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Abstract

An efficient method of solving the complex
boundary value problem is described using Green's
functions and an integral equation approach. From
the knowledge of the field inside the beam, the
coupling impedance can be simply calculated. A low
frequency equivalent circuit is derived theoreti­
cally.

1. Introduction

An exact analysis is made of the electromagn~

field distribution due to a re-entrant cylindrical
cavity with finite or infinite conductivity, mounted
coaxially with a cylindrical vacuum chamber (Fig. 1).
The problem is identical in principle to the classi­
cal unsolved problem of the diffraction of a plane
wave by a slit, to which extensive literature is
devoted. For instance, the Wiener-Hopf method
furnishes only an asymptotic approximation. Keil
and Zotter have made an analysis by matrix methods
of the present problem on the basis of periodic
structures except that the cavities are not re­
entrant, and found a rapidly converging solution for
the coupling impedance 1J •
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simultaneous equations, in Ez (r2,z) at the O1ebychev
nodes. By inverting the matrix represented by these
equations, the solution is obtained. This rethod
of solving the integral equation was chosen because

. it is simple to carry out, also the accuracy can be
checked by varying the number of points taken in the
O1ebychev integration fOrIlU.lla and noting the dif:­
ferences in the solutions (reduction method).

The solution for Ez (r2,z) is found to be oscil­
latory at the edges of the gap. However, by com­
pensating for the singularities in the field at
these points it is found that a smooth solution can
be obtained that tends asymptotically to the electnr
static solution as the frequency is decreased. By
substituting this result in the integral solution
found for the vacuum chamber and again using
O1ebychev integration, the solution for any of the
field components at any point in the vacuum chamber
can be obtained (see Fig. 2).

Losses in the cavity are taken into account by
using a first-order perturbation to the magnetic
field due to the induced electric field on the walls.
The additional coupling impedance is obtained by
integrating the ratio of additional longitudinal
electric field on the axis of the beam to the per­
turbed beam current (see Fig. 3). For low frequen­
cies, an equivalent circuit with calculable para­
meters is derived for the combination of cavity and
gap.
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2. Outline of the rethod and
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Here the complex boundary value problem is split.
into two simple boundary value problems by intro­
ducing as unknown the field in the gap Ez (r2 ,z)
between the edges A and B of Fig. 1. By impos ing
continuity across the gap, an integral equation for
Ez (r2' z) is obtained. Green's functions are used
to obtain the field in each simple region. Inspec­
tion of these Green's functions shows that the
integral equation, which is a Fredholm equation of
the first kind, has a logarithmic singularity in the
kernel. In order to have a well-behaved m.nnerical
problem, this singularity is subtracted out. The
O1ebychev integration fOnTU.lla is then used to
evaluate the integral, which leads to a set of
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Fig. 2 Longitudinal electric field on beam axis

3. Construction of the solution

The beam has a uniform charge density upon
which is superimposed a given travelling wave charge
perturbation. The solution for the vacuum chamber
is split into two parts:

i) the beam with charge perturbation in a uniform
vacuum chamber (boundary condition: Ez = 0 on
the chamber wall);
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+ EZ(r2,z') J KCz,z'). dz •
-D
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ZoEo l:a[aor2)

x [K1(Z,z') + In Iz - z'IJ} • dz ~

+D

+ EZ(r2, z,) J {(I - Z2ID2r~ x
-D

+D

f(z') = J ~EZ(r2~) - Elr2,z')] KCz,z') • dz +
-D

+D

= J {[GC(r2,z,z') - GV(r2,z,z')] x

-D

where K(z, z') = K1(z, Z ') + 1n ,I z - z I I and we can
use the known2) integral

jD (1- z2/D2r~ In Iz - z'l. dz = lTD 1n (D/Z), Iz'l ~ D
-D

(7)

By equating the two sides of Eq. (6) at the n
nodes of the ghebychev integration fonnula, a smooth
solution for EZ(r2,z) is now obtained. The dif-
ference in the solution for n = 48 and 36 was less
than one per cent.

Now, the electrostatic field between two flat
plates is known to vary as (1 - z2/D2)-i, which is
the weight function in the Chebychev integration
formula. Hence the singularities in Ez (rz , z) can
be compensated and the oscillations in the numerical
solution thereby removed by substituting EZ(r2,z) =
(1 - z2/D2)i Ez(rz, z) into the integral equation to
give

With asymptotic expressions for the Bessel
functions and their zeros, it can be seen that the
kernel of this integral equation (4) has a logarith-
mic singularity of the form 1n IZ- ZI I• This is
subtracted out by re-writing Eq. (4) in the follow­
ing fashion:

4. Losses

Using the Green's function for the cavity, an
integral round the walls is obtained for the first­
order perturbation to the magnetic field in the

+D

f(z') = J {[EZCr2 ,z) - EZ(r2,z')] x

-D

Imposing continuity in the gap of the azimuthal
magnetic field we thus have, from results (1), (Z),
and (3):

(2)

(3)

Zowhere 0 ~ r ~ rl and rl ~ r ~ r2, respectively;
is the impedance of free space; &0 = k/Sy, kz =
k/S; and a prime denotes differentiation of the
function with respect to its argument.

