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CHAPTER 1

INTRODUCTION

One of the most important goals of physicists is to find out the ultimate structure

of the matter and to understand their interactions. Presently, the theory that

describes the fundamental particles and their interactions is the standard model

of particle physics. It considers that there are four basic interactions in nature

viz., strong, weak, electromagnetic, and gravitational, and corresponding to each

interaction, there are mediating particles known as the quanta of interactions. For

example, the mediating quanta for the strong interactions are gluons which are of

eight different types, for the electromagnetic interactions it is a photon, for the

weak interactions there are W± and Z bosons and for the gravitational interac-

tions it is the graviton. Since gravitational interaction is much smaller in strength

than the other three interactions, therefore, it is not discussed in the presence

of any of the other three. The standard model of particle physics has a zoo of

61 fundamental particles comprising of charged leptons (l±; l = e, µ, τ), neutral

leptons (νl, ν̄l), quarks (which come in six flavors viz. up, down, charm, strange,

top and bottom, and each flavor appears in three different colors viz., red, blue

and green) and antiquarks (corresponding to each quark) as well as the mediat-

ing quanta discussed above. Now, the quest is to develop a theory that unifies

3
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all these fundamental interactions into one. It was Einstein who first attempted

to develop a single theoretical framework that can account for all the fundamen-

tal interactions of nature resulting in a unified field theory. Particularly, in the

early 20th century, attempts were made to unify gravitational and electromagnetic

interactions, however, these attempts failed.

The motivation behind the unification of fundamental interactions is also driven

by the fact that the standard model of cosmology assumes that the universe started

with a big bang from pure energy and after a time t ∼ 10−43 seconds (Planck’s

time), the temperature (> 1032 K) and density (> 1090 kg/m3) were very high,

and during this time, all the four fundamental interactions were one and gradu-

ally with expansion, these interactions got decoupled in a time interval of 10−35

to 10−6 seconds. First, the gravitational interaction got decoupled and then the

strong nuclear force got decoupled from the electroweak interactions. Then the

electromagnetic force got separated from the weak force and the universe was left

with a soup of leptons, quarks, photons, and other particles. Therefore, to describe

such a scenario, there must be a theory that treats all the interactions on the same

footing. Since then, the efforts are on to unify the fundamental interactions.

The real breakthrough came in 1961 when Glashow [1] constructed a model

based on the gauge group SU(2)×U(1) for the weak and electromagnetic interac-

tions of leptons assuming that along with photons, there also exist charged W and

neutral Z intermediate bosons. The masses of W and Z bosons were put by hand

and therefore the theory was non-renormalizable. In 1967-68, Salam [3] and Wein-

berg [4] independently constructed SU(2)×U(1) model of electroweak interactions

of leptons by introducing spontaneous symmetry breaking of the gauge symme-

tries. ’t Hooft and Veltman [5] and Lee and Zinn-Justin [6] showed that this model

is renormalizable. Later, Glashow, Iliopoulos and Maiani [7] extended the model

to include the quark sector. The success of this model is startling and various

predictions of the model were experimentally observed to a very high accuracy.

The last and the most important particle, known by the name Higgs boson, which
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is the carrier particle of the Higgs field, a field that permeates space and endows

all elementary subatomic particles with mass through its interactions with them,

was discovered in 2012 by ATLAS and CMS experiments at CERN [2]. The story

of electroweak interactions is not complete without due recognition of the neu-

trino, especially because it has played a pivotal role in the understanding of weak

interactions as it is the particle that participates only in the weak interactions.

Moreover, trillions of neutrinos pass through our body in each second from several

sources, both natural and man-made, and without them stars can not shine, no

elements heavier than helium, and so on, regarding which we shall discuss later

in this chapter. Now, we shall present in very brief the historical development of

neutrinos, their sources, etc.

The hypothesis of the neutrino started with a letter written by Pauli in 1930 [8]

to the participants of a nuclear physics conference held in Germany, to solve the

two outstanding problems of nuclear physics at that time viz., the puzzle of the

energy conservation in the β-decays of nuclei and the anomalies in understanding

the spin-statistics relation in the case of 14N and 6Li nuclei. In the letter, Pauli

proposed the existence of a new neutral particle inside the nucleus along with the

proton, which he called as “neutron” (now known as neutrino) with the following

properties:

# Neutron is a spin 1
2
particle and is a constituent of nuclei.

# Neutrons do not travel at the speed of light.

# Their mass is similar to the electron mass but not larger than 0.01 times the

proton mass.

# It has a magnetic moment which is of the order of 10−13 cm and is bound in

the nucleus by the magnetic forces.

# The neutral spin 1
2
particle shares the available energy with the electron

leading to the continuous energy spectrum of β-electrons.
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In 1931, in a conference, where Fermi was also present, Pauli talked about the

proposed particle neutron. Fermi was quite impressed with Pauli’s idea of the

neutron. With the discovery of present-day neutron in 1932 by Chadwick, Fermi

in 1933 [9] rechristened Pauli’s “neutron” as “neutrino” (meaning the little neutral

one) and proposed the theory of β-decays, which was developed by taking the

idea of Dirac’s particle creation and annihilation, Heisenberg’s idea that the neu-

trons and protons were related to each other and the basic principles of Quantum

Electrodynamics (QED), the gauge theory of electromagnetic interactions. In the

Fermi theory, there is no change of angular momentum and parity between the

initial and the final nuclei and the interaction occurs at a single point as shown

in Figure 1.1. The Hamiltonian for the β-decay process viz. n → p + e− + ν, is

written in terms of the four spinors representing the initial and the final particles

and the Dirac γ matrix as:

e− ν

p n

Figure 1.1: Four point Fermi interaction. Weak force turns a neutron into a proton

and simultaneously creates an electron and an antineutrino.

H = Gψ̄pγµψn ψ̄eγ
µψν + h.c., (1.1)

where G is the strength of the interaction and the nature of the interaction is

taken to be vector in analogy with the electromagnetic interaction. This was a

remarkable theory by Fermi as it accounts for all the observed properties of β

decay. Moreover, it also predicts the correct shape of the energy spectrum of

the emitted electrons. Later, Gamow and Teller [10] extended the theory of β-

decays to those nuclei in which a change of angular momentum by one unit and

no change in parity was observed. In order to take into account the Gamow-Teller
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transitions, the Hamiltonian given in Eq. (1.1) has to be redefined, by including all

the bilinear covariants viz. scalar (1), vector (γµ), axial vector (γµγ5), tensor (σµν)

and pseudoscalar (γ5) such that

H =
∑

i=S,V,A,T,P

Gψ̄pO
iψn ψ̄eOiψν + h.c.. (1.2)

Since the beta decays involve very low energies, therefore, in the non-relativistic

limit, the pseudoscalar term vanishes. Moreover, the scalar and vector interaction

terms appearing in the above Hamiltonian reduce to Fermi interaction, while the

tensor and axial vector terms reduce to the Gamow-Teller interaction. Most of

the experimental results, at that time, were supporting the Hamiltonian to be of

scalar and tensor interaction type while only a few were favoring vector and axial

vector combination. However, it was Sudarshan and Marshak [11] who first argued

that the weak interaction Hamiltonian should be of V −A type, which very soon

got support from Feynman and Gell Mann [12] and Sakurai [13].

Since then many efforts have been made to develop the theory of weak in-

teractions and the major breakthrough came in 1956 when it was proposed that

parity may not be conserved in weak interactions in order to understand the τ − θ
puzzle [14]. Two particles τ and θ with the same mass, charge, and lifetime, were

observed experimentally at that time but they decay into different pionic states

viz. τ decays to two pions and θ decays to three pions. Since it was confirmed that

pions have odd parity, therefore, it was concluded that τ has even parity and θ has

odd parity. After analyzing various processes including strong, electromagnetic,

and weak, Lee and Yang [15] concluded that there is no experimental evidence for

parity conservation in weak interactions and proposed specific experiments to test

parity nonconservation in weak interactions. Wu et al. in 1957 [16], performed

the celebrated experiment of 60Co nuclei undergoing β-decay into 60Ni nuclei and

concluded that parity is violated in weak interactions. The establishment of parity

violation in weak interactions, the theoretical development of the two component

theory of neutrinos and the measurement of definite helicity states of neutrinos and

antineutrinos to be left- and right-handed, respectively, led to the confirmation of
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the V − A theory of weak interactions.

In the V −A theory, the Hamiltonian for the β-decay process n→ p+ e− + ν

is given as

H =
GF√

2
lµJ

µ† + h.c. (1.3)

whereGF is the Fermi coupling constant, which is related to the factor G appearing

in Eq. (1.1) by a factor of 1√
2
, lµ is the leptonic current, and Jµ is the hadronic

current given by the following expressions:

lµ = ψ̄eγµ(1− γ5)ψν , (1.4)

Jµ = ψ̄pγ
µ(1− gAγ5)ψn, (1.5)

with gA being the axial vector coupling strength. At higher energies, the cross

section evaluated in the V − A theory diverges. To avoid such divergences, in

analogy with QED, it was conjectured that the weak interactions are mediated

by massive spin 1 intermediate vector bosons. It was thought that these massive

bosons would solve the divergence problem, but that didn’t happen. The presence

of massive bosons makes the V − A theory non-renormalizable, however, they

played an important role in the development of the standard model of particle

physics.

In the standard model of particle physics [17], there exists three flavors of

neutrinos viz. νe, νµ and ντ corresponding to the three charged leptons e−, µ−

and τ−. These leptons are classified into doublets on the basis of their weak

isospin (IW ) quantum number, asνe
e−

 ,

νµ
µ−

 ,

ντ
τ−

 .

Similarly, the highest charge state should sit at the top, therefore, the charged

antileptons (e+, µ+ and τ+) and the neutral ones (ν̄e, ν̄µ and ν̄τ ) are classified

under IW , as e+

ν̄e

 ,

µ+

ν̄µ

 ,

τ+

ν̄τ

 .
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Although Fermi’s theory of β decay gave a very solid foundation for the exis-

tence of neutrinos, however, for many years it was considered to be an undetectable

particle, as was proposed by Pauli in his original proposal. For example, Bethe

and Peierls shortly after the Fermi theory, gave the prediction for the cross sec-

tion for neutrinos of few MeV energies (like that from a reactor antineutrino) to

have cross section ∼ 5× 10−44cm2 for ν̄e + p→ e+ + n scattering, and for such a

low cross section (as compared to the strong interaction cross section ∼ 10−26cm2

and electromagnetic interaction induced cross section ∼ 10−32cm2), initially it

looked impossible to find a few interaction events. In 1946, it was Pontecorvo who

challenged this opinion and proposed the radiochemical method of the neutrino

detection. Several experimental efforts were made to detect this elusive particle,

however, the real breakthrough came when Reines and Cowan in 1956 [18] at the

Savannah river nuclear reactor reported the observation of neutrinos (rather they

were antineutrinos as we know today that from the reactors, only antineutrinos

are produced) in the reaction

ν̄e + p −→ e+ + n. (1.6)

using a 4200 L scintillator detector. e+ immediately gets annihilated with an e− in

the detector giving rise to two instant photons in the process e++e− → γ+γ, and a

delayed photon released from the neutron capture process through n+108 Cd→109

Cd + γ, almost 15 microseconds later. The observation of two instant photons

and one delayed photon confirmed the indirect detection of antineutrino from the

nuclear reactors. Later, the neutrinos associated with heavy flavors of lepton viz.

muon and tauon were observed and were named νµ and ντ , respectively, in 1963

by Danby et al. [19], and in 2000 by DONUT [20] and later by OPERA [21]

collaborations. It was also shown in the experiments that νe and νµ are different

from one another as well as it was independently shown in the experiments that νe

and ν̄e are the two different particles. Since the observation by Reines and Cowan,

neutrino physics is in the forefront of, not only, the field of particle physics but

also it has helped in the understanding of weak interaction induced phenomenon in

nuclear physics as well as getting information about the structure of the hadrons,
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and in many astrophysical and cosmological phenomenon. The importance of

neutrinos and the study of their interaction with the matter may be realized by

the fact that several Nobel Prizes have been awarded for physics discoveries in

topics either directly in the field of neutrino physics or in the topics in which the

role of neutrino physics has been very crucial.

Figure 1.2: Flux of different neutrino sources. Figure has been taken from Ref. [22].

The neutrinos are being produced by various sources including the neutrinos

produced in the early universe after the big bang, in the core of the sun and other

stars, in the Earth’s core, in the atmosphere of the Earth during the decay of

secondary cosmic ray particles, in the nuclear reactors, particle accelerators, etc.

The neutrinos emitted from the various sources are not of the same energies as
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well as their distributions are different. This energy range starts from a few µeV

for the cosmological neutrinos to more than EeV for cosmogenic neutrinos, which

can be observed from the spectrum shown in Figure 1.2. Broadly, one can classify

the neutrino production to be of two types, viz., the natural and the man-made

sources as:

# Natural sources: Relic neutrinos/cosmic neutrino background, solar neu-

trinos, atmospheric neutrinos, supernova neutrinos, geoneutrinos, ultra-high

energy cosmic neutrinos or the neutrinos from the extra-galactic sources, etc.

# Man-made sources: Reactor antineutrinos, accelerator neutrinos, neutri-

nos from the decay of particles at rest, neutrinos from muon storage rings,

etc.

Now, we discuss the production mechanism for neutrinos coming from the different

sources in brief.

The universe started with a big bang which happened around 13.8 billion

years ago and since then, the universe is expanding and cooling. However, during

expansion, the universe has passed through different phases, which in the literature

are known as the eras or the epoch of the universe and in the different eras, the

different particles were created and the fundamental forces were separated from

the unified force. When the universe was about 10−32 seconds old, it consisted

only of radiations and the gravitational force separated out from the other unified

forces. During 10−32 to 10−12 seconds, the first ever particles in the universe were

created, which are the W and Z bosons as well as the Higgs bosons. Since the

temperature of the universe was very high at that time (of the order of 1020K),

these particles were getting created and annihilated in the absence of thermal

equilibrium. With further expansion (from 10−12 to 10−6 seconds), the quark-

antiquark pairs were created, which were present in the form of a hot, opaque

soup of quark-gluon plasma. During 10−6 to 1 second, the temperature was about
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1016K, and the quarks which were present in the quark-gluon plasma combined to

form the hardons. Under such high temperature, the electrons that collide with

protons fuse to form neutrons and neutrinos. Similarly, neutrinos and neutrons

also fuse to form electrons and protons i.e., νe + n→ e− + p. When the universe

was quite young ∼ 1 sec old, the neutrinos decoupled from the cosmic soup of

hadrons and leptons and constitute the "cosmic neutrino background" (which are

also called the ’relics of the big bang’). Just like the cosmic microwave background

radiation (CMBR), these cosmic neutrinos are present around us with a density of

∼ 340 ν/cm3 of all flavors of neutrinos, but these neutrinos have very low energy

of the order of 10−4 eV, therefore, it is not possible to observe the relic neutrinos

experimentally in the near future. The photons decoupled to form CMBR when

the universe was about 380M years old, thus, they give information of that time,

however, from the cosmic neutrino background the information about the first few

seconds of the big bang could be revealed.

The majority of the neutrinos that come to us are from the Sun and are called

solar neutrinos. The Sun as well as all the other stars in the universe shine

because of the nuclear fusion process taking place inside the core of the star. In

the nuclear fusion process, four protons are fused to form a helium nucleus along

with two positrons and two neutrinos and releases ∼ 25 MeV of energy,

4p −→4 He+ 2e+ + 2νe + 25MeV. (1.7)

In the above reaction, ∼ 97-98% of the energy is carried away by the photons,

and the neutrinos carry only 2-3% of the total energy. Due to the electromagnetic

interactions of the photon, it takes a longer time for the photons say almost 104

years to come out of the star’s core. However, because of the weakly interacting

nature of the neutrinos, they take ∼ 8 mins to reach earth. Thus, direct infor-

mation about the core of the sun has been obtained from these neutrinos. Solar

neutrinos were first detected by Davis et al. [23] through the reaction

νe +37 Cl −→37 Ar + e−, (1.8)

which is sensitive to the electron type neutrinos being produced inside the sun. The
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experiment observed only 1/3 of the number of neutrinos predicted by the standard

solar model formulated by Bahcall [24], and lead to the ’solar neutrino anomaly’.

After Davis’ experiment, various other experiments like SAGE, Kamiokande, etc.,

also observed this anomaly in the number neutrinos. This anomaly was later solved

by the phenomena known as ’neutrino oscillation’, which was first introduced by

Pontecorvo [25] in 1957-58 after getting inspired by the formulation of K0 − K̄0

oscillation mechanism by Gell-Mann and Pais [26]. Pontecorvo argued that "If

the theory of two-component neutrino was not valid (which is hardly probable at

present) and if the conservation law for neutrino charge took no place, neutrino →
antineutrino transitions in vacuum would be in principle possible......". We shall

discuss the phenomenon of neutrino oscillation later in this chapter.

The atmospheric neutrinos are produced when the high energy primary cosmic

rays hit the Earth’s atmosphere at a distance of ∼ 15 km from the surface of

the Earth. The primary cosmic rays consist of ∼ 90% protons, 9% α particles,

and < 1% heavier nuclei. When these cosmic rays hit the Earth’s atmosphere,

they interact with the air molecules to produce pions and kaons (which are also

called as secondary cosmic rays). These pions and kaons, then, decay to produce

µ± and νµ(ν̄µ). The µ−(µ+) is also an unstable particle that then decays to a

electron (positron), an electron antineutrino (neutrino), and a muon neutrino (an-

tineutrino). The reactions may be summarized as

p+ Aair −→ n+ π+(K+) +X,

n+ Aair −→ p+ π−(K−) +X,

π±(K±) −→ µ± + νµ(ν̄µ),

µ± −→ e± + νe(ν̄e) + ν̄µ(νµ).

The atmospheric neutrino spectrum has a very wide energy range and the main

source of neutrinos up to an energy of 100 GeV is the pion decay while the neutrinos

of higher energies are obtained from the kaon decay. This is mainly due to the

fact that the mean free path at higher energies becomes sufficiently large for the

pions and they are able to reach the earth. Since in the cosmic rays, there are
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more protons than neutrons, the number of π+, K+ is more than the number of

π−, K−, which leads to a larger number of µ+ than µ−.

From the above reactions, it may be observed that for a single pion (or kaon)

decay, the expected flux ratio of the neutrinos for φ(νµ+ν̄µ) to φ(νe+ν̄e) is 2:1. The

efforts to search for the atmospheric neutrinos experimentally started in the 1960s,

however, with the development of the heavier nuclear targets, in the 1980s in the

Kamiokande and IMB collaborations, the atmospheric neutrinos were observed.

Moreover, it was found that the observed number of muons had a significant deficit

as compared with the Monte Carlo prediction, while the electron events were in

agreement to the Monte Carlo predictions. This is known as the atmospheric neu-

trino anomaly and is resolved by considering the fact that the neutrinos oscillate

from one flavor to another, which was confirmed in many atmospheric neutrino ex-

periments. In fact, the 2015 Nobel prize in Physics were awarded to Prof. Takaaki

Kajita(Super-Kamiokande Lab, Japan) and Prof. Arthur B. McDonald(SNO Lab,

Canada) for their sustained experimental efforts which confirmed the phenomenon

of neutrino oscillation in atmospheric and solar neutrinos, respectively.

Supernova neutrinos and antineutrinos of all flavors having energies 10-30 MeV

are produced during the death phase of a massive star (Mstar ≥ 8M�, where M�

is the mass of the Sun that occurs with a supernova explosion. The massive stars

use various lighter elements as the fuel for the nuclear fusion process until the

formation of iron and with the exhaustion of most of the nuclear fuel, the inner

core consists mainly of iron. When the mass of the core exceeds the Chandrasekhar

limit (Mcore ≥ 1.4M�), the pressure of the degenerate electron gas becomes unable

to balance the force of gravity. Due to this, the core contracts more rapidly, which

in turn increases the temperature of the core, releasing very high energy gamma

rays. As the temperature of the core reaches about 8 × 109K and the density

becomes ∼ 109gm/cm3, the photodisintegration of iron takes place as the high

energy photons break iron nuclei into helium and neutron via the reaction

γ +56 Fe −→ 134He+ 4n− 124.4MeV. (1.9)
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This loss of energy enhances the collapse, which almost becomes a free fall of

the matter from the outer layers of the core to the inner core, thus increasing

the temperature of the core. With further increase in temperature, the photons

become so energetic that the disintegration of helium into proton and neutron

takes place, that absorbs about 6 MeV per nucleon energy

γ +4 He −→ 2p+ 2n− energy. (1.10)

Due to the collapse, the density of the core becomes so high that the electron

capture e− + p → νe + n takes place. Initially, these neutrinos come out of the

core but as the density of the core rises, the neutrinos produced by these processes

are trapped in the core that becomes opaque to neutrinos. These neutrinos then

interact with the matter present in the core through various processes viz.,

νe + ν̄e � νl + ν̄l l = e, µ, τ,

νl +N � νl +N

νl + e− � νl + e−.

When the collapsing core reaches a density of 1014 gm/cm3, which is approximately

the same as density of the atomic nuclei, the strong nuclear force comes into play.

The core becomes stiff and the neutrons degenerate. The collapse of the inner

core is halted because of the neutron degeneracy, but the outer envelope of the

core continues with the collapse and the matter from the outer core rebounds

with the stiff inner core and shock waves are produced. When the shock waves

become energetic enough, the outer envelope of the star explodes at a speed of

about 30,000 km/s. With this explosion, around 1057 neutrinos of all flavors are

released in a very short period of time ∼ 10 seconds, which were initially trapped

due to the high density of the core. These neutrinos act as the energy carriers and

carry about 1060 MeV of energy deposited in the core of the star. This explosion

is known as the supernova explosion and the core left behind is called the neutron

star. In 1987, from the supernova SN1987A explosion, a total of 25 neutrino events

were detected at Kamiokande, IMB, and Baksan detectors. However, it is expected

that if a supernova explosion takes place in our own galaxy, then about 5,000 to
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8,000 neutrino events may be observed in a single detector in a few seconds of

time.

In the case of our Earth, it is well known that the information about the core of

the earth is very limited. However, with the experimental observation of geoneu-

trinos, it is now confirmed that in the core of the Earth there exist radioactive

elements like isotopes of potassium, thorium and uranium. The geoneutrinos,

which are of electron type (νe and ν̄e), are released during the β decay of these

radioactive elements. Therefore, the geoneutrinos provide information about the

composition of the elements in the core of the earth. The KamLAND as well as

the Borexino experiments have observed geoneutrinos through the inverse β decay

process.

Since the observation of antineutrinos by Reines and Cowan, the reactor an-

tineutrinos have played a significant role in the understanding of neutrinos as well

as in the determination of the neutrino oscillation parameters. The nuclear power

plants use neutron-rich elements like 235U, 238U, 239Pu and 241Pu, which undergo

fission reaction and produce antineutrinos as the by-product. The flux of these

antineutrinos is proportional to the thermal power of the nuclear reactor. For ex-

ample, in the nuclear fission of 235U, about 200 MeV of energy gets released, and

typically in a nuclear fission process, 6 antineutrinos are produced, implying that

for a Giga-Watt reactor, in each second about 2×1020 antineutrinos are produced.

Several experiments using nuclear reactors are presently ongoing, and many more

are planned. With the development of neutrino physics and the realization that

the natural sources like solar and atmospheric neutrinos have limitations of beam

intensity, energy, etc., it was very soon realized that one should go for accelerator

neutrinos. In 1960, Schwartz published the first realistic scheme of a neutrino

beam for the study of the weak interactions using accelerator sources. The very

first neutrino beams were obtained in 1962 using 15GeV AGS accelerator proton

beam at Brookhaven striking a beryllium target, and mainly producing pions and

a small fraction of kaons. Since then neutrino beams have been extensively used
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Figure 1.3: Area normalized νµ flux as a function of neutrino energy for MINERvA

low and medium energy run, MicroBooNE, T2K, NOvA and DUNE experiment.

Figure taken from Ref. [27].

in particle physics at CERN in Europe, ANL, BNL, Fermilab in the USA, Tokai

and KEK in Japan, etc. In order to obtain the neutrino beam at the accelerators,

particle accelerators are used to accelerate the protons to very high energies. Then

these highly energetic protons are smashed into a target say graphite or it can be

any material that withstands very high temperatures. When the protons travel-

ing near the speed of light hits a target, it slows down and the proton’s energy is

used to produce a jet of hadrons, which consists mainly of pions and kaons. The

charged pions/kaons are unstable and decay predominantly into muons and neu-

trinos. A charged pion/kaon can be collimated using magnetic horns to produce

either neutrinos or antineutrinos by changing the direction of the magnetic field.

Thus, to get a neutrino beam in a certain direction, one points the pion/kaon in

the direction of the detector. In Figure 1.3, we have shown a typical flux spec-

trum for the accelerator neutrinos (νµ) presently being used or planned to be used

like the MINERvA low and medium energy run, MicroBooNE, T2K, NOvA, and

DUNE experiments. Generally from the accelerators, neutrino energy beams in
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Figure 1.4: Narrow (top) and wide (bottom) band neutrino beam setup.

the range from MeV’s to several GeV’s are obtained. However, if one uses off-

axis facility then a narrow energy band beam at the cost of reduced neutrino flux

is obtained. In the case of wide band beam, a cylindrical target struck by the

protons is aligned with the decay tunnel and magnetic horns are placed to focus

the mesons (Figure 1.4). Mesons decay in the decay pipe to give neutrinos and

the neutrino beam so obtained is known as the wide band beam. The drawback

with a wide band beam is that it is very difficult to precisely estimate the energy

spectrum and relative amounts of the different neutrino species in the beam. The

name narrow band neutrino beam refers to the selection of parent mesons in a

narrow energy interval. In this case, the cylindrical target struck by the protons is

not aligned with the decay tunnel and additional dipole magnets and momentum

slits select the mesons of desired energy (Figure 1.4).

Now, let us discuss the neutrino oscillation phenomena in brief. The neutrino
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oscillation is purely a quantum mechanical phenomena where the neutrinos oscil-

late from one flavor, say να, to another flavor, say νβ, where α, β = e, µ, τ ; and α 6=
β, while traversing distance. The neutrino oscillation phenomena implies that

neutrinos have non-zero mass and the flavor eigenstates of neutrinos are different

from their mass eigenstates. As we have discussed earlier, various neutrino ex-

periments have already confirmed the phenomena of neutrino oscillation in solar,

atmospheric, reactor and accelerator neutrinos. Here, for completeness, we are

discussing the two flavor neutrino oscillation in vacuum, which can be generalized

to three flavor oscillation.

In order to study neutrino oscillations, we have to take into account the non-

zero mass of neutrino and thus, the flavor and mass eigenstates of neutrinos are

different from one another. Assume that the flavor states νe and νµ participating

in the weak interactions are an admixture of the mass eigenstates ν1 and ν2 and

this mixing between flavor and mass eigenstates is described by a unitary mixing

matrix U, which is represented in the two-dimensional space as

U =

 cos θ sin θ

− sin θ cos θ

 (1.11)

such that

νl=e,µ =
∑
i=1,2

Uliνi. (1.12)

The unitarity of the U matrix requires that in 2-dimensional space it is described

by one parameter which is generally chosen to be θ (mixing angle) such that

|νe > = cos θ|ν1 > + sin θ|ν2 >, (1.13)

|νµ > = − sin θ|ν1 > + cos θ|ν2 > . (1.14)

As pure beam of νe at t = 0 propagates, the mass eigenstates would evolve ac-

cording to

|ν1 > = ν1(0)e−iE1t (1.15)

|ν2 > = ν2(0)e−iE2t (1.16)
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where same momentum states for E1 and E2 are considered, E1 =
√
p2 +m2

1 =

p+
m2

1

2p
and E2 =

√
p2 +m2

2 = p+
m2

2

2p
, p ≈ E in the highly relativistic limit, being

the common momentum of neutrinos with energy E1 and E2 and m1 and m2 are

the mass of |ν1 > and |ν2 > states, respectively. After a time t, the |νe(t) > will

be a different admixture of |ν1 > and |ν2 >.

The probability of finding νµ in the beam of νe at a later time t is given by

P (νe → νµ) = sin2 2θ sin2

(
∆m2

2E
L

)
. (1.17)

Thus, we see that for P (νe → νµ) 6= 0 we need ∆m2 6= 0 and θ 6= 0 i.e. we need the

mass difference between the neutrinos mass eigenstates to be non-zero implying

that at least one of them is massive and the mixing angle θ to be non-zero.

The three flavor neutrinos, viz. νe, νµ, ντ , while propagating in space, travel

as some admixture of three neutrino mass eigenstates viz. νi (i = 1, 2, 3) with

masses mi, which are related by a 3× 3 unitary matrix

|να〉 =
3∑
i=1

Uαi|νi〉 (α = e, µ, τ) . (1.18)


νe

νµ

ντ

 =


Ue1 Ue2 Ue3

Uµ1 Uµ2 Uµ3

Uτ1 Uτ2 Uτ3



ν1

ν2

ν3

 . (1.19)

The lepton mixing matrix Uαβ, in the above expression, is given by Pontecorvo-

Maki-Nakagawa-Sakata [25, 28] (PMNS) mixing matrix as:

U =


1 0 0

0 c23 s23

0 −s23 c23




c13 0 s13e
−iδ

0 1 0

−s13e
iδ 0 c13




c21 s12 0

−s12 c12 0

0 0 1

 (1.20)

=


c12c13 s12c13 s13e

−iδ

−s12c23 − c12s13s23e
iδ c12c23 − s12s13s23e

iδ c13s23

s12s23 − c12s13c23e
iδ −c12s23 − s12s13c23e

iδ c13c23

 , (1.21)
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where sij = sin θij and cij = cos θij(i, j = 1, 2, 3). In this parameterization of the

mixing matrix, the mixing parameters can take values in the ranges 0 ≤ θij ≤ π
2

(i, j = 1, 3; i 6= j) and a δ 6= 0, π would lead to CP violation. The parameters of

the matrix are determined in the neutrino oscillation experiments.

In general, the transition probability of oscillation from να to νβ is given by

P (να → νβ) = δαβ − 4
∑
i>j

Re
(
U∗αiUβiUαjU

∗
βj

)
sin2

(
∆m2

ijL

4E

)

+ 2
∑
i>j

Im
(
U∗αiUβiUαjU

∗
βj

)
sin

(
∆m2

ijL

2E

)
, (1.22)

where ∆m2
ij = m2

i −m2
j , with mi,j; (i, j = 1, 2, 3) being the mass of the neutrino

mass eigenstates. Using the above expression in two dimensions would lead to the

oscillation probability obtained in Eq. (1.17).

The neutrino oscillation experiments are being performed using detectors hav-

ing moderate to heavy nuclear targets like 12C, 16O, 40Ar, 56Fe, 208Pb, etc. to get

a reasonably large number of events. Many present-day neutrino experiments are

taking data in the few GeV (1 ≤ Eν ≤ 10 GeV) energy region of neutrinos and

antineutrinos to which some of the neutrino oscillation parameters are sensitive

and which is also required to understand CP violation in the lepton sector. This

is the energy region which is most intriguing(see Figure 1.5) as it receives the con-

tribution from the Quasielastic Scattering (QE), Inelastic Scattering(IE), Shallow

Inelastic Scattering (SIS), and the Deep Inelastic Scattering (DIS) processes.

In these nuclear targets, the interaction takes place with a bound nucleon,

where

(i) a hadron has got structure and theoretically these structures are understood

in terms of the form factors. Since neutrino interactions have contributions

from both the vector and axial vector part, therefore, the form factors are

vector (the information is obtained from electromagnetic interactions assum-

ing conserved vector current hypothesis) as well as axial vector form factor
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Figure 1.5: Total scattering contribution from the neutrino (upper panel) and

antineutrino (lower panel) induced reactions. Figure has been taken from Ref. [29].

which has considerable uncertainty even at the nucleon level as the older ex-

periments performed at ANL and BNL using deuterium targets have large
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statistical and systematic uncertainties, which are used in the analysis to

determine axial vector form factors.

(ii) In the few GeV energy region, when the energy transfer to the target nucleon

becomes ≥ 300MeV, nucleon and delta resonances, like N∗ and ∆∗ become

significant. The resonances with half-integer spin and isospin (I = 1
2
) are

known as the nucleon resonances while the resonances with I = 3
2
and half

integer spin are the delta resonances. More discussion about the nucleon and

∆ resonances will be presented in Chapter 6. We have limited information

on these N −N∗ and N −∆∗ transition form factors.

(iii) When the nucleons are bound inside the nucleus, nuclear medium effects

become important. For example Fermi motion, Pauli blocking, nucleon cor-

relations, initial and final state interaction, etc.

It has been estimated that 25-30% of the uncertainty in the systematics in the

cross-section measurement arises due to the lack of the understanding of the these

reasons. In the following, we briefly describe Quasielastic Scattering (QE), In-

elastic Scattering (IE), Shallow Inelastic Scattering (SIS) and the Deep Inelastic

Scattering (DIS) processes. The Feynman diagrams corresponding to the processes

discussed above are shown in Figure 1.6.

νl/ν̄l
l−/l+

W+/W−

N N ′

π,K
, .....

N N ′

νl/ν̄l
l−/l+

W+/W−

ν̄l l+

W−

N Y

νl/ν̄l l−/l+

W+/W−

N N ′

η

νl/ν̄l
l−/l+

W+/W−

N
X

Figure 1.6: Feynman diagram representing (Left to Right) quasielastic scattering

process, one pion production, one kaon production, single hyperon production, eta

production, and deep inelastic scattering process. The quantities in the parenthe-

ses represent the four momenta of the corresponding particles.



24 Chapter Introduction

# Strangeness conserving (∆S = 0) quasielastic scattering process

In the low energy region of neutrinos and antineutrinos (from 0.1 GeV to ∼
1 GeV), the major contribution to the total scattering cross section comes

from the quasielastic scattering (see Fig 1.5) where an incoming neutrino or

antineutrino interacts with a nucleon and in the final state, a charged lepton,

and a nucleon are produced:

νl + n→ l− + p and ν̄l + p→ l+ + n (1.23)

where N,N ′ = n or p.

# Strangeness changing (|∆S| = 1) quasielastic scattering process

The antineutrino induced quasielastic scattering also receives a contribution

from the |∆S| = 1 processes where in the final state a hyperon (Λ,Σ0 or Σ−)

and an antilepton are produced:

ν̄l + p→ l+ + Λ ν̄l + p→ l+ + Σ0 ν̄l + n→ l+ + Σ−. (1.24)

The ∆S = 1 processes are forbidden in the case of the neutrino induced

channel due to the ∆S 6= ∆Q rule.

# Inelastic and Shallow Inelastic processes

With the increase in the energy of the incoming neutrino and antineutrino,

the four momentum transferred to the initial nucleon increases, which to

inelastic scattering resulting not only the production of the single pion (πN)

but also to multiple pions mπN, m = 2, 3, .., and many other processes like

γN , ηN , ρN , KN , K̄N KY , ... in the final states. At low energy transfer

i.e. close to the threshold, elementary amplitudes are constrained by the

approximate chiral symmetry of QCD, however, as we move away from the

threshold region, most of these reactions are dominated by the nucleon and

delta resonances, although a significant contribution also comes from non-

resonant amplitudes and their interference with the resonant counterpart.

For example, in the case of single pion production, P33(1232) more com-

monly known as the ∆ resonance has the dominant contribution, however,
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in the literature, P11(1440), D13(1520), S11(1535), S11(1650), and P13(1720)

resonances are also considered [30]. For ηN production, the nucleon res-

onances which contribute significantly are S11(1535), S11(1650) [31]. For

ΛK production, S11(1650), P11(1710), P13(1720), P11(1880), S11(1895), and

P13(1900) resonances are dominant [32].

The Shallow Inelastic Scattering refers to the processes, dominated by non-

resonant contributions, in the kinematic region where Q2 is small and the

invariant mass of the hadronic system, W , is above pion production thresh-

old. As W increases above the baryon-resonance dominated region, non-

resonant meson production begins to play a significant role. Moreover, with

the increase in Q2, one approaches the onset of the DIS region. This SIS

region is poorly understood, both theoretically and experimentally, as this

intriguing region encompasses the transition from interactions described in

terms of hadronic degrees of freedom to interactions with quarks and glu-

ons described by perturbative QCD. A significant number of events in the

MINERvA, NOvA, and the planned DUNE experiment are expected to get

contribution from this region. For an excellent review please see Ref.[33].

We describe below, in brief, some of the inelastic processes:

i. One pion production

At neutrino energies of ∼ 1 GeV, the single pion production channel makes

a significant contribution to the cross section for charged current lepton

production and are important processes to be considered in the analysis of

oscillation experiments in the few-GeV energy region, which select charged

current inclusive events as signal.

