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Summary

Difference equations describing the motion
of a proton through an accelerating gap have
been given by P. Lapostolle at the Frascati
Conference (1965; and by the author (Washington
Conference, 1967). The dynamical coefficients
contained in them are discussed here. There
are two types, called T- and S-coefficients.
T-coefficients belong to motion across the
whole gap and have a simple form (transit time
factor times a modified Bessel function).
Difference equations through the first half of
the gap needed to determine the mid-gap values
of the particle coordinates, involve in
addition S-coefficients. Exact expressions
(series expansions) for the latter are given
here assuming that the Fourier coefficients of
E_(r=a), the longitudinal field along the gap
circumference, are known. Approximations for
the S-coefficients are ‘discussed. Corrected
Tables of non-relativistic and relativistic
difference equations are given.

1. Introduction

1)

At the Frascati Conference P. Lapostolle

gave a set of difference equations which coafect

and extend the so-called Panofsky equations
describing the phase change and energy gain
along a linear accelerator.
transverse motion too was taken into account.
A new and improved derivation (including

relativistic effects) was given by the awthor3).

The difference equations for the change of

kinetic energy, phase, radial slope and position
across the whole gap involve only T-coefficients

which essentially consist of the transit time

factor times a Bessel function. However, these
still depend upon the unknown mid-gap values of
the particle coordinates.

half of the gap must be used. These contain
besides the T-coefficients S-coefficients which
are of a more intricate nature.
for all these coefficients are given here and
approximations for them are discussed. The

In this new version

For the determination
of the latter difference equations for the first

The expressions

method how to derive th s d}fference equation
is described elsewherel Only corrected
versions of the difference equations are
listed in Tables III to VI.

2. Field Representations

The field in 2 accelerating gap is
supposed to be an ¢ xially symmetrical time-
harmonic TM-field angular frequency @ ) whose
component E_ is symmetrical about z = 0, the
centre of the gap.

r(z’r’?)=Ez r(z,r)cos(¢+¢o)

Ezgz,r)zEz(—z,r) Er(z,r)=—Er(-z,r)

(1)
Hg(z,r,@)zHg(z,r)sin(¢+¢o)

HO(-z,r):HQ(z,r)

¢ =wt is time-angle (= phase). Field com-
ponents are expressed by Fourier-integrals:

B j‘ b(kz) ik, z
= — Z
Ez(z,r) " d W Jo(yr) e dk
-]
k 4 (yr)
1 vr lkzZ
Er(z,r) = [ YJ 72y © dk_
-]

E k I (yz) .
ig(0%) = - gm gt | wle) Tray o ax,
with (2)

R . 2 1/2
'y=y,|+172=1kr=(ko-k)/ Yo 20
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a is the inner radius of the drift tube.
amplitude function b(k ) can be related to
field E_(z,a) applied afong the gap (r = a,
lz] < p?2):

The

cos (2nsz/p)

(3)

-0
Ez(z,a) = Eisz'caBs

b(k,) = 2 B 3 (4)° ein(i,p/2)(k -208/9)" ()

(B. =1 ,B_ =B _) by a Green's function for
o .28 -3 .

a wave guide. p = g + 2Ri where g is the gap
length (= minimum distancé between drift tubes)
and Ri is the radius of curvature of the inner
drift"tube rim. The instantaneous peak
"voltage" (at ¢ = —(po) along the line r =
is:

const.

v(r) =;[ Ez(z,r) dz =

VoJo(kor)
(5)
= B b(0) Jo(kor)/Jo(koa)

(b(0) = p). V(a) = Byp, V= V(0) = B p/J (k).
E1 is the average field strength across the

gap, V_ is the voltage along the axis (of one
cell).o Evaluation of the integral repre-
sentations (2) with the amplitude function (4)
gives series expansions of the field. These
still contain the unknown Fourier coefficients
E1 y B_.. A finite number of them may be
extracted from cavity fields calculagsd by
numerical methods (mesh calculations®’/) which
usually give numerical values for U=—rH0(z,r).
The series for U = - rH(z,r) (Table I) Is used
for r = a to set up a system of n equations of
n Fourier-coefficients (n is the number of mesh
points within the gap where values of U are
given).

3. Beam Dynamics Coefficients

Beam dynamics coefficients are Fourier
transforms (in z) of the field components.
There are two types of them, T- and S-
coefficients, T-coefficients are integrals
over across the whole interval (-« < z < =),
They appear in difference equations where the
particle crosses the whole gap cell (or gap).
Their expressions are simple. The S-coefficients
are defined as integrals over O < z <« and are
needed in difference equations along half of
the cell. Their expressions are complicated.

