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Abstract

Excitation of higher-order modes (HOMs) in superconducting cavities may severely
affect the operation of the main linac in the Chinese Accelerator Driven System (C-
ADS) [1]. Preliminary analysis is made on the effects of beam dynamic, which includes
possible longitudinal and transverse emittance enlargements, as well as the possibility
of beam breakup. Suggestions are given for further investigation. Comparison is made
between the C-ADS and the Fermilab Project X.

1 Introduction

Superconducting rf (SRF) cavities are used in the China Accelerator Driven System (C-ADS)
project [1]. SRF cavities have high quality factors, implying that the electromagnetic fields
excited by a beam bunch do not decay much when successive bunches pass by. Besides the
fundamental mode that is necessary for particle acceleration, unuseful higher-order modes
(HOMs) will be excited as well. The accumulated HOM excited field energy can add to the

cryogenic loss by so much that the maximum cryogenic heat load may be exceeded. The
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longitudinal HOM kicks experienced by the beam particles can enlarge the longitudinal bunch
emittance, while the transverse HOM kicks can enlarge the transverse emittances. Excitation
of HOMs can result in collective beam dynamic effects, one of which is coupled bunch
instabilities. Another important one is successive accumulated transverse kicks that lead to
beam breakup. For these reasons, the examination of HOM effects become an important

issue to investigate when a linac is designed.

HOM couplers can be installed to extract HOM energy excited out of the cavities so as
to avoid adverse HOM effects. Unfortunately, HOM couplers are expensive and may limit
cavity performance and reduce operational reliability. HOM couplers were installed at the
SNS linac, but were found to be unnecessary. In Project X, investigation reveals that HOM
adverse effects are too small to be alarmed [2]. For the C-ADS project, on the one hand, the
designed average beam current is 10 mA, which is 10 times larger than Project X, so that
HOM effects could become much larger. On the other hand, the only operation at C-ADS
is CW. The beam spectrum is well separated by 162.5 MHz, unlike in Project X where the
beam spectrum sidebands can be as close as every 10 to 20 MHz. As a result, the HOM
pass bands can be far way from the beam spectral lines, making HOM excitations relatively

inefficient.

In this note, we will make simple estimate to see whether the longitudinal and trans-
verse emittances will be enlarged by the HOM excitation. We will also make estimates of
the possibility of beam breakup. Our investigation follows the examination performed by
Sukhanov, et al. [3]

2 The C-ADS

The accelerator scheme of the C-ADS linac is illustrated in Fig. 1. It consists of the low-
energy-beam-transport (LEBT) section, the medium-energy-beam-transport (MEBT) sec-
tion, the high-energy-beam-transport (HEBT) section. SRF cavities are used in both the
MEBT and HEBT. Since superconducting cavities are of much higher quality factors, the
corresponding shunt impedances of the HOMs are much higher and can lead to much larger
collective beam dynamic effects. For this reason, we will study the HOMs of the supercon-
ducting cavities in the MEBT and HEBT only. The Ellip063 and the Ellip082 supercon-
ducting cavities are employed, respectively, in the MEBT and HEBT sections. Each of these
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Figure 1: The layout of the C-AID linear accelerator, showing the LEBT, MEBT, and the HEBT.

cavities consists of a string of five cells. They are named Ellip063 and Ellip082 because

the individual cells are of elliptical shape in the sideway projections. The former is of mean

group velocity with respect to velocity of light c is ¢ = 0.63, while the latter is of S5 = 0.82.

Some properties of the cavities and those of the beam are listed in Table I. The energy gain

per linac period is shown in Fig. 2.

Table I: Some properties of the superconducting cavities in the MEBT and HEBT.

