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Abstract

A computer program to determine the
first order phase plane acceptance of
accelerator beam lines is described. It
is based on an iterative technique for
scanning the phase space and computing
time is reduced by an order of magnitude
when compared to similar methods employ­
ing an ordered scan in rectangular
coordinates.

An example system is analyzed;
acceptance polygons are presented and the
energy dependence of the beam line
acceptance is computed.

Introduction

In the design and analysis of
charged particle transport systems, the
compatability of a given beam for
transport through the system is deter­
mined by comparing the beam's emittance
and the beam line acceptance. Provided
the phase plane contours representing
the beam are contained by the transport
system's acceptance polygons there will
be complete transmission of the input
beam.

The program to be described computes
the phase plane acceptance in two mutual­
ly orthogonal independent planes. The
acceptance polygons are plotted and the
energy dependence of the system's accept­
ance is determined. Beam line elements
are generally represented by linear
transformations, however the basic
technique described here may be applied
when the effects of higher order
aberrations are required. The linear
transformations for several beam trans­
port devices have been developed in a
number of texts1 ,2 and will not be
repeated here.

Theory

To determine the acceptance of a
given beam line a grid work is
generally chosen in the two orthogonal
phase planes, XX' and YY'. Particles
on the grid are then traced through
the system using matrix transformations
and the displacements are examined at
each aperture restriction along the line.
Particles whose displacements exceed
these restrictions are not recorded
while those passing through the entire
line are plotted. This method is ted­
ious, even on a high speed digital
computer, since lQ4 particles must be
traced to obtain a relative accuracy
of 1%. The technique reported here
relies on two modifications to the above
procedure. First the phase plane areas
to be scanned are converted to polar
coordinates and then the selection of
particles to be traced is modified by
an iterative method, in this case a
Bolzano Bisections.

Suppose for the moment that the
XX' acceptance polygon is known for a
given system and is as seen in Fig. 1.
In polar coordinates each point on the
polygon's boundary is denoted by
Pi (r i ,8 r) and the displacement-diver­
gence relations are simply:

x. = r. Cos 8.
~ ~ ~

(1)
x'. = r. Sin 8.

~ ~ ~

To determine r. for a given value of
~

8. two extreme values for r. are
~ ~

selected, namely the origin (r. ) and
~ 1

some value which is certain to ~e out-
side the acceptance polygon (r i :3). At
8. = 0, r. :3 can be set at the ~eam tube
r~dius to~satisfy this condition.
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These values are then subject to the
Bo1zano technique with beam tracking
being performed after each iteration.
Figure 2 shows the bisection as it
appears in the phase plane for one
point on the desired polygon. The
process is continued until the desired
accuracy is achieved, a new angle is
selected and the method repeated to
cover the entire 3600 of the phase plane.
The flow diagram of Fig. 3 illustrates
the method and an accuracy of 1% is
obtained in only 8 iterations at each of
100 angles; thus the computation time
is reduced by an order of magnitude over
the previous method.

A further reduction in computing
time is possible by initiating the
bisection at successive angles between
smaller limits as determined from the
final value (r i f) at the preceding poin~

For example if *e define a reduction
factor "RF" whose value is continuously
updated, then at any general point
(i+1 ) we have:

RF x ri,f
(2)

r . +1 :3 = ( 2- RF) x r. f
~ , ~,

"RF" is initially set at 0.9 thereby
defining a narrow band in which to
begin the bisection at successive points.
To update "RF", a test is performed at
each angle to make certain the band does
in fact contain the polygon's boundary.
If not, the "RF" value is reduced before
the iteration is initiated. The bisect~

ion is then continued to determine
r i +1 f at 8i+1 and the dotted section of
Fig.'3 shows the point at which this
computation is inserted.

Energy Dependence

To obtain a spectrum of beam line
acceptance as a function of beam energy,
the phase plane areas common to the
central energy (E ) and the various
energies in quest~on (E.) must be
computed. Since the data is stored
in polar coordinates this task is a
trivial one and requires very little
additional programming. The flow
diagram of Fig. 4 shows the method used
and when the results are normalized with
respect to the central energy the

spectrum is obtained.

The discussion thus far has dealt
with a single transverse plane and in
examining a given beam line the procedure
is repeated in the other plane.

Example System

The beam line of Fig. 5 was analyzed
with the preceding program giving rise to
the results of Figs. 6-9. Since comput­
ing time is small the effect of target
size, magnet strengths and apertures can
be rapidly determined and the system
optimized for maximum acceptance.

Conclusions

The program described can presently
accommodate quadrupole and bending
magnets, drift spaces, slits, collimators
and targets. As well as plotting accept­
ance polygons and determining the energy
dependence of the acceptance, the program
prints out the element responsible for
defining each of the polygon's boundariea
In this way elements which critically
limit the system's acceptance can be
modified to improve the optical propert­
ies of the entire beam line.
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FIG. 1 Acceptance Polygon.
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FIG. 2 Bisection Technique.
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