The various possible reactions that may contribute to the single pion produc-

tion either through charged current or neutral current (anti)neutrino induced

reaction on a nucleon target are the following:
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Charged current(CC) induced processes:

ν
l
p→ l−pπ+ ν̄

l
n→ l+nπ−

ν
l
n→ l−nπ+ ν̄

l
p→ l+pπ−

ν
l
n→ l−pπ0 ν̄

l
p→ l+nπ0 ; l = e, µ (1.25)

and neutral current(NC) induced processes:

ν
l
p→ ν

l
nπ+ ν̄

l
p→ ν̄

l
pπ0

ν
l
p→ ν

l
pπ0 ν̄

l
p→ ν̄

l
nπ+

ν
l
n→ ν

l
nπ0 ν̄

l
n→ ν̄

l
nπ0

ν
l
n→ ν

l
pπ− ν̄

l
n→ ν̄

l
pπ−. (1.26)

Moreover, in experiments that select the quasielastic production of charged

leptons as signal for the analysis of oscillation experiments, single pion pro-

duction channel gives rise to background contribution. For example, neutral

current induced neutral pion production is a background to νe−appearance
oscillation experiments while charged current events producing charged pions

contribute to the background in νµ−disappearance experiments. When these

processes take place in a nuclear target, the pion production get reduced con-

siderably due to the nuclear medium effects (due to pion absorption in the

nuclear medium), or change its identity through a rescattering processes like

π−p → πon, etc. Due to the pion absorption in the nuclear medium, the

events mimic quasielastic reactions, thus, known as quasielastic-like events.

Then the multinucleon correlation effects give rise to two particle-two hole

contributions(2p-2h), which has been discussed in the literature recently.

For a general reading one may see the discussion in Refs. [34, 35].

ii. Multiple pion production

Instead of a single pion, multiple pions may also be produced in the (anti)neutrino

induced processes, for example

νl(ν̄l) +N → l−(l+) +N ′ +mπ, where m = 2, 3, .. (1.27)
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iii. Kaon production

The basic reaction for the (anti)neutrino induced charged current kaon pro-

duction is

νl + p→ l− +K+ + p ν̄l + p→ l+ +K− + p

νl + n→ l− +K0 + p ν̄l + p→ l+ + K̄0 + n

νl + n→ l− +K+ + n ν̄l + n→ l+ +K− + n . (1.28)

iv. Eta production

The basic reaction for the (anti)neutrino induced charged current eta pro-

duction is

νl + n→ l− + η + p ν̄l + p→ l+ + η + n (1.29)

v. Associated particle production

The basic reaction for the (anti)neutrino induced associated particle produc-

tion is

νl + n→ l− +K+ + Λ ν̄l + p→ l+ +K0 + Λ

νl + p→ l− +K+ + Σ+ ν̄l + p→ l+ +K0 + Σ0

νl + n→ l− +K+ + Σ0 ν̄l + p→ l+ +K+ + Σ−

νl + n→ l− +K0 + Σ+ ν̄l + n→ l+ +K0 + Σ−, (1.30)

where a strange meson and a strange baryon are produced with opposite

strangeness.

# Deep inelastic scattering process

In a DIS process, the energy and Q2 transferred to the target are large, such

that the nucleon loses its identity and jet of hadrons are produced. In DIS,

a neutrino interacts with a quark of a bound nucleon producing a charged

lepton and multiple hadrons X instead of a nucleon in the final state. Thus,

the interaction is described in terms of quarks and gluons using perturbative

QCD.
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The basic reaction for the (anti)neutrino induced charged current deep in-

elastic scattering process on a free nucleon target is given by

νl(k)/ν̄l(k) +N(p)→ l−(k′)/l+(k′) +X(p′) l = e, µ (1.31)

where k and k′ are the four momenta of incoming and outgoing lepton, p

and p′ are the four momenta of the target nucleon and the jet of hadrons

produced in the final state, respectively.

Presently, I am performing analysis for the DIS events in MINERvA at Fer-

milab, therefore, for the completeness we are giving the expression of the

cross section and discuss the kinematical variables used in the analysis in

brief and some of the details will be presented in Appendix A. MINERvA is a

dedicated neutrino and antineutrino cross section measurement experiment

and uses (anti)neutrino beams in the two energy runs viz. the low energy

run (the peak of which lies ∼ 3 GeV) and the medium energy run (the peak

lies at ∼ 6 GeV). The MINERvA experiment is using several nuclear targets

like 4He, 12C, 16O, 56Fe and 208Pb and the aim is to perform EMC (Euro-

pean Muon Collaboration experiment using charged lepton beams on several

nuclear targets) types of measurements to understand the nuclear medium

effects in both the neutrino as well as antineutrino modes in the wide region

of Bjorken scaling variable x, and the four momentum transfer squared Q2,

covering the quasielastic, inelastic, and the deep inelastic scattering regions.

In the medium energy region, it is expected that more than 30% of the events

would arise due to DIS processes.

The DIS process is mediated by theW -boson (W±) and the invariant matrix

element corresponding to the reaction given in Eq. (1.31) is written as

− iM =
iGF√

2
lµ

(
M2

W

q2 −M2
W

)
〈X|Jµ|N〉 , (1.32)

where GF is the Fermi coupling constant, MW is the mass of W boson, and

q2 = (k−k′)2 is the four momentum transfer square. lµ is the leptonic current

and 〈X|Jµ|N〉 is the hadronic current for the neutrino induced reaction

(shown in rightmost part of Figure 1.6).
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The four momentum transfer square Q2 = −q2 ≥ 0 is expressed in terms

of the energy of the incoming neutrino (Eν), the energy of the outgoing

muon (Eµ), and the angle of the outgoing muon (θµ) as:

Q2 = 4EνEµsin
2 θ

2
, q2 = −Q2.

Also, the invariant mass of the hadronic system can be written in terms of

the four momentum of the particles involved as:

W 2 = p2
X = (k + p− k′)2

which in the lab frame is written as

W 2 = 2MNEhad +M2
N −Q2.

The different neutrino scattering channels correspond to the different regions

of invariant mass W. Also, the number of hadrons in the final state of the

DIS process increases with W. The quantities W and Q2 characterize a DIS

event and there is no explicit cut on those values for an event to be DIS type.

However, in the literature the accepted quantities, in order to define a pure

DIS event, are Q2 ≥ 1 GeV2 and W ≥ 2 GeV. The regions of high Q2 and W

are for the neutrino interactions with a free nucleon but in a bound nucleon,

these values might get smeared due to nuclear medium effects (such as Fermi

motion), and therefore the DIS event sample measured may contain events

that are truly not DIS events. Hence, for the DIS measurement, in most of

the experiments, there must be a background estimation and subtraction in

order to obtain a pure DIS sample.

The cross section is generally expressed in terms of Bjorken variable x = Q2

2Mν

and y = Eν−El
Eν

and the general expression of the double differential scattering

cross section (DCX) corresponding to the reaction given in Eq. 1.31 (depicted

in Figure 1.6) in the laboratory frame is expressed as:

d2σ

dxdy
=
yMN

π

E

E ′
|~k′|
|~k|

∑̄∑
|M|2 , (1.33)

The other details are given in the Appendix A.
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My thesis is divided into three parts:

# First, I will present the work that I am performing at MINERvA for the

last two years. I am stationed at the Fermi National Accelerator Laboratory

(FNAL) working in the MINERvA experiment to obtain the double differ-

ential deep inelastic scattering cross section in the neutrino mode. The goal

is to obtain the ratio of the cross section and the structure functions for

different nuclei (4He, 12C, 16O, 56Fe and 208Pb). The results are available

for the electromagnetic case but the plan is to obtain the ratio of the weak

structure functions for different nuclear targets to understand the nuclear

medium effects and this study will also be helpful to understand axial vector

contribution. Most of the steps required to obtain the experimental cross

section are already completed and the results are included in the thesis. The

analysis is getting close to an advanced stage and in the coming weeks, I

will be able to obtain the double differential DIS cross section for different

nuclear targets used in the MINERvA experiment.

# Second, the work that I did in the INO analysis. This work is dedicated to

the study of atmospheric neutrino and antineutrino oscillation parameters

at the INO experiment. We present the ICAL sensitivity to confirm a non-

zero value of the difference in atmospheric mass squared of neutrinos and

anti-neutrinos i.e. (|∆m2
32|-|∆m2

32|).

# Third, the theoretical work that I have performed at the Aligarh Muslim

University. This work has been performed keeping in mind the theoretical

development of a model that will describe the associated particle production

induced by photons, electrons, neutrinos, and antineutrinos. We have stud-

ied the associated particle production induced by photons, which receives

the contributions from the non-resonant terms as well as from the nucleon,

hyperon, and kaon resonances.

The plan for this thesis is discussed below:



31

In Chapter-2, we introduce Fermilab’s NuMI (Neutrinos at the Main Injec-

tor) beam, which is a source of neutrinos and antineutrinos to the MINERvA,

MINOS, and NOvA detectors for the cross section and oscillation measurements.

We discuss and explain the functioning of the different components of the NuMI

like beam design, NuMI target, magnetic horns (required to select the polarity of

the particles passing through them) and, hadron absorbers, etc. NuMI beam is

predominantly composed of muon neutrinos in the neutrino mode with a small

muon antineutrino contribution (5%) and electron neutrino/antineutrino compo-

nents (total < 1%). Further, we discuss the MINERvA detector design and explain

in detail the different components of the detector. The detector starts with the

veto walls which helps to identify the muons entering from the front face of the

detector, which generally comes from muon-neutrino interactions in the rock sur-

rounding the detector. Then, we have the nuclear target region followed by the

active tracker region. The core of the detector is surrounded by large electromag-

netic and hadronic calorimeters. Downstream of the MINERvA detector is the

MINOS near detector, which acts as the muon spectrometer for the muons en-

tering from the MINERvA detector. Upstream of the veto walls is liquid Helium

vessel which also serves as one of the nuclear targets. The details and the working

of each region of the detector are explained in this chapter.

In Chapter 3, the processes of reconstruction and simulation is discussed. The

reconstruction process is to convert the depositions in the detector into some mea-

surements associated with the particles created in the neutrino interaction. These

measurements are then used to obtain the physics results. This chapter describes

various steps involved in the reconstruction process including time slices, cluster

formation, track reconstruction, MINOS matching of the reconstructed tracks. In

order to analyze the experimental data in a better way, simulations are used to

understand the behavior of different types of particles and their energy deposi-

tions in the detector. So, a description of the simulation used by the MINERvA

experiment is discussed as well.
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Chapter-4 explains the details of the analysis procedure required to obtain the

cross section in the MINERvA experiment. Also, the chapter has a discussion of

the different systematics included in the cross section measurement. The different

steps which are required to obtain the cross section are event selection, background

estimation and subtraction, efficiency correction, unfolding for correcting detector

resolution effects, and normalization. In the event selection, the data sample is

selected by applying different cuts at the event-by-event level. The optimization

of the event selection requirements is done based on several criteria including the

signal selection efficiency, purity, to minimize systematic uncertainties. Events

are put into the kinematic bins and events are represented then as a histogram.

The next step is the background subtraction, which removes the events that pass

selection cuts but are not in fact signal. The background events are estimated by

Monte Carlo simulation after applying the selection cuts and then referring to the

true properties to look at whether an event is a signal or background. A complete

procedure of estimation and subtraction of the background events is discussed in

the thesis. The shortcomings in detection and event reconstruction in the data re-

sult in the smearing of the measurement which is handled with a procedure called

unfolding. Here, an unfolding matrix is constructed from the simulation’s discrep-

ancies between reconstructed and true quantities. This is basically a mapping of

events between the reconstructed and true space. The matrix is then applied to

the background-subtracted data distribution, transforming it from a reconstructed

into a “true” variable. The background-subtracted and unfolded sample is then

repopulated with the signal events that were missed due to inefficiency of the selec-

tion cuts and to the detector acceptance or kinematic thresholds through a process

called efficiency (and acceptance) correction. The efficiency and the acceptance

are simulated together as the number of selected signal events, divided by the total

number of signal events, all in bins of the variables of interest. The final step is to

normalize the efficiency-corrected distributions and introduces cross section units

of measure. We normalize the sample with the muon neutrino flux exposure of the

dataset and the number of target protons and neutrons in the allowed neutrino
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interaction regions of the detector. We also do a bin width normalization to obtain

a differential cross section measurement and giving the distribution a final unit of

measure [cm2 /target nucleon/[variable unit]].

In Chapter-5, we have presented a study of the sensitivities to measure the

differences between the atmospheric neutrino and antineutrino oscillations in the

Iron-Calorimeter detector at the India-based Neutrino Observatory experiment.

Charged Current νµ and νµ interactions with the detector under the influence of the

Earth’s matter effect have been simulated for ten years of exposure. The observed

νµ and νµ events spectrum are separately binned into direction and energy bins,

and a χ2 is minimized with respect to each bin to extract the oscillation parameters

for νµ and νµ separately. We then present the ICAL sensitivity to confirm a

non-zero value of the difference in atmospheric mass squared of neutrino and

antineutrino i.e. |∆m2
32| − |∆m2

32|.

The magnetized Iron Calorimeter detector at the INO has an excellent feature

to identify the neutrinos and antineutrinos on an event by event basis. This feature

can be harnessed to detect the differences between the oscillation parameters of

neutrinos and antineutrinos independently. In Chapter-6, we presented an analysis

of the charged current νµ and νµ events under the influence of the earth matter

effect using the three neutrino flavor oscillation framework. If the atmospheric

mass-squared differences and mixing parameters for neutrinos are different from

antineutrinos, we present the prospects for the experimental observation of these

differences in atmospheric ν and νµ oscillations at INO. We estimate the detector

sensitivity to confirm a non-zero difference in the mass-squared splittings (|∆m2
32|−

|∆m2
32|) for neutrinos and antineutrinos.

In Chapter-7, we have studied the associated photoproduction of KΛ from

the proton in the energy region of Eγ < 3 GeV using an isobar model in which

the non-resonant contributions corresponding to the s, t, u channel diagrams are

obtained from a non-linear sigma model with chiral SU(3) symmetry. The model
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also predicts a contact term and its coupling strength in a natural way to pre-

serve the gauge symmetry. The important parameters used in this model are the

pion decay constant fπ and the vector and the axial vector current couplings of

the baryon octet in terms of the symmetric and antisymmetric couplings D and

F , determined from the electroweak phenomenology of nucleons and hyperons.

In the non-resonant sector, the model is almost parameter-free except a common

cut-off parameter ΛB, which is used to describe the hadronic form factors at the

strong kaon-nucleon-hyperon (KNΛ) vertices. In the resonance sector, the con-

tribution from the various nucleon resonances (R) in the s channel, the hyperon

resonances (Y ∗) in the u channel, and the kaon resonances (K∗ and K1) in the t

channel, which are present in the PDG having spin ≤ 3
2
and mass < 2 GeV with

significant branching ratio in KΛ decay mode have been considered. In the case

of the nucleon resonances (R), the couplings γNR at the electromagnetic vertices

are determined in terms of the helicity amplitudes and the RKΛ couplings at the

strong vertices are determined by the partial decay width of the resonances (R)

decaying to KΛ. The strong and the electromagnetic couplings of u and t channel

resonances are fitted to reproduce the experimental data of CLAS and SAPHIR.

The numerical results are presented for the total and differential scattering cross

sections and are compared with the available experimental data from CLAS and

SAPHIR as well as with some of the recent theoretical models.

In Chapter-8, we summarize the results of this work and conclude our findings.

Also, we briefly present the future plans.
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The MINERvA experiment
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CHAPTER 2

NUMI BEAMLINE AND THE MINERVA DETECTOR

2.1 NUMI beamline

Neutrinos are produced from various natural and man-made processes. They are

the second most abundant particles after photons in the universe. The natural

resources include the fusion processes in the Sun, supernova explosions, radioac-

tive decays, cosmic rays, and even relics of the Big Bang. They can be produced

in laboratories like nuclear power plants and accelerators. The Fermilab’s Main

Injector is a particle accelerator providing protons for the NuMI beamline which

through subsequent processes is responsible for providing the neutrino as well as

antineutrino beams to various detectors including MINERvA, MINOS, NOvA,

MicroBooNE, etc. Using this human-controlled source of the neutrinos and an-

tineutrinos, a beam of suitable configuration, high intensity, and broad-spectrum

can be achieved. The beam of neutrinos/antineutrinos in NuMI is produced from

the collision of the 120 GeV proton beam with the Carbon target resulting in the

production of mesons like pions and kaons and their subsequent decay to neu-

trinos/antineutrinos and muons. The proton beam is incident on a meter long

37
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graphite target at an angle of 58 mRad downward from the Fermilab’s acceler-

ator producing mesons through the interaction with the nucleons and hence the

neutrino/antineutrino beams.

The proton beam is so intense that it is capable of delivering around 60 billion

muon neutrinos to the MINERvA detector per second with the widespread of

neutrino energies between 0 to 20 GeV. Right after the target, a toroidal magnetic

field is applied through magnetic horns in order to filter the pions based on their

electric charge. For the (anti)neutrino beam, the horns are run with the positive

(negative) polarity, and the pions of specific charge are selected, and then enter

into a decay pipe where they decay to produce muons and (anti)neutrinos. Almost

a pure beam of neutrinos/antineutrinos is then obtained by removing the leftover

hadrons through a hadron absorber, made of steel, aluminum, and concrete, after

the decay pipe. To make the pure neutrino beam, we use both the hadron absorber

and the next 200m of rock, which absorb the muons that are produced in the pion

and kaon decays. A schematic of the beam components is shown in the Figure 2.1.

Figure 2.1: The schematic of the NuMI beam components. Figure reprinted from

Ref. [36].

The MINERvA detector took data in two energy modes viz. low energy (LE)

mode and the medium energy (ME) mode. In the LE configuration of the NuMI

beam, the MINERvA took data from 2009-2013 and achieved a neutrino energy
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peak around 3.5 GeV while in the ME configuration of the NuMI, the MINERvA

experiment took data from 2013-2019 and achieved a neutrino energy peak of

around 6 GeV. The predicted fluxes in both LE and ME configuration of the

detector are shown in the Figure 2.2.

Figure 2.2: The LE and ME configuration fluxes in the MINERvA and NOvA

detectors. Figure taken from Ref. [37].

The present analysis described in the later sections is based on the neutrinos

taken by the MINERvA detector in the ME configuration. The neutrino data

sets used in this analysis correspond to the 12×1021 number of protons on target

(POT). The ME exposure for the data taking of the MINERvA detector is shown

pictorially in Figure 2.3.

2.1.1 The NuMI Beam Design

The creation of the proton beam starts with accelerating a H− ion source from

35 keV to 750 keV and injecting into the linear accelerator. The Fermilab’s linac
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Figure 2.3: The ME configuration data taking period of the MINERvA detector.

Figure taken from Ref. [38].

accelerator then accelerates those ions to around 400 MeV which are then supplied

to a Booster where the electrons get filtered out by a carbon foil. The 75 m radius

Booster accelerates the positively charged protons to around 8 GeV in less than

67 ms over the course of around 40,000 laps. The Booster creates 84 proton

bunches with each bunch containing 3×1010 protons and is 19 ns apart. The one

revolution around the Booster corresponds to the proton bunch grouped into 1.6

µs. The booster delivers these proton bunches to the Recycler where they are

stacked resulting in the doubling of the proton bunch intensity.

The protons are next extracted to the Main Injector, located just underneath

the Recycler, which accelerates them to 120 GeV. The circumferences of both the

Recycler and the Main Injector are seven times larger than that of Booster, hence

it allows the injection of seven proton batches into both. In actual, only six proton

bunches are injected and one batch space is left for the proton injection process.

Each beam spill, containing six batches, passes through a toroid which measures
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Figure 2.4: A schematic of the Fermilab Accelerator Complex, taken from Ref. [39].

the proton number and the beam is directed to the beam spot size of the target. A

method called “slip stacking” was introduced which merges the two proton batches

into one resulting nearly double the proton intensity. This job was done earlier by

the Main Injector but after the 2013 shutdown, the Recycler was converted into a

proton stacker allowing the Main Injector to deliver protons at a maximum rate.

The overview of the Fermilab’s accelerator complex is shown in Figure 2.4.

2.1.2 NuMI Target

The NuMI proton beam is incident on the NUMI target with a nearly circular

cross sectional spot of 1.4 mm (RMS) diameter. The beam from the Main Injector

travels around 350 m and is directed at 3.3◦ downwards to the underground Target

Hall. The target must have a capacity to deal with high-power proton beams,

heating, any radiation damage, and corrosion of materials. During the ME run
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of the detector, the target was a 1.2 m long rod consisting of 48 rectangular

graphite segments each 24 mm long and with 7.4 × 63 mm2 cross section. The

length of the rod, in total, corresponds to 2.5 nuclear interaction lengths. The two

focusing horns are kept stationary and the target with respect to the first horn

was positioned to maximize the off-axis neutrino flux at the NOvA far detector.

The different energy spectrum of the neutrinos can be seen in Figure 2.5.

Figure 2.5: The true energy neutrino energy distribution in the MINERvA detector

from the simulation: LE and ME. Figure is from Ref. [40].

The length of the target could be increased that would result in more protons

interacting in the target, which will produce more neutrinos, but at the same

time longer target also absorbs some of the pions produced in the upstream part

of the target, so the total neutrino yield is not a simple function of the length

of the target. The wider the target is, the more the pions will scatter and then

be harder to focus, but the more narrow the target is, the more likely protons

escape out the side of the target without producing pions. So, the neutrino yield

is also a complicated function of the width of the target. The water cooling pipes

are surrounding the target and the whole arrangement is kept in an aluminum



2.1 NUMI beamline 43

container filled with helium gas.

There could be serious damage to the beam components even with a small

mis-steering of the beam because of the high power of the proton beam that is

incident on the NuMI beamline. The most vulnerable components to the offset

parallel beam trajectories are the target cooling, focussing horns, target fins, and

the support components. A 150 cm long and 5.7 cm diameter baffle of graphite is

introduced upstream of the target to protect these components.

2.1.3 Magnetic Focusing Horns

The beam of mesons produced through the interaction of the protons on the tar-

get is then passed through the two magnetic horns Horn 1 and Horn 2 placed

downstream of the target region. These magnetic horns direct the mesons with a

proper charge towards the downstream neutrino detector and act as hadron lenses

by focusing mesons produced from the NuMI target. These horns are each 3 m

long in parabolic shape made of aluminum.

These magnetic horns generate a toroidal magnetic field in the volume between

the inner and outer conductors when a 200 kA current is pulsed on the surface

of the horns. The field is parallel to the beam direction and deflects the hadrons

produced by the target. Water is sprayed on the inner conductor in between the

proton spills and we assume that there is a 1.5 mm layer of water on the horns at

the time that the pions are passing through the horns. Figure 2.6 shows the inner

and the outer conductors of the magnetic horns of the NuMI beam. The inner

conductors have a parabolic shape and the outer conductor of each horn is just a

cylinder. The red arrows show the direction of the current.

The magnetic horns work in two configurations, the forward horn current con-

figuration (FHC) and the reverse horn current configuration (RHC). In the FHC

configuration, the horns defocus the negatively charged mesons and focus the
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Figure 2.6: The magnetic horn of the NuMI beam. The Figure is from Ref. [41].

positively charged mesons π+ and K+ which upon subsequent decay produce a

neutrino beam while reducing the antineutrino contributions considerably. The

polarity of the applied current can be reversed and an almost pure beam of an-

tineutrinos can be achieved. The present analysis data sets were taken in the FHC

configuration of the beam.

The neutrino flux can be adjusted by varying certain parameters of the focusing

system like target-horn and horn-horn separation distances. Also, the neutrino

peak energy and the event rate can be adjusted by varying the magnitude of the

horn current. The horn is like a focusing lens but the focal length is a function

of the distance of the target from the horn and the momentum of the pions. So,

for a particular distance, a particular momentum of pion will be focused at the

best. The hadrons which pass parallel to the beam axis remain unaffected in the

magnetic horns. Also, those hadrons remain unaffected in the horn 2 which are

well focused in the first horn 1. The over-focused and under focused hadrons from

the horn 1 are refocused by horn 2 improving the overall efficiency of the focusing

system by around 50%.

Figure 2.7 shows the paths of the hadrons passing through the focusing system.



2.1 NUMI beamline 45

The under focused and over focused neutrinos dominate the flux peak in the

ME run of the detector. The high energy neutrinos/antineutrinos come from the

unfocused mesons, and focussed kaons and dominate the higher end of the flux

spectrum.

Figure 2.7: The magnetic horn focussing system. Figure is from Ref. [37].

2.1.4 Hadron absorber and Decay pipe

After the focusing horns, at a distance of 46 m, the beam passes through a 675

m long, 2 m diameter helium-filled decay pipe. The mesons (pions/kaons) then

decay to the muons and corresponding neutrinos, thus producing a straight beam

of neutrinos for the MINERvA detector. The decay pipe length can accommodate

the average decay distance of 700 m, which corresponds to that of a 10 GeV pion.

The 2 m diameter of the pipe is chosen in order to take into account more meson

trajectories resulting in more number of neutrinos. The upstream end of the decay

pipe is closed with a thin two-component steel-aluminum window to reduce meson

interactions.

There is a series of beam monitors and the absorbers after the decay pipe. The

massive aluminum, steel, and concrete NuMI hadron absorber stops any hadrons

and electrons that were left in the decay pipe. The 240 m of rock between the last



46 Chapter NUMI beamline and the MINERvA detector

muon monitor and the NuMI Near Detector hall serves as a filter to remove the

muons remaining in the beam from the secondary meson decays.

2.2 MINERvA detector

Started in the early 2000s, the MINERvA experiment is the finest high statistics

experiment dedicated to studying the neutrino cross sections with a variety of nu-

clei. The experiment has a goal to set the foundation for future neutrino oscillation

experiments by improving the interaction models critical to those measurements.

The experiment is going to measure both inclusive and exclusive cross section mea-

surements and to study the nuclear medium effects by taking the measurements

on various nuclei. MINERvA completed data taking in Feb 2019 and the analysis

of that data is going on. The experiment took data in two different NuMI energies

i.e. < Eν >≈ 3.5 GeV (LE mode) and < Eν >≈ 6 GeV (ME mode). In the overall

run of the experiment (≈ 10 years), a total of 16.1×1020 neutrino-mode protons

on target (POT) and 14.1×1020 antineutrino mode protons on target (POT) were

collected.

The MINERvA detector uses a fine-grained extruded polystyrene scintillator

for the purpose of tracking and calorimetry measurements. The detector consists

of 120 hexagonal modules stacked along the beam direction, which is 5 m long

with inner and outer regions. There are four subdetector regions in the inner de-

tector (ID): the nuclear targets region, the active tracking region, the downstream

electromagnetic calorimeter (ECAL), and the downstream hadronic calorimeter

(HCAL). The outer detector (OD) consists of the hadronic calorimeter which bor-

ders and physically supports the ID. The downstream of the detector is the MINOS

near detector, which serves as a toroidal muon spectrometer.

The next few sections of the chapter are dedicated to the different components

of the MINERvA experiment. The schematic of the detector is shown in the



2.2 MINERvA detector 47

Figure 2.8: The schematic of the MINERvA detector. Figure is from Ref. [42].

Figure 2.9 along the beam direction.

2.2.1 Detector Design

The MINERvA detector is a 5 m long, 1.7 m-apothem regular hexagonal prism

aligned along the X-axis. The coordinate system of the detector is as follows: the

origin is at the center of the detector, the Z-axis is also the horizontal axis in the

detector hall, the X-axis points vertically upwards and the X-axis is orthogonal

to both the axes. The NuMI beam directed towards the MINOS far detector

points 3.3◦ downward relative to the z-axis of the detector. The detector has

a fully active tracking central core, which is 2.5 m-long, 85 cm apothem. In

order to provide support, containment, and even some tracking, the region is

surrounded by the active layers of scintillator interspersed with lead and steel

plates. There are partially active electronic and hadronic containment calorimeters
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Figure 2.9: The schematic of the MINERvA detector. Figure is from Ref. [42].

at the downstream end of the central tracking region. The active nuclear target

region is upstream of the tracking region, and is composed of various materials

used to study the atomic mass scaling of neutrino interactions.

2.2.2 Veto Walls

At the extreme upstream of the MINERvA detector is located a veto wall consist-

ing of layered steel-scintillator planes. The veto wall helps to identify the muons

entering from the front face of the detector that generally comes from muon-

neutrino interactions in the rock surrounding the detector. There is a 2,300-liter

liquid helium tank right after the veto wall, so, it is extremely important for any

helium target data analysis, located between the veto wall and the main detector,

to do the proper identification of the rock muons. The analysis presented in the

thesis does not include the data from veto walls because we are looking at neutrino
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interactions in the solid nuclear targets.

2.2.3 Nuclear Target Region

The Nuclear target region is located upstream of the active tracker region. The

region consists of the five passive planes of materials like solid Carbon, Iron, and

Lead separated by either two or four tracking modules. Different slabs of pure

carbon (C), iron (Fe), and lead (Pb) are used to build the passive target planes.

The nuclear target plane 4 is pure lead. The arrangement of the different slabs of

iron and lead in the nuclear target plane 1, 2, and 5 is done carefully to minimize

systematic uncertainty variations in angular acceptance. The target plane 3 has

a composition of all the nuclear materials carbon, lead, iron and in order to have

the sufficient neutrino interaction rate, it is designed to be the largest gap as the

carbon is the lightest nuclei. The target 3 is nearly half carbon slab, one-third

iron slab and, the remaining lead slab and the thickness is approximately twice

the thickness of targets 1 and 2. Apart from the five solid targets between targets

3 and 4, there is a water target. The present analysis doesn’t include the water

target events. The nuclear target region is shown in Figure 2.10. The elemental

composition of the nuclear targets is given in Table 2.1.

Material Density (g/cm3) C Si Mn Fe Cu Pb

Iron 7.83 ± 0.03 0.13% 0.2% 1.0% 98.7% - -

Lead 11.29 ± 0.03 - - - - 0.05% 99.95%

Carbon 1.74 ± 0.01 >99.5% - - - - -

Table 2.1: Composition of the nuclear targets as mass percentage. Table reprinted

from [42].

In the passive targets, the fiducial volume is defined by a cut requiring the

vertex to be within an 85 cm apothem hexagon with a 2.5 cm cut on each side of

the division between materials. The information about nuclear targets is given in
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Figure 2.10: The Nuclear target region of the MINERvA detector. Figure taken

from Ref. [42].

Table 2.2. There is a less than 2% estimated uncertainty on the fiducial masses

due to density and thickness variations.

2.2.4 Active Tracker Region

The tracker region lies downstream of the nuclear target region. The mass per-

centage of various materials used in the scintillator planes in terms of density and

elemental composition are listed in Table 2.3. This is the core of the MINERvA

detector where the planes are 2.2 m wide hexagonal-shaped composed of 127 tri-

angular shaped bars of the extruded scintillator (CH) with 33 ± 0.5 mm base and

17 ± 0.5 mm height.

The active tracker region is used to reconstruct tracks of charged particles

that travel through the detector. Each tracking module consists of two scintillator

planes kept in a hexagonal steel frame. There are 60 tracking modules in the
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Target z-location Thickness Fiducial Area Fiducial Mass Total Mass

(cm) (cm) (cm2) (kg) (kg)

1-Fe 452.5 2.567± 0.006 15999 322 492

1-Pb 452.5 2.578± 0.012 9029 263 437

2-Fe 470.2 2.563± 0.006 15999 321 492

2-Pb 470.2 2.581± 0.016 9029 263 437

3-C 492.3 2.573± 0.004 7858 158 238

3-Fe 492.3 2.563± 0.004 3694 107 170

3-Pb 492.3 7.620± 0.005 12027 160 258

Water 528.4 17-24± 0.005 25028 452 627

4-Pb 564.5 0.795± 0.005 25028 225 340

5-Fe 577.8 1.289± 0.006 15999 162 227

5-Pb 577.8 1.317± 0.007 9029 134 204

Table 2.2: Nuclear target locations, thickness and fiducial mass. The total mass

refers to the entire plane of the target material. Table reprinted from [42].

Material Density H C N O Al Si Cl Ti

(g/cm3)

Scintillator 1.043 7.6% 92.2% 0.06% 0.07% - - - -

± 0.002

Coating 1.52 6.5% 78.5% - 6.0% - - - 9.0%

Lexan 1.2 6.7% 66.7% - 26.7% - - - -

PVC tape 1.2 4.8% 38.7% - - - - 56.5% -

DP190 1.32 10.0% 69.0% 2.6% 17.0% - - 0.5% -

transl.

DP190 gray 1.70 5.0% 47.0% 1.7% 27.0% 6.0% 6.0% 0.05% -

Table 2.3: The densities and composition of the various components used in the

detector. Table reprinted from [42].
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inner tracking region. Table 2.4 lists the composition of scintillator strips and

constructed planes. Due to the low density of the scintillator planes, it is not

possible for the tracker region to contain all neutrino interactions. Therefore, a 1

mm thick lead collar surrounds the ID which extends to the outer edge and to the

sides of the detector called OD. This region acts as a component of EM to slow

down or stop the particles leaving the neutrino vertex in the fiducial region. The

frame, 56 cm wide, contains four bars of scintillators. The thickness of the OD

frames is around 3.49 cm in the tracker region. In order to improve the hermicity,

the OD bars are thicker in the hadron calorimetry region. There are over 32,000

channels in MINERvA and, in total, 110 modules in the tracking region.

Component H C O Al Si Cl Ti

Strip 7.59% 91.9% 0.51% - - - 0.77%

Plane 7.42% 87.6% 3.18% 0.26% 0.27% 0.55% 0.69%

Table 2.4: The mass percentage and the composition of the constructed planes

and scintillator strips. Table reprinted from [42].

2.2.5 Calorimetry: Electromagnetic and Hadronic

To the downstream of the active tracker region is the electromagnetic calorimeter

(ECAL). Each scintillator plane in the ECAL has a 0.2 cm thick sheet of lead

attached. The ECAL region has 10 modules. There exist a transition module

between the last and the first tracker module in the ECAL which contains a 0.2

cm thick lead sheet and serves as a particle absorber. The fine granularity of the

ECAL region allows a precise measurement of the photon and electron energy.

Immediately in the downstream of the ECAL region is the hadronic calorimeter

(HCAL) which has 20 modules and the modules are composed of a 2.54 cm thick

steel absorber plane where the hadrons will shower and deposit most or all of their

energy before leaving MINERvA.
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Figure 2.11: Left: the calorimeter and muon spectrometer regions of the MINOS

detector. Right: the transverse view of the MINOS detector plane. Figure taken

from Ref. [44].

2.2.6 The MINOS near detector

The Main Injector Neutrino Oscillation Search (MINOS) detector [43], shown in

Figure 2.11 is located around 2 meters downstream of the MINERvA detector.

The MINOS near detector measures the charge and the momentum of the muons

exiting the MINERvA detector and serves as the muon spectrometer. MINOS

iron calorimeter is a kiloton magnetized iron scintillator with a toroidal magnetic

field of 1.3 T. The direction of the magnetic field helps in the determination of the

charge of the track entering from the MINERvA detector. This helps to identify

whether a given interaction in the MINERvA detector was due to a neutrino

or antineutrino. The detector is 16.6 m long having 282 steel planes in total

with each steel plane thickness of around 2.54 cm. The calorimeter region, which

is the 120 planes just next to the MINERvA experiment, gives a clear picture

of the neutrino interactions while the spectrometer region is used to track the

through-going muons generated by interactions upstream and to determine their

momentum. The region, which is the rest of the 162 planes, is used to track and

measure the momentum of the through-going muons.
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CHAPTER 3

RECONSTRUCTION AND SIMULATION

3.1 Reconstruction

The energy depositions in the MINERvA detector have to be converted into some-

thing meaningful which can be used to extract the physics results from the data.

The process of this conversion, where the depositions in the detector are converted

into some measurements associated with the particles created in the neutrino in-

teraction, is called reconstruction. The reconstruction algorithm is run over all

MINERvA’s data to measure and identify the particle tracks in the detector. This

is a multistep process where the output of one process serves as an input for the

next process. The goal is to produce a collection of measurements related to the

particles that are then used to do physics analysis. The different steps involved in

the reconstruction process are: time slices, cluster formation, track reconstruction,

MINOS matching of the reconstructed tracks. The description of these steps is

given in the following sections and more details can be found in Ref. [42].
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3.1.1 Time slices

The time profiles of the neutrino interactions in the MINERvA detector are much

narrower than 16 µs which makes multiple neutrino interactions happen simulta-

neously in a pile-up event. The pile-up is then mitigated by forming time slices

that are then used for the rest of the reconstruction process. The calibrated time

is used to sort the hits within a gate. When the hits firing the discriminator

go beyond the charge threshold of 10 photoelectrons within a time window of 25

nanoseconds, time slices are initiated. All the hits which do not fire the discrim-

inator are added to a hit already in the time slice. The single-time slice contains

the activity from a single neutrino interaction.