Ellip063 Ellip082
Beam transport MEBT HEBT
No. of periods 9 19
No. of cavities/period M 4 5
No. of cells/cavity 5 5
RF frequency f,¢ 650 MHz 650 MHz
Period length Lg 7.301 m 9.62 m
Synchronous phase ¢, —12° —10°

Energy Range

At entrance, v, 3

At exit, v, B

Main group velocity Bg
Main period frequency fy
Mean rf harmonic h

Mean rf voltage per cavity V¢

176 to 369.7 MeV
1.1875, 0.5394
1.3943, 0.6969

0.63
25.87 MHz
25.12
5.5 MV

369.7 to 1501.9 MeV
1.3943, 0.6969
2.5987, 0.9230

0.82
25.55 MHz
25.44
12.1 MV
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Figure 2: The energy gain per linac period obtained by simulation using the software TraceWin|6]

taken from Ref. [1]. Each dot represents one period of the linac.

3 Monopole HOM Effects

We are going to consider the C-ADS bunches as point-bunches. This is because when entering
the Ellip063 section, the C-ADS beam envelope is of ~ 3 mm or 18.5 ps. The rms beam
width, taking as half the envelope, is o, = 9.25 ps. The highest cutoff frequency is w./2m ~
2.77 GHz for Ellip063 in the monopole modes. Thus the Gaussian factor exp|[—(w.0¢)?/2] =
0.987 is just slightly different from unity. In other words, a C-ADS bunch is consider as a
macroparticle of charge eN,, where N, is the number of particles in the bunch. The average
C-ADS beam current is I, = eN, /T, = 10 mA, where T, is the bunch separation in time and
wy/27 is the beam frequency. For the C-ADS, wy/27m = 162.5 MHz.

When a point-bunch of total charge e, passes through a cavity, it excites the n'" lon-

gitudinal HOM of frequency w,(LO) and internal quality factor ng). A beam particle of charge

e at a distance z behind sees the longitudinal wake W,;(O)(z) and experiences a longitudinal



impulse Apflo)(z), given by

vAPP () = €N, Y WO (2 + kvTy), (3.1)

k=—o00

where v = (¢ is the nominal beam velocity. In the above, the summation implies that the
beam particle sees the wakes left by not only just one bunch but all the bunches ahead.
Since the wake Wq;(o) (z) is imbedded with the property of causality, the summation has been
extended to kK = —oo. Because the HOMs of the superconducting cavities are of high quality

factors Q,(lo) > 10°, it will be more convenient to go to the frequency space. We have

vApﬁLO)(z) = ¢%N, Z / % Zflo) (w)e’”(z’Lk”Tb)/”, (3.2)
k=—00 Y~

where Z") (w) is the corresponding longitudinal impedance of the n'® HOM. The summation

over k can be performed readily to give

UApﬁLO)(z) =N, Z / der(LO) (w)ewz/v(S(wa — 27m)

m=—0Q

=el, Z ZO (muw, )elmen®/v. (3.3)

m=—0Q

The longitudinal impedance of the n'® HOM can be represented by

(Ru/Qn)"
Z’r(LO) (w) = 1 O o\ (3'4>
<0)_Z(Z _ww))
nL n

Here, we are using the convention which denotes time variation as e“!. When w < w)! ),

the impedance is of +i or inductive. (This is the same as the engineering convention of e/“*,
with the only difference that we prefer using i instead of j.) The R/Q of a resonance in a
cavity is a geometric factor of the cavity. The (R,/Q,)" in the above, however, includes the
consideration of finite time of cavity passage. It is therefore a function of particle velocity,

and is defined as

1
(R /Qn)(8) = o0

n nstore

o) 2
/ Epa(r = 0,2)e™ /42 | (3.5)

—0o0

with U9

hstore D€INE the stored energy. The integration is over the electric field along the beam-

pipe axis (r = 0) with transit factor taken into account. When the cavity is connected to



the external circuit, the quality factor of a resonance decreases, and it is called the external
quality factor Qg as indicated in the denominator of Eq. (3.4). For a superconducting rf

SE ~ 10°, while the internal quality factor Q%O) is much higher. It is

cavity in operation, @)
important to point out that as 7(10) decreases to QfloL), the shunt impedance Rflo) decreases to