The longitudinal, transverse and magnetic
T-coefficient are defined as:

o0

1
Il

v.T (k,r) Ez(z,r) cos(kz) dz

VOTO(k) Io(krr)

VoTr(k,r) = [Er(z,r) sin(kz) dz

VoTo(k) kI (krr)/kr

QIC_
- ko

VoTo(k) I1(krr)/kr

Von(k,r) s pHg(z,r) cos(kz) dz =

with
1
K - (kz _ kz) /2
r o}

(7

They are known as soon as the transit time
factor:
(-]

To(k)s f EZ(Z,O) cos(kz) dz =

(8)
(b(x)/0(0)) x 7 (k 2)/I (k. a)

is given and are nothing more than convenient

abbreviations. T (k) is a measure of the
distribution of EZ in the longitudinal
direction. To(k), its derivatives Té(k),

Tg(k) (and the above T-coefficients) are
needed for the single value k =w/z_ (2 =
longitudinal velocity of the particie af the
gap centre). They may be easily obtained
from fields given numerically by numerical
integration of the integral defined in (8)
(and from the formulae ?Z)) If the cell is
regarded as a closed cavity, the limits of
integration + = in (6), (8) and (9) must be
replaced by + L/2 (L is cell length) and k by
2n/L. This hardly changes the numerical
values of these quantities. This method may
be more convenient than to express T (k) by
the Fourier coefficients B_ introduced in

n
Chapter 2:

(k) = T (k) (1+7)
Jo(koa) sin 2
Too(k) w o/ 2 (8a)
s 2(-1"8 (xp)°
Y = -

221 (omm)? - (kp)?

The longitudinal, transverse and magnetic
S-coefficient are defined as:
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2 [ Ez(z,r) sin(kz) az

VoSl(k,r) =
V5 (k,z) = 2 [ 2, (2,7) cos(kx) az (9)
0
2¢ .
Vosm(k,r) = - E— [ uHO(z,r) sin(kz) dz
0
S, and S_ (as well as T, and T_) are dimension-

18ss whife S (and T ) Rave thS dimension of a
length. This may be inconvenient in numerics:
Tl’ T, Sl’ Sr are somewhat smaller than
uiityy, S "and T are smaller than these by a
factor 18 to 108. Defining kT and kS_ in
place of the expressions given'in (6) Bnd (8)
brings disadvantages for the writing of
difference equations. For numerical work it
is suggested to normalize T_and S_ by multi-
plying them by 2n/L and to %odlfy ﬁynamlcal
formulae in Tables V and VI accordlngly. 2( n
all these formulae S_ (or 4s /dk, 4 Sm/dk )
is preceded by k, so the norMalizatioh can be
done 1? t?e §o%low17g)m?nn7r )
kL/2n)x(2nS_/L KL/ 2% )xS ,

kL?Zn ~1). m norm

The S-coefficients are related to each
other by the following equations:

VO asl(k,r)/ar = 2prg(O,r)/k -

2
v, k. Sr(k,r)/k

[}

v, asr(k,r)ﬁar 2 EZ(O,r) -

(10)
v, Sr(k,r)/r -k VOSl(k,r)

2 C
v, Splk,r) = - E— [ (0,r) - % V8 (k,r)

These probably will not be exactly valid, if
the limits of integration in (8) are + L/2,
but may represent a good approximation. They
could be useful for the calculation of radial
derivatives of S-coefficients since they
permit to circumvent the need of radial
derivatives of the field components. With the
help of series (4) for b(k_), series expansions
of the S-coefficients may Be found. They are
listed in Table. II. TUnfortunately they are
complicated. S, and S_ are more important
than Sm which oily appears in relativistic
formula where the need for the half gap
difference equations is less severe.

Fourier coefficients B and thereafter
S (k,r), Sl(k,r) (with k = /z ), 0.< r< a,
hive been talculated from the potentlals

0=- ng of various Alvarez cavities
(0.6 - 8°MeV). There emerge the following
results:

a) S, may be approximated by the first two
terms and by the first (eventually second) term
of the simple series in n. The contribution of
the double series is negligible. The first
term is small at low energy, appreciable at
higher energies. This can be explained as
follows: kg/2 x~ n/2. In low energy cavities
kp/2 = k(g/2 + R,) comes near to m and the
cotangent is sm3all, while at higher energies
Ri is small compared with g and kp/2 is nearer
t3 n/2 and the cotangent is larger. The term
proportional to J (k r) is the most important
one, it is always gréater than S.(k,r); it is
almost constant with r. The termis with n = 1
(2) contribute 30% (1%) at .6 MeV, 10% (2%) at
8 MeV at r = a, for smaller r the situation is
better Therefore at low energy the formula
for SI) derived for homogeneous field

