unit vectors ) iD the right sid. of (7) we
obtain tbe eoabiDatio:D8 ot ...alue. at« .hioh dit
fer froa tb. right side ot (4) b7 an 1aag1Dar7
facto~. Thus the direct dependence between
Re P (that d.filw tDe .ork ot the fi.ld upon the
.ource) and the ooherent b•• iD.tabilit7 .as es
tablishede it the ene1'Q losses in the s1'ste. aN
ab••nt (ReP =- 0 ) thea the traasftrs. oscillatioD.8
are stable (''''P,.= :I",p, ';' 0 ) and the u:1authal os
ciJ.lations are stable under concl1tion Rea•• :> 0
(:J",a..=O). Bel.w are cOJUliaered two possible rea
sons ot the energy los••s - ra41a"iYe and resi
stiYe ones.

2. fh. r&4iatiY. losse. "ak. plac. onl7 at
frequ.noi.. exe.ding the .a",_guide cut...tf trequ
.nc7. In a pert.o t17 oonduotiDg waveguid. oD17
asiauthal oscUlation. should b. lIDstabl. below
cut-ott trequeDC7 it 11(/0,.<0 (negatiY....s inata
bUity). 1'01' 102 » i the u1authal oacillatioD.8
1D.er8a8nt i.e

J",,, = !1...{-2~} itzRe Vi 'l ' (8)
r' ~ Yo/ " ,

.h.re the imp.daace of the riDg in the .a....gu1_
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where (:~ oO%'l"8sponds acco:rd.1DgJ.7 to 1R0de.. t.V =
~("*Q"i).Qo and 8W1111&tion ext.nela ov:er tho.se terms
tor which tile radiation condition [hje'-'12 > 0 is
satisf:lacl. 0nl7 ..low wa",es with w =(n- Qr,z).Q. tor
n> Qt-,I and. 4J:{I1+Qr,i)..Q. tor "<- Q,.,z are UD-

stabl•• On Pig.) and 4 tran ers. 1noreaents ..
plott.d v.rsus 6/r:. tor 1 and Q-<>.5. ~ere
exist the radial oscillatioa resonanoe. tor 8/r;. =
=I'e/(n-Q,.),6o aa4 the axial ones tor 8/r.=Vt/(h-''.J13oo
Th. br.aks on the plots correspond to arising ot
nonresonant E-waves tor radial o8Cillations and
U....av.s tor axial on.s.
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:Pig.I. Ring imp.dance 1D the circular waveguide.
Solid curve - imagi.na.ry part ot the lIlpedanc.,
dashed curve - real part. (a) - the impedance
tor trequencies b.low cut-ott value. (b) - the
ap.danc. tor trequencies abo",e cut-ott valu••
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-. 'L(" -12(:) 2 ,.,/2 g
':f i 0 L ~r.!!l.!:. eI" lj Ki 1. eI" {IJ}
L,,= ~2U7a+27i?-rl1.1 ·J../Z/'I..) + AI~-hth{"~ -t.t.IAL) (9)

0 0 /=i '1 "l'J I J j'" u-JJ ,

.3,,(~) ant :J,,'(I{) are Besael-flDlCtioD and its deri",....
tiv., Vj ~d fj U"•.roots of the equation. ~,. M=
= 0 an,,~(r)=orespecti~y, X{=1Jj r:/6. ;Jj-=:f4jl'"o/€.
g - wa",eg1l1d. racliu, hf"={kZ

- &I//I')iIz, Itt": (kl_,,/ltz;lI~
k =wle and the s1gDs of 3", J,J....., ana. /Ie W are
the same. !he first tena of'tae _.daZLoe (9) is
important for the riDs be1Dg n.ar the waveguide
wall in this oase L =2(&-r;.) • On Fig.I,2 va
lues 1" and;lmp, are plotte4 Tersus 6/~ • !he
peaks of :Imp, corresponde to waveguide NsonaZL
ce. We=~ec/6 and the breaks are conneoted. witla
DODreSODaZLt E....aves. A.coording to Pig.Ia the azi
_thal oscillations are unstable when the beam
18 near the wall but there alwqs exists a ",a

lue 8" such that the osoUlations b.ooJD8 stable
for 8/r. > 8". Because of Re 'lltt: 0 tor SIr: >fli /~o
(when t1l8 cut-off frequeDC7 is exe.ded) the azi
_thal oscillations are lDlStable. !he stabilit7
iDteryal increasES with 10 aZL4 with ring thickness.
!he Whole frequenc7 iDteryal b.low tte cut-off value
will be stable tor auttici.nt17 large 10 ad a •