RS)L) as well so that R/ remains unchanged, or RSE / Q;OL) =RY / leo)'

We see in Eq. (3.3) that only frequencies at the beam multiples will contribute. Here,
we are dealing with HOM frequency w /27 ~ 1000 MHz with external quality factor QSE ~
105, or a resonance width of w? / (QWQSE) ~ 1.6 kHz. On the other hand, the beam frequency
is wp/2m = 162.5 MHz. Thus only the beam multiple mw, /27 closest to the HOM frequency
will be retained in the summation. However, one should remember that the beam multiple
—muwy,/27 will contribute as well. Thus a factor of two will be included if only positive
frequencies are considered. If one prefers, instead of the average beam current I, one can
substitute the beam multiple current I,(mws) = 21, (m # 0) instead. These considerations
lead to longitudinal impulse imparted onto a beam particle as a result of the excitation of
the ' longitudinal HOM,

0 _ 2ely (Rn/Qn)(O)
n 1 20w

v + 15y
QG LY

Ap (3.6)

where dw = mw, — w® and the approximation dw/ w¥ < 1 has been made. We have also

substituted z = 0 or a multiple of vT}, because the witness beam particle considered is inside
one of the bunches. The energy imparted onto the beam particle will be U = U|Ap7(10)| It

this HOM imparted impulse does not lead to an emittance increase, we must have [4]

00U, 01 K €W, (3.7)
where oy, = %U,SO) is rms energy gain of the particle, o, is the rms bunch length, and ey,

is the nominal unnormalized rms longitudinal emittance [7]. We therefore require

ow . €[b(Rn/Qn)(0) > elb(Rn/Qn)(O)at
w© (0) V2ew+ 7

where Eq. (3.6) has been used and dw/ wi > 1 / 2QY has been assumed.

(3.8)

Elliptical SRF Ellip063 and Ellip082 are used in C-ADS. The former is for group velocity
Ba ~ 0.63 while the latter is for Sz ~ 0.82. Computation of the HOM frequencies and
their corresponding R/Q’s are being performed using the code CST [5], but has not been

finished. The computation is very time consuming and each run can take several hours. For



the present analysis, we are going to use the published cavity data from Project X [3], since
essentially the same elliptical cavities are used in Project X. They are of the same rf frequency
frf = 650 MHz. Since they are used in Project X linac sections of main group velocities 0.64c¢
and 0.90c¢, they are called Ellip064 and Ellip090 instead. The dimensions of these Project X
cavities are listed in Fig. 4. The monopole HOMs of Ellip064 and Ellip090 SRF cavities below

/.f"”ﬂ'_'- Geometrical parameters of 650 MHz Project-X Cavities.
Dimension Ba = 0.61 Ba =10.9
/
lote £ Regular cell End cell Regular cell End cell
E "! A _ 7, mm 41.5 41.5 50 50
a \ R, mm 195. 195 200.3 200.3
b 7 ‘ R L,mm 70.3 71.4 103.8 107.0
i A, mm 54 54 82.5 82.5
& B, mm 58 58 84 84.5
1| o¢mm 14 14 18 20
b, mm 25 25 38 39.5
o ' o,deg 2 2.7 5.2 7

Figure 3: The dimensions of the Ellip064 and Ellip090 SRF cavities in Project X.