3.1.2 Cluster Formation

The charged particles in the MINERvA detector transverse through the plane

generally pass through two strips in a plane and deposit energy and form a group

of neighboring hits within the same time slice called a cluster. The strips which

are isolated and do not have any neighboring hits are also termed as a cluster.

The energy deposition in the strips determines the location of the cluster and is

weighted by the energy from all the hits in the cluster. The hit with the highest

energy determines the cluster time. The clusters are classified as low activity,

trackable, heavy ionizing, superclusters, or cross-talk based on the energy sum

and the size of distribution of hits in the cluster. Figure 3.1 shows the different

classification of clusters.

The low activity clusters are the ones that have the hit energy sum less than

1 MeV. If the energy deposited in each hit is around 1-8 MeV and the sum of the

energy of the hits does not exceed a maximum of 12 MeV, the clusters are termed

as trackable clusters. If 1-3 hits in a cluster have energy greater than 0.5 MeV and

the sum of the hit energy is greater than 10 MeV, the cluster is called a heavy
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Figure 3.1: The cluster classification based on the hits in the MINERvA detector.

Figure taken from Ref. [45]

ionizing cluster. The high angle tracks often create heavy ionizing clusters. The

single hits with high energy must be adjacent to each other. The next category

is the superclusters, where the distribution of the hits is broad or double-peaked.

This type of cluster generally contains more than 5 hits. The cross-talk clusters

are the ones where the low energy hits within a cluster are induced by the optical

cross talk in PMT.

3.1.3 Track reconstruction

The process of using the clusters to estimate the position parameters of the charged

particles is called the track reconstruction. Only one track is needed to obtain the

particle trajectory unless particles have a large scattering angle. The reconstructed

track then contains the information about the direction, origin, and momentum of

the charged particles. Tracks are formed by first combining three clusters that fall

in consecutive planes of the same X, U, or V view termed as track seeds. Then,

merging of the track seeds of the same view with slope and intercept consistent
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with a two-dimensional track is done. Only one cluster per plane is required for a

track candidate which results in many track candidates from a single detector view

composed of clusters. A 3D track then is obtained by merging the 2D tracks in

separate views with the condition that they are of the same longitudinal distance

and consistent with a 3D line. In order to find the re-scattered tracks, a Kalman

filter fit technique is used to do the fitting of the track that takes into account

multiple scattering as the track propagates through the detector [46, 47]. In order

to search for a muon track, the mass of the muon is considered to calculate the

multiple scattering. To extend the track with any cluster object, the track is

projected upstream and downstream using the fit obtained. Also, extrapolation

of the track is done to the planes where there is no cluster and if a cluster is

found that is then added to the track. Not only the trackable and heavily ionizing

clusters, but the low activity and superclusters are also included. In a similar way,

tracks in MINOS near detector are reconstructed and matched by slope, intercept,

and timing of the front-entering MINOS tracks and rear-exiting MINERvA tracks.

The MINOS matched tracks, assumed to be muons, are promoted to the primary

track whose upstream end defines the primary vertex.

3.1.4 MINOS matching of tracks

MINOS near detector acts as a muon spectrometer for MINERvA. Most of the

muons pass into the MINOS near detector after getting produced by the neutrino

interactions in the MINERvA detector. The complete reconstruction of the muon

energy and trajectory is obtained by taking reconstruction information from the

MINERvA as well as MINOS detector. The tracks found in the detectors must

be matched with each other and should be within 200 ns of each other in time.

The vertex inside the MINOS detector must be located within one of the first four

planes of the detector while the tracks must stop within the last five modules of

the MINERvA detector.
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Two separate methods are implemented to do the track-matching between MI-

NOS near detector and MINERvA viz. the closest method and a track projection

method. In the track projection method, the vertex of the MINOS track is extrap-

olated to the scintillator plane where the MINERvA track ends and the distance

between the end points, called match residual, of the MINERvA track and extrap-

olation MINOS track is calculated. Also, in a similar way, the MINERvA track is

extrapolated to the vertex of the MINOS track and again distance is calculated. If

both the match residuals are smaller than 40 cm, the track is said to be MINOS-

matched. In the case of multiple matches, the smallest individual residual is taken

to be the MINOS-matched track.

The closest approach method comes into effect if there is no match distance

smaller than 40 cm. This method implements the Euclidean distance minimization

in order to find the closest approach of the two tracks by extrapolating the MINOS

track towards MINERvA and vice-versa. A track is rejected and not considered

MINOS matched if the minimization value does not converge even after 1000 steps.

All the MINERvA tracks which are MINOS-matched are exclusively muons (0.2%

pions).

3.1.5 Muon Reconstruction

As discussed in the previous section, the MINOS near detector is used by the

MINERvA to reconstruct the energy of muons leaving MINERvA. There are two

sections of MINOS near detector: the calorimeter region and the spectrometer

region. The calorimeter region measures the muon momenta and hadron shower

very accurately, while due to the coarser granularity of the spectrometer region,

the tracks of the high energy muons are identified. The muons matched to the

MINOS are taken as the signature of the CC event.

In MINOS near detector, the muon momentum is measured by the muon track
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distance and the amount of the curvature, while the muon charge can be identified

with the direction of the curvature, hence, identifying the neutrino or antineutrino

nature of the interaction in the MINERvA detector. The details of the procedure

of measuring the charge and momentum of the muon in the MINOS detector can

be found in Ref. [48]. The magnetic field is aligned to bend the muons passing

through MINOS either towards or opposite to the magnetic coil, depending on

the field direction in the MINOS magnet, providing the maximum track range

to measure the muon momentum. The momentum of the muons, from the track

range, can be reconstructed to within 2%. When the muons have enough energy

(10 GeV) to exit from the back or from the side of the detector, momentum can

be reconstructed from range (to within 2.6%) according to:

1

R
=

0.3× B × q
p

(3.1)

where B is the magnetic field in the MINOS detector, R is the radius of curvature,

q is the charge of the muons (eV), and p is the momentum of the muon [49].

A Kalman filter method, similar to that applied in MINERvA, is used for track

reconstruction and takes into account a magnetic field map, which is stable with

time.

In order to obtain the momentum at the primary vertex, the muon energy

calculated in MINOS must be propagated upstream. The Bethe-Bloch equation

is used to calculate this energy but the parameters of this equation bring some

uncertainty in the measurement.

3.1.6 Hadronic Energy Reconstruction

Hadronic energy or the recoil energy is the energy of the neutrino interaction

other than the energy carried by the muon. It is also called Ehad or Erecoil and

is reconstructed by summing the corrected energy depositions calorimetrically in
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the detector. It is expressed in terms of neutrino energy and muon energy as:

Eν = Eµ + Ehad. (3.2)

The measurement of the recoil energy is not simple as there are charged particles

that can be below the detection threshold and also neutral particles in the final

state which usually do not produce scintillations. Thus, the recoil energy is the

total energy other than muon energy modified by the calorimetric corrections using

simulation. Dependency on the simulation, thus, introduces model dependence in

the measurement, which we try to correct using systematic errors. The sum of the

energy deposited in the different regions of the MINERvA detector like ECAL,

HCAL, and OD is weighted to take into account the additional passive absorber.

The weights, or calorimetric constants, are evaluated by dE
dx

of a minimum ionizing

particle. The reconstructed recoil energy is fit to the true recoil energy to obtain

a calorimetric scale. The difference between the neutrino energy and the muon

energy is taken as the true recoil energy.

The calorimetric correction due to energy deposited in passive materials is

given by:

C i = ci +
1

f
(3.3)

where, C i is the correction factor for subdetector i (for example to the tracker,

ECAL, and HCAL), ci is a constant for each subdetector measuring the fraction

of seen to unseen energy due to a passive plane, and f = 0.8347 is the fraction of

active material in a tracking plane and, for example, for the tracker ci= 0.

The reconstructed recoil is calculated as:

Ehad = α
∑
i

C iEi (3.4)

where, α is the overall scale, with i = tracker, ECAL, HCAL, OD, ci is the calori-

metric constant for sub-detector i, and Ei is the total energy in sub-detector i.

The fractional energy resolution on the reconstructed recoil energy is shown in

Figure 3.2.
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Figure 3.2: Fractional resolution on recoil energy for the CC Inclusive events. The

width of a Gaussian fit to the difference between the measured and true recoil

energy divided by the true recoil energy is shown by points, binned by true recoil

energy. The line represents a functional fit, σ
E

= 0.134 ~0.290√
E
. Figure taken from

Ref. [50].

3.2 Simulation

In order to analyze and interpret the experimental data in an accurate way, the

simulations of the particle interactions with matter and modeling of detector ge-

ometries are essential. The simulation helps to understand the behavior of differ-

ent types of particles and their energy depositions in the detector. The software

used to generate the simulations produce events ideally resembling those coming

from the actual experiment. MINERvA experiment uses the GENIE (Generates

Events for Neutrino Interaction Experiments) [51] version 2.8.4 to generate the

simulations for different physics processes like quasielastic scattering, resonance

production, coherent pion production, neutrino-electron elastic scattering, inverse

muon decay, and deep inelastic scattering for CC as well as NC events. This gen-
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erator models the neutrino flavor interactions over a wide range of energies from

MeV to several hundred GeV’s.

The initial state is modeled as a relativistic global Fermi gas (RFG) [52]. The

CC quasielastic processes with an axial dipole mass of 0.99 GeV (see Ref. [53])

are described by following Ref. [54]. The resonance production is modeled with

Rein-Sehgal model [55], while the non-resonant pion production and multi-pion

contributions are modeled using a GENIE specific model described in Ref. [56].

Bodek-Yang model [57] is used to incorporate deep inelastic scattering processes

into GENIE and the cross section is obtained for scattering off individual partons.

Hadronization is implemented through models based on Koba-Nielsen-Olesen scal-

ing [58, 59] and is described by Pythia6 [60]. The 2p2h contributions are incorpo-

rated based on the Valencia model described in Refs. [61, 62, 63, 64]. RPA [65] is

used to include the long-range correlations in QE interactions. In order to simu-

late the final state interactions (FSI), GENIE adapts an effective model based on

Ref. [66]. Geant4 9.4.2 [67] is used to propagate the final state particles within

the detector. The Geant4 simulations of the protons and charged pions [50] are

constrained using hadron test beam data provided by MINERvA. Throughgoing

muons are used to calibrate the energy scale for both the data and simulation.
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CHAPTER 4

DEEP INELASTIC SCATTERING ANALYSIS

4.1 Overview of the Measurement

The focus of the analysis presented in this chapter is to measure the charge current

(CC) muon-neutrino double differential deep inelastic scattering (DIS) cross sec-

tion on different nuclear targets (A) like Iron (56Fe), Lead (208Pb), Carbon (6C),

and Hydrocarbons (CH). The DIS scattering process is given by:

νµ +N → µ+X,

where the final state has a charged muon µ and a bunch of hadrons represented

by X. The kinematical regions are isolated based on the definition of the four

momentum transfer squared Q2 and the invariant mass W in order to choose the

DIS sample for for the cross section measurement. The four momentum transfer

squared Q2 has the dimensions
( length×mass

time

)2
while the invariant mass W has the

dimensions of mass in natural units. In this chapter, unit used for the four momen-

tum transfer squared Q2 is (GeV/c)2 and for the invariant mass W is (GeV/c2).

The background will comprise the contributions from the different regions of Q2

and W than the canonical Q2 > 1.0 (GeV/c)2 and W >2.0 (GeV/c2).

65
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4.1.1 Cross Section

As explained in detail in the following sections, the standard formula to calculate

the total cross section is given as [73]:

σij =
Uijk (dij − bjk)

∆ij εij Φ N
(4.1)

where σ is the total cross section, Uijk is the smearing matrix, dij is the number of

the data events in the reconstructed energy bin ij, bjk is the number of background

events in the reconstructed energy bin jk, ∆ij is the width of the bin, εij is the

total efficiency of the event sample, Φ is the integrated neutrino flux, and N is the

number of nucleons in a particular target i.e. Fe, Pb, C or CH. The expression for

the double differential cross section is given by:(
d2σ

dxdy

)
αβ

=

∑
ij Uijαβ

(
Ndata,ij −N bkgd

ij

)
Aαβ(φijT )(∆x∆y)

(4.2)

In the high energy tail of the neutrino energy, the uncertainties on the flux cal-

culation are large and this is the region where most of the DIS events originate.

Hence, the ratios of the cross sections from different nuclei like Fe, Pb, C with re-

spect to CH is calculated. In the past analysis, the direct evidence of the Bjorken

scaling variable xbj dependent nuclear effects have been observed while taking the

ratio of the differential cross section on the nuclei Fe, Pb, C to CH. The effects

are well known in electron scattering but have not been measured systematically

in neutrino scattering. In a DIS interaction, xbj is defined as the fraction of the

total momentum carried by the struck quark. It is the ratio of the four momentum

transfer squared Q2 to the nucleon mass and the recoil energy (hadronic energy):

xbj =
Q2

2MNEhad
(4.3)

where, MN is the mass of the nucleons.

The double differential DIS cross section measurements presented in this thesis

are evaluated in terms of Bjorken scaling variable xbj and inelasticity y. The sub-

sequent sections of this chapter will elaborate on different steps and methods used
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to calculate the cross section. The signal selection as well as the sample purity

and efficiency are given in Sec. 4.2. The background classifications and estimation

for the selected sample are presented in Sec. 4.3. The systematic uncertainties

associated with the measurements are discussed in Sec. 4.4. The unfolding or

unsmearing method is given in Sec. 4.5 that explains the measurements indepen-

dent of detector effects. For the unfolded sample, the efficiency correction and

target normalization are discussed Sec 4.6. The DIS cross section measurement is

discussed in Sec. 4.7.

4.2 Event Reconstruction and Efficiency

In this section, there will be a discussion about the event sample passing the

selection cuts used to measure the cross section. The DIS event sample is isolated

with the selection cuts from the other events reconstructed in the detector. These

events are then distributed in various bins of physics variables. The event selection

populates, dij from the following equation:

σij =
Uijk (dij − bjk)

∆ij εij Φ N
(4.4)

where, dij is the number of DIS events selected after passing the selection cuts.

4.2.1 Sample selection cuts

The target analysis presented in this thesis inherits a set of selection cuts (CCIn-

clusive cuts) from the previously published DIS analysis [68, 69]. The description

of the CCInclusive cuts inherited are as follows:

# Only those muons are analyzed and reconstructed which have a clear track

in the MINOS detector.
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# In order to have a νµ event, the muons matched in MINOS must have a

negative curvature in the MINOS magnet to ensure a negatively charged

muon.

# The interaction vertex of the event must be inside the 850 mm hexagonal

fiducial area.

# There should be at least a separation of 25 mm between the barrier of the

materials and the interaction vertex in passive target materials 1, 2, 3, 5.

# There is a filter for the rock muons to remove them from the sample.

# There should be at least a 5σ curvature significance for the muons recon-

structed in the MINOS magnetic field.

# In MINOS, the endpoints of muon tracks should lie within 201 < R < 2500

mm of the magnetic coil.

# The muon angle θµ must be less than 17◦ due to the acceptance in the

MINOS detector.

# Muon energy should be in the range 2 ≤ Eµ ≤ 50 GeV.

The kinematical cut used to isolate the DIS sample from the inclusive sample

is applied on reconstructed Q2 and W. If the reconstructed Q2 ≥ 1 (GeV/c)2 and

the reconstructed W ≥ 2 GeV/c2, the reconstructed event is considered as a DIS

event. A true DIS event is a signal event if it passes a true generated Q2 ≥ 1

(GeV/c)2 and a true generated W ≥ 2 GeV/c2. Also, the GENIE channel number

for a true DIS event should be 3 in order to eliminate the charge current quasi

elastic (CCQE) events which produce a charm quark and could potentially pass

the Q2 and the W cuts. Reconstructed events pass reconstructed Q2 and W cuts

while the "signal events" pass true Q2 and W cuts. Events which pass both true

as well as reconstructed Q2 and W cuts are called as "true reconstructed events".

MC event sample may have all of the three types.
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4.2.2 Event selection and Efficiency

In order to isolate the DIS sample we apply the selection cuts, and to correct for

those cuts, two quantities are considered. The first efficiency is defined as the

fraction of the number of events in the true material passing the reconstructed

and true DIS cuts along with the reconstructed CCInclusive cuts to the number

of events in the true material passing the truth DIS cut and the reconstructed

CCInclusive cuts. The efficiency depends on the muon and hadronic resolutions

because Q2 and W are derived from the hadronic energy. This will be referred to

as the "inelastic efficiency" throughout the rest of the text.

The inelastic efficiency has a quantity related to it called "inelastic purity". It

is defined as the fraction of the number of events in the true material passing the

reconstructed and true DIS cuts along with the reconstructed CCInclusive cuts to

the number of events in the true material passing the reconstructed DIS cut and

the reconstructed CCInclusive cuts. Both the purity and efficiency quantify the

efficacy of the DIS cuts.

The second efficiency used to isolate the DIS sample is called "overall effi-

ciency". It has a similar definition for the numerator as that of the inelastic

efficiency but the denominator is defined as the number of CC DIS events gener-

ated in the true fiducial volume with true muon angle (θµ < 17
◦). This quantity

explains the overall efficiency of the MINOS matching, the DIS cut, and the al-

gorithm responsible to locate the vertices in the nuclear targets. This efficiency

is always less than the inelastic efficiency because the denominator of the overall

efficiency takes into more events than the inelastic efficiency. This efficiency is

used to calculate the total and differential cross sections.

In a similar way as inelastic purity, the overall purity is related to the overall

efficiency. It is the ratio of the events in the true material passing the reconstructed

and true DIS cut along with CCInclusive cuts to the number of the events passing
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Target / Z Inelastic Overall

Efficiency (%) Efficiency (%)

1/26 25.92 18.14

1/82 26.32 18.48

2/26 26.49 19.64

3/6 25.60 21.54

3/26 26.04 19.49

4/82 2.18 23.55

14/82 29.97 29.62

Table 4.1: The overall and inelastic efficiencies of the DIS cut for different nuclear

targets and a few tracker modules. These numbers are scaled to represent the size

of the data sample, 1.06×1021

the reconstructed DIS and the CCInclusive cut. It accounts for the loss of the

mis-reconstructed events in the fiducial volume which were not taken into account

in the inelastic purity. Table 4.1 lists the inelastic and overall efficiencies of the

DIS cut. The events with the inelastic efficiency are given in Table 4.2. The

contamination defined as 1 minus the inelastic purity is given in Table 4.3.

4.2.3 Data and MC event sample

The Data and MC sample in the present analysis uses the inclusive events (tu-

ples) produced by the algorithm developed for the Data preservation project of

the MINERvA experiment. The algorithm works in two stages: first, the lattice

information describing the event is created which then serves as an input for the

machine learning algorithm [70]. The machine learning algorithm then produces

predictions of the vertex location of the events which contains all the information

about the events and especially how confident is the algorithm about the predic-

tion of the event vertex location. In the second stage, the machine learning vertex
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Target Target Z True Events True Reconstructed Overall

Events Efficiency (%)

1 26 70875 12858 18.14

1 82 58798 10866 18.48

2 26 69513 13658 19.64

3 06 36413 7843 21.54

3 26 34625 6749 19.49

4 82 4449 1048 23.55

14 82 129346 38318 29.62

Table 4.2: The number of true DIS events, the number of events passing true as

well as reconstruct DIS cuts and overall efficiency for different nuclear targets and

a few modules of tracker. These numbers are scaled to represent the size of the

data sample, 1.06×1021.

Target Target Z Reconstructed Events True Reconstructed Contamination

Events (%)

1 26 49600 12858 74.07

1 82 41274 10866 73.67

2 26 51559 13658 73.50

3 06 30628 7843 74.39

3 26 25916 6749 73.95

4 82 47986 1048 97.82

14 82 127831 38318 70.00

Table 4.3: The number of true DIS events, the number of events passing recon-

struct DIS cuts and Inclusive cuts, and contamination for different nuclear targets

and a few modules of tracker. These numbers are scaled to represent the size of

the data sample, 1.06×1021
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location predictions are used to run the algorithm again where it now adjusts the

location of the event vertex to the vertex location predicted with the machine

learning algorithm. To account for the loss or the gain of the energy due to the

vertex location adjustment, the energy-related to a muon and hadronic system

must be corrected. The MasterAnaDev ntuples produced divide the sample into

different samples depending upon the predicted z-vertex of the event. Machine

learning sorts the events by most probable module/target, and the tracker which

are then classified based on the (x,y) position of the vertex in each target.

For the nuclear targets and the tracker modules, histograms are produced and

analyzed separately. Figures [4.1, 4.2], [4.3, 4.4] and [4.5,4.6] shows the data and

simulation plots for the DIS sample in the Fe of all targets, Pb of all targets,

and C of target 3, respectively, along with the systematic uncertainities as well

as statistical uncertainty. As this is the two-dimensional analysis, for each pair

of variables, there will be two projections. From these plots, it can be seen that

when we use heavy nuclear targets like Fe, Pb we have a huge sample of events

in comparison to the single C nuclear target. But at the same time, we have to

deal with the least understood nuclear medium effects. The Data/simulation ratio

plots along with the other individual target plots are shown in Appendix B. Fig-

ure 4.8 shows the contributions from different systematic uncertainities discussed

in Sec. 4.4 for different variables.

4.3 Background: Estimation and Subtraction

The background contamination to our DIS sample comes from the fact that the

DIS cut will take into account the events with a reconstructed Q2 ≥ 1.0 GeV2

and W ≥ 2.0 GeV but with the true Q2 < 1.0 GeV2 and W < 2.0 GeV. This

contamination must be separated from the DIS event sample before doing the cross

section calculations. In the cross section expression shown below, the background
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Figure 4.1: The Data and simulation plots for the combined Fe of all targets. The

plots are for Muon energy vs Hadronic Energy. The pink band around the simula-

tion represents the systematic uncertainities as well as the statistical uncertainty

on the simulation where as the data points have the statistical uncertainty only.
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Figure 4.2: The Data and simulation plots for the combined Fe of all targets. The

plots are for Bjorken variable x and Inelasticity y. The pink band around the

simulation represents the systematic uncertainities as well as the statistical uncer-

tainty on the simulation where as the data points have the statistical uncertainty

only.
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Figure 4.3: The Data and simulation plots for the combined Pb of all targets. The

plots are for Muon energy vs Hadronic Energy. The pink band around the simula-

tion represents the systematic uncertainities as well as the statistical uncertainty

on the simulation where as the data points have the statistical uncertainty only.
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Figure 4.4: The Data and simulation plots for the combined Pb of all targets.

The plots are for Bjorken variable x and Inelasticity y. The pink band around the

simulation represents the systematic uncertainities as well as the statistical uncer-

tainty on the simulation where as the data points have the statistical uncertainty

only.
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Figure 4.5: The Data and simulation plots for the combined C of target 3. The

plots are for Muon energy vs Hadronic Energy. The pink band around the simula-

tion represents the systematic uncertainities as well as the statistical uncertainty

on the simulation where as the data points have the statistical uncertainty only.
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Figure 4.6: The Data and simulation plots for the combined C of target 3. The

plots are for Bjorken variable x and Inelasticity y. The pink band around the

simulation represents the systematic uncertainities as well as the statistical uncer-

tainty on the simulation where as the data points have the statistical uncertainty

only.
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Figure 4.7: The contribution of the statistical and the systematic uncertainities

on the event rate plots for the combined Fe of all targets. The plots are included

for two variables: (i) Muon energy and (ii) Bjorken variable x.

is accounted through bjk as

σij =
Uijk (dij − bjk)

∆ij εij Φ N
(4.5)
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Figure 4.8: The contribution of the statistical and the systematic uncertainities

on the event rate plots for the combined Pb of all targets. The plots are included

for two variables: (i) Muon energy and (ii) Bjorken variable x.
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The background is first estimated using the simulation sample and then subtracted

from the data sample. Also, in order to minimize model dependency in the back-

ground measurement, the simulation background is constrained to data before

subtraction. The model dependence of the background is critical for any low pu-

rity analysis, so additional background enhanced samples also called as sidebands

are used to make sure that the background is properly taken care of. Sidebands

are used to constrain the background under the peak of some variable as they are

regions to the side of the peak.

The goal is to eliminate background contamination from the sample and obtain

a pure DIS sample. The reconstructed DIS event sample may contain events that

truly originate in the plastic scintillator but are taken as events coming from the

nuclear targets. Kinematically, the DIS sample may also contain events that don’t

pass the true Q2 and W cut. Hence, the background subtraction is complicated

in the analysis performed in the nuclear target region. The classification of the

background events in the present analysis is done according to the target where

the interaction happened and according to the kinematics. Figure 4.9 illustrates

the background estimation and subtraction process presented in this thesis.

4.3.1 Plastic or wrong target background

Construction of Sidebands

To subtract the plastic background from the non-DIS sample and to avoid dis-

crimination on the basis of kinematics, the sideband sample is computed from

inclusive sample instead of DIS sample. The background contamination from in-

dividual targets is statistically limited so targets are combined to obtain a more

precise measurement. This is done by looping over all the passive targets for spe-

cific nuclei. Also, the histograms for the true material of the vertex are made

for the events where the vertex is predicted originating from the downstream (6
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Figure 4.9: The plastic and physics background for the DIS analysis.

planes only) or the upstream (6 planes only) sideband of the target.

The scintillator planes upstream of target 1 are not included in the background

construction process. This exclusion is done because in that region the data is

statistically limited due to the rock muon cut which rejects the muons having the

interaction vertex in the first two modules of the detector. Figure 4.9 shows the

sideband distribution for the plastic sidebands.

Fitting Prescription

There are two simulation plastic background templates used to fit the data for the

inclusive sample events. The first template contains all of those events which have

the interaction vertex reconstructed in the plastic region which is upstream of the

passive nuclear target. The second template contains all of those events which

have the interaction vertex reconstructed in the plastic region downstream of the

nuclear target. A χ2 minimization is used to fit the two templates simultaneously
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to the data in both sidebands for each plane number bin i,

χ2 = Σbin i
(NDATA −NMC)2

σ2
DATA

. (4.6)

The fits are performed for each nuclear target between plane number 11 to 65

which includes the plastic scintillator tracker just downstream of passive target 1

through four scintillator modules downstream of target 5. The results of the χ2

minimization for each material are the scale factors. The scale factors are obtained

as follows:

# Use the ROOT Minuit2Minimizer function [71] to extract upstream plastic

scale factors. This is done by keeping the signal, downstream plastic events

and the events from other passive targets upstream of the reconstructed

target fixed while allowing the events occurring in the upstream plastic to

float.

# Repeat the first step but by allowing the events occurring in the downstream

plastic to float while keeping rest fixed.

# Simulation is scaled to data using POT normalization, then data to simula-

tion ratio is compared before the tuning and after the tuning. This procedure

is considered acceptable if the χ2 is close to 1,

χ2 = Σbin i, bin j(Nbin i, DATA −Nbin i, MC) (4.7)

× σMbin i, bin j × (Nbin j, DATA −Nbin j, MC).

Tuning

The scale factors obtained with the prescription explained above are applied to

the upstream plastic background templates and downstream plastic background

templates in each of the nuclei in the passive targets. After the plastic background

tuning, the tuned background is subtracted from the data.
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4.3.2 Non-DIS background

The DIS sample events are selected by applying the DIS cut with reconstructed Q2

> 1 (GeV/c)2 and reconstructed W > 2 GeV/c2 . The events which are not truly

DIS but got passed the kinematic DIS cut are termed as non-DIS background

events. These backgrounds can be classified into two categories: (i) continuum

region, where the events have true W > 2 GeV/c2 , but true Q2 < 1 (GeV/c)2,

(ii) transition region, where the events have true W < 2 GeV/c2.

The true DIS events truly coming from a nucleus N are calculated as:

TN = (RN −RCH)− CN (4.8)

where, RN is the number of DIS events reconstructed in a nucleus, RCH recon-

structed DIS events coming truly from plastics and CN true non-DIS events re-

constructed in the nucleus. The reconstructed signal region is very close to the

reconstructed sideband region in low Q2 and low W due to the higher statistics in

the ME. Hence, the sidebands better model the background in the signal region.

The sidebands are adjusted on the basis of low Q2 and low W to search for the

true contamination in the signal region.

Fitting Prescription

We use the χ2 technique to fit the transition and continuum background templates

to the data after the plastic background is subtracted from each template. The

χ2 fitting function used is defined as:

χ2 = Σbin i
(NDATA −NMC)2

σ2
DATA

. (4.9)

The output of the fits are the scale factors α and β which are used to scale both the

templates, respectively. The fits are performed for each passive nuclear target and

also for the combination of the target material and the active tracker region. The
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scale factors are calculated for the combination of the target materials because of

the limited statistics of the sidebands.

Fit results

The scale factors extracted using the above technique are applied to non-DIS

simulation events which pass the DIS cut. The plastic background is subtracted

prior to the non-DIS subtraction. The background is then subtracted using the

re-weighted simulation from the DIS events in data.

4.4 Systematics

The lack of understanding about the measurement tools at a very good preci-

sion and the models employed to compare the observed data results in systematic

uncertainties. Due to the insufficient theoretical knowledge, to explain these un-

certainties, they are associated with one measurement to another. There are three

types of systematic errors on the cross section measurements in MINERvA: flux,

reconstruction, and the theoretical cross section applied in the simulation. These

uncertainties are further split into various error categories: Detector Resolution,

Flux and Mass, Interaction Models, and FSI Models. The systematic uncertainty

allocated to the predicted simulation by the DIS analysis is equally valid for the

data. However, the statistical error is relatively small on the simulation as com-

pared to data because we generate simulation 10 times larger than the data sample.

4.4.1 Calculation of Systematic Uncertainties

The DIS analysis calculates the systematic uncertainty on the distribution of any

parameter "x" by the standard MINERvA method. The baseline simulation is
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employed to generate a "central value" distribution as a function of parameter x.

To compute the systematic uncertainty, the model parameters are changed with

a known covariance matrix to produce shifted distribution. The uncertainty is

defined as the difference between the central value distribution in a bin and the

mean of the varied distribution in that bin. The effect of model uncertainties

on any distribution influenced by the model is represented by the error band.

In MINERvA experiment, a multi-universe approach is used to determine the

uncertainty with many correlated parameters, such as flux. Each parameter is

varied randomly within a ±1σ Gaussian width distribution to assure the precise

measurement of uncertainty. This goes till "n" number of times to produce "n"

shifted distributions of x, also called as universe. A new simulated distribution

is produced for every set of parameters in every universe. So, the uncertainty

on x in a bin is the RMS of the resulting "n" universes in that bin. The total

uncertainty includes the quadrature sum of the uncertainties on each parameter,

and the correlation between parameters are also considered when appropriate.

4.4.2 GENIE systematics

The cross section estimation method depends on the Monte Carlo simulation to es-

timate background fractions, unfolding, efficiency correction, and flux estimation.

There are two ways by which GENIE uncertainties can impact the cross section

model: a) Initial-state interaction rate uncertainties b) Final-state interaction rate

uncertainties. Data from earlier experiments has been used to estimate the un-

certainty on each GENIE parameters. The model dependency of the background

estimate that goes into cross section measurements provides large uncertainties

on the measurement. But, background model dependency can be lower down

by creating background enhanced control regions (sideband method), although

the extrapolation of the background constraint into the signal region still depends

somewhat on the model. The sideband regions are created with similar underlying

kinematics to the background in the signal region.



4.4 Systematics 87

4.4.3 GENIE FSI

To model the final-state interactions (FSI), the GENIE event generator utilizes the

INTRANUKE (hA) intranuclear hadron transport model. Few quantum effects

like Pauli blocking and nucleon correlations are included in the model and briefly

described in Ref. [72]. There are two types of uncertainties that can influence the

INTRANUKE (hA) intranuclear hadron transport model:

# Uncertainties in the sum of the rescattering probabilities (mean free path)

for hadrons when they pass within the nuclear medium.

# When the rescattering takes place, uncertainties arise from each of the

hadron rescattering mode probabilities. The rescattering modes contain the

pion production and absorption, charge exchange, inelastic, elastic, and other

rescattering modes.

For cross section measurements, all the GENIE parameters correlated with final

state interactions are given a ±1σ systematic uncertainty.

4.4.4 Reweightable GENIE

The probability for a certain type of interaction to happen depends on the GENIE

uncertainties in the interaction model, so, the uncertainties for a physics quantity

"x" need to be determined through event reweighting procedure. As stated earlier,

in the GENIE framework of MINERvA experiment, the systematic parameter is

changed by ±1σ. Hence, the corresponding physics quantity "x" is altered by

±δx. For the error calculation in cross section measurement, the standard GE-

NIE ±1σ uncertainty is added. Two different universes are determined using the

two different pre-calculated GENIE weights that correspond to the positive and

negative variations in question. The uncertainty is calculated from the mean de-
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viation of the two universes. The details to estimate the GENIE cross section

uncertainties in MINERvA are explained in Ref. [73] and for GENIE weights are

given in Ref. [72]. For uncertainty calculations, every GENIE knob is altered in-

dependently. The GENIE systematic uncertainties are estimated on the efficiency,

wrong target, non-DIS background events, and the reconstructed signal.

4.4.5 Non-Reweightable GENIE

When the particle passes through the nuclear medium, some GENIE uncertain-

ties can alter its outcome due to which they cannot be modeled easily by the

reweighting method or by specifying the error band as in the case of FSI. So for

these specific cases, a particular generation of GENIE is needed to assess the sys-

tematic uncertainties on the model. To estimate the uncertainty coming from the

hadronization model, the inclusive analysis is carried out on the regenerated sam-

ples between an Ehad of 2 and 20 GeV as most of the DIS events come into this

energy range. The uncertainty calculation requires the shifted sample and then

determines the ratio of the shifted sample to the default GENIE model in each

bin of Ehad [74]. This ratio is taken as the ±1σ uncertainty. This systematic was

estimated separately for the passive and faux targets. The shifted GENIE samples

contain:

# Varying the effective radius of the interacting nucleus (ENuc).

# Altering the formation length of hadrons (hadronization).

# An alternate tuning of the hadronization model GENIE employs to simu-

late intermediate energy hadron showers, AGKY. The detailed method to

measure the systematic associated to the hadronization model is explained

in Ref. [74] .
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4.4.6 Flux

The things that contribute to flux uncertainty are: beam focusing with the mag-

netic horns, tertiary particle production, and CERN’s NA49 experiment [37]. The

first uncertainty that comes from beam focusing is defined as, how well the parti-

cles are focused into the beam at each energy. The second thing is tertiary particle

production is defined as when the particles pass through the long target, there are

chances of re-interaction of particles produced in the target which counts for the

second source of flux uncertainty. The third source of uncertainty is the error

proposed by the interaction of the proton beam and the target to generate pions

and kaons. The production rate is computed by utilizing the data from CERN’s

NA49 experiment that has its own uncertainty, but since it must be extrapolated

from their energy range to MINERvA’s range of energy, it leads to additional

uncertainties.

Each of the components of the flux error is calculated by altering the flux

model parameters to create 100 different universes for beam focusing, tertiary

hadron production, and NA49 uncertainties. In every universe, the underlying

model parameters are modified and the flux prediction is computed again creating

100 different weights for each uncertainty. The RMS of these variations are used

to get the systematic uncertainty and added together in quadrature giving a single

systematic uncertainty. For the DIS nuclear target analysis, the flux uncertainty is

allotted to the yield of events in each bin because of the traditional reasons as the

inclusive framework that this analysis inherits from used to serve as a cross-check

on detector calibrations and reconstruction algorithms. Once the flux uncertainty

is given to the event distribution, it helps to examine if the discrepancy observed

in normalization could be assigned to the flux model.
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4.5 Unfolding

Unfolding is the procedure to remove the effect of a measuring device from a mea-

surement. The procedure takes the reconstructed variable in bins j, and produces

a result in bins of the true variable, i. Mathematically, the process is to describe

the mapping between true and reconstructed variables through an unfolding ma-

trix Uij. The measurement of any physics observable will introduce deviations or

smearing because we measure the reconstructed value of the observable instead of

the true variable. The physics analyses must unfold their distributions by remov-

ing the detector effects like losses due to efficiency (acceptance) of the detector,

smearing due to the finite resolution of the device in order to make a way for

comparison with theoretical models and between experiments.

