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Abstract 
Intensity in the g-2 ring at Fermilab is most severely 

restricted by its small energy acceptance. The g-2 exper-
iment is exploring the use of wedge absorbers to reduce 
the energy spread of the µ beam entering the ring. The 
absorbers increase the transverse emittance by emittance 
exchange and multiple scattering. Energy straggling, 
beam mismatch, and other effects can also reduce the 
effectiveness, and beam optics can be modified to im-
prove performance.  Linear models with corrections are 
used to estimate the changes in beam acceptances and 
compared with simulations.  

INTRODUCTION 
Low energy muon experiments, such as the Fermilab-

based  mu2e [1, 2] and g-2 experiments, [3]  have a lim-
ited  phase space acceptance for useful muons. The g-2 
experiment only accepts a momentum spread of δP = 
±0.1% around the design momentum of ~3.1 GeV/c. 
Methods that can increase the number of muons within 
the momentum acceptance are desirable. Similar or com-
plementary constraints occurred in the exploration of 
ionization cooling for muons. [4, 5] Wedge absorbers are 
needed to transform the intrinsic transverse cooling effect 
to include longitudinal cooling, and introduce exchanges 
between longitudinal and transverse phase space densi-
ties.   

A simplified model to describe emittance exchange 
that can be adapted to small (incremental) and large ex-
changes was developed, initially for muon cooling exper-
iments. [6, 7] In this paper we describe the exchange 
model and extend it to phase space matching into muon 
experiments such as g-2. Matching of the wedges and the 
accompanying beam optics can be optimized to improve 
the acceptance for these experiments.                                                                                                   

Figure 1: Schematic view of a muon beam passing 
through a wedge.  

 The parameters of g-2 and other experiments are 
discussed and potential uses of wedge absorbers and their 
adaptation to increase acceptance into the experiments 
are described. Simulations that test these possibilities are 
presented and the results are discussed.     

WEDGE EFFECTS ON BEAM - FIRST 
ORDER MODEL 

Figure 1 shows a stylized view of the passage of a 
beam with dispersion η0 through a wedge absorber. The 
wedge is approximated as an object that changes particle 
momentum offset δ = ∆p/P0 as a function of x, and the 
wedge is shaped such that that change is linear in x. (The 
change in average momentum P0 is ignored in this ap-
proximation. Energy straggling and multiple scattering 
are also ignored.) The rms beam properties entering the 
wedge are given by the transverse emittance ε0, betatron 
amplitude β0, dispersion η0 and relative momentum 
width δ0. (To simplify discussion the beam is focussed to 
a betatron and dispersion waist at the wedge: β0′, η0′ = 0. 
This avoids the complication of changes in β′, η′ in the 
wedge.)  The wedge is represented by its relative effect 
on the momentum offsets δ of particles within the bunch 
at position x: 
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dp/ds is the momentum loss rate in the material (dp/ds = 
β-1dE/ds).  2x tan(θ/2)  is the wedge thickness at trans-
verse position x (relative to the central orbit at x=0), and 
δ′ = 2dp/ds tan(θ/2)/P0 to indicate the change of δ with x.  

Under these approximations, the initial dispersion and 
the wedge can be represented as linear transformations in 
the x-δ  phase space projections and the transformations 
are phase-space preserving. The dispersion can be repre-

sented by the matrix: 







=

10
1 0η

ηM , since x ⇒ x + η0δ. 

The wedge can be represented by the matrix: 









′−

=
1
01

δδM , obtaining 







′−′−

=
0

0

1
1

ηδδ
η

ηδM . Writ-

ing the x-δ beam distribution as a phase-space ellipse: 
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new coefficients b1, g1, a1, which define the new beam 
parameters[6]. The general expression for this is: 
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which includes an initial correlation term a0. In this for-
mulation, the correlation term a0 in the initial ellipse is 
set to zero. (That term would indicate an initial disper-
sion, given by ηI = -a0/g0. However, that value would be 
updated by the dispersion entering the wedge. An initial 
beam with zero dispersion could then be extrapolated 
from that beam, and those extrapolated values used as 
initial parameters; there is no loss of generality in this 
choice.)  

The dispersion plus wedge changes the momentum 
width to: 
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The bunch length is unchanged by the wedge. The longi-
tudinal emittance has therefore changed simply by the 
ratio of energy-widths, which means that the longitudinal 
emittance has changed by the factor δ1/δ0. The transverse 
emittance has changed by the inverse of this factor: 
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 The new values of (η,β) are:
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Note that the change in betatron functions  implies that 
the following optics should be correspondingly matched.   

A single wedge exchanges emittance between one 
transverse dimension and longitudinal; the other trans-
verse plane is unaffected. Serial wedges could be used to 
balance x and y exchanges, or a more complicated cou-
pled geometry could be developed.   