their respective cutoffs are plotted [3] in Fig. 4. The fundamental pass band at ~ 650 MHz
is the acceleration band. For each pass band, there are five modes because there are five
cells in each cavity. The R/Q’s for monopole modes are depicted in Fig. 5. We see that
there is a big variation in the values of R/Q’s. The largest of them is (R,/Q,)? = 130 Q
for the Ellip090 HOM at frequency wgo)/ 2m = 1241 MHz. The normalized rms longitudinal
emittance of the C-ADS is quoted as roughly [1] €},/(Eo/c) = 0.23 mmm-mr, where Ej
is the particle rest mass. At the entrance of the Ellip082 cavity section of the C-ADS
main linac, f = 0.6969, v = 1/@ = 1.394. In proton linacs, the unnormalized
rms longitudinal emittance is often expressed as €., with the definition 2/ = Ag/S. This
implies that [4] e, = eiVAp/(BV:SEO) = 0.122 mmm-mr, or ey, = 3*7>Eye. = 0.150 7 keV-m
in the energy-length unit or ey = f*yEge..r = 0.719 wkeV-ns in the energy-time unit.
The beam envelope shows a bunch width of 2.2 mm. Taking the half full width as 20,
we get 0, = 1.1 mm or o, = 5.27 x 1072 ns. The beam spectrum consists of multiples
of wy/2m = 162.5 MHz and the current at each multiple is I,(mw,) = 20 mA. To avoid
longitudinal emittance increase caused by the HOM at w? /27w = 1241 MHz with the largest



4000 3000

—e— Passband 1 —e— Passband 1
—s— Passband 2 —s— Passband 2
~s— Passband 3 ~+— Passband 3
3500 — —+— Passband 4 —e— Passband 4
----- Passband 5 2500 — —as— Passband 5
Passband 6 Passband 6
3000 Cut-off Cut-off
T T
2000
= 2500 - = £
& g
S — g
g 2000 — g
] ]
= & 1500 — T T
1500 -
1000 —
1000
500 | | | | | 500 | | | | |
1 2 3 4 5 1 2 3 4 5
Mode, =n/5 Mode, =n/5

Figure 4: Monopole HOMs of the Ellip064 (left) and Ellip090 (right) SRF cavities in Project X.

The five modes of each pass band are shown.

(Rn/Qn) = 130 Q, the HOM frequency w) /27 must be away from one of the beam
spectral line by dw/2m > 3.08 kHz, if I,(mw;) = 20 mA is substituted. Because of the mean
operation velocities are slightly different in C-ADS, the actual R/Q’s will usually be slightly
different from those depicted in Fig. 5, unless resonances are hit. These differences, however,

will be ignored in the present analysis.

The C-ADS is of CW operation and all the beam spectral lines are separated by the
beam fundamental frequency w;,/27 = 162.5 MHz. The 7 and 8" multiples are closest to
the 1241-MHz HOM. The 7** multiple is of frequency 1137.5 MHz which is 103.5 MHz away
from the 1241-MHz HOM, while the 8" multiple is of frequency 1300 MHz which is 59 MHz
away. Therefore, if the HOM at 1241 MHz is of full spread Awl =0 / QfloL), there will not
be any beam current within this spread, since the external quality factor can be of the order
Q;OL) ~ 10°, and therefore this HOM will not be excited.

The above consideration is valid for one single Ellip082 cavity. There are in total 95
Ellip082 cavities in the 19 periods of the HEBT section in the C-ADS main linac. All these
95 Ellip082 cavities can never be identically manufactured. Only the accelerating mode of
each cavity is carefully tuned to 650 MHz to maximize beam acceleration. Nowadays, SRF

cells and cavities have been more accurately made, and the HOM rms frequency spread can
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Figure 5: The monopole HOM R/Q’s of the Ellip064 (left) and Ellip090 (right) SRF cavities in
Project X.

be carefully controlled to less than oy, /27 ~ 5 MHz and even as small as 1 to 2 MHz. With

such a spread incorporated, the shunt impedance of the HOM n mode becomes

(0) R, © 0
Rshunt(w) = (Q l) ‘F( )(w)} ) (39)
where the form factor is
(0) _ —(0)y\2 2
1 e—(wn’ —wn")?/202,
FO@W) = —— /dw(o) (3.10)
Y/ n RO
o i)

where @(10) /27 is the mean frequency of HOM n of all 95 Ellip082 cavities, which we may
take as 1241 MHz. If we make the approximation

w  wl 2(w — wT(LO))
- s (3.11)
Wn, w Wn

which is valid even when (w — wgo))/ 27 is tens of MHz, the form factor can be integrated in

the closed form in terms of the complex error function w( ) (also known as Dawson function),