Solution (ii) is carried out using a Green's
function, and we have:

+D

He(r~z') = J Gv(r~z,z') EZ(r2,z) • dz;
-D

km = j(aWr~) - k2, where am is the mth zero of
J o(a).

The solution for the cavity is:

+D

He(r~z') = f Gcrr~z,z') EZ(r2,z) • dz
-D

Gc(r~z,z') =

jk [ F(k,z,z')
= -;:- r' In (rir2)k sin ki

_t ZF(kn,z,z') (h(~nr~ ynr 2) ] ;
n=l lT Tn Yn kn Sln kn • i

F(k,z,z') = cos k(z' - i/Z,} • cos k(z + i/Z)
for z ~ z' ;

cos k(z - i/Z) • cos k(z' + i/Z)

He(r, z) = p r 1S I~(~r) x

x {I~(aOrl) • Ko(aor 2l) - K~(aOrl) • IO(aOr 2)} x

x e- jkz·zI Zo Eo Io(aor2)

He(r, z) = p r 1S I~((iorl) x

x {I~(aor) • Ko(aor2J - K~(aor) • Io(aor2)} x

x e- jkz·zI Zo Eo Io(aor2)

for z ~ z' ;

<t>iYnr~Ynr2) = J~(Ynr') Yo(Ynr 2) - Y~(Ynr') Jo(YnrJ

Tn = (r~/Z) <t>;(Ynr3' Ynr2) - Z/lT2y~ ;
th' . .

Yn is the n zero of: J O(yr3) YO(yr2) - YO(yr3) Jo(yrJ ;

(1)

ii) an infinite set of 1M modes in an empty vacuum
chamber [boundary condition: Ez = Ez(r2, z) in
the gap, Ez = 0 on the chamber wall elsewhere].

The sum of these two parts gives the desired
solution for the vacuum chamber.

. Solution (i) is well known to be (the factor
eJwt is omitted for conciseness):
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cavity due to losses in the walls. In this inte-
gral, tenns due to each mode and to mode coupling
can be identified. As the frequencies are such
that we are below cut-off for the first 1M mode in
the cavity for this particular geometry, it is a good
approximation to neglect mode coupling and modes
higher than the TEM. This gives for the additional
magnetic field due to losses:

+D

x J I(z,z') EZ(r2,z) dz 'J

-D

where I(z,z') is tedious to write 3
) but is not an

unduly complicated function of z and z'; Rs =
(1 + j) /00, 0 is the conductivity of and 0 the skin
depth in the wall material. Because of linearity,
this solution can be added to that already obtained
for the cavity, thereby modifying the kernel in the
integral equation. The effect of losses is to
cause the real and imaginary parts of Ez (r 2 ,z) to
be no longer purely odd and even, respectively,
about the gap centre line, thereby introducing a
resistive term into the impedance seen looking into
the cavity.

5. Coupling impedance

The additional coupling impedance is calculated
as below:

+00

Zc = - J [Ez(O,z)/(Io e-jkz·z)] 0 dz (8)

,where Ez(O,z) is the additional electric field on
the beam axis, and 10 is the perturbed beam current
at z = O. As Ez (0 ,z) decays, since we are below
cut-off for the first 1M mode in the vacuum chamber
for this particular geometry, as:

]""exp {- [(aUr~) - k2 21 z I} ,

this integral is performed numerically using the
Laguerre integration formula (see Fig. 3).

6. Low-frequency approximation
to the circuit parameters

At low frequencies (k~ < n/4), asymptotic
expressions apply and the integral equation can be
written in the form:

+D

A + Bz' = J (C + DIn Iz - z'l) EZ(r2,z) odz J (9)
-D

where A, B, C, and D are constants. Using the
known integral (7), the solution is found to be
the electrostatic one, and by identifying tenns in
this solution we can find, for an equivalent htDIJPed
RLC resonator:

L = (lJo~/Zn) loge (rir2) ;

R = (l/Znoo) [Z loge (r3/r2) + (~ - ZD)lr2 + ~/r3] ;

C = - Zr2 £0 In (nD/Z:r2) - Zr2 £0 In [nD/zCr3 - r z)] ,

(10)

for the combination of gap and cavity. We iImne­
diately recognize L and R as the low-frequency
inductance and series resistance of the cavity, and
C can be taken to be the capacitance of the gap.

7. Conclusions

.An efficient method of splitting up a complex
boundary value problem has been described. The
rapid convergence -- tested by the reduction method-­
of the method in this case has rested on the identi­
fication and compensation of the singularities in
the solution. Work still to be done involves the
extension of the method to other cases and a more
complete treatment of the losses with mode coupling.
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Fig. 3 Frequency variation of normalized coupling
impedance