Ez(z,a) =5 (|z| < p/2) appears not a very
good approximation. S1 decreases slightly-
with increasing energy.

b) S_ may be approximated by the single term
and by the first two (eventually three) terms
of the series in n while the double series can
be neglected. The absolute value of the term
with n =1 (2, the rest of the sum) contribute
110%, (10%, 27) of S_ at 0.6 MeV, 50% (25%,
37%) of S_ at 8 Mev.T At higher energy terms
with greafer n become important, but the error
introduced by their neglection is less harmful
since in the difference equations the S_ are
multiplied by eV /2W and the kinetic energy W
increases.

Derivatives of S-coefficients are under

inves?igation and results will be given in
ref.”?/.

4. Difference Equations

Tables III to VI contain difference
equations for particle dynamics in an
accelerating gap. They have been slightly
correctg% in comparison with those published
earlier Increments as needed in the thin
lens approx1matlon are listed, e.g.

= M9 - z dg/dz), A(r - z dr/dz)= Ar. For
example, the trajectory of the entering non-
relativistic (relativistic) particle is
extended for free motion up to the centre;
there is the thin lens, the coordinates are
incremented by AW, AQ, Ar‘, Ar of Table IIl
(Table IV) and then sets in free motion with
these new values. The difference equations
of these Tables (III and IV) contain tre still
unknown mid-gap values W, ¢, r7y r . The
difference equations of Table £ and VI for the
motion through the first half of the gap may
be used to determine them. As 2 matter of
experience, the corrections involving
S-coefficients become less and less important
with increasing particle energy.
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All these difference equations have been
found by first ordeg)gsrgurbation theory as
described elsewhere 5). The action of the
gap field on the otherwise freely moving
particle is treated as a perturbation.
Solutions of the equations of motion are
expanded into powers of 2 = eW /(mwpz )

(= impact of the field during one perioa/free
particle momentum) and terms linear in 28 lead
to the difference equations. In the non-
relativistic equation only the electrical
field has been retained. In the relativistic
treatment are considered the magnetic field
and the mass variation too. The integral
representations (2) of the field are inserted
into the first order equations and z and r,i
eE_(z,r,9) 8?ual the zero order solution ¢(° =
0, and (07 _ * ¢/w + r . The equations of
motion can then bé sclved gy quadratures.
Afterwards the integrals in k_ are evaluated
by Cauchy's residue theorem. “For integrals
across the whole gap there are only dynamical
poles at k= + k (poles at J (ay) = O

- o} .
corresponding to the evanescent wave guide
modes can be neglected) rendering the terms in
Tables IIT and IV. They cut out from the
continuous spectrum of waves in (2) the partial
waves whose phase velocity equals the particle
velocity. For the half gap difference
equations the trajectory ends at the gap centre.
In the k_-plane appear additional poles at
k =+ 2%n/p, n=0,1,2,.. They describe
standing waves as they exist within the gap
and yield the simple series in n contained in
the S-coefficients,
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Table I - Series Expansion of the Gap Field

|z| <p/2: U(z,r)=-rHQ(z,r)=2E E®W T P x

1
x[_z__ J1 (kor) +§ B cos(21rn-z') l I1(un12/P) ) 22 o Bn(_1)n 33 J1 (jvr/a) cosh(r)vz) e-n,p/z:l
kP Jo:koaj n=1 L Io(“na: ) an§° 148 16 4 % (jv) (pnv)2+(2nn)2
E, (z,r) = (ewr)-1 aU(z,r)/dr E_(2,7) - - (awr)™ o0(z,r)/02

Table IT - Expressions for T- and S-coefficients

T, (k,r) = T (k) Iq(k.r) T (k) = T (k) I1(krr)/kr
T_(kyr) = T (k) k T4(k_r)/k k_ - (2 - kg)l/2
J (k1) o k B I (u x/p)
S106) = - ote(ke/2) 7, 1,(ew) + —Gpr - 4 3,(ke) 2 (2nn1))2 oy Ao

2 e B (A w J(3j,r/a) exp(-n,p/2) 3
- a B g = A4 - o
8 J (k,a) (kp) <a> T+6 5 (ap)2s (nvp)z (2m)2 + (0

n=4 no V=4

)2

B, (2mm)?

o 1 I1 (unr/P)
s, (k,r) = ctg(kp/2) T (k) kL (k.r)/k, + 4 J (k.a) ni o~ () oy T T5.377)

» B (-1)" = 5(37/a) exp(-n,p/2) (n,2)°
8J (ka)® & & - 4
oo Ty MG )% (g p)2 (k)P (nyp)?