_(0) 0 _(0)
FO ()= Yo (@G, o | (3.12)
2\/§0wn \/io-wn 2\/§an QnL

The form factor is depicted in Fig. 6 for external quality factor Q;OL) =1 x10°. We find that

the form factor is very insensitive to the external quality factor, and the plots in Fig. 6 even
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factor of the SRF cavities due to imperfection of manufacturing.

do not show any visible changes as long as Q;OL) > 1 x 103. This is understandable, because
the HOM frequency spread due to random imperfection is very much larger than the spread
due to QSJL). When there is no imperfection spread, the shunt impedance right at the HOM
= R%O)QSJL)/ ngo), where Qflo) is the internal quality factor and
is usually much higher than Qg In the presence of the imperfection spread, however, the

shunt impedance at the HOM mean frequency @\ is, according to Eqs. (3.9) and (3.12),

—(0) . p(0)
mean frequency wy’ is Ry .

RO _ ( > )(0) ﬁwg}) 3.13
shunt : ( : )
QnL 2\/§O'wn
Instead of Q;OL), an effective external quality factor
—(0)
QU = YT _ (3.14)

nLeff — 2\/50_5‘}(1)

can be defined. For the monopole HOM n with wq(lo)/27r = 1241 MHz, Q((Eeﬂ = 778, if the

n

rms imperfection spread is o, /2m = 1 MHz. This is very much smaller than the external

quality factor Qg, which can be of the order 10°.
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We have shown that the closest multiple of the bunch frequency from the mean HOM
n of frequency @9/27? = 1241 MHz is the m = 8 multiple and is 59 MHz away. The R/Q
form factor at the 8" multiple is |F(®)(8w;)| = 10.5. Recall that the HOM n of an individual
SRF cavity can have a very large quality factor @),,. Because of the coupling with external
impedances, the quality factor is largely reduced to the external quality factor Qg, which
may be of the order of 10°. When many superconducting cells are considered, because of
the imperfection in manufacturing, there is a spread in the HOM frequency, for example
0w, /2m ~ 1 MHz. This spread effectively lowers QfloL) to an effective value of Q;OL)QH ~ TT78.
Because the closest bunch multiple spectral line is 59 MHz away from the mean HOM
frequency, the coupling of this 8" bunch current with the HOM is further reduced through
the form factor of the shunt impedance from QS)L)eH ~ 778 to | Re F(8w,)| = 10.5. The
average voltage induced per cavity at the Ellip082 SRF in the HOM of frequency 1241 MHz
is therefore

N RO
= I,(8wp) (Q—”> | Re F O (8wy)| = 27.4 V. (3.15)

n

VTEO)(&U[)) ==
The average power loss per cavity for this monopole HOM is

2
v,
PO — = 0.55 W. (3.16)

loss R (0) ©
(B) " IR FO (5]

4 Frequency Spread of Beam Frequency

There is a spread in the velocity of the particles in a bunch, which will lead to a spread
in the frequency of the beam. In the previous section, we found that the unnormalized
rms longitudinal emittance at the entrance of the Ellip082 section is €,,, = 0.122 7mm-mr,
and the rms bunch length is o, = 1.1 mm. Thus the rms spread in particle velocity is
opg/g = €x/0. = 0.11 mr. The beam frequency is wy/27 = Bc/Lgep, Where Ly, is the

nominal distance between successive bunches. The spread in beam frequency is therefore

Be AB__AB

= —wWp——.
Lsep ﬁ ﬁ

Thus the rms spread in beam frequency is o, /27 = 0.018 MHz, and 0,,,,, /27 = 0.018m MHz
for the m*™ multiple. Since the 1241-MHz is closest to the 8" multiple, the rms spread of
the current component I,(8wy) is 0.14 MHz. Thus the HOM is far from a multiple beam

Awb:—

(4.17)
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current frequency only when the separation is very much larger than (o, + 0y, )/27, which
is about 1.14 MHz in the present case, if we assume o, /27 = 1 MHz. The derivation in
the previous section will not be affected, because the separation of the HOM from the 8"

multiple of the beam frequency is 59 MHz, which is very much bigger.