Wedge parameters can be arranged to obtain large ex-
change factors in a single wedge. In final cooling we 
wish to reduce transverse emittance at the cost of in-
creased longitudinal emittance. Choosing δ' =1/η0, pro-
vides a direct exchange of emittance and dispersion beam 
sizes.  

A minimal value of δ1 is obtained by taking 
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and δpafter is then given by: 
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At this minimum value, the dispersion function after 
the wedge is canceled to zero. 

The choice of a wedge material is dependent on prac-
tical considerations. The material should be a relatively 
low-Z material to minimize mulitiple scattering and must 
be mechanically compatible with the transport solenoid 
vacuum pipe. An inexpensive choice is polyethylene 
(~CH2), with properties of Z/A = 0.57, ρ=0.94, Ie= 57.4 
eV, X0 = 47.45 cm.[8] This is easily machined, and was 
actually used to produce a wedge for the MICE experi-
ment. [9] Higher density low-Z materials  (Be or B4C or 
C(diamond)) would provide more compact wedges, 
which may be needed. dE/ds is {2.57, 3.86, 5.5, 8.4} 
MeV/cm for 3.1 GeV µ’s in {poly, Be, B4C, and dia-
mond}.  

APPLICATION TO G-2 
The g-2 ring has a very small momentum acceptance 

for 3.1 GeV/c μ’s (δP/P is ~0.1%). The beam transport 
into the g-2 ring (which includes the Debuncher ring) has 
a much larger rms acceptance of ~1.2%. Reduction of 
that momentum spread before injection into the ring 
could increase the number of accepted μ’s. This would 
require a wedge absorber at a point of the transport with 
non-zero dispersion.  

While a reoptimized lattice with a large dispersion in-
sert might be preferred, we first consider what may be 
possible by inserting wedges in the current g-2 beam line. 
Fig. 7 displays betatron functions for the transport into 
the g-2 ring. The transport to the ring has a horizontal 
dispersion of ~0.65m where βx = ~2m and βy = ~7m, and 
this might an appropriate location for the wedge, and we 
choose to explore this as a baseline example. 

The (geometric) transverse emittance at this point is 
12 mm-mrad, so σ0

2 = 24×10-6 m2, and with δ0=0.012, 
(η0δ0)2 = 60.8×10-6 m2. From eq. 5, the “optimum” δ' is 
~1.10 m-1. With this optimum, δ1 would be reduced to 
0.64%, with εx increased to 22.5 mm-mrad. This would 
increase beam within the 0.1% acceptance by ~88%. 

 

 
Figure 2. Betatron functions for the transport leading into 
the g-2 ring.[10, 11] Test wedges are inserted at high 
dispersion within the highlighted region in simulation. 

This optimum δ' corresponds to θ ≅ 163, 154º, 142º, 
126º for polyethelene, Be, B4C, diamond, respectively. 
For low-Z materials the wedge would be a somewhat 
extended object (see fig. 3) because of the large angle. 



This could be split into several shorter wedges of smaller 
angle, if needed.  

The rms σ = (σx
2+(η0δ0)2)1/2

 is 9.2 mm. If the end of 
the wedge is ~1σ from the center of the beam then the 
energy loss at the center of the beam is ~31.5 MeV, 
which provides a useful guideline in exploring  parame-
ters. (Δw= {12.25, 8.2, 5.7, 3.7}cm for {poly, Be, B4C, 
diamond}.) 

The increase in rms normalized emittance caused by 
multiple scattering in the absorber can be estimated by 
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where Es= 13.6 MeV, βt is the transverse beta function 
entering the wedge, LR is the material radiation length, 
Δw is the length of the absorber at central energy loss, 
mc2= 105.66 MeV, and β, γ are the relativistic kinematic 
factors (β ~1, γ ~29.3). With the energy loss at central 
momentum at 31.5 MeV and βt=2m, δε = δεN /βγ ={5.0, 
4.4, 5.2, 6.0}×10-6m for poly, Be, B4C, C, respectively. 
This is not too great an increase. But at βt=7m, the effect 
is 3.5 times larger. In the reference example (βy=7 m), the 
veritical emittance would be more than doubled, and 
probably lead to some beam loss in the downstream op-
tics. Changing the optics to smaller βy would be very 
desirable.   

Higher-Z materials would have much larger multiple 
scattering, and would therefore be undesirable.  
                   

 
Fig 3. Schematic view of a muon beam incident on a 

large angle (160º) absorber. 
 