Due to the imperfect reconstruction and detection process, physical quanti-

ties reconstructed and computed are offset from their true values. The true and

reconstructed variable quantities are then related through a migration matrix Mij:

xi = Mijxj. (4.10)

The migration matrix is computed separately for each target and also for the

combined targets in this thesis. The goal is to find the inverse of the Mij called as

an unfolding matrix:

xj = M−1
ji xi. (4.11)

Inverting the migration matrix is not direct and may introduce the statistical

uncertainty in the reconstructed variable bins to inflate, hence large fluctuations.

Also, directly inverting the matrix may introduce model dependence into the mea-

surement. The complete description of the method used is in [75] and will be

briefly summarized in the next section. As this is two dimensional analysis, the

two pairs of variables selected for unfolding are Bjorken variable x, Inelastic y

and Muon energy, hadronic energy. Another aspect to be careful with unfolding
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studies is the choice of the bin width. The unfolded distribution loses the sensi-

tivity to the high-frequency components of the true distribution if the bin size is

too large and if it is too small compared to resolution, the matrix will have large

off diagonal elements. Hence, binning is chosen carefully by starting with a large

bin size and then decreasing it in subsequent steps until the correlation between

adjusted bins becomes too big. This procedure is valid for all the variables taken

into account in this thesis except the Bjorken variable xbj for which the bins are

chosen based on the regions of the nuclear medium effects in DIS like shadowing

(0.01 < xbj < 0.1), anti-shadowing (0.1 < xbj < 0.3) and the EMC effect (0.3 <

xbj < 0.8).

4.5.1 Procedure for Unfolding

The D’Agostini unfolding technique used by MINERvA is characterized as an

algorithm for maximum-likelihood estimation with early stopping. The result of

this technique is equivalent to an inversion of the matrix in the Gaussian limit

when the algorithm converges. The bias is introduced due to uncertainties in the

underlying theoretical models of our simulation because the unfolding is based on

the Bayesian statistics. The matrix is calculated based on Bayes theorem [75]:

P (Ci|E) =
P (Ci|E)Ṗ (Ci)

Σne
l=1P (E|Ci)Ṗ (Ci)

(4.12)

where, Ci is the ith cause producing an effect E and represents the true kinematic

variables, and the effect is the measured kinematic observable. The probability P

(E|Ci), that an event is truly coming from a true bin i is reconstructed in bin j

is same as Mij in Equation 4.10. This method can be used for several effects or

several reconstructed variable bins:

P (Ci|Ej) =
P (Ej|Ci)Ṗ (Ci)

Σne
l=1P (Ej|Ci)Ṗ (Ci)

(4.13)

where, the reconstructed variable bin j is represented by Ej. The unfolding should

yield the number of events in each true bin n̂Ci or the reconstructed variable
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spectrum should yield the true spectrum. The events in each bin must be given

by:

n̂(Ci) = Σ
Nj
j=1P (Ej|Ci)ṅ(Ej)). (4.14)

The following procedure is used to obtain n̂(Ci):

# Start with an initial guess at the unfolded distribution P0(Ci) subject to the

following constraint:

Σ
Nj
j=1 = 1. (4.15)

In this analysis, the best intial guess at the spectrum is the true simulation

distribution (true signal distribution). This guess also provides the initial

expected number of events n̂0 = P0(Ci) ˙Nobs.

# Obtain n̂(Ci) and P(Ci).

# Do a χ2 comparison between n̂(Ci) and n̂0(Ci).

# Replace P0(Ci) with P (Ci) and n̂0(Ci) with n̂(Ci) and repeat the process

again. Stop the interation if the χ2 < 0.001, otherwise repeat step 2.

There are various advantages to using the Bayesian method for unfolding over

the other methods. The method is independent of the shape of the distribution

being unfolded. The method provides a satisfactory result from a uniform initial

distribution. Also, this method of unfolding does not require matrix inversion,

which could be a problem if the matrix is singular. In order to cover the signal

dependence, a systematic error will be assigned which is calculated by varying

the migration matrix by changing systematics so uncertainties in the signal cross

section are part of the final error. This technique will fail if Mij is highly non-

diagonal.

The migration matrix is built with the reconstructed simulation events that

are truly DIS and truly originating from the measured target. For each target
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and material combination, the migration matrices are constructed from the re-

constructed and true (generated) values of the combination of the variables like

(xbj, y), and (Eµ, Ehad). Figure 4.10 shows the migration matrices for the Iron of

nuclear target 1. The plots are included for four different combination of variables.

Figure 4.10: The migration matrices for different combination of variables. This

panel is for the Iron of nuclear target 1. This shows the mapping of true and

reconstructed events.

In order to unfold the matrix, the number of unfolded iterations is fixed using
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warping fake data studies discussed in the next section. The MinervaUnfold pack-

age with Bayesian unfolding is then used to unfold the reconstructed data from

each target combination. The events that fill the migration matrix pass all the

reconstruction cuts with true material as well as the true DIS cuts.

4.5.2 Warping studies

A fake data study, before the unfolding, is conducted to monitor for any biases

and also to obtain the optimal number of unfolding iterations. The study uses

the migration matrices reconstructed with the procedure described above and re-

weights the non-DIS background data tuned simulation. A sample of fake data is

generated by re-weighting the simulation according to a re-weighting fit function

f(x,y), which is obtained after fitting the data/simulation ratio in each bin. The

complete procedure is given in [76]. The analysis presented in this thesis generates

100 universes and unfolds the fake data. The difference between the true number of

events and mean unfolded events is calculated for each iteration. The mean tends

to stay constant with the increase in the number of iterations. Increasing statistical

uncertainty is introduced to the distribution with each successive iteration. The

fake data study shows that using one iteration as a minimum number of iterations

is sufficient to stabilize the unfolding.

4.5.3 Event yields before Unfolding

The present analysis measures the DIS events for the combination of the variables

(xbj, y) and (Eµ, Ehad) for the different target nuclei like C, CH, Fe, and Pb after

finalizing all selection cuts, the background estimations (CH and non-DIS) and

unfolding. The event rate plots are included for the targets summed material-

by-material. The contribution in the events for the Fe comes from the nuclear

targets 1, 2, 3, 5, while for the Pb from nuclear targets 1, 2, 3, 4, and 5, for C
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events, come from nuclear target 3, and the CH from tracker modules 26 through

80. Figures 4.1, 4.2 and 4.3 show the DIS event distributions for C, Fe, and

Pb as a function of reconstructed (xbj, y) and (Eµ, Ehad) before the background

subtraction. In each case, the sample includes the non-DIS events and CH events,

which are being estimated and will be subtracted in later stages of analysis. A

systematic error band is included for each plot. There is a complete section for the

discussion of the different systematic errors included in this thesis in Section 4.4.

4.6 Efficiency correction and Flux division

In order to convert the event yields to cross sections, the yields are divide by the

overall efficiency, flux, and the number of targets.

The cuts used to separate the DIS sample are not able to reconstruct all the

signal events and missed some of the signal events. Therefore, in order to recover

the true signal distribution, efficiency correction is applied to the cross section

calculation. Two true signal distributions are used to do the efficiency correction.

The one distribution is the true distribution for all the signal events and the second

is the true distribution for the reconstructed signal events. Simulation is used to

calculate the efficiency as defined in the previous sections. The overall efficiency is

defined as the ratio of the reconstructed events which pass the true DIS cuts, truly

in a nuclear target A over the total number of events generated in that nuclear

target A. For each nuclear target, there is a separate efficiency correction as a

function of the combination of variables. Figures 4.11 shows the efficiencies for

the Fe of nuclear target 1 for different combinations of the variables. Also, the

efficiency plots for the Pb of nuclear target 1 are shown in Figure 4.12.

In order to calculate the total cross section, the flux must be averaged over
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Figure 4.11: The efficiency plots for the Fe of nuclear target 1. The plots are for

two combination of variables:(i) Eµ vs Ehad and Bjorken variable x vs Inelasticity

y.

Figure 4.12: The efficiency plots for the Pb of nuclear target 1. The plots are for

two combination of variables:(i) Eµ vs Ehad and Bjorken variable x vs Inelasticity

y.

each bin:

σij =
Uijk (dij − bjk)

∆ij εij Φ N
(4.16)
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The binning of the flux distribution is matched with the binning of the combination

of the variables. For the the differential cross section, integrated flux in the range

2 ≤ Eν < 120 GeV is used for the measurement, and each bin is divided by its bin

width (∆ij ) to express the result in the proper units:

(
d2σ

dxdy

)
αβ

=

∑
ij Uijαβ

(
Ndata,ij −N bkgd

ij

)
Aαβ(ΦT )(∆x∆y)

(4.17)

The other things which are to be taken care of are the normalization factors like

flux normalization, the target number normalization, the bin width normalization

and they appear in the denominator of the Equations 4.16 and 4.17. The cross

section is calculated per nucleon. The calculation includes division by the number

of nucleons inside the fiducial volume computed from the measured density of

each material. The nucleon number is converted into a mass by multiplying the

thickness of each target by the fiducial area.

4.7 Cross Section Results

4.7.1 Closure tests

The internal consistency of the analysis is validated through a procedure called a

closure test. The analysis treats the analyzed simulation events as fake data and

compares them with the truth values at different steps of analysis. The first test

is done at the background estimation where a sample of reconstructed simulation

events is used as fake data to estimate the non-DIS and plastic background and

then compared with the true simulation distribution. Then, the second test is

done at the background subtraction stage repeating the same process. The next

test is done at the unfolding stage where the result of the unfolding is compared

with the sample of truth distribution of events. Last step is done at the efficiency

correction step where the fake data is efficiency corrected and compared with

the truth distribution of sginal events. The closure test will be done for each
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combination of the variables like (xbj, y) and (Eµ, Ehad) and for all passive nuclear

targets as well as for the tracker. The ratio between the simulation and the fake

data should be close to one in each closure test.

4.7.2 Total Cross section

The cross section per nucleon is calculated for different passive nuclear targets like

C, CH, Fe, and Pb. The data is compared to the simulation in each of the nuclear

targets and in the tracker. The analysis is yet to reach the stage of completion,

therefore, there are no plots included for the cross section measurements.

4.7.3 Differential Cross section

The differential cross section per nucleon as a function of (xbj, y) is calculated for

the nuclear targets C, Fe, and Pb and for the tracker CH. Similar to the previous

measurement, the data is compared to the simulation for each nucleus.
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CHAPTER 5

DIFFERENCES IN OSCILLATION PARAMETERS AT

THE INO-ICAL EXPERIMENT

5.1 Introduction

In the last few decades, neutrino oscillation experiments have provided many

model independent evidences of neutrino oscillations. It all started in 1998 when

Super-Kaimokande observed that the atmospheric muon neutrinos are changing

flavor as they traverse through the atmosphere [77, 78]. In 2001, the Sudbury Neu-

trino Observatory experiment obtained direct evidence of a flavor change of solar

neutrinos due to neutrino oscillations [79]. Next, the KamLand experiment ob-

served the same effect with reactor neutrinos in 2002 [80]. There are now multiple

next generation experiments aimed at studying neutrino oscillation using different

neutrino sources. The neutrino oscillations within the three flavor framework are

well established from solar, atmospheric and reactor neutrino experiments, and the

oscillation parameters are getting measured with better precision. The evidence

of non-zero masses of neutrinos establish the fact that the three flavors of neutri-

nos are mixed. In the three-flavor oscillation paradigm, neutrino mixing can be

101
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described by a 3×3 unitary mixing matrix known as Pontecorvo-Maki-Nakagawa-

Sakata (PMNS) matrix [25, 81]. The three flavor eigenstates of neutrinos are

mixtures of three mass eigenstates according to the PMNS matrix. Under the

standard parameterization of PMNS matrix, the neutrino oscillation probabilities

are defined in terms of three mixing angles θ12, θ23, θ13; two mass-squared differ-

ences ∆m2
21, ∆m2

32 and a Dirac CP-violation phase δCP . The current best fit values

and errors in these oscillation parameters on the basis of global neutrino analysis

is given in Table 1 of Ref. [82]. The resulting oscillation probabilities depend on

these oscillation parameters (mixing angles and mass squared differences). For a

given neutrino of energy Eν and the propagation length L, the survival probability

for νµ is given by

P (νµ → νµ) ' 1− 4 cos2 θ13 sin2 θ23 × [1− cos2 θ13 sin2 θ23] sin2

(
1.267|∆m2

32|L
Eν

)
,

(5.1)

and similarly the survival probability for νµ is given by

P (νµ → νµ) ' 1− 4 cos2 θ13 sin2 θ23 × [1− cos2 θ13 sin2 θ23] sin2(
1.267|∆m2

32|L
Eν

),

(5.2)

where the symbols (|∆m2
32|, θ13, θ23) are used for the respective parameters for

the anti-neutrino oscillations.

In the Standard Model (SM) of particle physics, the parameters for particles

and antiparticles are identical because of CPT symmetry. Hence, under the CPT

symmetry, the mass splittings and mixing angles are identical for neutrinos and

anti-neutrinos, implying P (νµ → νµ) = P (νµ → νµ). Any inequality between

these disappearance probabilities of neutrinos and antineutrinos could, therefore,

provide a hint for new physics. Also, any difference between the parameters gov-

erning the oscillation probabilities of neutrinos and antineutrinos could provide a

possible hint for CPT violation. We investigate the prospects for the measurement

of such a difference in |∆m2
32| and |∆m2

32| in Iron-Calorimeter (ICAL) experiment

at the India-based Neutrino Observatory (INO) [83, 84]. Similar work has been

carried out by MINOS [85] and Super-Kamiokande [86] experiments. However,
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we show the INO-ICAL experimental sensitivity for the difference in |∆m2
32| and

|∆m2
32| irrespective of the theoretical mechanism responsible for the difference in

the neutrino and antineutrino parameters.

The INO-ICAL experiment is an atmospheric neutrino experiment meant to

study neutrino oscillations with muon disappearance channel. The ICAL exper-

iment is sensitive to the atmospheric muon type neutrinos and antineutrinos

through their interactions with the iron target producing muons and hadrons

via the Charged Current (CC) interactions. The νµ and νµ particles are iden-

tified by the production of µ− and µ+, respectively, through their CC interaction

(νµ(νµ) + X → µ−(µ+) + X ′). The energy and direction of the incoming neu-

trinos/antineutrinos have to be measured accurately for the precise measurement

of oscillation parameters. The energy and direction of these interacting neutri-

nos/antineutrinos can be determined from the reconstructed energy and direction

of muons and hadrons. The muons deposit their energy in iron target forming a

clear track-like pattern while hadrons form a shower-like pattern. Further details

of the INO-ICAL experiment are provided in Sec. 5.2.

In this Chapter, we present the sensitivity of separate measurement of neutrino

and antineutrino oscillation parameters. The INO-ICAL detector has a unique

ability to distinguish between µ− and µ+ events with their bendings in a magnetic

field, and hence can easily separate neutrinos and antineutrinos. Earlier ICAL

analysis has shown its potential for measurement of oscillation parameters and

mass hierarchy with combined neutrino and anti-neutrino events [87, 88, 89, 90].

The reach of INO-ICAL experiment for CPT violation has also been studied in

the literature [91, 92]. Here, we will analyze neutrino and antineutrino events

separately and compare their oscillation parameters in order to find any signature

of new physics including CPT violation [93, 94].

The analysis is performed with the construction of a χ2 function with 3D bin-

ning in muon energy, muon direction and hadron energy [Sec. 5.3.1]. We calculate
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χ2 for neutrinos and antineutrinos separately and minimize it to constraint the ex-

perimental parameter spaces (|∆m2
32|, θ23) and (|∆m2

32|, θ23) [Sec. 5.3.2] assuming

that the true parameters of νµ and νµ are identical. Next, we study the possibility

that the true values of |∆m2
32| and |∆m2

32| can be different. In Sec. 5.3.3, we con-

sider 4 theoretical scenarios when |∆m2
32| and |∆m2

32| take different set of values

in order to obtain the ∆χ2 contours for different experimental values of |∆m2
32|

and |∆m2
32|. This gives us the INO-ICAL sensitivity in the (|∆m2

32|-|∆m2
32|)

parameter space for these hypothetical scenarios.

The main aim of the work is to find the sensitivity of INO-ICAL for the

measurement of the difference (|∆m2
32| − |∆m2

32|). If the true values of the

|∆m2
32| and |∆m2

32| are different, at what confidence level the null hypothesis

i.e. |∆m2
32|=|∆m2

32|, can be ruled out? This is addressed in Sec. 5.3.4.

In this chapter, we have demonstrated the potential of INO-ICAL for the

separate measurement of νµ and νµ oscillation parameters.

5.2 The INO experiment

After the proposal of neutrinos by Pauli, Bethe and Pierels calculated the neu-

trino interaction cross section to be of the order of 10−44 cm2. With this small

cross section, in order to observe neutrinos directly in an experiment very high

flux of neutrinos or very large detectors were required. At that time it was dif-

ficult to construct such huge detectors. However, in the year 1953 Reines and

Cowan [95, 96], as well as Davis and collaborators [97] in 1964, tried to observe

neutrino experimentally in the reactor and solar neutrinos, respectively. For the

first time, the observation of the neutrino events coming from the cosmic ray inter-

actions with the earth’s atmosphere at the Kolar Gold Field (KGF), some 50 years

back, encouraged the Indian scientific community to explore the field of neutrino

oscillations. The KGF was a deep underground laboratory situated at about 870m
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above sea level near the city of Bangalore in South India and provides a depth of

around 3000 m below the surface of the earth to carry out the experiments. The

neutrino experiments in the KGF mine were conducted by a collaboration con-

sisting of groups from Durham University (UK), Osaka City University (Japan)

and TIFR in India. The laboratory which was setup in KGF mines later put up

an experiment to investigate proton decay. Unfortunately, the KGF mines were

closed and there was a brief halt in the progress of neutrino research in India. But

the Indian scientific community never stopped and kept looking for another option

to keep neutrino research going. With the immense efforts of the many scientists

and institutions, the proposal was put forward to perform the underground neu-

trino studies under the name India-based Neutrino Observatory (INO), and it was

approved by the government of India. A large number of scientists from many

institutions and universities are a part of the INO collaboration and are growing

further. In this section, we will explain some salient features of the INO facility

and then introduce the Iron Calorimeter detector, which will be used by the INO

experiment.

INO, an approved mega-science project, will be built underground to study the

atmospheric neutrino oscillations. The present location of the facility is Pottipu-

ram in Bodi West hills in the Theni district of South India. The facility will host a

huge 50 kiloton Iron Calorimeter (ICAL) detector with the magnetized iron target

as the main detector and several small experiments like neutrinoless double beta

decay (NDBD) and dark matter searches (DINO). One of the important features

of the INO facility is that the ICAL detector will be protected from the cosmic

background by a 1 km rock overburden above the site acting as a natural shield.

In order to access the INO facility, there is a 2100 m long and 7.5 m wide tunnel.

The schematic of the INO facility and its location is shown in the Figure 5.1.

Initially, INO was planned to carry out the studies related to the atmospheric

neutrinos but the scope of looking at solar and supernova studies can’t be ruled

out. Also, the ICAL detector can act as the far detector for the neutrinos coming

from the accelerators situated in Japan and LHC in CERN.
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Figure 5.1: The location and the schematic of the INO experiment.

5.2.1 The ICAL experiment

The INO laboratory will host a large magnetised Iron Calorimeter detector to

study the atmospheric neutrinos and antineutrinos and may reveal many unsolved

mysteries in the weak interactions. The schematic design of the ICAL detector is

shown in the Figure 5.2.

The ICAL detector will be rectangular with dimensions of 48m × 16m × 14.5m

having three modules. Each module weighs about 17 kiloton with the dimensions

16m × 16m × 14.5m in x, y, and z-direction, respectively. Each module will consist

of 151 layers of 5.6 cm thick iron plates with alternate gaps of 4 cm where the ac-

tive detector element will be placed. The ICAL experiment will use Resistive Plate

Chambers (RPCs) as active detector elements to detect the charged particles pro-

duced in the neutrino interaction with the iron nuclei. Since the INO experiment

is expected to take data for several years to collect a statistically significant num-

ber of interactions, the RPC’s are a good choice because of their long lifetime[20].
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Figure 5.2: The schematic view of the ICAL detector.

Also, RPC’s are gaseous detectors hence have good spatial and time resolution.

The RPC’s will give (X, Y) hit information with 0.96 cm spatial resolution. There

will be a total of 30,000 RPC’s of dimension 2m × 2m in the ICAL detector.

Another important feature of the INO-ICAL experiment is the application of a

magnetic field of 1.5 T uniformly applied throughout the detector that will help in

distinguishing the charge of the interacting particles. Due to this magnetic field,

the ICAL detector can distinguish µ+ and µ− by bending their tracks in opposite

directions which may lead to pure neutrino and antineutrino event samples. This

distinction is crucial for the precise determination of the relative ordering of neu-

trino mass states (neutrino mass hierarchy) and other parameters. There will be

an external layer of scintillator or gas proportional counters which will be used for

the identification of the external muons entering the detector from outside. The

magnetic field will enable to estimate the momentum of the particle by using the

curvature of the charged particle’s track. The precision in the measurement of the

momentum of the particle improves with the increasing magnetic field. For better

performance, the design of the ICAL magnet is made in such a way that there will

be uniform magnetic field inside the detector and minimal field leakage outside.

The INO-ICAL experiment is sensitive to atmospheric muons only. Hence,
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it will observe interactions of muon type neutrinos. The detector is not suit-

able for the detection of electrons because of the large thickness of iron plates

(5.6 cm) compared to the radiation length of iron (17.6 cm). Also, tau lepton

production is limited because of the high threshold of tau production (4 GeV).

The ICAL experiment will also measure the energy of hadron shower to improve

the energy reconstruction of events, and hence the overall sensitivity to neutrino

parameters[98, 89].

The INO-ICAL resolutions for muon energy and direction as well as hadron

energy are available from the GEANT4 [67] simulation studies [99, 100]. The

simulation studies provide us a reasonable characterization of the detector.

5.3 Analysis procedure

The magnetized ICAL detector is primarily designed to differentiate the neu-

trino and anti-neutrino interactions of atmospheric muon neutrinos with excel-

lent charge identification [99]. Since the events at ICAL can easily be separated

into samples of νµ and νµ, they can be used to study oscillations separately in

neutrinos and anti-neutrinos. We exploit this feature of ICAL experiment to mea-

sure the oscillation parameters independently using νµ and νµ events assuming

|∆m2
32| = |∆m2

32|. Next, we explore the ICAL ability to find out any non-zero

difference in the atmospheric mass squared differences of neutrinos and antineu-

trinos i.e. |∆m2
32| − |∆m2

32|.

For performing the analysis, we generated the atmospheric neutrino data set

using Honda et al.[101] 3-D neutrino flux with ICAL detector specifications using

NUANCE event generator [102]. For final χ2 analysis, 1000 years equivalent data

of 50kt ICAL detector has been scaled down to 10 years exposure to normalize

the statistical fluctuations. The ICAL detector is highly sensitive for the CC

interactions of νµ and νµ events in the energy range 0.8-12.8 GeV. Therefore, full
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Muon energy bins (Eµ± in GeV) Range Bin width

12 0.8-4.8 0.34

4 4.8-6.8 0.5

3 6.8-9.8 1

1 9.8-12.8 3

Hadron energy bins (Ehadron in GeV)

2 0.0-2.0 1

2 2.0-8.0 3

1 8.0-13 5

Muon angle bins (cos θµ±)

20 -1 - +1 0.1

Table 5.1: Optimized 3D binning scheme used for analyses.

event spectrum comprises the CC νµ (and νµ) events coming from νµ(νµ)→ νµ(νµ)

survival channel and from νe(νe) → νµ(νµ) oscillation channel. Initially, each

event is generated without introducing oscillations, to reduce the computational

time. The effect of oscillations has been incorporated separately using the Monte

Carlo re-weighting algorithm described in earlier studies [88, 90, 89]. For each

neutrino/antineutrino event of a given energy (Eν or Eν) and zenith direction θz,

three flavor oscillation probabilities are calculated taking earth matter effects into

account. The matter density profile of the Earth is taken from the Preliminary

Reference Earth Model [103], which divides the earth into several layers according

to their matter densities.

In order to introduce the detector effects, we use the realistic detector resolu-

tions and efficiencies of the ICAL detector based on GEANT4 simulations. The

reconstruction of a neutrino (or anti-neutrino) event requires the measurement of

the secondary particles like muons (or anti-muon) and hadrons. The muons give a

clear track of hits inside the magnetized detector. Therefore, the energy of these

particles can be easily reconstructed using a track fitting algorithm. The com-
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plete details of ICAL response for µ+ or µ− e.g. energy and direction resolutions,

reconstruction and charge identification efficiencies are available in Ref [99]. The

ICAL has an excellent charge identification efficiency (more than 98%) and good

direction resolution for muons (∼ 1◦) in the energy region of interest. Hadrons

deposit their energies in a shower like pattern in the detector. So, total energy

deposited by the hadron shower (E ′had = Eν−Eµ) is used to calibrate the detector

response. The details of energy resolution and efficiency for hadrons at ICAL can

be found in Ref [100].

5.3.1 The χ2 Function

The oscillation parameters of the atmospheric neutrinos have been extracted with

a χ2 analysis. The re-weighted events, with detector resolutions and efficiencies

folded in, are binned into the observed muon energy, muon direction, and hadron

energy. An optimized bin width has been used for these observables to get statis-

tically significant event rates. The data has been divided into a total of 20 muon

energy bins and 5 hadron energy bins with varying bin widths. A total of 20 muon

direction bins for cos θµ in the range of -1 to 1, with equal bin width, has been

chosen. The above mentioned binning scheme is applied for both νµ and νµ events.

The details of the binning scheme are shown in Table 5.1.

A “pulled” χ2 [104] method based on Poisson probability distribution is used

to compare the expected and observed data with the inclusion of systematic er-

rors. Five systematic errors used in the analysis are: a 20% error on atmospheric

neutrino flux normalization, 10% error on neutrino cross section, an overall 5%

statistical error, a 5% uncertainty due to zenith angle dependence of the fluxes,

and an energy dependent tilt error, as considered in earlier ICAL analyses [88, 89].

In the method of pulls, systematic uncertainties and the theoretical errors are

parameterized in terms of a set of variables ζ, called pulls. Due to the fine binning,
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Oscillation parameters True values Marginalization range

sin2(2θ12) 0.86 Fixed

sin2(θ23) 0.5 0.4-0.6

sin2(θ13) 0.0234 Fixed

∆m2
21 (eV2) 7.6 × 10−5 Fixed

|∆m2
32| (eV2) 2.4 × 10−3 (2.1-2.6) × 10−3

δ 0.0 Fixed

Table 5.2: True values of the neutrino oscillation parameters used in the analysis.

We vary sin2 θ23 and |∆m2
32| in their 3σ range whereas the other variables are kept

fixed.

some bins may have very small number of entries. Therefore, we use the Poissonian

definition of χ2 given as

χ2(νµ) = min
∑
i,j,k

(
2(N th′

ijk(νµ)−N ex
i,j,k(νµ)) + 2N ex

i,j,k(νµ)(ln
N ex
i,j,k(νµ)

N th′
i,j,k(νµ)

)

)
+
∑
n

ζ2
n,

(5.3)

where

N th′

ijk(νµ) = N th
i,j,k(νµ)

(
1 +

∑
n

πnijkζn

)
. (5.4)

Here, N ex
ijk are the observed number of reconstructed events, generated using true

values of the oscillation parameters in ith muon energy bin, jth muon direction

bin and kth hadron energy bin. In Eq.( 6.5), N th
ijk are the number of theoretically

predicted events generated by varying oscillation parameters, N th′

ijk show modified

events spectrum due to different systematic uncertainties, πnijk are the systematic

shift in the events of the respective bins due to nth systematic error. The variable

ζn, the univariate pull variable, corresponds to the πnijk uncertainty. An expres-

sion similar to Eq.( 6.4) can be obtained for χ2(νµ) using reconstructed µ+ event

samples.

The functions χ2(νµ) and χ2(νµ) are calculated separately for the independent

measurement of neutrino and anti-neutrino oscillation parameters. The two χ2
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can be added to get the combined χ2(νµ + νµ) as

χ2(νµ + νµ) = χ2(νµ) + χ2(νµ). (5.5)

5.3.2 Same True oscillation parameters for neutrinos and

antineutrinos

We investigate the scenario where the neutrino and antineutrino oscillations are

different. However, we begin with the case where neutrinos and antineutrinos

have identical oscillation parameters (|∆m2
32| = |∆m2

32|, sin2 θ23 = sin2 θ23). The

central true values of the oscillation parameters and their marginalization range

used in the analysis are shown in Table 5.2. The χ2 have been calculated as the

function of the atmospheric oscillation parameters ( |∆m2
32| and sin2 θ23) while

all other oscillation parameters are kept fixed at their central values. The solar

oscillation parameters ∆m2
21 and sin2 θ12 are fixed as they do not show significant

impact on the results. Since θ13 is now known quite precisely, it has been kept

fixed as well. Since, ICAL is not sensitive to the δCP [105], it is kept fixed at 0
◦ .

In order to obtain the experimental sensitivity for sin2 θ23 and |∆m2
32|, we

independently minimize the χ2(νµ), χ2(νµ) and combined χ2(νµ + νµ) function

by varying oscillation parameters within their allowed ranges with all systematic

uncertainties folded in. The precision on the oscillation parameters can be defined

as the ratio of (Pmax − Pmin) to the (Pmax + Pmin), where Pmax and Pmin are

the maximum and minimum values of the concerned oscillation parameters at the

given confidence level.

Figure5.3 shows the resulting contours at 3σ confidence level (C.L.) obtained

for the (|∆m2
32|, sin2 θ23) or (|∆m2

32|, sin2 θ23) planes. These results are also com-

pared with combined results of neutrino and antineutrino events.

Table 5.3 shows the precision values at the 3σ C.L. obtained from neutrino
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Figure 5.3: The 3σ sensitivity plot on (sin2 θ23=sin2 θ23, |∆m2
32|=|∆m2

32|) param-

eter space from the χ2 analyses separately for neutrino only events, antineutrino

only events and combined neutrino and antineutrino (νµ + νµ) events

only events, anti-neutrino only events and with the combined (νµ + νµ) events.

It can be observed that combined νµ and νµ analysis gives more precise values

of the oscillation parameters, as expected. The major contribution to this preci-

sion comes from the higher statistics of the combined neutrino events. However,

the ICAL detector can also measure |∆m2
32| very precisely from neutrino and an-

tineutrino events, separately. It can be noted that the allowed parameter space of

anti-neutrino analysis is wider than the neutrino only events analysis due to their

Analysis sin2 θ23 |∆m2
32| (eV2)

Neutrino events 27.1% 10.4%

Anti-neutrino events 38.0% 13.4%

Combined(νµ + νµ) 25.0% 8.3%

Table 5.3: Precision values at the 3σ C.L. considering sin2 θ23 = sin2 θ23 and

|∆m2
32|=|∆m2

32| (eV2) obtained from neutrino only events, anti-neutrino only

events and with the combined (νµ + νµ) events.
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low statistics.

5.3.3 Different True values of |∆m2
32| and |∆m2

32|

The INO has good sensitivity to |∆m2
32| as compared to θ23 [Table 6.3]. This

better sensitivity for |∆m2
32| motivates us to examine a scenario when true values

of |∆m2
32| and |∆m2

32| are different while true values of θ23 and θ23 are identical.

Using better analysis techniques, the INO’s sensitivity to θ23 can be utilized for

studying a scenario when θ23 is different for neutrinos and antineutrinos. However,

in this section, we demonstrate the INO’s good ability to differentiate between

|∆m2
32| and |∆m2

32| only. The present analysis will allow us to either establish or

rule out the hypothesis that neutrinos and antineutrinos have same true value of

|∆m2
32|.

In this analysis we assume that neutrinos and antineutrinos have different true

values of mass squared differences (|∆m2
32|, |∆m2

32|), whereas θ23 and θ̄23 are kept

fixed at 45
◦ . All other oscillation parameters are the same as in the previous

section. We take different representative cases of the true values of |∆m2
32| and

|∆m2
32| and estimate χ2 as a function of the |∆m2

32| and |∆m2
32|. For each case,

the true values of all oscillation parameters are fixed and χ2(ν + ν) have been

estimated as a function of observed values of |∆m2
32| and ∆m2

32|. The χ2 contours

at 68%, 90% and 99% C.L. have been plotted on the (|∆m2
32|, |∆m2

32|) parameter

space. The straight line corresponding to the null hypothesis (|∆m2
32|=|∆m2

32|)
is also shown. If the null hypothesis line is nσ away from the χ2 minimum, it can

be concluded that the null hypothesis (|∆m2
32|=|∆m2

32|) is ruled out at nσ C.L.

The four plots in Figure 5.4 correspond to the true values of |∆m2
32| and |∆m2

32|
as shown in Table 5.4.

Figure 5.4(a) shows the contours when the true values of |∆m2
32| and |∆m2

32|
are exactly equal (i.e. |∆m2

32| − |∆m2
32| = 0). In this case, the null hypothesis
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(a) (b)

(c) (d)

Figure 5.4: Contour plots at 68%, 90% and 99% C.L. for different true values

of |∆m2
32| and |∆m2

32| as mentioned in Table 5.4. Here, X-axis corresponds to

|∆m2
32| values and Y-axis corresponds to |∆m2

32| values.

line ( solid black line) crosses the central best fit point. In Figure 5.4(b), 5.4(c)

and 5.4(d) the difference (i.e. |∆m2
32| − |∆m2

32|) is non-zero, and hence the best

fit point shifts away from the null hypothesis line. Figure5.4(b) correspond to the

case when true values of |∆m2
32| = 2.6×10−3eV 2 and |∆m2

32| = 2.2×10−3eV 2 (i.e.

|∆m2
32| − |∆m2

32| = 0.4 × 10−3eV 2). Here, the null hypothesis line is tangential

to 3σ contour. So, the tangential point is 3σ away from the central best fit value.

Thus, it can be concluded that null hypothesis is ruled out at 3σ C.L. Similarly,
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Fig2.No. |∆m2
32| (eV2) |∆m2

32| (eV2) |∆m2
32|-|∆m2

32| (eV2)

(a) 2.4×10−3 2.4×10−3 0.0×10−3

(b) 2.6×10−3 2.2×10−3 0.4×10−3

(c) 2.1×10−3 2.4×10−3 -0.3×10−3

(d) 2.4×10−3 2.1×10−3 +0.3×10−3

Table 5.4: Different combinations of |∆m2
32| and |∆m2

32| values used in Fig 6.5.

Figure 5.5: The INO-ICAL sensitivity for (|∆m2
32| − |∆m2

32|)True(eV 2) at 1σ, 2σ

and 3σ confidence levels.

Figure 5.4(c) shows that null hypothesis is tangential to 3σ CL when true values

of |∆m2
32| = 2.1×10−3eV 2 and |∆m2

32| = 2.4×10−3eV 2 (i.e. |∆m2
32|− |∆m2

32| =
−0.3× 10−3eV 2). Figure 5.4(d) shows that the null hypothesis could be ruled out

at roughly 2.5σ CL when true value of |∆m2
32| = 2.4 × 10−3eV 2 and |∆m2

32| =

2.1× 10−3eV 2 (i.e. |∆m2
32| − |∆m2

32| = +0.3× 10−3eV 2).
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Figure 5.6: χ2 versus (|∆m2
32| − |∆m2

32|)True(eV 2) plot, black dots represents the

several minimum χ2 for a common (|∆m2
32| − |∆m2

32|) difference and red stars

depicts the smallest χ2 value among all of them.

For each value of (|∆m2
32| − |∆m2

32|), we calculate ∆χ2 = χ2−χ2
min assuming

χ2
min = 37 and plot it as the functions of |∆m2

32| − |∆m2
32| in Fig 5.5. This

figure depicts the INO-ICAL potential for ruling out the null hypothesis |∆m2
32| =

|∆m2
32| and is our final result of the present study.

5.3.4 ICAL sensitivity for |∆m2
32|–|∆m2

32| 6= 0

In order to check the ICAL sensitivity for a non-zero value of the difference between

|∆m2
32| and |∆m2

32|, the true values of |∆m2
32| and |∆m2

32| have been varied

independently in a range (0.0021 − 0.0028eV 2). But, we estimate the χ2(ν + ν)
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only when the observed values of |∆m2
32| and |∆m2

32| are equal. In other words,

the χ2(ν + ν) is being estimated on the null hypothesis line where the |∆m2
32| and

|∆m2
32| values are equal. The minimum value of χ2 is chosen on this line that

corresponds to the tangential point where the null hypothesis line coincides with

the corresponding contour. Finally, this minimum χ2 is binned as a function of

difference in the true values of (|∆m2
32|-|∆m2

32|). This will result in several χ2

points corresponding to a common (|∆m2
32|− |∆m2

32|) difference, depicted as dots

in Figure 5.6. From all such candidate points, we pick those points that have the

smallest χ2 values and depict them as stars [see Figure 5.6].