5 Dipole HOM Effects

Besides monopole, dipole HOMs can also be excited in SRF cavities. If the dipole-mode
energy imparted to the beam particles is large enough, transverse emittances can increase

and eventually lead to beam breakup. Here, our analysis follows closely that for the monopole

HOMs.

Let us concentrate on the horizontal phase space. Consider a point-bunch of total
charge eN, passes through a cavity at a horizontal offset x;. It excites a dipole HOM n of
the cavity of frequency wH /27 and internal quality factor Qg). A beam particle of charge e
at a distance behind sees the horizontal wake Wygl)(z) and experiences a horizontal impulse
Apfll)(z), given by

vApWV (2) = 2Ny, Z W (2 + kvTy). (5.18)
k=—o00

Introducing the transverse impedance

c (Rn/Qn>(1)
6 oD o\
wn! oty =i (4 = )

summing over k and retaining only the beam multiple mw; closest to the HOM frequency

20w) =

(5.19)

under consideration, we obtain

2iel, 2ielyxy (Rn/ Q)Y
APS) — ler(Ll) (mwb) p— ®) T n 226_‘*}7 (520)
Wn' oM Q)
nL n
where dw = mw, — wq(ll), only positive frequencies are considered, and the assumption

ow /wfll) < 1 has been made. In the above, the dipole HOM shunt impedance over quality

factor is a function of beam velocity £ and is defined as

R\ 1
(@) )= oo

store

1 & . a 2
—/ Enz(r:xl,z)ewg)z/ﬂcdz , (5.21)

X1

—0o0
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with UV

nstore

being the energy stored per cycle. The external quality factor is QSL)

This horizontal impulse imparted on the beam particle lead to an increase of the defec-

tion of the beam in the horizontal space space by

r_ |Apgtl)| _ 2elyxq (Rn/Qn)(l)

(1) - 20w |7

Ax = T
p pw o o
n QnL Wn,

(5.22)

where p is the nominal longitudinal momentum of the beam. In order that this transverse

kick will not affect the horizontal emittance of the bunch, we require

€g €x €z
Aax/ << -

oe VB VB

where Ao, = Az'/ V2 and ¢, is the unnormalized rms horizontal emittance of the bunch,

(5.23)

while o, is the rms horizontal beam width and [, is horizontal betatron function at the
cavity. With the help of Eq. (5.22), this requirement translates into

1) @
S — elycxi(R,/Qn) > elycay (R /Qn) (5.24)

pAlJ ﬂVﬁEO V Ez/ﬁx ’

where Fj is the rest energy of the beam particle. The assumption that in most cases
(5w/w7(}) = (w— wg))/wg) > 1/2@7(112 has been used.

The dipole eigenmodes of the SRF cavity are shown on the left for Ellip064 and on the
right for Ellip090 in Fig. 7. The corresponding dipole R/@Q)’s are shown in Fig. 8. For each
pass band, there are five modes because there are five cells in each cavity. The R/Q’s for

the dipole modes are depicted in Fig. 8.