/;",lll
IIrIJ-=-----=::::::::::::::=i------t----I-~-

(/1)
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BUIIlerical calculations show tha:t the BUll ot ex
pressions (15) and (16) is a good approxiaatioJl
(error i. less than I~) tor !Jl" tor all fre-
queDeies below cut-ott value. !he aziauthal 111
cre.nt is deriTed tro. tormula (8) and equals

[2.v (1 1 )/l' /7 Jttd:tn
;]lnps =nC,so!ol Q; - 102 "!J ZIZ"I' (.17)

Values ot :JmptJ Tersus 8!t; are plotted on :Pig.5
tor _1,2,3. The saae analysis ot the trans..rse
oscillations shows that onl;.r the 810w wave. are
UJl8table s1ll1lar17 to the ideal wa.eguide oase.
'or the ring beiDg near the wall the radial inc
rement equals

J ..Qo (J ,r3

20,.fJolo 8716(17-tJ,.) lr: - 1; for (3z~1. ')
;Imp,. -=

J:t the frequency is near the first resonance Ta-
lue (G/r.=I"~!(n-(),.)j3o ) but the condition (13,) is
satistied we obtain 1- 1-

:Imp/=- )}(J~r.r ~ 7iC I. /Is + n;;ll/"7(
IIQ,.fJ.f. Gr.t. I'J '2 U9 )

JC ({n-f3!ltt·O,.):!,,(lc-r.J- :t;(J,·r.272.t..f!:-_ 8)-*
r r.2Q,.3,."(fI.t) ] (1-'4 1; ,

where kr:. =(n- (),.)j3o • The sua ot expressions (18)
and (I9) is a goocl approximation tor 3"'pr tor
all trequeDeies below cut-ott .alue. 'or axial
oscillations the out-ott .~ue is not reSO:D8J1Oe
trequency therefore approxiJlate expression tor

3mp. becomes

-v-0 ~ '_1_[1. +(2JrZr;t.-ZQ:-n 2
-

110,1· 2Tiroro {fr; 3

-f;-)(i-i)J(~ -1)- foro f3z«l, (20)':Imp, ~
;eQ ~~ V6~'1:'2[J- ~~O(50,-n)(~-

i,06° iJ _5/2-J)](I; -1) {or if3~«if
where kr. '= (n- Qz)/3.. It the r1Dg is near the w~l

( k (6 - r..) « i ) then the e%preSSiODS (18) and) (20)
tor ,8z« f are s1m11ar to those der1Ted in S •

!he- NsistiT. perturberatioDs ot tields in
orease with 12 and tor ~ ~ l:OO the7 are no _re
8JIa11 1D comparision with the pertect waftguide

U4 f----+---I---+---++---------h----t----+

~/Oli/~~ t~: ~ I I

414f----+---r-----+---+-----t--------t-------+

,ig.4. Axial increment tor n-l and Qz-o.5

IJ L 5 jq 15 lQ If -~

In the l1m1t case when ne!,." _ 00 the expres
sioDa (8-II) tu;'n into correspondiDg e%pressioDa
giTe. in ref. 4) for a ring in free space.

3. Consider1Dg the resi.t1Te ettects we as
SUM that the wall conduot1rtt7 1e suf'tici8ntly
high and the sk1D-elepth 1s aall 111 coaparision
with the waTe leDgth. In thi. case the correspo
ndiDg perturberations ot electrollBgDetic tields
are deriTed &8 solut1oDa ot the homogerealS Maxwell's
equations with boundary condition on the conducting
wall

[nx~] =(f-i)(s: In ~[iix~J]. (12)

»here ~ i. the electric tield caused b7 res18ti
"'e pertuZ'berati021, Bo is the magnetio tield tor
pert!.ct17 c021ductiDg waveguide, 6 - c_oDductiTi
t7. n - the outward normal of the conducting boun
clar7. fhjJJ approach i. correct wheD the condition

a/~ «(CcJ-CcJ,.es)/CtJrQs (13)

holds where 8= C/~2r;~w' 18 the RiIl-
dept.: lUres - - the cut-oft trequelJO;.r. The resisti
" perturberations be1Dg sll&11, we take into con
sideration their influence only below the cut-off
frequency when the oscillati0D8 are stable 1D.
the ideal wa.eguide. Let us consider the rilJa
mOTing aloDg the waveguide with .elocit7 fJ2C •
The bOlDldary conditions for ro =- OCI on the conduc
tor at rest and on the conductor moving parallel to
its boundar;,y are the s.e. !heretore the movement
ot the ring was not .ssential tor the above ra
diatiTe 1natabi~it7 an~ysi•• ~e 1ncr..ent. are
expressed in DWIlber ot turnes and. thus are 111de
pendent of the kind ot a reterenoe coordinate
system. As it will be seen below tu resisti.e
eftects depend .ssentially OD the riDg movement.