Another important effect is energy straggling, which is 
the rms energy spread increase from passing through a 
material, and is approximated by: 
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where ne is the electron density in the material. This can 
be rewritten as: 
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where ρ is the material density in gm/cm3. This effect is 
relatively large for g-2, because of the γ2 dependence. 
Following Vavilov, as presented by Leo,[12] this factor 
should be reduced for muons by a factor of (1 +2 γ 
(me/mµ)+ (me/mµ)2), which is a factor of ~1.3 for 3.1 
GeV/c µ’s, from finite mass effects.  
  For the example with 28.1 MeV/c energy loss we 
obtain (∆Erms)2 = {347, 325, 350, 345}MeV2 for poly, 
Be, B4C and diamond, respectively, and is thus almost 
material independent.  
 This leads to an increase in δ2 by 36×10-6

 at the refer-
ence. In the baseline example, we would expect this to be 
added to the cooled δ2

 of ~41×10-6 and compared to the 

initial value of 144×10-6. The final δ would be ~0.0088, 
and the increase in g-2 beam would be reduced to ~37%; 
more than half the possible increase (with ideal ex-
change) is lost from the energy straggling. 
 Straggling and multiple scattering can be reduced by 
choosing a shorter absorber than the reference case. 
Choosing δ' at 0.6 of the reference value (half angle and 
resulting width) reduces the multiple scattering and 
straggling effects by a factor of ~1.7. The final enhance-
ment in density is about the same. (δ is reduced from 
1.2% to 0.74% without straggling and to ~0.89% with 
straggling (~35% improvement). The dispersion and 
betatron function changes are much less (βx: 2  3.2 m. 
η: 0.65  0.31 m). An optimum with ~40% improve-
ment exists at ~0.8 the reference value. 
 The shorter wedges would also have better transverse 
acceptance (from reduced transverse emittance increase), 
and would be preferred.  
 

DISCUSSION 
The linear optics optimum is probably not a global 

optimum for the procedure, particularly after considering 
straggling and multiple scattering, which may signifi-
cantly reduce acceptance. 

The transverse and longitudinal acceptances of the 
ring are limited by the ring aperture, which has an r = 4.5 
cm radius and the betatron functions (βx = 8m, βy = 
18.4m, η=8.2m). These are given by: Ax= r2/βx and Ay= 
r2/βx which is 0.00025m for Ax and 0.00011 m for Ay. 
This could be rewritten as an rms emittance acceptance 
by dividing by 6 (εrms =A/6), obtaining εx = 0.000042m, 
εy = 0.000018m. The transverse emittance increase in-
duced by the absorber should be significantly less than 
these aperture cuts. (Further aperture cuts are imposed by 
the injection optics.) This would be true for εx but not εy 
in the reference case, because of the larger βy at the 
wedge and in the g-2 ring. Smaller βy at the wedge would 
be helpful. 

Energy straggling increases as γ2, and it severely lim-
its the application to the g-2 beam because it has a rela-
tively high energy. Lower-energy µ beams would be less 
vulnerable to this effect. 

The beam optics is changed at the wedge, both in the 
betatron functions and dispersion, as well as the down-
stream beam sizes and emittances. For example, at the 
“optimum” δ', η=0 after the wedge; the original g-2 line 
matches η=0.65 at the wedge to η=~0 at the g-2 ring. 
The optics should be rematched to an optimum injection 
η. βy also decreases at the wedge, from the increase in 
the vertical emittance from multiple scattering, while the 
vertical beam size is unchanged. 
 

SIMULATION RESULTS 
We have initiated simulations of the g-2 case.[7] In 

these simulations, beam was tracked using G4Beamline 
through the transport from the delivery ring into the g-2 
ring. Wedges of various materials and dimensions were 

µ 



inserted in the high dispersion region and optimized for 
providing the most beam within a ±0.1% δp/p acceptance 
window through the transport. 

As may be expected from the above discussion, the op-
timum wedge is a low-Z material (poly (~C2H4) or  Be) 
with a shallow effective angle (~150-160º), and increases 
the beam within the acceptance by ~30%. (see fig. 4) The 
wedge increases transverse emittance, and with the mis-
matched optics the larger amplitude particles were lost in 
the transport; the 30% net improvement included the 
losses. 

 The result is considered to be enough of an improve-
ment to encourage further development, including further 
simulation and design and construction of moveable 
physical wedge inserts in the g-2 transport line at the 
high dispersion point.  

  
Figure 4. Momentum distribution of beam reaching the 
g-2 ring without (blue) and with (orange) a wedge. While 
total number of muons is reduced, the momentum width 
is reduced and beam within ±0.1% is increased by ~30%. 

 
In the initial evaluations the beam optics was not re-

matched following the wedge, and a full simulation with 
matching into the  g-2 ring and storage has not yet been 
completed. This  must be done in the near future. Proper 
matching could increase acceptance significantly. A 
modified optics with larger dispersion at the wedge could 
also greatly improve acceptance. 
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