The most offensive dipole HOM is that of frequency w) = 1376 MHz with (Rn/Qn)M) =
60 kQ2/m? in the Ellip090 cavity. At the entrance of the Ellip082 section in the C-ADS main

linac, the normalized horizontal rms emittance is €

» = 0.26 mmm-mr. The beam energy

corresponds to v = 1.3943 and 8 = 0.6969. The unnormalized horizontal rms emittance is
therefore €, = 0.269 7mm-mr. The beam envelope has the horizontal size of 5 mm. The rms
horizontal beam size, taken as half of the envelope size, is 0, = 2.5 mm, which corresponds to
the betatron function 8, = 23.4 m. To avoid emittance increase, the dipole HOM frequency
must be away from a beam spectral line by dw /27 = 207 Hz, if the multiple beam current of
fb(mwb) = 2[, = 20 mA is substituted and the beam passes through the cavity at an offset
of ;1 = 1 mm. This dipole HOM frequency is in between the 8 and the 9*" multiples of
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Figure 7: Dipole HOMs of the Ellip064 (left) and Ellip090 (right) SRF cavities in Project X. The

five modes of each pass band are shown.

the bunch frequency. The 8" multiple is 76 MHz away from the dipole HOM while the 9"
is 86.50 MHz away.

If the frequency spread due to manufacturing of all the 95 Ellip082 cavities are taken
into account, we are seeing the same form factor in Eq. (3.12), but with the superscript (0)

replaced by (1). Thus the dipole shunt impedance is

W R\ L
Rl = (g2) IO, (5.25)
Right at the mean dipole HOM frequency @,, the effective quality factor is QSL)BH =
| Re FM(@,,)| = 862 when o, /2m = 1 MHz is assumed. At the 8" multiple of the beam
frequency the form factor is | Re F'™ (8w;)| = 9.05. If the dipole HOM frequency is right on

a multiple bunch frequency, the energy imparted to a beam particle is

(8 R\
U = W (Q—) QW =235 V. (5.26)
Wn n

Since the 8wy, component is actually 76 MHz away, the energy imparted to a beam particle

is instead

I(8 R\
g — Trel(8wr)e (Q—) | Re FU(8uwy)| = 0.377 eV. (5.27)

n wn
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Figure 8: The R/Q’s HOMs of the Ellip064 (left) and Ellip090 (right) SRF cavities in Project X.

The power dissipated can be obtained by multiplying the above voltage by fb(&ub). This
gives Pl(l) = 0.0075 W per cavity. However, if the dipole HOM frequency is right on top of

0SS

a multiple bunch frequency, this loss would become 0.047 W per cavity.

6 Collective Effects

Let us go to the time domain and sum up the HOM voltage induced by an infinite train of
bunches. For the dipole HOM, dipole wake is left by an infinite train of bunches traversing
the cavity at an offset z;. A beam particle of charge e passing the cavity at whatever offset

will experience a dipole transverse impulse

1 2 R\ & ki Ty /2Q) 1
ApV = 2Ny, 0. Ze‘ wn To/2QnL gin kw (DT,
" k=0

(Rn/Qn)™
1— exp(—wg)Tb/QszlL) + iuh(zl)Tb)’

= Ny, Im (6.28)

!'is the beam frequency. The summation covering only nonnegative k is

where wy/2m =T,
the result of causality. If the HOM is a multiple of the beam frequency, the denominator
will vanish when the HOM quality factor QSL) — 00. Physically, the induced voltage adds
up because the HOM is in phase with the beam. However, if the HOM is far from a multiple
of the beam frequency, the accumulated induced voltage will be much smaller. This is a

reflection of the same far-away-from-multiple effect we saw in the frequency domain.
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Some comments are necessary. Since this is a linac, every bunch performs the same
betatron oscillation with the same initial phase, except for some small variation because
of the small spreads of original position, energy, etc. As is shown in Fig. 9, every bunch

passes through one particular cavity at roughly the same offset z;. It is because of this that

cavity

Figure 9: Every bunch passes through the cavity at the same offset x1, except for the small

variation due to the small spreads of original position, energy, etc.

the bunch offset z; is not included within the summation sign in Eq. (6.28). However,
is a function of cavity position, implying that the bunches pass through another cavity at

another offset.