CHAPTER 6

INDEPENDENT MEASUREMENT OF MUON

NEUTRINO AND ANTI-NEUTRINO OSCILLATIONS

AT THE INO-ICAL EXPERIMENT

6.1 Introduction

The phenomenon of neutrino oscillations is well established by many experiments

involving solar [79], atmospheric [77, 78], accelerator [106], and reactor neutrinos

[80]. It exhibits that neutrino flavor eigenstates (νe, νµ, ντ ) are indeed quantum

superpositions of mass eigenstates (ν1, ν2, ν3) with definite masses (m1,m2,m3)

represented mathematically as

|νi〉 =
∑

α Uαi |να〉 , (6.1)

where, |νi〉 represents a neutrino with a definite mass mi (i=1,2,3), |να〉 represents
a neutrino with a definite flavor, and Uαi is the famous Pontecorvo Maki Nakagawa-

Sakata (PMNS) lepton mixing matrix [25, 81]. The oscillation probability depends

on three mixing angles, θ12, θ13, θ23; two mass differences, ∆m2
21=m2

2 − m2
1, and

∆m2
31=m2

3 −m2
1 , and a CP phase δCP .

119
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Although, remarkable progress has been made by several neutrino experiments

to measure these oscillation parameters with reasonable accuracy [82, 107, 108,

109], still there are several physics concerns that perhaps lie beyond the paradigm

of the three-massive-neutrinos scheme. The particles and their antiparticles are

assumed to have equal masses and their different couplings are closely related as a

consequence of the CPT-theorem. Therefore, parameters governing neutrino and

antineutrino oscillation probabilities are considered to be identical. But, there

is a possibility that neutrino and antineutrino may behave differently [110, 111,

112, 113, 91, 114, 92]. The survival probability for muon neutrinos at a particular

energy Eν and propagation length L is given by

P (νµ → νµ) ' 1− 4 cos2 θ13 sin2 θ23 × [1− cos2 θ13 sin2 θ23] sin2(
1.267|∆m2

32|L
Eν

).

(6.2)

Similarly, the survival probability for muon antineutrino i.e., P(ν̄µ → ν̄µ) can be

written by replacing the neutrino parameters by the corresponding antineutrino

parameters, which are denoted mathematically by placing a bar on neutrino pa-

rameters.

Comparing the oscillation parameters of neutrinos and antineutrinos could,

therefore, be a particular test of CPT-conservation as any difference between

them may indicate a sign of new physics. Some experiments such as MINOS

[115, 116, 117] and Super-Kamiokande (SK) [118] have performed some analy-

ses with their experimental data assuming non-identical parameters for neutrinos

and anti-neutrinos and found that neutrino and antineutrinos oscillation param-

eters are in agreement within uncertainties. Also, the magnetized Iron Calorime-

ter (ICAL) detector of the India-based Neutrino Observatory (INO)[84] will be

able to easily distinguish an atmospheric νµ and νµ events on an event by event

basis with its excellent charge identification capability due to the presence of a

strong magnetic field. This chapter presents the future ICAL sensitivity for the

measurement of muon neutrino and antineutrino oscillation parameters assuming

that neutrinos and antineutrinos have different atmospheric mass-squared split-
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tings and mixing angles assuming Normal mass Hierarchy (NH) is true. We study

the prospects of the scenario when both the differences (|∆m2
32| − |∆m2

32|) and

(sin2 θ23-sin2 θ23) are non-zero. Earlier INO study as in Ref [119] shows the ICAL

detector sensitivity to measure the difference (|∆m2
32| − |∆m2

32|) when only mass

square splittings of neutrinos and anti-neutrinos are different with the assumption

that νµ and ν̄µ mixing angles are identical i.e. (sin2 θ23-sin2 θ23=0). In this chapter,

with the realistic detector resolutions and efficiencies of the ICAL, we vary all the

four atmospheric oscillation parameters (|∆m2
32|, |∆m2

32|, sin2 θ23, sin2 θ23) simul-

taneously for neutrinos and antineutrinos to get a four dimensional fit. Using the

results of this four parameters fit analysis, we show the ICAL detector potential to

observe the difference between the neutrino and antineutrino mass-squared split-

tings (|∆m2
32| − |∆m2

32|) and its sensitivity for ruling out the identical oscillation

parameter hypothesis.

6.2 Methodology

The magnetized ICAL detector enables the separation of neutrino and antineu-

trino interactions for atmospheric events, allowing independent measurement of

the neutrino and antineutrino oscillation parameters. Here, we analyze the reach

of the ICAL for neutrino and antineutrino oscillations separately using a three-

flavor analysis including the Earth’s matter effects. We use a large number of

unoscillated NUANCE [102] generated neutrino events, with an exposure of 50

kt × 1000 years of the ICAL detector, and then finally normalize to 500 kt-yr.

We use HONDA [101] atmospheric neutrino fluxes for event generation. Each CC

neutrino event is characterized by its energy and zenith angle.

Table 6.1 shows the oscillation parameters which are kept fixed throughout

the analyses presented in this chapter. The solar oscillation parameters ( ∆m2
21

and sin2 θ12) are kept fixed, as they do not show any significant impact on the

results. As θ13 is now known quite precisely, it has been fixed as well. Since, the
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ICAL is insensitive to the variation of δCP phase [105], hence it is also fixed at 0
◦ .

Oscillation effects have been introduced via a Monte-Carlo reweighting algorithm

as described in earlier works [89, 88, 90]. Figure 6.1 shows oscillograms for νµ

and ν̄µ survival probabilities assuming NH. It is clear from the figure that due to

the presence of the matter effect, νµ and ν̄µ oscillations are different. The charge

sensitive ICAL detector can easily distinguish the νµ and ν̄µ oscillations and hence

can easily measure their oscillation parameters separately with good precision.

(a) (b)

Figure 6.1: Oscillograms for muon neutrino (Left) and antineutrino (Right)

survival probabilities on E-cos θ palne including the earth matter effects using

|∆m2
23| (or |∆m̄2

23|) = 2.4 × 10−3eV 2 and sin2 θ23 (or sin2 θ̄23) = 0.5.

Oscillation parameters True values Marginalization range

sin2 θ13 0.0234 Fixed

sin2 θ12(or sin2 θ̄12) 0.313 Fixed

∆m2
12(or∆m̄2

12) (eV2) 7.6 × 10−5 Fixed

δCP 0.0 Fixed

Table 6.1: True values of the neutrino/antineutrino oscillation parameters used

in the analysis.



6.2 Methodology 123

Each oscillated neutrino or antineutrino event is divided as a function of twenty

muon energy bins (Eµ), twenty muon zenith angle (cos θµ), and five hadron en-

ergy bins (Ehadron) of optimized bin width as mentioned in Ref. [119]. These

binned data are then folded with detector efficiencies and resolution functions as

provided by the INO collaboration [99, 100] for the reconstruction of neutrino and

antineutrino events separately.

Though the INO-ICAL has a very good charge identification efficiency, it is

still possible that some muon events (say µ−) are misidentified as opposite charge

particles (say µ+) and vice versa. This misidentification of events has been taken

care of using following procedure as mentioned in references [88, 84]. Due to the

misidentification, the total number of events, reconstructed as µ− will increase by

Nµ− = Nµ−

RC + (Nµ+

R −Nµ+

RC), (6.3)

where Nµ− is the number of total reconstructed µ− events. Nµ−

RC is the number of

µ− events reconstructed and correctly identified in charge and Nµ+

RC is the same for

µ+ events with their respective reconstruction and charge identification efficiencies

folded in; whereas Nµ+

R is the number of reconstructed µ+ events. Hence, NR−NRC

gives the fraction of reconstructed events that have their charge wrongly identified.

All the quantities given in Eq. 6.3 are function of Eµ and cos θµ and are determined

bin wise. Total correctly identified reconstructed µ+ events can be obtained using

a similar expression with charge reversed.

We use a “pulled” χ2 [104, 120, 121] method based on Poisson probability dis-

tribution to compare the expected and observed data with inclusion of systematic

errors (a 20% error on atmospheric neutrino flux normalization, a 10% error on

neutrino cross section, an overall 5% systematic error, a 5% uncertainty due to

zenith angle dependence of the fluxes, and an energy-dependent tilt error), as con-

sidered in earlier ICAL analyses [84, 88, 90, 122]. All systematic uncertainties are

correlated and the first two listed should cover the difference between neutrinos

and anti-neutrinos.
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The systematic uncertainties and the theoretical errors are parameterized in

terms of a set of variables ζ, called pulls. Due to the fine binning, we use the

poissonian log likelihood ratio given as,

χ2(νµ) = min
∑
i,j,k

(
2(NT ′

ijk(νµ)−NE
i,j,k(νµ)) + 2NE

i,j,k(νµ)(ln
NT
i,j,k(νµ)

NT ′
i,j,k(νµ)

)

)
+
∑
n

ζ2
n,

(6.4)

where

NT ′

ijk(νµ) = NT
i,j,k(νµ)

(
1 +

∑
n

πnijkζn

)
. (6.5)

Here, NE
ijk are the observed number of reconstructed events, generated using true

values of the oscillation parameters in ith muon energy bin, jth muon direction bin

and kth hadron energy bin, NT
ijk are the number of theoretically predicted events

generated by varying oscillation parameters, NT ′

ijk show modified events spectrum

due to different systematic uncertainties, πnijk are the systematic shift in the events

of the respective bins due to nth systematic error. The univariate pull variable ζn,

corresponds to the πnijk uncertainty. An expression similar to Eq.( 6.4) can be

obtained for χ2(νµ) using reconstructed µ+ event samples.

The functions χ2(νµ) and χ2(νµ) are calculated separately for the independent

measurement of neutrino and antineutrino oscillation parameters. All the system-

atic uncertainities are correlated and applied to neutrino and anti-neutrino events

separately. Each χ2 is fitted with 20 muon energy bins, 20 muon angle bins and 5

hadron energy bins via 20× 20× 5 = 2000 binning scheme for neutrino as well as

for antineutrinos. The two χ2 can be added to get the combined χ2(νµ + νµ) as

χ2(νµ + νµ) = χ2(νµ) + χ2(νµ). (6.6)

To estimate the ICAL sensitivity for the measurement of oscillation parame-

ters, in the full parameter space, we vary all atmospheric oscillation parameters

(|∆m2
32|, |∆m2

32|, sin2 θ23 and sin2 θ23) in their allowed ranges as mentioned in Ta-

ble 6.2. The CC νµ and νµ events spectrum are separately binned into direction

and energy bins. The χ2 function is minimized with respect to these four param-
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eters along with the five nuisance parameters to take into account the systematic

uncertainties for different energy and direction bins.

After performing the feasibility study, we perform our analysis in two steps:

(1) Observed values of all four oscillation parameters (|∆m2
32|, sin2 θ23, |∆m2

32|,
sin2 θ23) are varied within an experimentally allowed range as given in Table 6.2

keeping their true values fixed and non-identical.

(2) The true values of all the four oscillation parameters (|∆m2
32|, sin2 θ23, |∆m2

32|,
sin2 θ23) are varied in a wide range and a χ2 has been calculated to find out

sensitivity for non-identical mass-squared splittings and mixing angles of νµ and

νµ.

oscillation parameters Range

|∆m2
32| (eV2) (2.0-3.0) × 10−3

|∆m2
32| (eV2) (2.0-3.0) × 10−3

sin2 θ23 0.3-0.7

sin2 θ23 0.3-0.7

Table 6.2: The neutrino and antineutrino oscillation parameters and their exper-

imentally allowed range used in the analysis.

6.2.1 Feasibility study

Lets consider a scenario where neutrino and antineutrino have different oscilla-

tion parameters. We generate the INO-ICAL events for the oscillation parame-

ters as shown in Table 6.1 with the assumption that neutrinos and antineutrinos

have different mass-squared splittings. We use (|∆m2
32| = 2.6 × 10−3(eV 2) and

|∆m2
32| = 2.2 × 10−3(eV 2). These ν and ν events are then binned into cos θµ,

and Eµ and Ehadron bins separately. Further, χ2(ν) and χ2(ν) have been calcu-

lated separately and we show the 99% C.L. contours for (|∆m2
32|, sin2 θ32) and

(|∆m2
32|, sin2 θ32) in Figure 6.2. The contours in blue and magenta show the
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sensitivity of INO for νµ and νµ, respectively, for the scenario where they have

different atmospheric mass-squared splittings.

Figure 6.2: 99% C.L. contours obtained from χ2(ν), χ2(ν) separately and

with combined χ2 using non-identical true values of mass splittings for neutri-

nos (|∆m2
32| = 2.6× 10−3eV 2) and for antineutrino (|∆m2

32| = 2.2× 10−3eV 2).

However, if the combined χ2 is calculated as mentioned in Eq. 6.6, with the

observation that neutrino and antineutrino have identical oscillation parameters,

although their true values are different, then this sensitivity is shown with a red

contour in Figure 6.2. It is clear that such a combined χ2 analysis will give a best

fit value that is more precise compared to that obtained from χ2
ν and χ2

ν separate

analyses. We calculate the precision as Pmax−Pmin
Pmax+Pmin

, where Pmax and Pmin are the

maximum and minimum limits at the given CL of the corresponding oscillation

parameters on the given axis. We find that the precision of the combined analysis

is improved as expected ([Table 6.3]). But, it is highly likely that in this case the

unrealistic sensitivity may be obtained when the difference between νµ and νµ is

ignored. As it is clear from Figure 6.2 that the best fit obtained from combined

χ2 analyses is roughly an average value between the true values of ∆m2 and ∆m2,

which is less than 2σ away from the given true values of neutrino and antineutrino
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Analysis sin2 θ23 |∆m2
32| (eV2)

Neutrino events 28.84% 10.66%

Anti-neutrino events 32.66% 14.51%

Combined(νµ + νµ) 26.57% 8.57%

Table 6.3: Precision values at the 99% C.L. considering different oscillation pa-

rameters for neutrino, antineutrino and with the combined (νµ + νµ) events [as

shown in Figure 6.2] assuming sin2 θ23 = sin2 θ23 and |∆m2
32|=|∆m2

32| (eV2) for

χ2 calculations

mass squared splittings.

Thus, in order to achieve the accurate sensitivity without ignoring the differ-

ence between oscillation parameters, or to test the hypothesis that neutrinos and

antineutrinos share identical parameters, we should allow for the possibility of

different true values of νµ and νµ parameters in nature. For this, we need to vary

the true as well as observed values of all four parameters i.e. (|∆m2
32|, sin2 θ23,

|∆m2
32|, sin2 θ23) in the analyses.

6.2.2 Measurement with the Non-identical, fixed true val-

ues

Four-parameter fit and extraction of two-parameter fit

This study has been performed to extract the sensitivity of the ICAL detector on

a four parameter space assuming non identical parameters for νµ and νµ. Here,

χ2 have been calculated as a function of four atmospheric oscillation parameters

(|∆m2
32|, sin2 θ23, |∆m2

32|, sin2 θ23) while all other oscillation parameters are kept

fixed at their central values.
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Figure 6.3: The ICAL sensitivity on (δm = |∆m2
32|−|∆m2

32|)) and (δθ = sin2 θ23−
sin2 θ23) plane at 68%, 90% and 99% confidence levels. The origin is the point

where, neutrino and antineutrino parameters are identical.

We start with the assumption that neutrino and antineutrinos have different

mass-squared splittings but identical mixing angles as |∆m2
32|=2.38× 10−3(eV 2),

|∆m2
32|=2.5 × 10−3(eV 2) such that the difference |∆m2

32| − |∆m2
32| = 0.12, and

sin2 θ23= sin2 θ23=0.5 such that (sin2 θ23−sin2 θ23 = 0). A fake dataset is generated

at the given fixed true values of oscillation parameters (|∆m2
32|, sin2 θ23, |∆m2

32|,
sin2 θ23). A four dimensional grid search ( 10 × 5 × 10 × 5 ) is performed for the

predicted dataset. χ2 is calculated between the fake dataset and predicted dataset

for each set of oscillation parameters.

The χ2 for neutrino and antineutrino has been calculated separately, and a

combined χ2 sensitivity is considered for the estimation of the differences in mass-

squared splittings (δm = |∆m2
32| − |∆m2

32|) and mixing angles (δθ = sin2 θ23 −
sin2 θ23) of neutrinos and antineutrinos. Figure 6.3 plots the differences between

the oscillation parameters on (δm = |∆m2
32|−|∆m2

32|) and (δθ = sin2 θ23−sin2 θ23)

plane at 68%, 90% and 99% CL. In general, there will be several points from the

four dimensional χ2 surface but a minimum χ2 has been chosen among those points
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Figure 6.4: The 68% and 90% confidence level contours on the |∆m2
32| and

|∆m2
32| parameter space showing the sensitivity of the ICAL experiment using

atmospheric data only and MINOS experiment using combined beamline and at-

mospheric data as given in Ref.[117]. Dashed line shows |∆m2
32| = |∆m2

32|
.

to take the final single value in that bin.

A set of two parameters profile can also be extracted from the four param-

eters χ2 data set by minimizing with respect to pairs of remaining oscillation

parameters. Figure 6.4 shows the ICAL sensitivity for atmospheric mass-squared

splitting on |∆m2
32| and |∆m2

32| parameter space by minimizing over sin2 θ23 and

sin2 θ23 at different confidence intervals. It is clear from the figure that the ICAL

can measure |∆m2
32| and |∆m2

32| with a precision of about 10.41% and 12.87%

at 90% Confidence Levels, respectively. The diagonal dashed line in Figure 6.4

indicates the case of identical mass splittings and mixing angles for neutrinos and

antineutrinos, respectively. The neutrino mass-squared splittings on the |∆m2
32|

and |∆m2
32| parameter space at different confidence intervals obtained from MI-

NOS detector using both beamline and atmospheric data has been shown in Figure

4 of Ref. [117], having similar fixed true values as mentioned in Table 6.4. Fig-
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ure 6.4 shows that using similar oscillation parameters, the ICAL sensitivity for

neutrinos is almost comparable to that of MINOS as shown in Ref. [117] while

qualitatively, the ICAL is more sensitive than MINOS for the antineutrinos.

(a) (b)

(c) (d)

Figure 6.5: Contour plots at 68%, 90% and 99% C.L. for different true values of

|∆m2
32| and |∆m2

32| as mentioned in Table 6.4. Here, x-axis corresponds to the

differences of sin2 θ23 and sin2 θ23 and y-axis corresponds to differences in |∆m2
32|

and |∆m2
32| values. In these plots diamond shows the best fit value of the observed

parameters.
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ICAL sensitivity in δm and δθ plane with non-identical true parameters

We performed the similar four fit χ2 study for different sets of fixed, but non-

identical true values of atmospheric oscillation parameters to check the ICAL

sensitivity to rule out the hypothesis that neutrinos and antineutrinos have iden-

tical oscillation parameters. Figure 6.5 shows the sample sensitivity plots for

different combinations of oscillation parameters as shown in Table 6.4 as a func-

tion of (δm) and (δθ) at different C.L. In these plots, the origin point shows the

null hypothesis where neutrino and antineutrino parameters could be identical or

in other words (δm = δθ = 0). It can be seen from these figures that as δm and

δθ move away from the origin point either in the positive or negative direction

(as shown in Table 6.4), the ICAL sensitivity to the null hypothesis varies signifi-

cantly. For example, Figure 6.5(a) and 6.5(b) having [δm, δθ] as [−0.1× 10−3, 0.1]

and [−0.2× 10−3, 0.1] shows that using the corresponding mass-squared splitting

and mixing angles for ν and ν, the ICAL can rule out the null hypothesis only

at less than 1σ (68%)level. Similarly, Figure 6.5(c) and 6.5(d) having [δm, δθ] as

[0.3×10−3, 0.1] and [−0.4×10−3, -0.1] shows the same at 2σ (90%) and more than

2σ level. Hence, to estimate the real significance of the ICAL detector for ruling

out the null hypothesis or to reveal any mismatch in the ν and ν parameters, it is

pertinent to vary the true values of all four oscillation fit parameters rather than

fixing them at any certain value, as is done in the next section.

Set No. |∆m2
32|(eV 2) |∆m2

32|(eV 2) sin2 θ23 sin2 θ23 δm(eV 2) δθ

Set-1 2.6× 10−3 2.5× 10−3 0.5 0.6 −0.1× 10−3 0.1

Set-2 2.6× 10−3 2.4× 10−3 0.5 0.6 −0.2× 10−3 0.1

Set-3 2.2× 10−3 2.5× 10−3 0.4 0.5 0.3× 10−3 0.1

Set-4 2.4× 10−3 2.0× 10−3 0.5 0.4 −0.4× 10−3 -0.1

Table 6.4: True values of the neutrino and antineutrino mass-squared splittings,

mixing angles and their differences used in the analysis
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6.3 ICAL potential for non-identical mass-squared

splittings

Figure 6.6: The INO-ICAL sensitivity for the difference between true val-

ues of mass-squared splittings of neutrinos and anti-neutrinos (|∆m2
32| −

|∆m2
32|)True (eV 2) at 1σ (68%), 2σ (90%) and 3σ (99%) obtained with min-

imising over true values of other two oscillation parameters (i.e. sin2 θ23, sin
2 θ23

).

In this section, the true as well as observed values of atmospheric oscillation

parameters (i.e. |∆m2
32|, |∆m2

32|, sin2 θ23 and sin2 θ23) have been allowed to vary

independently as given in Table 6.2. The ICAL sensitivity to validate a non-zero

value of the differences in ν and ν mass-squared splittings (δm 6= 0), true values of

oscillation parameters are set to be non-identical. These true values are also varied

simultaneously in a grid of 6×5 for neutrino plane and 6×5 for anti-neutrino plane.

Further, we assume the identical parameters for neutrinos and antineutrinos (δm

=0) and (δθ =0) as our null hypothesis. To test this null hypothesis, we estimate

the χ2(ν + ν) only for observed (|∆m2
32|=|∆m2

32|) and (sin2 θ23 = sin2 θ23) values.

The χ2 is calculated for each set of true values of |∆m2
32|, sin2 θ23 , |∆m2

32|, and
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sin2 θ23.

A minimum χ2 has been binned as a function of difference in the true values

of [δm]True keeping marginalization over [sin2 θ23 and sin2 θ23]True. This results in

several χ2 points corresponding to a common set of differences of mass-squared

splittings. For each set of difference [δm]True and, we calculate ∆χ2 = χ2−χ2
min and

plot it as the functions of set of differences. Figure 6.6 represents the sensitivity of

the ICAL for [|∆m2
32|−|∆m2

32|]True with minimisation over true values of other two

oscillation parameters (sin2 θ23, sin2 θ23). This represents the INO-ICAL potential

for ruling out the null hypothesis |∆m2
32| = |∆m2

32|.
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Inelastic processes
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CHAPTER 7

ELECTROMAGNETIC PRODUCTION OF

ASSOCIATED PARTICLES OFF THE NUCLEON

TARGET

7.1 Introduction

The theoretical and the experimental study of the associated photoproduction of

kaon-hyperon KY ; (Y = Λ,Σ) system on the proton was started almost 60 years

ago [123, 124, 125, 126, 127, 128]. Out of the three isospin channels of the kaon-

hyperon photoproduction from the proton, viz. γ+p −→ K+ +Λ, K+ +Σ0, K0 +

Σ+, the KΛ production is the most studied one. The experimental measurements

of the cross section and the polarization observables, although initially being scarce

with large uncertainties [128, 124, 125, 126], are now available with improved

statistics and better precision [129, 130, 131, 132, 133, 134, 135, 136, 137, 138].

Since the threshold for the KΛ production is 1.61 GeV, therefore, the study of this

process (and in general, the study of KY production), gives important information

about the nucleon resonances, lying even in the third and higher resonance regions,

137
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which is not available from the study of Nπ and Nη production processes. Unlike

the Nπ and Nη productions where P33(1232) [139] and S11(1535) [140, 141, 142]

resonances, respectively, make the dominant contribution, there is no dominant

resonance contributing to the KΛ production and a large number of resonances

may couple to this channel [143, 144, 145, 146, 147, 148, 149]. There are many

resonances predicted in various quark models which are not observed in the pion-

nucleon or electron-nucleon scattering processes [150, 151, 152], and one may get

information about these resonances from the study of the KΛ production process.

Along with the real photons, the KΛ production has also been studied using

electrons, where the virtual photon interacts with the proton. Experimentally,

the measurements of the cross sections, response functions and the polarization

observables for the electron induced KΛ production process have been done by

CLAS [153, 154, 155], MAINZ A1 [156], JLab Hall-C [157] collaborations and

several theoretical calculations for this process exist in the literature [158, 159,

160, 161, 162, 145, 148, 149].

With the availability of high intensity photon and electron beams at the Elec-

tron Stretcher System (ELSA) Germany, Thomas Jefferson National Accelerator

Facility (TJNAF) US, Super Photon Ring – 8 GeV (SPring-8) Japan, European

Synchrotron Radiation Facility (ESRF) France and Mainz Microtron (MAMI)

Germany, it has been possible to precisely measure the cross sections and the polar-

ization observables of the KΛ channel in SAPHIR [131, 130], CLAS [132, 133, 134],

LEPS [135], GRAAL [136, 137] and MAMI-C [138] experiments. There exists some

disagreement between the CLAS and the SAPHIR data in the differential cross

section especially in the forward angle region as well as in the total cross section

in the center of mass (CM) energy range W ≥ 1.7 GeV. Moreover, the forward

angle data from CLAS 2006 [132] and CLAS 2010 [134] also do not agree with each

other in the kinematic region of W < 1.84 GeV. On the other hand, the data from

SAPHIR 1998 [130], SAPHIR 2004 [131] and MAMI-C [138] are fairly consistent

with each other in this energy region.
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The experiments LEPS [135] and GRAAL [136, 137] have studied the associ-

ated production of the strange particles with polarized photon beams and made

measurements on the beam asymmetry and other polarization observables of the

final hyperon. Notwithstanding, the importance of studying these observables in

which a considerable amount of data is available, we have not included them in

the present work. This is due to our immediate aim of finding a simple model with

a minimal number of parameters to describe the total cross section and angular

distributions in the photoproduction, which can be extended to weak production

of strange particles induced by (anti)neutrinos in ∆S = 0 sector by benchmarking

the contribution of the vector currents. It is, therefore, appropriate time that the

cross sections of these processes are calculated to complement the current efforts

to model the neutrino nucleon cross sections in the few GeV energy region. A

theoretical understanding of the total cross section and angular distributions in

these weak processes induced by charged current (CC) and neutral current (NC) is

currently of immense topical interest in modeling the (anti)neutrino cross section

in the analysis of the present day neutrino oscillation experiments [163, 164] and

no work has been done on these processes in the last 40 years [165, 166, 167, 168]

except the work of Adera et al. [169]. However, keeping in mind, the impor-

tant role of the measurements made on the various polarization observables in the

study of associated production of strange particles induced by the unpolarized and

polarized photons, we plan to study them in future.

Theoretically γ(γ∗)p −→ K+Λ process has been studied in various models, for

example, the quark model [150, 151, 152, 170, 171, 172, 173, 174], chiral perturba-

tive model [175], chiral unitary model [176], coupled channel model [177, 178, 179,

180, 181, 174], isobar model [182, 162, 158, 160, 183, 184, 185, 146, 159, 186, 187,

161, 188, 189, 190, 143, 191, 192, 144, 145, 193, 194, 195, 196, 197, 198, 149], isobar-

Regge hybrid model [199, 200, 201, 202], or purely Regge models [203]. Among

these models, one widely-studied model is the isobar model developed by various

groups, for example, Saclay-Lyon (SL) [158, 160], Kaon-MAID (KM) [185], Ghent-

Isobar [146, 186, 187], BS1 [144], BS3 [145], Mart [184, 147, 148, 183, 143, 161]
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and others [193, 194, 195, 197, 198, 188, 182, 191, 192]. The quark model is

based on the quark degrees of freedom and assumes the extended structure of the

baryons, in which the resonance contribution is taken through the excited states

of the quarks. Hence, the quark model requires limited number of parameters. In

the chiral models, the application of the chiral symmetry treats the pseudoscalar

meson as the Goldstone boson and the Lagrangians for the meson-baryon system

are obtained in the chiral limit. These models are best suited to calculate the

KΛ production in the threshold region but can be extended to higher energies

using chiral unitary models. In the coupled channel models, the meson-baryon

final state interactions are also included. For example, the photoproduction of

KΛ may take place through the primary production of the intermediate states i.e.

γp → πN, ηN, etc., leading to the KΛ in the final state through the rescatter-

ing process. Therefore, the intermediate state can be any strangeness conserving

meson-baryon system like Nπ, Nη, KΛ, KΣ, etc. In the isobar models, mostly

using an effective Lagrangian approach, the hadronic current consists of the non-

resonant Born terms (s, t and u channels) and the resonance exchanges in s, t

and u channels. In some versions of the isobar models, in which the pseudovector

coupling is used for describing the meson-nucleon interactions, the contact term

also appears. The final state interactions are not considered in most of the isobar

models as they are based on the effective Lagrangians, except in a few calcula-

tions. This is because most of the isobar models make use of the phenomenological

values for the various electromagnetic and strong couplings, which are assumed to

simulate the effect of the final state interaction. However, in some versions of the

isobar models in which a coupled channel analysis is used to treat the final parti-

cles, the final state interactions are taken into account [180, 177, 178, 179]. The

various isobar models are different from each other in many ways and are classified

on the basis of their treatment of the non-resonant terms and the resonance terms.

In the case of non-resonant terms considered in the s, t and u channels, the

various models based on the effective Lagrangian differ in describing the meson-

nucleon-hyperon interactions using either the pseudoscalar or the pseudovector
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coupling and the way in which the requirement of gauge invariance is implemented.

The extensive studies made in the photo- and electro- productions of pions in a

wide energy range extending from the threshold to high energies have demon-

strated that the pseudovector coupling is to be preferred over the pseudoscalar

coupling as it reproduces the low energy theorems (LET) predicted by the par-

tially conserved axial vector current (PCAC) hypothesis and current algebra as a

consequence of the chiral symmetry of strong interactions and are consistent with

the experimental observations [204]. Moreover, the choice of the pseudovector

coupling generates a contact term in the presence of electromagnetic interactions

in a natural way, which facilitates the understanding of LET and helps to imple-

ment the requirement of gauge invariance. However, in the presence of hadronic

form factors at the strong vertex, the implementation of gauge invariance neces-

sitates additional assumptions about the momentum dependence of the hadronic

form factors. On the other hand, in the case of the associated photoproduction of

KY , both the pseudoscalar and pseudovector couplings have been used in many

calculations in the absence of any theoretical preference for the pseudovector cou-

pling. This is due to the inadequacy of the low energy theorems implied by the

pseudovector coupling arising from the slow convergence of the low energy expan-

sion [205].

In the case of resonance terms, the difference between various calculations arises

mainly due to the number of resonances taken into account in the intermediate

states and the determination of their electromagnetic couplings to the photons

and their strong couplings to the meson-nucleon-hyperon systems i.e. RKY . For

example, the Saclay-Lyon model [158, 160] has taken into consideration, spin 1
2
,

3
2
and 5

2
nucleon resonances in the s channel, K∗ and K1 in the t channel and

spin 1
2

Λ∗ and Σ∗ resonances in the u channel. The Kaon-MAID model [185] uses

spin 1
2
and 3

2
nucleon resonances in the s channel, K∗ and K1 in the t channel

and no hyperon resonance in the u channel. The Ghent model [146, 186, 187]

uses three different ways to fit the experimental data from SAPHIR [131] for

the KΛ channel: (i) assuming SU(3) symmetry and without considering the hy-
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peron resonances, (ii) assuming SU(3) symmetry and with hyperon resonances,

and (iii) without assuming SU(3) symmetry and without hyperon resonances. In

all the three prescriptions, spin 1
2
and 3

2
nucleon resonances are taken in the s

channel. In BS1 and BS3 models [144, 145], spin 1
2
, 3

2
and 5

2
nucleon resonances

are taken in the s channel, K∗ and K1 in the t channel and spin 1
2
and 3

2
Λ∗ and

Σ∗ resonances in the u channel.

Other than these models, Regge model [203, 206], where particles are replaced

by their Regge trajectories to extend the model to higher energies, is also used

to study the KΛ production, but its applicability is restricted to higher ener-

gies (3 GeV ≤ Eγ ≤ 16 GeV). Also, there are hybrid models that combine the

Regge and resonance models to study the photo- and electro- production of strange

particles, which describes the data both in the resonance region as well as at high

energies [207, 208, 202].

In this work, we present an isobar model to study the photon induced KΛ

production on the proton. In this model, an effective Lagrangian based on the

chiral SU(3) symmetry has been used to obtain the non-resonant terms consisting

of s, t and u channel diagrams and the Lagrangian also generates the contact term

as a requirement of the underlying symmetry. The electromagnetic couplings are

described in terms of the charge and magnetic moment of the baryons like p, Λ

and Σ occurring in the s, t and u channel diagrams. The strong couplings of

the meson-nucleon-baryon system like gKΛp, gKΣp, gγKΛp, gγKΣp are described in

terms of fπ, D and F which are determined from the electroweak phenomenology

of nucleons and hyperons, where fπ is the pion decay constant and D and F ,

respectively, are the axial vector current couplings of the baryon octet in terms

of the symmetric and antisymmetric couplings. Therefore, the contribution of the

non-resonant terms is calculated without any free parameters except the cut-off

parameter used to define the form factors at the strong vertex which is taken to

be the same for all the background terms i.e. non-resonant terms and the res-

onance terms in the t and u channels. The form factor of the contact term is
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fixed in terms of the other form factors according to the well known prescription

given by Davidson and Workman [209]. The non-linear sigma model with chiral

SU(2) symmetry has been earlier used in the calculations of single pion produc-

tion induced by electron, neutrino and antineutrino [210, 211, 30], and has been

extended to the chiral SU(3) symmetry to calculate the single kaon production

induced by electron and neutrino [212, 213], single antikaon production induced

by positron and antineutrino [213, 31], eta production induced by neutrino and

antineutrino [214].

In the resonance sector, we have considered various nucleon, hyperon and kaon

resonances giving rise to KΛ in the final state. Only those nucleon resonances R

are taken in the s channel, which are well established and are referred by ∗ ∗ ∗∗
and ∗ ∗ ∗ status in the particle data group (PDG), having spin ≤ 3

2
, mass in the

range 1.6 − 1.9 GeV and non-vanishing (> 4 − 5%) branching ratio in the KΛ

decay mode (see Table 7.1). In the case of nucleon resonances, the electromag-

netic couplings γNR, are determined in terms of the helicity amplitudes and the

strong RKΛ couplings are determined by the partial decay width of the resonance

decaying to KΛ using an effective Lagrangian. A form factor of the general dipole

form with a cut-off parameter ΛR taken to be the same for all nucleon resonances

in the s channel has been used to describe the RΛK vertex.

In the u channel, two spin 1
2
hyperon resonances viz. Λ∗(1405) and Λ∗(1800)

and in the t channel, two kaon resonances of spin 1 viz. K∗(892) and K1(1270) are

taken into account. The t and u channel resonances along with the non-resonant

contributions constitute the background part of the hadronic current which are cal-

culated using the effective Lagrangians. Due to the lack of the experimental data

on the kaon and hyperon resonances, the strong and electromagnetic couplings of

u and t channel resonances are not well determined phenomenologically and are,

therefore, varied by fitting the data from CLAS [132, 134] and SAPHIR [130, 131]

experiments. While doing this fitting, a form factor is taken into account, to

be of a general dipole form with a cut-off parameter ΛB, to describe the strong
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RΛK vertex. This cut-off parameter ΛB is taken to be the same as that has been

considered for the Born terms as both contribute to the background terms.