The r1JJg iJlpedance which detines the
uilluthal stabUit;y mq be preseDted 1Jl the t01"lD
Z,. + 4 t n where 1.11 is the reactin impedance

tor a pertect waveguide (9), ,

1, (W )1~ r; i r 1 ifk 3"fVJ J2-
A "= 8TiG!l n8 (kr.)~Lvlkro+j3z)(1Lrr:. i:(~y) +

+ 1/ fX(kr;. +t3i~) d,,(;tJ _ Y'o Irr:. Ix ~IJ k-n )3:(p Jjd(I4)
:it. L' r

l 3.. (.!.I/ \ g •t' riO/ :1.'(1. ,1J J( ,
" roJI " rei!'
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4. Now we consider the resonant· cases when
the opposite of condition (13) is satisfied. The
azimuthal equation near the resonance awst be
written in the form

p'=i ~;"M; - ~)(l~+ ';p+n~uv~)' ( )
where l~ is the impedance (9) without .resonan"t
term and the resonance frequenc7 is

c '1""'1'\1 "-=h Ll- (We =/'Ie T + l~~Oo\.6 , ~e 'PoI-t/-nz g . 22)

!he .eani!lg of Ie 18 clear b7 co.parision with
the expression (9). !he solution of equation
(21) for the first resonances when (oJ//.)1t5/:l:/<.<fe"15
runs as follows

[.J:Lli2 - Lz) PJ21nsi~ 2Ji. ='J1n/l{oj(304oCO,. t. te s re
:1"'P9 -= /0,. l.e« ~ft1P:O),

[
~ft1pt)1 'II(

:Jh1P~O} 1
9

J for):9 » :Jmp~O).

!he reSODaDces of sutficient~ big nUlRbers
«.;/tot/5 / $~I » .f/,/~ ) plq no role and the
expression for ;j"'Pe turns into the corres-
ponding expression of tree space. By .eaDS of
s1mUar analysis of the tranSV'erse oscUlations
for the first reSOJ18J1Ces we shall obtain that
;!mpr,l. = 1,"p~~~ '" (»Iro)~J when X~,I4.< I~'"/'~~ I
and ~~P"'I '"-vr~-:(-O./tO):I" when "X,., I »lfI/t'Ipf;H
where x'z= kr;.8/£B, 'k,. =- fit l.;! / U4 - J12) • !he resonan-
ces of big nlDlber are ignorable too and the in
craents become equal to the fXPressions descn
b1Dg the case of free space 4) •

5. It is easy to take into accotmt the
energ~ spread. As to azimuthal oscUlations
ref. 6) shows that for :NsoDaDce frequencies
with energ spread UDder consideration the 1D8
tabUity has no threshold. AW8.'3' from resonances

t~ iastabl1it7 is supressed when the ro11owing
condition is satisfied

that is the threshold Ya1.ue lJ.Q lOw ()}/to/~. !he
analysis of the traanerse oscillations instabl.
lit7 shows that both &'f1&7 fro. reSOD8D0es ant
near the. there alw81's exists a threshold Yalue
of the energ spread. !he ia.tabUI" suppressi
on conditi.n is the tollowing

41-'2 > I Col
£2.

0
...., Pr,J ± Gr,ll

where pt~ is the solution iJl case of the aono
energetic beSll.

6. The particular case not .enticmet aboYe
is the absence of axial tocus1Dg Q~ =0 • Then
we obtain

il2 (I )J/2fi = ± (- ail) ~ V 10
that is the axial and azimuthal increments haft
the saae order of magnitude. Specific features
of the axial oscUlations in this case are the
absence of resoDaDCes. so far as i~ = 0 • and
tM absence of frequeno7 regions ot stabUity
1a t1le wayeguide •

• e wish to thank Protessor JI.L.LeYirl for
IUU1Y useful disoussions concerning the results
of this work.
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