1 - 2 2 Jo(ko o Bn ) I1 (Hnr/p)
S Splkor) = - cte(kp/2) T (k) kp (kr) + g = - 4 I, (ka)kp ni PRI ey
S8 (ke) kR B 3. ()7 & 5 (4,7/a) exp(-n,p/2) 1

n=y V000w A (192 (4,0)2 (2m)% (nyp)°

by = [(m)z - <kop>2]”2
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Table IIT - Nonrelativistic change of longitudinal kinetic energy, reduced phase, radial slope

MW= eV, T, I,
Ap = ak d/ax(T I )
Ar” = - « (T k I1/kr)
AT = -« d/dk(Tok i /x.)
AW = AW

r

05,/ (1-8D)2
s/ (1-82)"/2

05/ (1-82)"/2

and reduced radial position across a gap

cosgp

sing

sing

cosg

Table IV - Change of

+ eV
[e]

~ ak

+

a/ dk(’I‘OkrI1)

2,..2
a“/ak (Tokr11)

« |:d/dk(‘I‘Ok ADI TOIOJ

« |:d2/dk2(Tok 1) - d/dk(ToIO):l

4

r” sing
r’ cosg
-

T cos¢o

4

r’ sing

the Same Quantities in the Relativistic Case

A% (1- K/KP)

Arc(1 -

K%/x%)

x
[ - eV, (Tok I1/kr) r’sing ]

2,2 .
- ak (ko/k ) (TOI,I/kr) rcosg

+ a (kg/kz)

1 - 4
T, (I1 IO) r’cosg

Ar (1 - ki/kz) - a(k2/x?) (1,1, /%) cosp - o (kg/kz) a/ax(er I} - T .I) x’sing

* Adding the term in the square brackets gives the gain in total kinetic energy.

Table V - Change of Kinetic Energy, Reduced Phase, Radial Slope and Reduced Radial Position along

bw, = AW/ 2
Ay, = 29/2
Ary = Ar /2
AR, = AF/2

+

+

(ev,/2) ] 5,
(ak/2) :dSl/dk
wn | s,
(«/2) [dsl/dk

the First Half of the Gap

sing

cosg

cosg

sing

+

a/ dk asl/ar
a%/ax® 85, /ox
(a/dk asr/ar + sl)

(a%/ax® 8s_pr + s /ak)

- bk -

r’ cosg

r’ sing

r’ sing

7 cosg :I

=



Table VI - Change of the Same Quantities in the Relativistic Case

: 1 . '
Aw = AWI/Q + (eVo/2) { S, sinp - ( 57 IR r_ T ) coscp}
X

B Aw1 + r’L - Tr sing - Sr coscp:t

2 2
k as a-s k das das
- - 2\1/2 ok o 1 3 1, o< T m> .o }
Acpr1 = Aq:I/2 - —[30) 5 {( - kZ) (dk cosg + 7- 2 T 31nq>> 5 + ko= /7 sing
2 2
X Kk T oI as as , }
" 2 ) - o ak ., o r m .o
= (1-8 / [( —2) Agy - —- 5 T ( % c0SP -’: =tk = :| r” sing
k k T
2 2
k . as k
brl, = Arr/2 - (1-By) 5\ S, +—5 k8 cosg + \ 3zl TH * 2 k + 8, sing
2 2 2 2
as k as as k a s as
- 2,1/2 a( r o] m . 9 r 0 m 1
Ar = Ar/2+(1ﬂ) (——+——k—-—-) snl(p—(—l: +—F k —5— +—> r'cosq)}
b 2\ 2 T 2 2 el ak

* Adding the term in the square bracket gives the gain in total kinetic energy.

Common to Tables III to VI

a = eV /(2W) K2/ - (az/at)/e® = 62
~ 2 .2 _ 2,2 2,2 o 4 2
W o= n/2 (dz/dt)o = (n/2) Z, ~m = rest mass - ko/k = kr/k x - B,

The argument k =o.>/'zo of To(k), kr ~of the modified Bessel functions In(krr) and k,r_

of Sl(k,ro), Sr(k,ro), Sm(k,ro) and the subseript  of ¢, r  and r] = (dr/dz)o have

been dropped. In all the expressions of Tables III to VI all these parameters refer to mid-gap-

values.
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