The calculation of various terms contributing to the background term is done

in the lowest order tree-level approximation using the effective Lagrangians for

the non-resonant s, t and u channel diagrams and the contact terms as well

as the resonance contribution from all the t channel and u channel resonances

while the calculations of the different resonance terms is done using the effec-

tive Lagrangians for all the s channel nucleon resonances. The present calcula-

tion, and the many earlier calculations [215, 158, 159, 216, 217, 218] done for

this process, in the tree level approximation are known to suffer from lack of

unitarity as they do not consider the rescattering effects in the KΛ channel or

other channels produced in the γp interaction. There are some prescriptions de-

scribed in the literature to restore the unitarity [219], in the multichannel cou-

pled channel models [220, 221, 222, 223, 224, 225] and the Watson’s treatment

method [226, 227, 228]. We have examined the effect of restoring unitarity us-

ing the energy dependent width of the resonances weighted by the branching

ratios of the various decay channels of the considered resonances following the

prescription of Bennhold et al. [215], Mart and Bennhold [183, 184] and Skoupil

and Bydzovsky [145]. The numerical results for the total and differential cross

sections with fixed as well as energy dependent decay widths of the nucleon reso-

nances are presented and compared with the experimental results available from

SAPHIR 1998 [130], SAPHIR 2004 [131], CLAS 2006 [132] and CLAS 2010 [134].

We have also compared the results of the present work for the total and differ-

ential cross sections with the various theoretical models available in the current

literature, like the Regge model [203, 206], chiral perturbation model [175], Saclay-

Lyon model [158, 160], Kaon-MAID model [185], Ghent model [146, 186, 187], BS1

model [144], BS3 model [145], Bonn-Gatchina model [229, 180, 230, 231, 232, 233],

Bonn-Julich model [234], and KSU model [235, 236].

The major advantage of the formalism developed in the present model is that, it
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makes use of many physics inputs available from various experimental observations

on the electroweak and strong interaction phenomenology of mesons and baryons

and involves very few parameters to reproduce the data. Specifically, the model

has the following features:

i) The contact term in the non-resonant contribution occurs naturally in the

model with the strength of its coupling predicted by the model.

ii) A general dipole form is used in all the form factors appearing at the strong

meson-nucleon-hyperon vertices for all the background terms with a common

cut-off parameter ΛB. The background terms consist of the s, t and u channel

Born terms, contact term as well as the t and u channel resonance terms.

iii) All the resonances included in the s channel, viz. S11(1650), P11(1710),

P13(1720), P11(1880), S11(1895) and P13(1900), are the well established reso-

nances with definite mass, decay width, branching ratio in KΛ channel given

in PDG [237].

iv) The partial decay width of the resonances (R) for decaying into KΛ channel

from the PDG [237] is used to determine the strength of the strong couplings

of the resonance (R) to the KΛ channel, using an effective Lagrangian ap-

proach. We have chosen those resonances which have a branching ratio for

decaying in the KΛ channel greater than 4− 5%.

v) The helicity amplitudes of the resonances S11(1650) and P13(1720) are taken

from MAID [139], and for the rest of the s channel resonances, the helicity

amplitudes are taken from PDG [237] (Table 7.2). These amplitudes are

used to determine the strength of the electromagnetic couplings at the γNR

vertex.

vi) A common cut-off parameter ΛR is used to describe the hadronic form factors

at the strong RKΛ vertex in the case of the nucleon resonances constituting

the resonance terms in the s channel.
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vii) The coupling strengths of the t and u channel resonances (see Table 7.3)

are fitted to reproduce the experimental results, keeping the same cut-off

parameter ΛB. The cut-off parameters ΛB and ΛR are varied to reproduce

the experimental results on the total cross sections specially in the low energy

region where the data from the SAPHIR and CLAS agree with each other.

The total cross sections at higher energies (W >1.72 GeV) as well as the

angular distributions as function of W and cos θCMK are predictions of the

model.

In Sect. 7.2, the formalism for the KΛ production induced by the real pho-

tons on the proton has been presented, where we discuss the contribution to

the hadronic current arising due to the non-resonant and resonance diagrams.

Sect. 7.2.2 focuses on the non-resonant terms, determined by the non-linear sigma

model assuming the chiral SU(3) symmetry. The structure of the nucleon, hyperon

and kaon resonances and their couplings are discussed in Sect. 7.2.3. The results

and their discussions are presented in Sect. 7.3, and Sect. 8 gives a summary and

concludes the present findings.

7.2 Formalism

In this work, we have studied the KΛ photoproduction on the proton,

γ(q) + p(p) −→ K+(pk) + Λ(p′), (7.1)

where the quantities in the parentheses represent the four momenta of the corre-

sponding particles. In Sect. 7.2.1, we give the general discussion for the evaluation

of the transition matrix element and cross section in the CM frame. The transition

matrix element is written in terms of the photon polarization state vector and the

hadronic current. The hadronic current receives contribution from the background

and resonance terms. Following the standard terminology, the background terms
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consist of all the non-resonant terms contributing in the s, t and u channels and

the contact term as well as the contributions from the resonance terms in the

t and u channels. The non-resonant terms are determined using the non-linear

sigma model and the chiral SU(3) symmetry, discussed in Sect. 7.2.2 while the

contributions from the hyperon and kaon resonances are discussed in Sects. 7.2.3

and 7.2.3, respectively. The nucleon resonances with spin 1
2
and 3

2
in the s channel

constitute the resonance contribution of the hadronic current and are discussed in

Sects. 7.2.3 and 7.2.3, respectively.

7.2.1 Matrix element and cross section

The differential cross section for the photoproduction process given in Eq. (A.1)

is written as

dσ =
1

4(q · p)(2π)4δ4(q + p− pk − p′)
d~pk

(2π)3(2Ek)

d~p ′

(2π)3(2EΛ)

∑
r

∑
|Mr|2,(7.2)

where Ek and EΛ, respectively, are the energies of the outgoing kaon and lambda.∑∑ |Mr|2 is the square of the transition matrix elementMr, for photon polar-

ization state r, averaged and summed over the initial and final spin states. Mr is

written in terms of the real photon polarization vector εrµ and the matrix element

of the electromagnetic current taken between the hadronic states of |p〉 and |KΛ〉,
i.e.

Mr = eεrµ(q) 〈Λ(p′)K+(pk)| Jµ |p〉 , (7.3)

where e =
√

4πα is the strength of the electromagnetic interaction, with α =

1
137

being the fine-structure constant. In the case when the photon polarization

remains undetected, the summation over all the polarization states is performed

which gives ∑
r=±1

ε∗(r)µ ε(r)ν −→ −gµν . (7.4)

In the case when the polarization states of the initial and the final baryon also

remain unmeasured, the hadronic tensor J µν is written in terms of the hadronic
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current Jµ as

J µν =
∑∑

spins

Jµ†Jν = Tr
[
(/p + M)J̃µ(/p′ + MΛ)Jν

]
, J̃µ = γ0(Jµ)†γ0, (7.5)

where M and MΛ are the masses of the proton and lambda, respectively. The

hadronic matrix element of the electromagnetic current Jµ receives the contribu-

tion from the background terms and resonance terms.

Using Eqs. (7.4) and (7.5), the transition matrix element squared is obtained

as ∑
r

∑
spin

|Mr|2 = −1

4
gµνJ µν . (7.6)

γ(q) p(p)

K+(pK)

Λ(p′)

θCM
K

Figure 7.1: Diagrammatic representation of the process γ(q) + p(p) → K+(pk) +

Λ(p′) in the center of mass frame. The quantities in the parentheses represent the

four momenta of the corresponding particles. θCMk is the angle between photon

and kaon in the CM frame.

Following the above expressions, the differential cross section dσ
dΩ

in the CM

frame is written as

dσ

dΩ

∣∣∣∣
CM

=
1

64π2s

|~p ′|
|~p|
∑
r

∑
spin

|Mr|2, (7.7)

where s is the CM energy squared obtained as

s = W 2 = (q + p)2 = M2 + 2MEγ, (7.8)
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Eγ is the energy of the incoming photon in the laboratory frame. The center of

mass energies of the initial and the final particles are obtained as

ECM
γ =

s−M2

2
√
s
, ECM

p =
s+M2

2
√
s
,

ECM
k =

s+M2
k −M2

Λ

2
√
s

, ECM
Λ =

s+M2
Λ −M2

k

2
√
s

. (7.9)

In the CM frame as shown in Figure 7.1, |~q| = |~p| and |~pk| = |~p ′| which are

given by [237]:

|~q| = λ1/2(s, 0,M2)

2
√
s

, |~p ′| = λ1/2(s,M2
k ,M

2
Λ)

2
√
s

, (7.10)

with λ(a, b, c) being the Callan function, expressed as

λ(a, b, c) = a2 + b2 + c2 − 2ab− 2bc− 2ca.

Assuming the incoming photon to be along the z-axis, the energy and three

momentum of the incoming and the outgoing particles are expressed as:

photon : (ECM
γ , 0, 0, |~q|)

proton : (ECM
p , 0, 0,−|~q|)

kaon : (ECM
k , 0, |~pk| sin θCMk , |~pk| cos θCMk )

lambda : (ECM
Λ , 0,−|~pk| sin θCMk ,−|~pk| cos θCMk ),

where θCMk is the angle between the photon and kaon measured in the CM frame.

7.2.2 Non-resonant contribution

The non-resonant contributions are obtained using the non-linear sigma model

assuming the chiral SU(3) symmetry, which involves the low-lying baryons and

mesons. This model implements spontaneous breaking of chiral symmetry [238,

239, 240, 241]. In the SU(3) version of the model, it generates the octet of pseu-

doscalar mesons π, K and η as well as the interaction Lagrangians for the meson-

meson and meson-baryon interactions [238, 239]. The details for the non-linear

sigma model are given in Appendix C.
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In order to get the Lagrangian which describes the dynamics of these pseu-

doscalar mesons, we need continuous fields which are described in terms of these

Goldstone modes. The elements of SU(3) pseudoscalar meson fields are written

in terms of a unitary matrix

U(Θ) = exp

(
−iΘk

λk
2

)
, (7.11)

where Θk; (k = 1 − 8) are the real set of parameters and λk are the traceless,

Hermitian 3× 3 Gell-Mann matrices.

Each Goldstone boson corresponds to the x-dependent Cartesian component

of the fields, φk(x), which in turn, is expressed in terms of the physical fields as

Φ(x) =
8∑

k=1

φk(x)λk =


π0 + 1√

3
η

√
2π+

√
2K+

√
2π− −π0 + 1√

3
η
√

2K0

√
2K−

√
2K̄0 − 2√

3
η

 . (7.12)

For the baryons, we follow the same procedure as we do for the mesons. However,

unlike the pseudoscalar mesons where the fields are real, in the case of baryon

fields, represented by a B matrix, each entry is a complex-field and the general

representation is given by,

B(x) =
8∑

k=1

1√
2
bk(x)λk =


1√
2
Σ0 + 1√

6
Λ Σ+ p

Σ− − 1√
2
Σ0 + 1√

6
Λ n

Ξ− Ξ0 − 2√
6
Λ

 . (7.13)

After getting the parameterization of pseudoscalar meson fields octet Φ(x)

in Eq.( 7.12) and baryon fields octet B(x) in Eq. (7.13), we now discuss the

construction of Lagrangian for meson-meson, baryon-meson interactions and their

interaction with the external fields.
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Meson - Meson Interaction

The lowest-order SU(3) chiral Lagrangian describing the pseudoscalar mesons in

the presence of an external current is obtained as [238, 239]

LM =
f 2
π

4
Tr[DµU(DµU)†], (7.14)

where fπ(= 92.4 MeV) is the pion decay constant obtained from the weak decay of

pions, i.e., π± → µ±νµ(ν̄µ). The covariant derivatives DµU and DµU † appearing

in Eq. (7.14) are expressed in terms of the partial derivatives as

DµU ≡ ∂µU − irµU + iUlµ,

DµU † ≡ ∂µU † + iU †rµ − ilµU †, (7.15)

where U is the SU(3) unitary matrix given as

U(x) = exp

(
i
Φ(x)

fπ

)
, (7.16)

where Φ(x) is given by Eq. (7.12) and the left-(lµ) and right-(rµ) handed currents

appearing in Eq. (7.15) are expressed as

lµ = −eQ̂Aµ, rµ = −eQ̂Aµ. (7.17)

Aµ is the electromagnetic four-vector potential and Q̂ is the SU(3) quark charge.

Baryon - Meson Interaction

To incorporate baryons in the theory, we have to take care of their masses which do

not vanish in the chiral limit [242]. However, if we take nucleons as massive matter

fields which couples to external currents and the pseudoscalar mesons, we have

to then expand the Lagrangian according to their increasing number of momenta.

Here, we shall present in brief the extension of the formalism to incorporate the

heavy matter fields.
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The lowest-order chiral Lagrangian for the baryon octet in the presence of an

external current may be written in terms of the SU(3) matrix B as [238, 239],

LMB = Tr
[
B̄
(
i /D −M

)
B
]
− D

2
Tr
(
B̄γµγ5{uµ, B}

)
− F

2
Tr
(
B̄γµγ5[uµ, B]

)
,

(7.18)

where M denotes the mass of the baryon octet, D = 0.804 and F = 0.463 are the

axial vector coupling constants for the baryon octet determined from the semilep-

tonic decays of neutron and hyperons [243], the matrix B is given in Eq. (7.13)

and the Lorentz vector uµ is given by [239]:

uµ = i
[
u†(∂µ − irµ)u− u(∂µ − ilµ)u†

]
. (7.19)

In the case of meson-baryon interactions, the unitary matrix for the pseudoscalar

field is expressed as

u =
√
U ≡ exp

(
i
Φ(x)

2fπ

)
,

and the covariant derivative of B is given by

DµB = ∂µB + [Γµ, B], with Γµ =
1

2

[
u†(∂µ − irµ)u+ u(∂µ − ilµ)u†

]
.

(7.20)

Using Eqs. (7.12), (7.13), (7.19) and (7.20) in the general expression of the

Lagrangian given in Eq. (7.18), the Lagrangians for the desired vertices involved

in the meson-baryon interactions among themselves and with the external fields are

obtained. The Lagrangians using chiral SU(3) symmetry relevant for the present

work, are derived to be:

Lγpp = −eepψ̄pγµψpAµ (7.21)

LγΛΛ = −eeΛψ̄ΛγµψΛA
µ (7.22)

LKΛp =

(
D + 3F

2
√

3fπ

)
ψ̄Λγµγ5ψp∂

µK† (7.23)

LγKΛp = −ie
(
D + 3F

2
√

3fπ

)
ψ̄Λγµγ5ψpK

†Aµ (7.24)

LγKK = −ie
(
K†∂µK −K∂µK†

)
Aµ (7.25)

where ep and eΛ, respectively, represents the electric charge of proton and lambda,

ψ̄p and ψ̄Λ represent the outgoing proton and lambda fields, ψp and ψΛ represent
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the incoming proton and lambda fields, Aµ represents the electromagnetic field

with e being the strength of the electromagnetic field, and K† and ∂µK† represent

the kaon field and covariant derivative of kaon field, respectively.

The above Lagrangians are obtained assuming the baryons to be point parti-

cles. Since the baryons are composite particles, therefore, there is a charge distri-

bution and the magnetic coupling appears as this is due to a structure. Moreover,

in the case of virtual photons, these electric and magnetic couplings acquire q2

dependence.

Current for the non-resonant terms

The hadronic currents for the various non-resonant terms shown in Fig 7.2(a)–(d)

are obtained using the non-linear sigma model described in the above sections.

The expressions of the hadronic currents for the different channels are obtained

using the Lagrangians given in Eqs. (7.21)–(7.25) and are expressed as [210, 30]:

Jµ|s = ieAs Fs(s)ū(p′)/pkγ5
/p+ /q +M

s−M2

(
γµep + i

κp
2M

σµνqν

)
u(p), (7.26)

Jµ|t = ieAt Ft(t)ū(p′)
[
(/p− /p′) · γ5

]
u(p)

(2pµk − qµ)

t−M2
k

, (7.27)

Jµ|uΛ = ieAΛ
u F

Λ
u (u)ū(p′)

(
γµeΛ + i

κΛ

2MΛ
σµνqν

)
/p′ − /q +MΛ

u−M2
Λ

/pkγ5u(p), (7.28)

Jµ|uΣ0 = ieAΣ0

u FΣ0

u (u)ū(p′)

(
γµeΣ0 + i

κΣ0

2MΣ0

σµνqν

)
/p′ − /q +MΣ0

u−M2
Σ0

× /pkγ5u(p), (7.29)

Jµ|CT = −ieACT FCT ū(p′) γµγ5 u(p), (7.30)

where CT stands for the contact term and s, t, u are the Mandelstam variables

defined as

t = (p− p′)2, u = (p′ − q)2, (7.31)

and s is defined in Eq. (7.8). Ai’s; i = s, t, u, CT are the coupling strengths of s,

t, u channels and the contact term, respectively, and are obtained as

As = At = AΛ
u = ACT = −

(
D + 3F

2
√

3fπ

)
= −6.85 GeV−1, (7.32)
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p(p)

γ(q)

p(p + q) Λ(p′)

K+(pK)

(a)

p(p)

K+(p− p′)

Λ(p′)

K+(pK)

γ(q)

(b)

p(p)

γ(q)

Λ,Σ0(p′ − q) Λ(p′)

K+(pK)

(c)

p(p)

γ(q)

Λ(p′)

K+(pK)

(d)

p(p)

γ(q)

N⋆(p + q) Λ(p′)

K+(pK)

(e)

p(p)

K⋆,K1(p− p′)

Λ(p′)

K+(pK)

γ(q)

(f )

p(p)

γ(q)

Y ⋆(p′ − q) Λ(p′)

K+(pK)

(g)

Figure 7.2: Feynman diagram for the various channels possible for the process

γ(q) + p(p) → K+(pk) + Λ(p′). (a) s channel, (b) t channel, (c) u channel and

(d) contact term constitute the non-resonant terms. (e) nucleon resonances in

the s channel, (f) kaon resonances in the t channel and (g) hyperon resonances

in the u channel. The quantities in the bracket represent four momenta of the

corresponding particles.
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AΣ0

u =

(
D − F

2fπ

)
= 1.85 GeV−1. (7.33)

All these couplings of non-resonant terms are generated by the chiral symme-

try and are fixed by the low energy electroweak phenomenology consistent with

experimental data.

The values of e and κ for proton, lambda and sigma are

ep = 1, eΛ = 0, eΣ0 = 0,

κp = 1.793, κΛ = −0.613, κΣ0 = 1.61. (7.34)

In order to take into account the hadronic structure, the form factors Fs(s),

Ft(t), Fu(u) and FCT , are introduced at the strong vertices. Various parameteri-

zations of these form factors are available in the literature [144], however, we use

the most general dipole form, parameterized as [143]:

Fx(x) =
Λ4
B

Λ4
B + (x−M2

x)2
, x = s, t, u (7.35)

where ΛB = 0.505 GeV is the cut-off parameter taken to be same for all the

background terms, whose value is fitted to the experimental data, x represents the

Mandelstam variables s, t, u and Mx = M, Mk, MY , corresponds to the mass of

the baryons or mesons exchanged in the s, t, u channels.

One of the most important properties of the electromagnetic current is the

gauge invariance which corresponds to the current conservation. The total hadronic

current for the non-resonant terms is given by

Jµ = Jµ|s + Jµ|t + Jµ|uΛ + Jµ|uΣ0 + Jµ|CT . (7.36)

The condition to fulfill gauge invariance is

qµJ
µ = 0. (7.37)

In the absence of the hadronic form factors (Fs = Ft = Fu = FCT = 1), if we

consider only the s, t, u channel Born terms in the expression of the hadronic
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current

Jµ = Jµ|s + Jµ|t + Jµ|uΛ + Jµ|uΣ0 , (7.38)

then the condition given in Eq. (7.37) is applied to Jµ as defined in Eq. (7.38) in

which the individual currents are defined in Eqs. (7.26)–(7.29). Using the coupling

strengths obtained in our model from Eqs. (7.32) and (7.34), we obtain

qµJ
µ = −D + F

2
√

3fπ
ū(p′)

[
(/pk + /p

′ − /p)γ5

]
u(p). (7.39)

The above expression shows that in the presence of only s, t, u channel contribu-

tions, the hadronic current is not gauge invariant. However, when the contribution

from the contact term i.e. Jµ|CT is added, we obtain qµJµ = 0 and Jµ satisfies the

gauge invariance. The present model, thus, predicts the strength of the coupling of

the contact term in such a way that the gauge invariance is satisfied in a natural

way. On the other hand, in most of the effective Lagrangian used in the other

isobar models with pseudoscalar and/or pseudovector interactions, the coupling

strengths are modulated to obtain the gauge invariance.

As the hadronic form factors are taken into account in the hadronic current,

the condition for gauge invariance gives

qµJ
µ = −D + F

2
√

3fπ
ū(p′)

[
(/pkFs + (/p

′ − /p)Ft − /qFCT )γ5

]
u(p). (7.40)

From the above equation, it is evident that due to the presence of hadronic form

factor, the hadronic current is not gauge invariant. Therefore, in order to restore

gauge invariance, the following term is added to Eq. (7.40)

qµJ
µ
add = −D + F

2
√

3fπ
ū(p′)

[
/pk (FCT − Fs) + (/p

′ − /p)(FCT − Ft)
]
γ5u(p). (7.41)

Thus, the presence of the additional terms given in Eq. (7.41) implies that the

gauge invariance can be achieved if the hadronic current Jµ defined through

Eq. (7.36) is supplemented by adding an additional term Jµadd given by

Jµadd = −D + F

2
√

3fπ
ū(p′)

[
2/pkp

µ

s−M2
(FCT − Fs) +

2pµk
t−M2

k

(/p− /p′)(FCT − Ft)
]
u(p).

(7.42)
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In order to take into account the effect of the form factor for the contact term,

there are different prescriptions available in the literature, for example that of

Ohta [217], Haberzettl et al. [244], Davidson and Workman [209], etc. In the

present work, we have followed the prescription of Davidson and Workman [209],

where FCT is given by:

FCT = Fs(s) + Ft(t)− Fs(s)× Ft(t). (7.43)

7.2.3 Resonance contribution

In this section, we discuss the contributions of the different nucleon, kaon and

hyperon resonances.

Spin 1
2
nucleon resonances

The hadronic current for the spin 1
2
resonance state is given by

jµ1
2

= ū(p′)Γµ1
2

u(p), (7.44)

where u(p) and ū(p′) are, respectively, the Dirac spinor and adjoint Dirac spinor

for spin 1
2
particles and Γµ1

2

is the vertex function. For a positive parity state, Γµ
1
2

+

is given by

Γµ
1
2

+ = V µ
1
2

, (7.45)

and for a negative parity resonance, Γµ
1
2

− is given by

Γµ
1
2

− = V µ
1
2

γ5, (7.46)

where V µ
1
2

represents the vector current parameterized in terms of FR+

2 , as

V µ
1
2

=

[
FR+

2

2M
iσµαqα

]
. (7.47)
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The coupling FR+

2 is derived from the helicity amplitudes extracted from the real

photon scattering experiments. The explicit relation between the coupling FR+

2

and the helicity amplitude Ap1
2

is given by [245]

Ap1
2

=

√
2πα

M

(MR ∓M)2

M2
R −M2

[
MR ±M

2M
FR+

2

]
, (7.48)

where the upper (lower) sign stands for the positive (negative) parity resonance.

MR is the mass of corresponding resonance. The value of the helicity amplitude

Ap1
2

for S11(1650) resonance is taken from MAID [139] while for the other spin
1
2
nucleon resonances, these values are taken from PDG [237] and are quoted in

Table 7.2.

The most general form of the hadronic currents for the s channel processes

where a resonance state R
1
2 with spin 1

2
is produced and decays to a kaon and a

lambda in the final state, are written as [211, 246]

jµ
∣∣ 1

2
±

R
= ie ū(p ′)

g
R

1
2KΛ

MK

/pkΓs
/p+ q/+MR

s−M2
R + iMRΓR

Γµ1
2
±u(p ), (7.49)

where ΓR is the decay width of the resonance, Γs = 1(γ5) stands for the posi-

tive (negative) parity resonances. Γ 1
2

+ and Γ 1
2

− are, respectively, the vertex func-

tion for the positive and negative parity resonances, as defined in Eqs. (7.45)

and (7.46). g
R

1
2KΛ

is the coupling strength for the process R
1
2 → KΛ, given in

Table 7.1.

Due to the lack of experimental data, there is a large uncertainty associated

with RKΛ coupling at the R
1
2 → KΛ vertex. We determine the RKΛ cou-

pling using the value of branching ratio and decay width of these resonances from

PDG [237] and use the expression for the decay rate which is obtained by writing

the most general form of RKΛ Lagrangian [245],

LR 1
2
KΛ =

gR 1
2
KΛ

MK

Ψ̄R 1
2

Γµs ∂µK
iτi Ψ, (7.50)

where gR 1
2
KΛ is the RKΛ coupling strength. Ψ is the nucleon field and ΨR 1

2

is the

spin 1
2
resonance field. Ki is the kaon field and τ is the isospin factor for the isospin
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1
2
states. The interaction vertex Γµs = γµγ5 (γµ) stands for positive (negative)

parity resonance states.

Using the above Lagrangian, one may obtain the expression for the decay width

in the resonance rest frame as

ΓR 1
2
→KΛ =

C
4π

(
gR 1

2
KΛ

MK

)2

(MR ±MΛ)2 EΛ ∓MΛ

MR

|~p cm
k |, (7.51)

where the upper (lower) sign represents the positive (negative) parity resonance.

The parameter C depends upon the charged state of R, KΛ and is obtained from

the isospin analysis and found out to be 1. |~p cmk | is the outgoing kaon momentum

measured from resonance rest frame and is given by,

|~p cm
k | =

√
(W 2 −M2

K −M2
Λ)2 − 4M2

KM
2
Λ

2MR

(7.52)

and EΛ, the lambda energy is

EΛ =
W 2 +M2

Λ −M2
K

2MR

, (7.53)

where W is the total center of mass energy carried by the resonance.

Using Eq. (7.51), the coupling for R 1
2
→ KΛ is obtained and given in Table-7.1

for various spin 1
2
resonances.

Spin 3
2
nucleon resonances

Next, we discuss spin 3
2
resonances exchanged in the s channel process. The

general structure of the electromagnetic hadronic current for spin 3
2
resonances

describing the γNR 3
2
excitations as well as the effective Lagrangian for describing

the R 3
2
KΛ vertex is written in terms of the spin 3

2
field Ψµ(p) using the Rarita-

Schwinger formalism [247]. It is well known that the Rarita-Schwinger formalism

is not unique for describing the spin 3
2
field (as well as for the higher spin fields)

and has a problem associated with the lower spin degrees of freedom. This leads

to some ambiguities in describing the propagation of the off-shell spin 3
2
fields
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using a propagator specially in the presence of interactions like the electromag-

netic and strong interactions. The problem has been discussed extensively in

literature for many years ever since the field theory of higher spins was developed

using either the vector-spinor formalism [247] or the multi-spinor formalism [248].

Consequently there are various prescriptions for treating the propagator and the

effective Lagrangians for the interacting fields of higher spin in a consistent way

for describing the interaction of spin 3
2
fields. One of the most popular prescrip-

tions given Pascalutsa and Timmermans [249] has been investigated further in

the latest works of Mart [250] and Vrancx et al. [251] and many other refer-

ences cited there. However, in the present work, we follow the prescription used

by us [212, 31, 213, 30, 214, 253, 254, 255, 256, 252, 257, 258] and many oth-

ers [210, 211, 245, 246, 160, 259, 260] in the past to study the photo, electro and

weak interaction induced pion, eta and kaon productions.

The general structure for the hadronic current for spin three-half resonance

excitation is determined by the following expression

J
3
2
µ = ψ̄ν(p′)Γ

3
2
νµu(p), (7.54)

where u(p) is the Dirac spinor for the nucleon, ψµ(p) is the Rarita-Schwinger

spinor for spin three-half particle and Γ
3
2
νµ has the following general structure for

the positive and negative parity resonance states [210, 245]:

Γ
3
2

+

νµ = V
3
2
νµγ5

Γ
3
2

−

νµ = V
3
2
νµ, (7.55)

where V
3
2
µν is the vector current for spin three-half resonances and is given by [261,

262]

V
3
2
νµ =

[
Cp

3

M
(gµνq/ − qνγµ) +

Cp
4

M2
(gµνq · p′ − qνp′µ) +

Cp
5

M2
(gµνq · p− qνpµ)

]
(7.56)

with Cp
i being the γNR couplings. The couplings Cp

i ; i = 3, 4, 5 are related with
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the helicity amplitudes A 1
2
, A 3

2
and S 1

2
by the following relations [245]:

Ap3
2

=

√
πα

M

(MR ∓M)2

M2
R −M2

[
Cp

3

M
(M ±MR)± Cp

4

M2

M2
R −M2

2

± Cp
5

M2

M2
R −M2

2

]
(7.57)

Ap1
2

=

√
πα

3M

(MR ∓M)2

M2
R −M2

[
Cp

3

M

M2 +MMR

MR

− Cp
4

M2

M2
R −M2

2

− Cp
5

M2

M2
R −M2

2

]
(7.58)

Sp1
2

= ±
√
πα

6M

(MR ∓M)2

M2
R −M2

√
(M2

R −M2)2

M2
R

[
Cp

3

M
MR +

Cp
4

M2
M2

R

+
Cp

5

M2

M2
R +M2

2

]
, (7.59)

where A 3
2
, 1
2
and S 1

2
are the amplitudes corresponding to the transverse and lon-

gitudinal polarizations of the photon, respectively. Since in the present work,

we have considered KΛ production induced by the real photon, therefore, the

amplitude corresponding to the longitudinal polarization vanishes. Thus, in the

numerical calculations, we have taken S 1
2

= 0. The fitted values of A 1
2
and A 3

2

have been taken from MAID [139] and PDG [237] for P13(1720) and P13(1900)

resonance, respectively, and are quoted in Table 7.2. The upper (lower) sign in

Eqs. (7.57)–(7.59) represents the positive (negative) parity resonance states.

The most general expression of the hadronic current for the s channel where

a resonance state with spin 3
2
, R

3
2 (with positive or negative parity) is produced

and decays to a kaon and a lambda in the final state may be written as [211, 246]:

jµ
∣∣ 3

2
±

R
= ie

gRKΛ

MK

pαkΓs
s−M2

R + iMRΓR
ū(p ′)P

3/2
αβ (pR)Γβµ3

2
±u(p ), pR = p+ q,(7.60)

where Γs = 1(γ5) for positive (negative) parity resonances, gRKΛ is the coupling

strength for R → KΛ (R can be any spin 3
2
resonance given in Table 7.1), de-

termined from partial decay widths. MR is the mass of the resonance and ΓR

is its decay width. For the sake of unitarity restoration, we have considered the



162
Chapter Electromagnetic production of associated particles off the nucleon

target

energy dependent decay width of the nucleon resonances, which will be discussed

in Section 7.2.3.

In Eq. (7.60), P 3/2
αβ is spin three-half projection operator and is given by

P
3/2
αβ (p′) = − (/p′ +MR)

(
gαβ −

2

3

p′αp
′
β

M2
R

+
1

3

p′αγβ − p′βγα
MR

− 1

3
γαγβ

)
. (7.61)

The coupling strength gRKΛ is determined using the data of branching ratio

and decay width of these resonances from PDG [237].

The expression for the decay rate is obtained by writing the most general form

of RKΛ Lagrangian [245],

LR 3
2
KΛ =

gRKΛ

MK

Ψ̄µ
R 3

2

Γs ∂µK
iτi Ψ (7.62)

where gRKΛ is the RKΛ coupling strength. Ψ is the nucleon field and Ψµ
R 3

2

are the

fields associated with the spin 3
2
resonances. Ki is the kaon field and τ is isopin

factor. The interaction vertex Γs is 1 for positive parity state and γ5 for negative

parity state. Using the above Lagrangian, one may obtain the expression for the

decay width in the resonance rest frame as

ΓR 3
2
→KΛ =

C
12π

(
gRKΛ

MK

)2
EΛ ±MΛ

MR

|~p cmk |3, (7.63)

where the upper (lower) sign represents the positive (negative) parity resonance

state. The parameter C is obtained from the isospin analysis and found out to be

1 for isospin 1
2
state. The expressions for |~p cmk | and EΛ are given in Eqs. (7.52)

and (7.53), respectively.

Using the above expressions for decay width, the couplings for R 3
2
→ KΛ are

obtained and given in Table-7.1 for the spin 3
2
resonances considered in this work.

Energy dependent decay widths of the nucleon resonances

As already discussed in the introduction that the unitarity can be restored, even at

the tree level, if widths for the various nucleon resonances are taken to be energy
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Table 7.1: Properties of the resonances included in the present model, with Breit-

Wigner massMR, spin J , isospin I, parity P , the total decay width Γ, the branch-

ing ratio into KΛ and gRKΛ stands for the coupling strength at the RKΛ vertex.

Resonances MR [GeV] I J P Γ KΛ branching gRKΛ

R2I2J (GeV) ratio (%)

S11(1650) 1.655± 0.015 1
2

1
2 − 0.135± 0.035 10± 5 0.45

P11(1710) 1.700± 0.020 1
2

1
2 + 0.120± 0.040 15± 10 −0.61

P13(1720) 1.675± 0.015 1
2

3
2 + 0.250±0.150

0.100 4.5± 0.5 1.73

P11(1880) 1.860± 0.040 1
2

1
2 + 0.230± 0.050 20± 8 0.52

S11(1895) 1.910± 0.020 1
2

1
2 − 0.110± 0.030 18± 5 0.28

P13(1900) 1.920± 0.020 1
2

3
2 + 0.150± 0.050 11± 9 −0.62

dependent. In the present work, we have considered the energy dependent decay

widths to be of the following form [145]

ΓR(W ) = ΓR
W

MR

∑
i

[
xi

( |~qi|
|~qRi |

)2l+1
Dl(|~qi|)
Dl(|~qRi |)

]
, (7.64)

where the sum i runs over all possible meson-baryon decay modes, with the relative

orbital momentum l. ΓR and xi denote the total decay width, and the branching

ratio of a resonance into different meson-baryon channels [237], respectively. The

momenta |~qi| and |~qRi | have the following form:

|~qRi | =

√
(M2

R −M2
B +M2

m)2

4M2
R

−M2
m, (7.65)

|~qi| =

√
(W 2 −M2

B +M2
m)2

4W 2
−M2

m, and (7.66)

Dl(x) = exp

(
− x2

3α2

)
, (7.67)

which is consistent with the value of α = 400 MeV taken in Ref. [145], and x = |~qi|
or |~qRi |.

In the case of energy dependent widths, ΛB and ΛR are taken to be ΛB = 0.505
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GeV and ΛR = 1.32 GeV, respectively while in the case of fixed widths, these values

are ΛB = 0.525 GeV and ΛR = 1.1 GeV.

Spin 1
2
hyperon resonances

Along with the nucleon resonance exchange contributions in the s channel, we have

also taken into account the hyperon resonances exchanged in the u channel. In the

present work, we have taken two lambda resonances, Λ∗(1405) and Λ∗(1800) with

JP = 1
2

− in the u channel. The Lagrangians for the strong and the electromagnetic

vertices in the case of Λ∗ exchange are given as [160, 263, 264, 265]:

LγΛΛ∗ = e
κΛΛ∗

2(MΛ∗ +MΛ)
ψ̄Λ∗σµνΓsψΛF

µν + h.c., (7.68)

LpKΛ∗ =
gpKΛ∗

fπ
(∂µK†)ψ̄pΓµψΛ∗ + h.c., (7.69)

with κΛΛ∗ , the transition magnetic moment between Λ and Λ∗. gpKΛ∗ is the cou-

pling strength at pKΛ∗ vertex. Γs = 1(γ5) and Γµ = γµ(γµγ5) for the positive (neg-

ative) parity resonances.

Using the above Lagrangians, the hadronic current for the Λ∗ resonance ex-

change may be written as

Jµ
∣∣
Λ∗± = ieū(p′)

g

MΛ +MΛ∗
σµνq

νΓs

(
/p′ − /q +MΛ∗

u−M2
Λ∗ + iMΛ∗ΓΛ∗

)
× /pkγ5Γu(p), (7.70)

with g = κΛΛ∗gpKΛ∗/fπ, MΛ∗ and ΓΛ∗ being the mass and the decay width of Λ∗.

Unlike the nucleon resonances where the strong and electromagnetic couplings

are determined phenomenologically by the partial decay width and the helicity

amplitudes, respectively, the experimental data is not adequate in the case of

hyperon resonances, to determine these couplings. Therefore, the parameter g is

treated as a free parameter to be fitted to the experimental data. The values of

the different parameters of the Λ∗ taken in the present model are summarized in

Table 7.3.
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Table 7.2: Values of the helicity amplitude A 1
2
and A 3

2
for the different nucleon

resonances. The values for S11(1650) and P13(1720) are taken from MAID [139].

For the rest of the resonances, the parameterization of A 1
2
and A 3

2
are not available

in MAID and are taken from PDG [237].

Resonance Helicity amplitude

A 1
2
(10−3 GeV−1/2) A 3

2
(10−3 GeV−1/2)

S11(1650) 33.3 -

P11(1710) 50 -

P13(1720) 73 −11.5

P11(1880) 21 -

S11(1895) −16 -

P13(1900) 24 −67

Spin 1 kaon resonances

In the present work, we have considered two kaon resonances in the t channel: a

vector meson K∗(892) and an axial vector meson K1(1270). The Lagrangians for

the electromagnetic and strong vertices, when a vector kaon is exchanged in the t

channel, are given by [160, 263, 264, 265]:

LγKK∗ = i
eκKK∗

4µ
εµνλσF

µνV λσK, (7.71)

LK∗Λp = −
(
gvK∗Λpψ̄ΛγµψpV

µ − gtK∗Λp
2(M +MΛ)

ψ̄ΛσµνV
µνψp

)
+ h.c., (7.72)

where κKK∗ is the coupling strength of the γKK∗ vertex, µ is an arbitrary mass

factor which is introduced to make the Lagrangian dimensionless. µ is chosen to

be 1 GeV. The vector meson tensor V µν is defined as V µν = ∂νV µ − ∂µV ν , with

V µ, the vector kaon field. gvK∗Λp and gtK∗Λp are the vector and the tensor couplings,

respectively, at the strong K∗Λp vertex.

Using the Lagrangians given in Eqs. (7.71) and (7.72), the hadronic current
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Table 7.3: Properties of the hyperon and the kaon resonances included in the

present model, with mass MR, spin J , isospin I, parity P , the total decay width

Γ, the coupling parameter g for the hyperon resonances, and the vector Gv
K and

tensor Gt
K couplings for the kaon resonances. It is to be noted that these couplings

g, Gv
K and Gt

K contains both the electromagnetic as well as the strong coupling

strengths.

Resonances MR [GeV] J I P Γ g GvK GtK

(GeV)

Λ∗ (1405) 1.405±0.0013
0.001

1
2 0 − 0.0505± 0.002 −10.18 - -

Λ∗ (1800) 1.800±0.080
0.050

1
2 0 − 0.300± 0.100 −4.0 - -

K∗(892) 0.89166± 0.00026 1 1
2 − 0.0508± 0.0009 - −0.18 0.02

K1(1270) 1.272± 0.007 1 1
2 + 0.090± 0.020 - 0.28 −0.28

for the K∗ exchange is obtained as

Jµ
∣∣
K∗

= ieū(p′)εµνρσq
ρ(p′ − p)σ

(−gνα + (p− p′)ν(p− p′)α/M2
K∗

t−M2
K∗ + iMK∗ΓK∗

)
×

[
Gv
K∗γα +

Gt
K∗

M +MΛ

(/p
′ − /p)γα

]
u(p), (7.73)

with Gv
K∗ = κKK∗g

v
K∗Λp/µ and Gt

K∗ = κKK∗g
t
K∗Λp/µ. MK∗ and ΓK∗ are the mass

and width of the K∗ resonance, respectively. Due to the lack of the experimental

data on the K∗ and K1 resonances, the values of Gv
K∗ and Gt

K∗ can not be deter-

mined phenomenologically and are treated as free parameters to be fitted to the

experimental data of the KΛ production and are quoted in Table 7.3.

The Lagrangian for the electromagnetic and strong vertices, when an axial

vector kaon resonance is exchanged in the t channel, is given by [160, 263, 264, 265]:

LγKK1 = i
eκKK1

µ
∂µAνVµνp K, (7.74)

LK1Λp = −
(
gvK1Λpψ̄Λγµγ5ψpVµp −

gtK1Λp

2(M +MΛ)
ψ̄Λσµνγ5Vµνp ψp

)
+ h.c.,(7.75)

where κKK1 is the coupling strength of the electromagnetic γKK1 vertex. The

axial vector meson tensor Vµνp is defined as Vµνp = ∂νVµp − ∂µVνp , with Vµp , the
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axial vector kaon field. gvK1Λp and gtK1Λp are the vector and the tensor couplings,

respectively, at the strong K1Λp vertex.

The hadronic current for the axial vector kaon K1 exchange in the t channel is

obtained, using Eqs. (7.74) and (7.75), as

Jµ
∣∣
K1

= ieū(p′)[gαµq · (p− p′)− qα(p− p′)µ]

(−gαρ + (p− p′)α(p− p′)ρ/M2
K1

t−M2
K1

+ iMK1ΓK1

)
×

[
Gv
K1
γργ5 +

Gt
K1

M +MΛ

(/p
′ − /p)γργ5

]
u(p), (7.76)

with Gv
K1

= κKK∗g
v
K1Λp/µ and Gt

K1
= κKK∗g

t
K1Λp/µ. MK1 and ΓK1 are the mass

and width of the K1 resonance, respectively. The values of Gv
K1

and Gt
K1

are

treated as free parameters to be fitted to the experimental data of the KΛ pro-

duction and are quoted in Table 7.3.

In analogy with the non-resonant terms, in the case of resonances we have

considered the following form factors at the strong vertex, in order to take into

account the hadronic structure:

F ∗x (x) =
Λ4
R

Λ4
R + (x−M2

x)2
, (7.77)

where ΛR is the cut-off parameter whose value is fitted to the experimental data,

x represents the Mandelstam variables s, t, u and Mx = MR, MK∗ , MK1 , MY ∗ ,

corresponding to the mass of the nucleon, kaon or hyperon resonances exchanged

in the s, t, and u channels. In the case of nucleon resonances, the value of the

cut-off parameter ΛR is fitted to be ΛR = 1.32 GeV, while in the case of kaon and

hyperon resonances, the value of ΛR is taken to be ΛR = ΛB = 0.505 GeV.

7.3 Results and discussions

We have used Eq. (7.7) to numerically evaluate the differential cross section
dσ

d cos θk

∣∣∣
CM

and the total cross section σ is obtained by integrating Eq. (7.7) over
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the polar angle i.e.

σ =

∫ cos θmaxk

cos θmink

1

32πs

|~p ′|
|~p|
∑
r

∑
|Mr|2d cos θk, (7.78)

where cos θmink (cos θmaxk ) is taken to be −1 (+1) in order to cover the full range

of the scattering angle.

In the expression for the transition amplitudeMr in the aforementioned equa-

tion, we have taken the contributions from the background and the resonance

terms and added them coherently. Therefore, the hadronic current of the full

model is expressed as:

Jµ|Full = Jµ|s + Jµ|t + Jµ|uΛ + Jµ|uΣ + Jµ|CT + Jµ|add + Jµ|R + Jµ|Λ∗

+ Jµ|K∗ + Jµ|K1 , (7.79)

where Jµ|add (given in Eq. (7.42)) ensures the gauge invariance of the total hadronic

current, and Jµ|R and Jµ|Λ∗ are expressed as

Jµ|R = Jµ|S11(1650) + Jµ|P11(1710) + Jµ|P13(1720) + Jµ|P11(1880)

+ Jµ|S11(1895) + Jµ|P13(1900), (7.80)

Jµ|Λ∗ = Jµ|Λ∗(1405) + Jµ|Λ∗(1800). (7.81)

The expressions of Jµ appearing in the above equations are given explicitly in

Section 7.2.

The background terms consist of the non-resonant i.e. s, t, u and contact

terms as well as the kaon and hyperon resonances exchanged in the t and u chan-

nels. The nucleon resonances exchanged in the s channel constitute the resonance

contribution. This nomenclature for the resonance and the background terms is

used because all the terms used in calculating the background contribution do

not resonate in the physical region while the s channel resonances do so. The

strong and electromagnetic couplings of the non-resonant terms are predicted by

the non-linear sigma model with the chiral SU(3) symmetry. For the s, t and u

channels, a dipole parameterization of the hadronic form factors (Eq. (7.35)) is
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Figure 7.3: Total cross section σ as a function of CM energy W for the process γ+

p→ K+ +Λ. Solid line represents the results of the full model of the present work

by taking into account theW dependent decay widths of the nucleon resonances as

discussed in Section 7.2.3. Dashed line, dashed-dotted line, double-dashed-dotted

line represents the results of the background terms, non-resonant terms and the

contact term, respectively. In addition to the aforementioned four cases, in the

inset (note the log scale), the individual contribution from the nucleon exchanged

in the s channel, Λ exchanged in the u channel and Σ exchanged in the u channel

have been shown, respectively, by the dotted line, double-dotted-dashed line and

solid line with star symbol.

used while for the contact term, the prescription given by Davidson and Work-

man [209] (Eq. (7.43)) is used. In the case of nucleon resonances, the energy

dependent decay widths (unless stated otherwise) of the different resonances as

discussed in Section 7.2.3, are taken into account. The electromagnetic (γNR)

and strong (RKΛ) couplings of the s channel resonances (R) are deduced, respec-

tively, from the helicity amplitudes of the γN → R transitions and the partial
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decay width of the resonances (R) to KΛ channel and those of the u channel (Y ∗)

and t channel (K∗, K1) resonances are fitted to reproduce the current experimen-

tal data available in this energy region. For the numerical calculations, we have

taken the cut-off parameter for the background and resonance terms, respectively,

to be ΛB = 0.505 GeV and ΛR = 1.32 GeV for the energy dependent decay widths

of the nucleon resonances, while, for comparison, we have also taken the fixed

widths, for which the best fit for the total scattering cross section (Figure 7.5) is

obtained with ΛB = 0.525 GeV and ΛR = 1.1 GeV, whereas in other calculations,

these parameters are taken as ΛB = 1.235 GeV and ΛR = 1.864 GeV in Ref. [202],

and ΛB = 0.70 GeV and ΛR = 1.31 GeV in Ref. [266]. The numerical results are

presented for the total and differential cross sections and are compared with the

available experimental data from CLAS and SAPHIR as well as with some of the

recent theoretical models.

In the following, we present the results of the total cross section σ as a function

of CM energy W in section 7.3.1 and the results of the differential cross section
dσ

d cos θk

∣∣∣
CM

as a function of cos θCMk for fixed W as well as a function of W for fixed

cos θCMk in section 7.3.2.

7.3.1 Total cross section

Discussion of theoretical results

In Figure 7.3, we have presented the results of σ vs. W for the KΛ production

induced by the photon beam off the proton target. The results have been presented

separately showing the contributions from the background terms as well as the

total contributions by including the well established nucleon resonances in the

s channel with spin- 1/2 and 3/2 lying below W = 2 GeV, which have been

considered in this work (Table 7.1). The individual contribution from the non-

resonant terms i.e. individual contribution of s, t and u channel Born terms as well
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as the contact term, are also shown separately. It may be observed that the contact

term is the dominant one among the non-resonant terms. At low and intermediate

W i.e. from threshold up to 2 GeV, the contact term has smaller contribution

than the total non-resonant contribution, however, at high W , beyond 2 GeV,

the contact term has a larger contribution than the contribution from the total

non-resonant terms. For example, in the peak region, W = 1.7 GeV, individually

the contact term is ∼ 15% smaller than the non-resonant terms while at W = 2.6

GeV, the contact term contributes ∼ 20% more than the non-resonant terms. The

contributions of the hyperon and the kaon resonances are small but increase the

value of the total cross section. In the inset of this figure, we have also shown the

incoherent contribution from the s and u channel Born terms. It may be observed

from the figure that the incoherent contributions of the s and u channels are

very small as compared to the results of the full model, however, their interference

with the contact term and with the different resonances considered in the s channel

when all the amplitudes are added coherently, has a significant contribution to the

cross section (not explicitly shown here). It is worth mentioning that in the present

model, the contribution of the non-resonant terms including the contact term is

relatively small as compared to the other isobar model using SU(3) symmetry, even

though the value of the coupling constants are similar. This is mainly because of

the smaller value of the cut-off parameter ΛB. Moreover, the smaller value of

ΛB used in the strong form factors of t and u channel diagrams mediated by

the kaon and hyperon resonances also suppresses their contribution. Both these

effects prevent the cross section from rising and obtain better agreement with the

experiments in the region of low energy.

The impact of each resonance considered in this work on the total contribution

has been explicitly discussed in Figure 7.4, where we have depicted the effect

of individual contributions from the various s channel resonances considered in

the present work. The incoherent contribution of the individual resonances is

comparatively low as compared to the total cross section but the interference

of the s channel resonance with the background terms when all the amplitudes
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Figure 7.4: σ vs. W for the process γ+p→ K++Λ. Solid line represents the results

of the full model of the present work, dashed line, dashed-dotted line, solid line

with square, solid line with star, double-dashed-dotted line and double-dotted-

dashed line represents the results of the full model when S11(1650), P11(1710),

P13(1720), P11(1880), S11(1895) and P13(1900) resonance, respectively, is not taken

into account.

are added coherently, contributes significantly to the total cross section. In this

figure, we have presented the results of the full model when a particular resonance

is switched off. The comparison of the results of the full model with the result

when a particular resonance is switched off shows the significance (without the

experimental data) of that particular resonance.

One may observe from the figure that P11(1710) resonance has a significant

effect on the total cross section in the region W = 1.61− 2.3 GeV which becomes

small for W > 2.3 GeV. The absence of P11(1710) reduces the first peak by ∼ 42%

while the second peak is reduced by ∼ 9%. In the dip region, the total cross section

in the absence of P11(1710) is reduced by ∼ 22%. The contribution of P13(1720)
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and P13(1900) resonances are important for the KΛ production at all values of

W . It must be noted that when the contribution from P13(1720) or P13(1900)

resonance is excluded, the results beyond W = 2 GeV are suppressed significantly.

Although the first peak and the dip region are not much affected (reduced by about

10%) by the absence of the P13(1720) resonance, the second peak is suppressed

by ∼ 20% as well as it is shifted from W = 1.92 GeV to W = 1.88 GeV. In the

absence of P13(1900) resonance, the cross section in the first peak is reduced by

about 6%, while it is reduced by 13% in the dip region and the second peak in the

energy region of W around 1.9 GeV does not appear. It must be pointed out that

beyond W > 1.7 GeV, P13(1900) has the most dominant contribution followed

by P13(1720) resonance. At W = 2.6 GeV, by switching P13(1720) or P13(1900)

resonance off, the total cross section is reduced by ∼ 53% and 47%, respectively.

The effect of P11(1880) is small in the entire range of W in which the cross section

reduces to ∼ 5 − 10%, if this resonance is switched off. The two S11 resonances,

viz. S11(1650) and S11(1895), have very small effect on the total cross section in

the entire range of W .

Comparison with the experimental data

In Figs. 7.5 and 7.6, we have shown the results for the total scattering cross section

σ vs. W obtained for the full model (Eq. (7.79)) by taking both energy dependent

as well as fixed decay widths of the nucleon resonances into account and compared

them with the experimental results available from CLAS 2006 [132], SAPHIR

2004 [131] and SAPHIR 1998 [130]. To show the significance of the present model

in the threshold region, we have presented in Figure 7.6 our results in the range

1.6 GeV < W < 1.72 GeV. Before we compare our results with the experimental

results from CLAS and SAPHIR, the main features of the data on the total cross

section can be classified with some distinct features in three kinematic regions

summarized as:
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Figure 7.5: σ vs. W for the process γ+p→ K++Λ. Solid and dashed-dotted lines,

respectively, show the results of the the present model taking the W dependent

decay widths of the nucleon resonances as discussed in Sect. 7.2.3 and the fixed

values of the decay widths as listed in Table 7.1. The experimental data has been

taken from the CLAS 2006 [132] (solid circle), SAPHIR 2004 [131] (solid diamond)

and SAPHIR 1998 [130] (solid triangle).

(i) W < 1.72 GeV

In the region of W < 1.72 GeV, all the experimental data show a continuous

rise with W in the kinematic region from threshold up to 1.72 GeV.

(ii) 1.72 GeV < W < 1.92 GeV

In this region ofW , the data from SAPHIR 1998 and SAPHIR 2004 are fairly

consistent with each other, both being lower than the data from CLAS 2006.

All the three data show double peaks at around W ' 1.7 and 1.9 GeV with

a minimum around W = 1.75 GeV in the CLAS 2006 data and at W = 1.8

GeV in the SAPHIR data. In both of the SAPHIR data, the later peak at
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Figure 7.6: σ vs. W for the process γ+p→ K+ +Λ in the threshold region. Lines

and points have the same meaning as in Figure 7.5.

W = 1.9 GeV is lower than the earlier peak at W = 1.7 GeV while the

CLAS 2006 data show a moderate two peak structure at W = 1.7 and 1.9

GeV, in which the minimum is considerably mild and shifted to lower W ,

i.e., at W = 1.74 GeV. Moreover, unlike the SAPHIR data, the second peak

at W = 1.9 GeV is higher than the first peak at W = 1.7 GeV.

(iii) W ≥ 1.92 GeV

In the region of W ≥ 1.92 GeV, the CLAS 2006 data are fairly in agreement

with both the SAPHIR data in shape but are significantly higher than both

the SAPHIR data in the entire range of 1.92 GeV ≤ W ≤ 2.4 GeV while

both the SAPHIR data are reasonably consistent with each other.

We see from Figure 7.5 that our results with energy dependent decay widths

are in good agreement with the SAPHIR 1998 and SAPHIR 2004 data (which are

consistent with each other) in the range W = 1.61−1.9 GeV as well as with CLAS
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data in the range W = 1.61− 1.73 GeV and W = 1.94− 2.52 GeV. Although, the

results for energy dependent as well as fixed widths of the resonances are almost

consistent with each other in the region of W from threshold up to 1.9 GeV, in

the region of W from 1.9 GeV to 2.1 GeV, the present results obtined with fixed

widths are consistent with CLAS 2006 data while in the region of W = 2.1 GeV to

2.4 GeV, these results are consistent with SAPHIR 1998 and SAPHIR 2004 data.

For the region W = 1.75− 1.9 GeV, our results show a prominent dip at W ≈ 1.8

GeV, which is consistent with SAPHIR but not with CLAS. However, in the en-

ergy region of W > 1.9 GeV, our results with energy dependent decay widths are

in agreement with the CLAS data and are higher than both the SAPHIR data.

It must be pointed out that we have considered only those nucleon resonances

which are well established and are present in PDG and have known branching

ratios for decay in KΛ mode. Therefore, the region of W ≈ 1.8 GeV may indicate

the existence of some other resonances which are yet to be observed experimentally.

When our results are compared with the experimental data, we observe that:

i) In the threshold region (Figure 7.6) before the first peak, our numerical

results are in a very good agreement with the experimental results available

from the CLAS 2006 [132], SAPHIR 2004 [131] and SAPHIR 1998 [130],

where the data from all the three experiments are also in agreement among

themselves. To fix the unknown parameters (ΛB, ΛR and the couplings of

the t and u channel resonances) in our model, we have performed a Chi-

square fit with the results of the present model using the energy dependent

decay widths and obtained the best χ2/Nd.o.f to be 1.3.

ii) Beyond the second peak region, there is a disagreement between the CLAS

and the SAPHIR data and our numerical results both with energy dependent

as well as with fixed decay widths are consistent with CLAS data.

iii) At high W region, CLAS and SAPHIR data are in a reasonably agreement
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Figure 7.7: σ vs. W for the process γ + p → K+ + Λ in the threshold region.

Solid line represents the results of the present work taking the W dependent decay

widths of the nucleon resonances, which are compared with other theoretical mod-

els like Regge model [203, 206] (dotted line), BS3 model [145] (short dashed line),

Saclay-Lyon model [158, 160] (long dashed line), Kaon-MAID model [185] (double-

dotted-dashed line), Ghent model A [146, 186, 187] (dashed-dotted line), BS1

model [144] (double-dashed-dotted line), partial wave analysis (PWA) available

from Kent State University (KSU) [236] (squares with solid line), chiral perturba-

tion theory (ChPT) [175] (cross with solid line) and Bonn-Julich model [234] (down

triangle with solid line).

with each other in shape but not in the absolute values and the present

results in our model with energy dependent decay widths explain the CLAS

data very well in shape as well as in absolute magnitude while the present

results with fixed widths explain the SAPHIR data very well in shape as

well as in absolute magnitude.

iv) As the CM energy increases from W = 1.75 to W = 1.9 GeV, where CLAS
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and SAPHIR data are not consistent with each other, the results of the

present work are in good agreement with the SAPHIR data.

v) We emphasize that the present model with energy dependent decay widths

reproduces all the experimental results in the threshold regionW < 1.75 (Figs. 7.6

and 7.7) and the data from CLAS 2006 in the region 1.9 GeV < W < 2.54

GeV.

Comparison with other theoretical results

To compare our results with some of the theoretical results available in the lit-

erature in Figs. 7.7 and 7.8, we have presented the results for σ vs. W for the

process γ+p→ K+ +Λ, where we have shown the results from the different mod-

els like Regge model [203, 206], model based on chiral perturbation theory [175],

BS3 model [145], Saclay-Lyon model [158, 160], Kaon-MAID model [185], Ghent

model A [146, 186, 187], BS1 model [144], Bonn-Julich model [234] and model

based on the partial wave analysis [236]. For completeness, we have also shown

the experimental data from CLAS 2006 [132], SAPHIR 2004 [131] and SAPHIR

1998 [130].

In Figure 7.7, we have compared the results with energy dependent decay

widths of the present model with the other theoretical and experimental results

available in the literature, in the threshold region. A very good agreement between

the numerical results obtained using the present model with the experimental

results from CLAS 2006 [132], SAPHIR 2004 [131] and SAPHIR 1998 [130] may

be observed in the region of W < 1.72 GeV. Other than the present model, the

threshold region is explained only by the model based on the chiral perturbation

theory (ChPT) up to W = 1.66 GeV and by the model based on the partial wave

analysis, i.e., the KSU model beyond W = 1.66 GeV. Moreover, the Bonn-Julich

model explains the experimental data quite well in the threshold region.
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Figure 7.8: σ vs. W for the process γ + p → K+ + Λ. Line and points have the

same meaning as in Figure 7.7

In Figure 7.8, we have compared our results with with the other theoretical and

experimental results in the entire range of W . It may be observed from Figure 7.8,

the Regge model over predicts the experimental data at all values the of W from

1.61 to 2.6 GeV. There is only one broad peak at W ∼ 1.8 GeV in the Regge

model and the model does not explain the experimental data from CLAS as well

as from SAPHIR which show two peaks at W = 1.7 and 1.9 GeV. The model

based on the chiral perturbation theory explains the experimental data very well

in the threshold region but the model is not applicable at high W . However, the

model based on the partial wave analysis explains the experimental data available

from the CLAS very well in the intermediate and high W region, the threshold

region (Figure 7.7) is not well explained by this model. Except the Ghent model

A, all the other models like Saclay-Lyon, Kaon-MAID, BS1 and BS3 show that,

at high W , the cross section increases with W , which is not supported by the

experimental data. However, the Ghent model A as well as the present work (even
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at W = 2.6 GeV) do not show any such increase. As pointed out in Ref. [144],

this increase comes mainly from the background part of the amplitude. Also, this

increase of the total cross section is model dependent. For example, the Saclay-

Lyon [158, 160] model starts increasing from W ∼ 2 GeV while the Kaon-MAID

model starts increasing beyond W ∼ 2.1 GeV. In the BS1 and BS3 models, the

cross section increases for W > 2.3 GeV.

In comparison with other theoretical models, the success of the present model

in describing the data except in the energy region of 1.75 GeV < W < 1.9 GeV is

due to the physical input parameters used in calculating the contribution from the

resonance terms which dominate in this energy region. Moreover, the use of a small

value of the cut-off parameter in the form factors in the calculation of the non-

resonant Born and the contact terms as well as the t and u channel resonances

suppresses the contribution of the background terms preventing the rise of the

cross section in the low energy region as compared to other models. We would like

to emphasize that the present model is very economical version of isobar models

used in the literature as it uses a minimal number of resonances and highlights

the importance of a few resonances like S11(1650), P11(1710), P13(1720), P11(1880),

S11(1895) and P13(1900) in explaining the total cross section data. The results of

the present model are in agreement with many elaborate calculations available in

literature (Bonn-Gatchina [230, 231, 232], Bonn-Julich [234], KSU [236], Skoupil-

Bydzovsky [144, 145, 202], Mart [250, 149, 148, 143], Ghent model [199, 200, 201]).

7.3.2 Differential cross section

We have presented our results for the differential cross sections and compared

them with the experimental data available from CLAS, SAPHIR and MAMI as

well as with the models based on the partial wave analysis [236], Saclay-Lyon

model [158, 160], Kaon-MAID model [185] and BS3 model [145].
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Figure 7.9: dσ/d cos θCMk vs. cos θCMk at fixed W ranging from 1.625− 1.895 GeV,

for the process γ+p→ K++Λ. The experimental data has been taken from CLAS

2010 [134] (solid square), CLAS 2006 [132] (solid circle), SAPHIR 2004 [131] (solid

diamond) and SAPHIR 1998 [130] (solid triangle). Solid line represents the re-

sults of the full model taking W dependent decays width of the nucleon reso-

nance. Dashed (Dashed-dotted) line shows the results obtained using the partial

wave analysis done by the Kent State University (KSU) (Bonn-Gatchina (BnGa))

model [236].
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Figure 7.10: dσ/d cos θCMk vs. W at fixed cos θCMk = −0.4, 0 and 0.4, for the

process γ + p → K+ + Λ. The experimental data has been taken from CLAS

2010 [134] (solid square), CLAS 2004 [132] (solid circle), MAMI 2013 [138] (cross

symbol), SAPHIR 2004 (cos θ − 0.05) [131] (right triangle) and SAPHIR 2004

(cos θ + 0.05) (diamond). Solid line represents the results of the full model of the

present work taking the energy dependent decay widths of the nucleon into ac-

count. Dashed line, dashed-dotted line, dashed-double-dotted line show the results

of BS3 [145], Saclay-Lyon [158, 160] and Kaon-MAID [185] models, respectively.

In Figure 7.9, we have presented the results for dσ/d cos θCMk as a function

of cos θCMk at fixed W ranging from 1.625 − 1.895 GeV in the interval of 10 MeV

obtained using the energy dependent decay width of the various resonances consid-

ered in the present work, for the KΛ photoproduction process. The present results

are also compared with the experimental results available from CLAS 2010 [134],

CLAS 2006 [132], SAPHIR 2004 [131] and SAPHIR 1998 [130] as well as with

the theoretical results obtained by the Kent State University (KSU) [236] and the

Bonn-Gatchina (BnGa) [236] groups, using the partial wave analysis. In the low

W region, i.e., from the threshold up to W = 1.695 GeV, our results are in a



7.3 Results and discussions 183

good agreement with the available experimental data as well as with the models

based on the partial wave analysis. In the intermediate and high region of W ,

our results in the backward region are fairly in agreement with KSU and BnGa

models, however, this is not the case at the forward angle region. In the region

of W from 1.705− 1.895 GeV, our results in the forward region are in agreement

with SAPHIR data but not with CLAS data. CLAS 2006 and CLAS 2010 data

are not in agreement with each other and the results obtained using the model

discussed in this work favor SAPHIR experimental observations.

To show the energy dependence of the differential cross section, in Figure 7.10,

we have presented our results for dσ/dΩCM
k vs. W at cos θCMk = −0.4, 0 and

+0.4, obtained using the fixed decay width of the resonances. We have compared

our results with the experimental data available from SAPHIR 2004 [131], CLAS

2006 [132], CLAS 2010 [134] and MAMI 2013 [138] as well as with the theoreti-

cal models like BS3 model [145], Saclay-Lyon model [158, 160] and Kaon-MAID

model [185]. It may be observed from the figure that in the threshold region, at

all values of cos θCMk , our results are in a very good agreement with the available

experimental data. In the backward region, our results are in a reasonable agree-

ment with the experimental data up to W = 1.9 GeV. However, our results in the

forward region emphasize the need for a missing resonance in order to explain the

experimental data.
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CHAPTER 8

SUMMARY AND CONCLUSION

In this thesis, I have presented the work that I am performing at the MINERvA

collaboration over the last two years. My analysis goal is to obtain the double

differential deep inelastic scattering cross section in the neutrino mode using the

MINERvA detector. Also, the plan is to obtain the total cross section for the

different nuclei used in the detector like helium, carbon, oxygen, iron and lead

and to obtain the ratio of these cross sections to the cross sections obtained using

the hydrocarbons and to extract the information on the structure functions using

these ratios in the neutrino and antineutrino modes. In the case of electromagnetic

interactions, the structure functions are well studied while in the case of weak

interactions, the information on the structure functions are limited, therefore, our

plan is to extract the weak structure functions using the MINERvA data. As the

MINERvA detector uses moderate to heavy nuclear targets, therefore, it provides

an opportunity to understand the effect of nuclear medium in the different nuclei.

In order to obtain the experimental cross sections, we have to perform various

steps like event selection, efficiency, background estimation and subtraction, etc.

and most of these steps are already completed and the results have been presented.
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In the second part of my thesis, I have presented the work that I did in the

INO analysis. The INO experiment is dedicated to study the atmospheric neutrino

and antineutrino oscillations in the muon disappearance channel. The INO-ICAL

detector uses high magnetic field applied uniformly throughout the detector which

helps in the distinguishing µ− and µ+ events separately, therefore, the neutrino

and antineutrino events are separated easily. We have performed the study of

oscillation parameters at the INO experiment analyzing the neutrino and antineu-

trino events separately in order to fing the signature of new physics like the CPT

violation.

Third, the theoretical work that I have performed at the Aligarh Muslim Uni-

versity. This work has been performed keeping in mind the theoretical develop-

ment of a model that will describe the associated particle production induced by

photons, electrons, neutrinos, and antineutrinos. We have studied the associated

particle production induced by photons which receives the contributions from the

non-resonant terms as well as from the nucleon, hyperon, and kaon resonances.

After introducing the topic and discussing the plan of the thesis in Chapter-1,

in Chapter-2, we have introduced the Fermilab’s NuMI beam and the MINERvA

detector. NuMI beam is providing neutrinos to the MINERvA, MINOS, and

NOvA detectors for the cross section and oscillation measurements. We have dis-

cussed and explained the functioning of the different components of the NuMI

beam like beam design, NuMI target, magnetic horns (required to select the po-

larity of the particles passing through them) and, hadron absorbers, etc. NuMI

beam is predominantly composed of muon neutrinos in the neutrino mode with

a small muon antineutrino percentage (5%) and electron neutrino/antineutrino

components (total < 1%). We have also discussed the design of the MINERvA

detector and explained in detail the different components of the detector.

In Chapter 3, we have discussed the process of reconstruction and simulation

used by the MINERvA experiment. We have given a complete description of vari-
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ous steps involved in the reconstruction process like time slices, cluster formation,

track reconstruction, MINOS matching of the reconstructed tracks.

In Chapter-4, the details of the analysis procedure required to obtain the cross

section in the MINERvA experiment are explained. Also, the chapter has dis-

cussed about the different systematics included in the cross section measurement.

The steps which are required to obtain the cross section are event selection, back-

ground estimation and subtraction, efficiency correction, unfolding, and normal-

ization. In the event selection, the data sample is selected by applying different

cuts at the event-by-event level. The optimization of the cuts is done based on

several criteria like the signal selection efficiency, purity, to minimize systematic

uncertainties. This helps to put events into the kinematic bins and events are

represented then as a histogram. The next step is the background subtraction

which removes the events that pass selection cuts but are not in fact signal. The

background events are estimated by Monte Carlo simulation after applying the

selection cuts and then referring to the true properties to look at whether an

event is a signal or background. A complete procedure of estimation and sub-

traction of the background events is discussed in the thesis. The shortcomings in

detection and event reconstruction in the data result in the smearing of the mea-

surement which is handled with a procedure called unfolding. Here, an unfolding

matrix is constructed from the simulation’s discrepancies between reconstructed

and true quantities. This is basically a mapping of events between the recon-

structed and true space. The matrix is then applied to the background-subtracted

data distribution, transforming it from a reconstructed into a “true” variable. The

background-subtracted and the unfolded sample is then repopulated with the sig-

nal events that were missed due to inefficiency of the selection cuts and to the

detector acceptance or kinematic thresholds through a process called efficiency

(and acceptance) correction. The efficiency and the acceptance are simulated to-

gether as the number of selected signal events, divided by the total number of

signal events, all in bins of the variables of interest. The final step is to nor-

malize the efficiency-corrected distributions and introduces cross section units of
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measure. We normalize the sample with the muon neutrino flux exposure of the

dataset and the number of target protons and neutrons in the allowed neutrino

interaction regions of the detector. We also do a bin width normalization to obtain

a differential cross section measurement and giving the distribution a final unit of

measure [cm2 /target nucleon/[variable unit]].

The experimental confirmation of different oscillation parameters for neutri-

nos and antineutrinos will be a signature of any new physics like CPT symmetry

in the neutrino sector. In chapter 5, we investigate this possibility by studying

INO-ICAL potential for the separate measurements of neutrino and antineutrino

oscillation parameters for 10 years of exposure. The CC νµ and νµ events are

separated into muon energy, muon direction and hadron energy bins. A χ2 anal-

ysis is used with realistic detector resolutions, efficiencies and systematic errors.

The separate analysis for neutrino and antineutrino events having identical oscil-

lation parameters (|∆m2
32| = |∆m2

32|, sin2 θ23 = sin2 θ23) indicates that ICAL can

measure the atmospheric neutrino parameters |∆m2
32| with a precision of 10.14%

and sin2 θ23 with a precision of 27.10%. The atmospheric antineutrino parameters

|∆m2
32| and sin2 θ23 can be measured with a precision of 13.4% and 38.0% at

3σ confidence level respectively. As expected, the combined νµ+νµ events show

a better sensitivity with a precision of 8.7% for |∆m2
32| and 25.0% for sin2 θ23 at

same confidence level due to larger events in χ2.

Further, we have investigated the scenario where the neutrino and antineutrino

oscillation parameters have different values. We measure the ICAL sensitivity for

ruling out the null hypothesis (|∆m2
32| = |∆m2

32|) by estimating the difference

between the true values of mass squared differences of neutrinos and antineutrinos

i.e. (|∆m2
32| − |∆m2

32|). We show that ICAL can rule out the null hypothesis

of |∆m2
32| = |∆m2

32| at more than 3σ level if the difference of true values of

|∆m2
32| − |∆m2

32| ≥ +0.4× 10−3eV 2 or |∆m2
32| − |∆m2

32| ≤ −0.4× 10−3eV 2.

In chapter 6, the INO-ICAL potential, in the frame of four-fit technique, for
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the distinct measurements of neutrino and antineutrino oscillation parameters for

ten years of exposure have been investigated. It is shown that to get the accurate

sensitivity of the ICAL detector and to test the hypothesis that neutrinos and

antineutrinos share the identical parameters, the difference between oscillation

parameters can not be ignored. Therefore, we allow the possibility of different

true values of νµ and νµ parameters (|∆m2
32|, sin2 θ23, |∆m2

32|, sin2 θ23) in nature.

With four parameters fitting analyses, using fixed but different true values of four

oscillation parameters, we have shown the ICAL sensitivity for the measurement

of the differences |∆m2
32|−|∆m2

32|. Further, the extraction of two parameter plots

from four parameters fit provides sensitivity for individual oscillation parameters.

It has been found that ICAL can measure |∆m2
32| and |∆m2

32| with a precision of

about ∼ 10% and ∼ 13% at 90% CL, respectively. Qualitatively, we found that

the ICAL is slightly better sensitive for the anti-neutrinos mass-squared splittings

compared to the MINOS as presented in Ref. [117], by using the atmospheric

events only while for the neutrinos mass-squared splitting, its sensitivity is almost

similar to that of MINOS.

Further, we investigate the scenario where the neutrino and antineutrino os-

cillation parameters have different true values. We measure the ICAL sensitivity

for ruling out the null hypothesis (|∆m2
32| = |∆m2

32|) by estimating the difference

between the true values of mass-squared differences of neutrinos and antineutrinos

i.e. (|∆m2
32| − |∆m2

32|). We find that ICAL can rule out the null hypothesis of

|∆m2
32| = |∆m2

32| at more than 3σ (99%)level if the difference of true values of

|∆m2
32| − |∆m2

32| ≥ +0.7× 10−3eV 2 or |∆m2
32| − |∆m2

32| ≤ −0.7× 10−3eV 2.

In chapter 7, we have presented a version of the isobar model based on the

chiral SU(3) symmetry, to study the photoproduction of KΛ from the proton.

The results are presented for the total cross section as a function of CM energy W

and the differential cross sections for various values of W in the region of few GeV

of photon energy Eγ ≤ 3 GeV. The results are compared with the experimental

data available from CLAS [132, 134] and SAPHIR [131, 130] and are found to be
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in a good agreement with the experimental data, except for the region 1.75 GeV<

W < 1.9 GeV. The results of the present model for the total cross sections are

also compared with the results reported using various theoretical models available

in the literature like Regge [203, 206], chiral unitary [175], Saclay-Lyon [158, 160],

Kaon-MAID [185], Bonn-Julich model [234], Bonn-Gatchina model [230, 231, 232],

KSU model [236], BS1 [144] and BS3 [145] models.

In this model, the non-resonant terms are obtained using the non-linear σ

model in which the contact term appears quite naturally with the strength of

its couplings predicted by the model. The different diagrams contributing to the

non-resonant terms are the s, t and u channels and the contact term in which

the various meson-nucleon-hyperon couplings viz. gKNΛ and gKNΣ, are uniquely

predicted in the model. The hadronic form factors at the strong vertices are

introduced to account for the hadronic structure and a dipole parameterization

is used, using a cut-off parameter ΛB taken to be the same for all the diagrams.

For the contact term, the prescription of the form factor given by Davidson and

Workman [209] is used.

We have also considered nucleon, kaon and hyperon resonance exchanges in the

s, t and u channels. The nucleon resonances with spin ≤ 3
2
and mass in the range

1.6− 1.9 GeV, which are well established, represented by ∗ ∗ ∗∗ and ∗ ∗ ∗ states in
the PDG having branching ratio in KΛ are included. The electromagnetic cou-

plings of the various nucleon resonances are obtained in terms of the experimental

helicity amplitudes given in MAID [139] and PDG [237]. The strong couplings at

RKΛ vertices are obtained from the observed partial decay width of the resonance

decaying to KΛ. The unitary corrections are partially implemented by using the

energy dependent widths for the various nucleon resonances [202]. The kaon res-

onances viz. K∗ and K1 having spin 1, are considered in the t channel and spin
1
2
lambda resonances viz. Λ∗(1405) and Λ∗(1800) are considered in the u chan-

nel. Since the experimental information about the kaon and hyperon resonances is

not adequate to determine its electromagnetic and strong couplings phenomeno-
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logically, therefore, the couplings for these resonances are fitted to reproduce the

experimental data available from CLAS and SAPHIR.

We summarize the results of the present study in the following:

(i) Our results explain very well the threshold region and the role of the non-

resonant terms are quite significant in the threshold region up to W ∼ 1.75

GeV. Moreover, the contact term, which occurs quite naturally in our model,

has the most dominant contribution and plays important role in explaining

the data in this region.

(ii) The results of the full model for the total cross section are in good agreement

with the experimental data of SAPHIR as well as CLAS experiments, in a

wide region of W considered in this work, i.e., from the threshold up to 1.75

GeV and from 1.9 to 2.6 GeV, except for a narrow range of W i.e. 1.75–1.9

GeV.

(iii) Among the resonance contribution, at low W , the contribution of P11(1710)

is found to be significant although it is not considered in most of the isobar

models. We find that both P13(1720) and P13(1900) resonances make signifi-

cant contributions to the cross section for W & 1.8 GeV. The S11 resonances

viz. S11(1650) and S11(1895) have small contribution to the cross section in

the entire range of W .

(iv) We would like to emphasise the important role of P13(1720) and P13(1900)

resonances at higher energies specially in the region of W > 2 GeV. When

these resonances are taken into account, the results are closer to CLAS

data. The contribution of both resonances are almost equally important

in the entire region of W considered in this work. However, in the region

of 1.8 GeV < W < 2.0 GeV, the P13(1900) resonance gives a significant

enhancement in the total cross section leading to the appearance of second

peak around W = 1.9 GeV seen in the data of CLAS 2006 and SAPHIR
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1998.

(v) Our results for the angular distribution are in fair agreement with the ex-

perimental data especially in the threshold region.

(vi) When we take an energy dependent width in order to restore the unitarity

partially, it has been found that the effect (energy independent vs. energy

dependent width) on the results of the total cross section is generally small

but could be up to 5− 20% in the region of W > 2 GeV leading to a better

agreement with the CLAS 2006 data.

The present study of the KΛ production induced by photons may be quite

useful in the planned experiments at TJNAF, SPring-8 and MAMI in this en-

ergy region. In future, we plan to extend this model to study the electromag-

netic and weak productions of associated particles (KY ) induced by electrons

and (anti)neutrinos relevant for future experiments at ESRF, MAMI, ELSA and

TJNAF in the case of electrons and at MINERvA, NOvA, T2K and DUNE in

the case of (anti)neutrinos. The strong and electromagnetic couplings determined

from the photoproduction process as well as the Q2 dependence of the vector form

factors extracted from the electroproduction process will be used as inputs in the

case of neutrino and antineutrino induced associated particle production. Our

future plan is to perform theoretical calculations for the (anti)neutrino induced

associated particle production off the nucleon and nuclear targets in the energy

region of a few GeV by taking contributions from the non-resonant and resonant

channels. This study may be quite useful in the future analysis of MINERvA

experiment as well as in the proposed DUNE experiment where the identification

of strange particle production would be neat and enough events are expected at

the DUNE energies which is planning to use argon targets.
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APPENDIX A

DEEP INELASTIC SCATTERING CROSS SECTION

The basic reaction for the (anti)neutrino induced charged current deep inelastic

scattering process on a free nucleon target is given by

νl(k)/ν̄l(k) +N(p)→ l−(k′)/l+(k′) +X(p′) l = e, µ (A.1)

where k and k′ are the four momenta of incoming and outgoing lepton, p and p′

are the four momenta of the target nucleon and the jet of hadrons produced in the

final state, respectively. This process is mediated by the W -boson (W±) and the

invariant matrix element corresponding to the reaction given in Eq.A.1 is written

as

− iM =
iGF√

2
lµ

(
M2

W

q2 −M2
W

)
〈X|Jµ|N〉 , (A.2)

where GF is the Fermi coupling constant, MW is the mass of W boson, and

q2 = (k − k′)2 is the four momentum transfer square. lµ is the leptonic current

and 〈X|Jµ|N〉 is the hadronic current for the neutrino induced reaction.

The general expression of the double differential scattering cross section (DCX)

corresponding to the reaction given in Eq. A.1 (depicted in Figure A.1) in the
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X

2

dσ ∼ ∼ Lµν W
µν
N

X(p′)

W
+ (q)/W

− (q)

N(p)

νl (k)/ν̄l (k)

l− (k
′ )/l

+ (k
′ )

Figure A.1: νµ(ν̄µ)−N inclusive scattering where the summation sign represents

the sum over all the hadronic states such that the cross section(dσ) for the deep

inelastic scattering ∝ LµνW
µν
N .

laboratory frame is expressed as:

d2σ

dxdy
=
yMN

π

E

E ′
|k′|
|k|

∑̄∑
|M|2 , (A.3)

where x and y are the scaling variables which lie in the ranges 0 to 1 in the limit

me,mµ → 0 and
∑̄∑ |M|2 is the invariant matrix element square which is given

in terms of the leptonic (Lµν) and hadronic (W µν
N ) tensors as

∑̄∑
|M|2 =

G2
F

2

(
M2

W

Q2 +M2
W

)2

Lµν W
µν
N , (A.4)

with Q2 = −q2 ≥ 0. Lµν is given by

Lµν = 8(kµk
′
ν + kνk

′
µ − k.k′gµν ± iεµνρσkρk′σ) . (A.5)

Here the antisymmetric term arises due to the contribution from the axial vec-

tor components with +ve sign for antineutrino and -ve sign for neutrino. The

hadronic tensor W µν
N is written in terms of the weak nucleon structure functions

WiN(ν,Q2) (i = 1− 6) as

W µν
N =

(
qµqν

q2
− gµν

)
W1N(ν,Q2) +

W2N(ν,Q2)

M2
N

(
pµ − p.q

q2
qµ
)

×
(
pν − p.q

q2
qν
)
− i

2M2
N

εµνρσpρqσW3N(ν,Q2) +
W4N(ν,Q2)

M2
N

qµqν

+
W5N(ν,Q2)

M2
N

(pµqν + qµpν) +
i

M2
N

(pµqν − qµpν)W6N(ν,Q2) . (A.6)
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The contribution of the term with W6N(ν,Q2) vanishes when contracted with the

leptonic tensor and the contributions of the terms withW4N(ν,Q2) andW5N(ν,Q2)

are proportional to charged lepton mass, therefore, it vanishes in the case of νe

and νµ induced DIS process as ml → 0. When Q2 and ν become large the struc-

ture functions WiN(ν,Q2); (i = 1 − 3) are generally expressed in terms of the

dimensionless nucleon structure functions FiN(x), i = 1− 3 as:

F1N(x) = W1N(ν,Q2), F2N(x) =
Q2

2xM2
N

W2N(ν,Q2)

F3N(x) =
Q2

xM2
N

W3N(ν,Q2).

Now the hadronic tensor may be written in terms of dimensionless nucleon struc-

ture functions FiN(x,Q2) (i = 1− 3) as:

W µν
N = −gµνF1N(x,Q2) +

pµpν
p·q

F2N(x,Q2)− iεµνρσ
pρqσ

2p1 · q
F3N(x,Q2).(A.7)

The expression for the differential scattering cross section given in Eq. A.3 is
written by using Eqs. A.5 and A.7 as:

d2σ

dxdy
=

G2
FMNEν

π(1 + Q2

M2
W

)2

{[
y2x+

m2
l y

2EνMN

]
F1N (x,Q2) +

[(
1− m2

l

4E2
ν

)
−
(

1 +
MNx

2Eν

)
y
]
F2N (x,Q2)

±
[
xy
(

1− y

2

)
− m2

l y

4EνMN

]
F3N (x,Q2)

}
. (A.8)

In general, the dimensionless nucleon structure functions are derived in the quark-

parton model assuming Bjorken scaling in which they are written in terms of the

parton distribution functions qi(x) and q̄i(x) at the leading order as

F2(x) =
∑
i

x[qi(x) + q̄i(x)] ; xF3(x) =
∑
i

x[qi(x)− q̄i(x)] (A.9)

In the case of ν(ν̄)-proton scattering above the charm production threshold, F2,3(x)

are given by:

F ν2p(x) = 2x[d(x) + s(x) + ū(x) + c̄(x)] F ν̄2p(x) = 2x[u(x) + c(x) + d̄(x) + s̄(x)]

xF ν3p(x) = 2x[d(x) + s(x)− ū(x)− c̄(x)] xF ν̄3p(x) = 2x[u(x) + c(x)− d̄(x)− s̄(x)] (A.10)

and for the ν(ν̄)-neutron scattering F2,3(x) are given by

F ν2n(x) = 2x[u(x) + s(x) + d̄(x) + c̄(x)] ; F ν̄2n(x) = 2x[d(x) + c(x) + ū(x) + s̄(x)]

xF ν3n(x) = 2x[u(x) + s(x)− d̄(x)− c̄(x)] xF ν̄3n(x) = 2x[d(x) + c(x)− ū(x)− s̄(x)]. (A.11)
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For an isoscalar nucleon target, we use

FiN =
Fip + Fin

2
, i = 1− 3 (A.12)

The structure functions F1N(x) at the leading order are written using Callan-

Gross [267] relation as:

F1(x) =
F2(x)

2x

The parton distribution functions (defined in Eqs.A.9, A.10 and A.11) for the nu-

cleon have been determined by various groups and they are known in the literature

by the acronyms MRST [268], GRV [269], GJR [270], MSTW [271], ABMP [272],

ZEUS [273], HERAPDF [274], NNPDF [275], CTEQ [276], CTEQ-Jefferson Lab

(CJ) [277], MMHT [278], etc.
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Figure B.1: The Data/simulation plots for the combined Fe of all targets. The

plots are for two combinations: (i) Muon energy vs Hadronic Energy and (ii)

Bjorken variable x and Inelasticity y. This is the first projection for the two pair

of variables.
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Figure B.2: The Data/simulation plots for the combined Fe of all targets. The

second projection for the two pair of variables.
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Figure B.3: The Data/simulation plots for the combined Pb of all targets. The

plots are for two combinations: (i) Muon energy vs Hadronic Energy and (ii)

Bjorken variable x and Inelasticity y. This is the first projection for the two pair

of variables.
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Figure B.4: The Data/simulation plots for the combined Pb of all targets. The

second projection for the two pair of variables.
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Figure B.5: The Data/simulation plots for the combined C of target 3. The

plots are for two combinations: (i) Muon energy vs Hadronic Energy and (ii)

Bjorken variable x and Inelasticity y. This is the first projection for the two pair

of variables.
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Figure B.6: The Data/simulation plots for the combined C of target 3. The second

projection for the two pair of variables.
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APPENDIX C

NON-RESONANT CONTRIBUTIONS

The non-resonant diagrams discussed in Chapter-7, give the essential contribution

to the single meson production through the Born diagrams in s, t and u channels

as shown in FigureC.1. While the s-channel diagrams consist of direct nucleon

pole, the t-channel has meson poles and u-channel has the exchange baryon pole.

Some phenomenological Lagrangians based on the pseudovector coupling or the

effective Lagrangians based on the chiral symmetry also include, in addition to

the Born terms, the contact diagram.

The contribution of all the Born diagrams corresponding to the non-resonant

p(p)

γ(q)

p(p + q) Λ(p′)

K+(pK)

(a)

p(p)

K+(p− p′)

Λ(p′)

K+(pK)

γ(q)

(b)

p(p)

γ(q)

Λ,Σ0(p′ − q) Λ(p′)

K+(pK)

(c)

Figure C.1: Generic Feynman diagrams for the s, t and u-channels Born terms.
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part are explicitly calculated using a phenomenological Lagrangian for πNN in-

teraction. The contribution of the higher resonances are calculated using disper-

sion relation [279, 280, 281, 282]. Another method based on a dynamical model

starting from the effective Lagrangian with bare pion-nucleon couplings obtained

in the quark model, is used to construct a T matrix. Thereafter, a Lippmann-

Schwinger equation is formulated and solved using coupled channel equations for

pion production. In this way, it combines the effective Lagrangian with dynamical

models [227, 224, 283]. In the case of effective Lagrangian approaches, the explicit

contribution from the individual non-resonant Born diagrams and the higher reso-

nances are explicitly calculated in terms of the parameters describing the effective

Lagrangian.

Recently the effective Lagrangians based on the chiral symmetry have been

used by many authors to calculate the inelastic reactions. One class of the mod-

els [284] uses Lagrangians containing nucleon, pion, σ, ω and ρ fields consistent

with chiral symmetry while another class of models is based on the non-linear

sigma model incorporating chiral symmetry [210, 285, 286, 287]. In the following

sections, we outline the formalism to write an effective Lagrangian based on the

chiral symmetry.

C.1 Chiral symmetry

The Lagrangian for QCD can be written as

LQCD = q(i /D −mq)q −
1

4
Gα
µνG

αµν (C.1)

where q =


u

d

s

 denotes the quark field, Gα
µν is the gluon field-strength tensor

with α as a color index and Dµ is defined as

Dµ = ∂µ + ig
λα

2
Gµα, (C.2)
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where g is the quark-gluon coupling strength and Gµα is the vector gluon field. The

Lagrangian written in Eq. (C.1) does not preserve chiral symmetry in its present

form, however, in the limit when quark masses are assumed to be zero, the QCD

Lagrangian preserves chiral symmetry. Today it is well established that all the

quarks have non-zero mass although the current quark masses for u, d, s are small

as compared to the nucleon mass. Thus, in the case of strong interactions, chiral

symmetry is conserved in the limit of mu,md,ms → 0. The consequence of the

symmetries of the Lagrangian leads to the conserved currents. The vector current

is conserved in nature due to the isospin symmetry. Similarly the axial vector

current is conserved in the presence of the chiral symmetry. In case the chiral

symmetry is broken spontaneously, it leads to the existence of massless Goldstone

boson which are identified as the pion.

C.2 Transformation of mesons under chiral trans-

formation

It is well known that the axial vector current is partially conserved and its con-

sequences lead to the Goldberger-Treiman relation which relates the strong and

weak couplings if it is broken spontaneously. The spectrum of mesons does not

respect the chiral symmetry. Now we show the transformation of pion and rho

mesons under the vector (ΛV ) and axial vector (ΛV ) transformations which are

defined as

ΛV ψ = e−i
~τ ·~Θ

2 ψ =

(
1− i~τ ·

~Θ

2

)
ψ, (C.3)

ΛAψ = e−iγ5
~τ ·~Θ

2 ψ =

(
1− iγ5

~τ · ~Θ
2

)
ψ, (C.4)
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where ψ =

u
d

 represents the quark doublet, Θ is the rotation angle, ~τ represent

the Pauli matrices. The pion and rho mesons can be expressed as

~π = iψ̄~τγ5ψ, ~ρµ = ψ̄~τγµψ, (C.5)

where ~π, ~ρ represents the isovector pion and rho meson states, respectively. The

subscript µ represents the vector mesons.

The vector transformation (Eq. (C.3)) when applied on the pion state yields

πi = iψ̄τiγ5ψ = Λ†V ψ̄τiγ5ΛV ψ,

= iψ̄

(
1 +

iτjΘ
j

2

)
τiγ5

(
1− iτjΘ

j

2

)
ψ,

= iψ̄τiγ5ψ + iεijkΘ
jψ̄τkγ5ψ,

~π = ~π + ~Θ× ~π. (C.6)

The above expression represents the rotation of the pion state through the isospin

direction by the angle Θ. Similarly the vector transformation of the ρ mesons

gives

~ρµ = ~ρµ + ~Θ× ~ρµ. (C.7)

From Eqs. (C.6) and (C.7), it can be concluded that the vector transformation of

the mesons leads to the rotation along the isospin direction, which means that the

conservation of the vector current is associated with the isospin symmetry.

Next we see the axial vector transformation of theses meson states, starting

with the pion state. For this, we start with Eq. (C.4) and obtain

πi = iψ̄τiγ5ψ = Λ†Aψ̄τiγ5ΛAψ,

= iψ̄

(
1− iγ5τjΘ

j

2

)
τiγ5

(
1− iγ5τjΘ

j

2

)
ψ,

= iψ̄τiγ5ψ + Θjψ̄(δij)ψ,

⇒ ~π = ~π + ~Θψ̄ψ, (C.8)

= ~π + ~Θσ, (C.9)
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if σ is identified with the scalar particle associated with ψ̄ψ. Eq. (C.8) represents

the rotation of the pion into linear combination of π and sigma meson when the

axial vector transformation is applied on the pion state. Similarly, under axial

vector transformation, a scalar meson σ (= ψ̄ψ) transforms as:

σ = ψ̄ψ = ΛAψ̄ΛAψ,

= ψ̄

(
1− iγ5

τjΘ
j

2

)(
1− iγ5

τjΘ
j

2

)
ψ,

⇒ σ = σ − ~Θ · ~π. (C.10)

From Eqs. (C.8) and (C.10), it is inferred that the pion and sigma mesons, under

the axial vector transformation, are rotated to each other.

Similarly, the transformation of the axial vector current on the ρ mesons gives

ρµi = ψ̄

(
1− iγ5

τjΘ
j

2

)
τiγµ

(
1− iγ5

τjΘ
j

2

)
ψ,

⇒ ~ρµ = ~ρµ + ~Θ× ~a1µ , (C.11)

where ~a1µ = ψ̄~τγµγ5ψ represents vector meson a1 with spin 1. The axial vector

transformation of rho mesons shows the existence of a1 meson. Also, the two i.e.

rho and a1 mesons are rotated into one another by the axial vector transformation.

Therefore, if the chiral symmetry is good, then (π, σ) and (ρ, a1) should

be degenerate which is not true experimentally. This is because we know that

σ is not observed experimentally and in the case of ρ and a1 meson states, the

mass of ρ is mρ = 0.77 GeV while that of a1 is ma1 = 1.23 ± 0.04 GeV. Since

there is a large mass difference between the masses of ρ and a1, therefore, the

chiral symmetry is broken in nature at the nucleon level. However, if the chiral

symmetry is broken spontaneously then the degeneracy of states is not a required

consequence. Moreover, in this case, the massless Goldstone bosons can appear

which are identified as pions. A small mass of pions can be generated by assigning

a non zero but very small mass to the fermions in the theory which leads to an

axial vector current consistent with PCAC [288, 289]. This degeneracy of mass

spectrum is not present in the case of the spontaneous breaking of the symmetry,
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which generates the pion mass and leads to PCAC.

C.3 Linear sigma model

Linear sigma-model is an effective chiral model introduced by Gell-Mann and

Levy in 1960 to study the chiral symmetry in the pion-nucleon system before the

formulation of QCD. Spontaneous symmetry breaking and PCAC are the natural

consequences of this model. The structure of the Lagrangian is Lorentz scalar and

also is invariant under vector (ΛV ) and axial vector (ΛA) transformations. We

have studied in the earlier sections that the pion as well as sigma fields are not

invariant under axial vector transformations. Our task is to first construct a field

which is invariant under both ΛV and ΛA and then write the Lagrangian around

it.

We have discussed in section C.2 that the vector transformation is nothing

but the isospin rotation, thus, the squares of these fields are also invariant under

vector transformation:

π2 ΛV−−−→ π2 σ2 ΛV−−−→ σ2, (C.12)

while under the axial vector transformation, even the square of the meson fields

are not invariant and yields the following expressions in the limit of small ~Θ:

π2 ΛA−−−→ π2 + 2σ~Θ · ~π σ2 ΛA−−−→ σ2 − 2σ~Θ · ~π. (C.13)

Furthermore, from Eqs. (C.12) and (C.13), one may notice that the combination

σ2 + π2 is invariant under both vector and axial vector transformations. Also this

combination is Lorentz invariant hence the Lagrangian for the linear sigma model

can be constructed around σ2 + π2.

The most general Lagrangian of the linear sigma model for the pion-nucleon
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σ, π=0)V(

f
σ

π

Figure C.2: Effect of explicit symmetry breaking.

interaction is written as [241, 290]:

LLSM = iψ̄∂µγ
µψ +

1

2
∂µπ∂

µπ +
1

2
∂µσ∂

µσ

− gπ(iψ̄γ5~τψ~π + ψ̄ψσ)− λ

4

(
(π2 + σ2)− f 2

π

)2
, (C.14)

where ψ, π and σ represents the nucleon, pion and sigma fields, respectively,

gπ is the pion-nucleon coupling and fπ represents the pion decay constant. The

first term in Eq. (C.14) represents the kinetic energy of the nucleon which is the

Lagrangian of the massless nucleons. Second and third terms represent the kinetic

energy of the pion and sigma mesons. The fourth term represents the pion-nucleon

interaction term which is generally expressed by the term gπ(iψ̄γ5~τψ)~π and trans-

forms like π2 under ΛV and ΛA transformations, while π2 is not invariant under

ΛA transformation and one requires a term which transform like σ2 to make the

potential chiral invariant. The simplest choice for a Lagrangian which transforms

like σ2 is gπψ̄ψσ, thus, sigma is incorporated in the pion-nucleon potential to make

it chiral invariant. The last term in Eq. (C.14) represents the pion-sigma potential.

The vacuum expectation value of σ is generated by this potential, thus, the chiral

invariance requires that the potential must be a function of π2 + σ2. The simplest

form of this potential is given by the last term in the above Lagrangian, where fπ

represents the minimum of this potential.

In the Lagrangian given in Eq. (C.14), all the interaction terms between pion,
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nucleon and sigma are present except the mass terms. The mass term for the

nucleon is generated without breaking the chiral symmetry, by its interaction

with the sigma field which is given by the potential gπ(ψ̄ψ)σ. This is achieved by

giving a finite vacuum expectation value of the sigma fields

< σ >= σ0, (C.15)

which describes the spontaneous breaking of the chiral symmetry. By this mech-

anism the nucleon mass is generated. Due to the spontaneously broken chiral

symmetry the pion remains massless and sigma obtains mass term through its

coupling with the vacuum expectation value of the sigma field from the last terms

in Eq. (C.14). Thus in the linear sigma model the pion is massless but sigma is

massive.

C.4 Explicitly broken chiral symmetry

The chiral symmetry is a good symmetry in the limit of vanishing quark masses.

In the presence of the quark mass terms in the Lagrangian, although being very

small for the lowest lying u, d, s quarks, the chiral symmetry is broken explicitly.

One can visualize the effect of the explicit symmetry breaking as shown in

Figure C.2. In the case of the explicit symmetry breaking, the Hamiltonian and

in turn, the potential is not symmetric under rotation. The ground state of the

potential is shifted but the shift is very small such that the rotation along the pion

axis and the radial excitation along the σ axis in the case of spontaneously breaking

of the chiral symmetry remains almost undisturbed. The spontaneous and explicit

symmetry breaking generate, respectively, the nucleon and the pion masses. Thus,

in the limit of the small explicit breaking, the effect of the spontaneous breaking

of the chiral symmetry still dominates the effect of the explicit breaking. This

means that the chiral symmetry is good even in the limit of the small explicit

symmetry breaking effect. The effect of the explicit symmetry breaking on the
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V (σ, π = 0)

σ

fπ

V (σ, π = 0)

σ

fπ

Figure C.3: Infinitely steep potential in the σ-direction.

linear sigma model makes the pion massive. However, the problem lies with the

massive σ field, as the σ meson has not been observed experimentally and therefore

non-linear sigma model was proposed which is discussed in the next section [241].

C.5 Non-linear sigma model

In the non-linear sigma model, this massive σ field is removed by taking an in-

finitely large coupling λ which results in the infinite mass of the σ meson and

the potential gets infinitely steep in the sigma-direction as depicted in Figure C.3.

Minimum of this potential defines a circle (known in the literature as the chiral

circle but, in principle, it is a sphere not a circle) described by

π2 + σ2 = f 2
π . (C.16)

The dynamics of the system is confined to the rotation along this circle. Thus,

the pion and sigma meson fields can be expressed in terms of the pion fields ~Φ(x)

and the radius of the circle fπ, as

σ(x) = fπ cos

(
Φ(x)

fπ

)
, (C.17)

~π(x) = fπΦ̂ sin

(
Φ(x)

fπ

)
, (C.18)

where Φ =
√
~Φ~Φ and Φ̂ =

~Φ
Φ
.
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The pion and sigma fields can be expressed in the complex form as

U(x) = e
i~τ ·~Φ(x)
fπ = cos

(
Φ(x)

fπ

)
+ i~τ Φ̂ sin

(
Φ(x)

fπ

)
=

1

fπ
(σ + i~τ~π), (C.19)

where U(x) is the unitary 2 × 2 matrix. In terms of the complex field, the chiral

circle is expressed as
1

2
Tr(U †U) =

1

fπ
(σ2 + π2) = 1. (C.20)

As in the case of the vector current, isospin symmetry corresponds to the rota-

tional symmetry, analogously, the chiral symmetry corresponds to the rotational

symmetry along the chiral circle.

The Lagrangian for the linear sigma model given in Eq. (C.14) is now expressed

in terms of Φ or the complex representation U(x).

Writing the kinetic energy terms of the mesons, in terms of U(x), we get

1

2
(∂µσ∂

µσ + ∂µ~π∂
µ~π) =

f 2
π

4
(∂µU

†∂µU). (C.21)

Similarly, the nucleon-meson coupling term modifies as

−gπ(ψ̄ψσ + iψ̄γ5~τψ~π) = −gπψ̄
(
fπ cos

(
Φ

fπ

)
+ iγ5~τfπΦ̂ sin

(
Φ

fπ

))
ψ,

= gπfπψ̄e
iγ5~τ.

~Φ
fπ ψ,

= gπfπψ̄ΛΛψ (C.22)

with Λ = e
iγ5~τ.

~Φ
2fπ .

Redefining the nucleon field ψ by

ψW = Λψ, (C.23)

the nucleon-meson coupling strength becomes

− gπ(ψ̄ψσ + iψ̄γ5~τψ~π) = −gπfπψ̄WψW = −Mψ̄WψW , (C.24)

where the Goldberger-Treiman relation (gπ = gπNN√
2

; gπfπ = M) is used. Thus,

in the non-linear sigma model the nucleon-meson interaction term reduces to the
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nucleon mass term. In terms of the redefined nucleon field ψW , the nucleon kinetic

energy term is modified as:

ψ̄(i/∂)ψ = ψ̄WΛ†(i∂µγµ)Λ†ψW ,

= ψ̄W (i/∂ + γµV
µ + γµγ5A

µ)ψW (C.25)

where V µ and Aµ are defined in terms of the unitary matrix u as

V µ =
1

2
[u†∂µu+ u∂µu†], (C.26)

Aµ =
i

2
[u†∂µu− u∂µu†], (C.27)

and u = e
i~τ.~Φ
2fπ ; U = u2. (C.28)

The last term of the Lagrangian given in Eq. (C.14) vanishes as the potential

between the pion and sigma fields vanishes in the chiral limit (π2 + σ2 = f 2
π).

Thus, the Lagrangian for the non-linear sigma model in the chiral limit becomes

LNLSM = ψ̄W (i/∂ + γµV
µ + γµγ5A

µ −M)ψW +
f 2
π

4
(∂µU

†∂µU), (C.29)

where the first term of the above Lagrangian represents the interaction between

the nucleons and pions (in general, between baryons and mesons) and the second

term represents the interaction between pions (in general mesons). The above

Lagrangian can be expanded in terms of the single variable, ~Φ(x), which represents

the pion field. Noticeably the sigma field which was present in the linear sigma

model has got disappeared in the Lagrangian for the non-linear sigma model. An

important point to keep in mind regarding the Lagrangian given in Eq. (C.29)

is that it represents only the interaction between pions and nucleons but not the

interaction of these particles with the gauge bosons.

In reality all the interactions proceed via the exchange of gauge bosons. Thus,

our next task is to incorporate the gauge bosons in the meson-meson and meson-

baryon Lagrangians which be discussed in the next section. Also it is worth

mentioning that the unitary matrix U is expressed in terms of the Pauli matrices ~τ

representing the SU(2) isospin symmetry, however, one may extend the Lagrangian
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given in Eq. (C.29) to the SU(3) isospin symmetry, i.e. through the inclusion of

the octet of mesons and baryons.

C.6 Lagrangian for the meson-meson and meson-

gauge boson interactions

The Lagrangian for the meson-meson interaction is given in Eq. (C.29) (second

term), where in the unitary matrix U = e
i~τ~Φ(x)
fπ , ~τ stands for the SU(2) isospin

symmetry. In order to extend the meson-meson Lagrangian for the SU(3) sym-

metry (where the three massless quarks; u, d, s are considered), the Lagrangian

remains the same while the only change is the modification of U , which in the

SU(3) symmetry becomes

U(x) = e
i~λ·~Φ(x)
fπ = e

iλiΦi(x)

fπ ; i = 1− 8, (C.30)

where λ represents the Gell-Mann matrices and Φi represents the octet of the

meson fields, expressed as

~λ · ~Φ =
8∑
i=1

λiΦi =


Φ3 + 1√

3
Φ8 Φ1 − iΦ2 Φ4 − iΦ5

Φ1 + iΦ2 −Φ3 + 1√
3
Φ8 Φ6 − iΦ7

Φ4 + iΦ5 Φ6 + iΦ7 − 2√
3
Φ8



=


π0 + 1√

3
η

√
2π+

√
2K+

√
2π− −π0 + 1√

3
η
√

2K0

√
2K−

√
2K̄0 − 2√

3
η

 . (C.31)

With these modifications, the second term of the Lagrangian given in Eq. (C.29)

gives the interaction among the octet of the pseudoscalar mesons. Using Eqs. (C.30)

and (C.31) in the second term of the Lagrangian given in Eq. (C.29), one ob-

tains the Lagrangians for the different meson-meson interactions. Here, for the

sake of completeness, we write down the Lagrangians for the π+π+ → π+π+ and
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π+π− → K+K− interactions, as

Lππππ =
π+∂µπ

−π+∂µπ−

2f 2
π

, (C.32)

LππKK =
π+π−∂µK

−∂µK+

2f 2
π

. (C.33)

However, in the real world, we need the interaction of these mesons with the gauge

bosons. Therefore, the gauge boson fields are incorporated in the meson-meson

Lagrangian by the replacing the partial derivative ∂µ by the covariant derivative

Dµ, i.e.,

LMM =
f 2
π

4
(DµU

†DµU), (C.34)

where DµU and DµU
† written as

DµU = ∂µU − irµU + iUlµ, (C.35)

DµU
† = ∂µU

† + iU †rµ − ilµU †. (C.36)

rµ and lµ, respectively, represents the right and left handed currents, defined in

terms of the vector (vµ) and axial vector (aµ) fields as

lµ =
1

2
(vµ − aµ), rµ =

1

2
(vµ + aµ). (C.37)

The vector and axial vector fields are different for the interaction of the different

gauge bosons with the meson fields. In the following, we explicitly discuss the in-

teraction of the photon with the meson-meson Lagrangian for the electromagnetic

processes.

C.6.1 Interaction with the photon field

Since we know that the electromagnetic interactions are purely vector in nature,

therefore, the axial vector current does not contribute, thus, the left and right

handed currents are identical and are expressed as

lµ = rµ = −eQ̂Aµ, (C.38)
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where Q̂ =


2/3 0 0

0 −1/3 0

0 0 −1/3

 represents the charge of u, d, s quarks, e is the

electric charge and Aµ represents the photon field.

Using Eqs. (C.38), (C.35) and (C.36) in Eq. (C.34), one obtains the Lagrangian

for the mesons interacting with the photons, for example, here we write the La-

grangians for the γπ+ → π+ and π+π− → γγ processes, as

Lγππ = −ieπ+∂µπ
−Aµ, (C.39)

Lγγππ = −e2π+π−AµA
µ. (C.40)

Similarly, Lagrangians for the different interactions are obtained.

C.7 Lagrangian for the meson-baryon-gauge boson

interaction

The Lagrangian for the meson-baryon interaction is given as the first term of

Eq. (C.29), where Vµ and Aµ are defined in terms of a unitary matrix u given

in Eq. (C.28) for the SU(2) symmetry. The modification of u by the following

expression:

u(x) = e
i~Φ·~λ
2fπ , (C.41)

leads to the meson-baryon Lagrangian in the SU(3) symmetry. The Lagrangian

for the meson-baryon interaction can be rewritten as

LMB = Tr[B̄(i /D −M)B]− D

2
Tr[B̄γµγ5{uµ, B}]−

F

2
Tr[B̄γµγ5[uµ, B]], (C.42)

where M represents the baryon mass, D and F are the axial vector coupling

constants for the baryons octet obtained from the analysis of the semileptonic
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decays of neutron and hyperons and B represents the baryon field, defined as

B(x) =
8∑
i=1

1√
2
biλi =

1√
2


b3 + 1√

3
b8 b1 − ib2 b4 − ib5

b1 + ib2 −b3 + 1√
3
b8 b6 − ib7

b4 + ib5 b6 + ib7 − 2√
3
b8



=


1√
2
Σ0 + 1√

6
Λ Σ+ p

Σ− − 1√
2
Σ0 + 1√

6
Λ n

Ξ− Ξ0 − 2√
6
Λ

 , (C.43)

with bi being the component of the baryon field. The quantities DµB and uµ are

defined as

DµB = ∂µB + [Γµ, B], (C.44)

uµ = i[u†(∂µ − irµ)u− u(∂µ − ilµ)u†], (C.45)

with

Γµ =
1

2
[u†(∂µ − irµ)u− u(∂µ − ilµ)u†] (C.46)

and u defined in Eq. (C.28). rµ and lµ, respectively, represents the right and

left handed currents, defined in terms of the vector (vµ) and axial vector (aµ)

fields and are given in Eq. (C.37). These currents represent the interaction of

the gauge bosons with the meson-baryon Lagrangian. Thus, the vector and axial

vector fields are different for the interaction of the different gauge bosons. In the

following section, we present the Lagrangians for the interaction of the photon

with the mesons and baryon.

C.7.1 Interaction with the photon field

The left and right handed currents are given in Eq. (C.38) using Eqs. (C.38)

and (C.43)–(C.46) in Eq. (C.42). The Lagrangian for the interaction of mesons

and baryons among themselves and with the photon (γ) fields is obtained. For

example, here we write the Lagrangians for the γp → p, p → pπ0 and γp → nπ+
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processes, as

Lγpp = −e p̄γµp Aµ, (C.47)

Lppπ0 = −(D + F )

2fπ
p̄γµγ5p ∂

µπ0, (C.48)

Lγpnπ+ =
ie√
2fπ

(D + F ) n̄γµγ5p A
µπ−. (C.49)

In a similar manner, one may obtain the Lagrangians for the different possible

interactions of the meson-baryon system with the photon field.

The Lagrangians which we have discussed in this Appendix are used to write

the matrix element for specific processes in Chapter-7.
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