The excitation of the n'® transverse HOM of M SRF cavities in a linac period of length
Ly by former bunch passage initiates a transverse impulse M Apg) or an average transverse
force M Apg)/ Lo on the test particle. Since this average transverse force is linear with the

offset x; of beam passage, we can define an equivalent transverse force quadrupole gradient

_ AWM @NMe (Rn/Qn)
VB2EoLy  YBE Ly 1 — exp(—w T} /2Qns + iwMTy)

(6.29)

where Ej is the particle rest energy.

Because the operation is CW, the bunch train is infinite. If the dipole beam loading
effects are not too severe, a steady state will be reached. The equation of motion governing

the steady-state transverse motion of a bunch can therefore be written as
dx
— — )+ k%x = K, 6.30
( Bd8> : (6.30)

where kg = 1//3, is the betatron wave number of a period of the main-linac lattice, and 3, is
the average horizontal betatron function of the linac lattice. The quadrupoles in the lattice

give rise to the transverse focusing force k%x responsible for betatron oscillation. The dipole
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HOM impulse-induced Kz, on the other hand, is repulsive. In order that stable betatron
motion is ensured, we must require k:% > K. Otherwise, the bunches will be deflected more
and more transversely while traveling down the linac. This phenomenon is called beam
breakup. A beam breakup parameter T can be defined:

K e2NyMe e ?sing(R,/Q,)WV

o K _ . 6.31
k3 k3yBEoLo1 —2e%cos ¢+ e (6:31)

Here we have made the abbreviation 6 = wg)Tb/ 2@;12, representing the decay index and

)Tb represents the dipole HOM phase advance

should be a small number, whereas ¢ = w!
in one beam period. Betatron motion will not be perturbed by much if Y™ <« 1. When
TM > 1, betatron focusing will be lost and beam breakup occurs. Since YT is inversely
proportional to 732, beam breakup will occur most easily at low beam momentum. In our
analysis below, we will be looking at the entrance of the Ellip082 section, where v = 1.3943

and 8 = 0.6969.

If the HOM frequency wl /27 is closest to the m'™ multiple of the beam frequency,
let wi) = mw, + 2rA and denote ¢ = w'Ty = (mw, + 2rA)T, = 2x(m + AT}), where
A = (w,(ll) — muwy) /27 is the separation of the dipole HOM frequency under consideration

from the closest beam frequency multipole.

When A = 0 or when the HOM frequency is an exact multiple of the beam frequency,
the kick in the transverse direction generated by successive bunch passages just adds up
in phase and will appear to diverge if the quality factor QSL) — 00. However, the beam
breakup parameter Y™ is exactly zero. This is understandable because the dipole wake
starts off from sin w,(ll)z/v. But this does not mean that there will not be any transverse
kicks imparted to the beam particles passing by. Actually, T(!) assumes a maximum when
wd s just above mwj, and a minimum when w,, just below mw;,. The extrema occur when
cos ¢ = sech . When QSL) > 1, which is usually the case, the maximum and minimum occur
at A = 2wl / (47?@5112), which is £6.50 kHz in this situation. Correspondingly, the maximum
and minimum dipole-wake beam breakup parameter are T ~ 0.7, rather close to the
threshold of beam breakup. In the computation we have used an average betatron function
of B, = 23.4 m or the betatron wave number is ks = 1/8, = 0.0427 m~'. The dipole HOM
that has the largest (R,/Q,)" = 60 kQ/m? in the Ellip090 cavity at wg)/Qw = 1376 MHz
is assumed. A stronger betatron focusing will definitely help to counteract the transverse
dipole wake accumulation. Fortunately, there is no alarm, because Fig. 10 shows that the

maximum and minimum peaks occur only when the HOM frequency differs from a multiple
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Figure 10: Plot of transverse beam offset growth ratio T() for the Ellip082 section of the main
linac, caused by cumulative transverse kick voltages excited by CW bunches of frequency wy/2m =
162.5 MHz versus the deviation of the HOM frequency from the nearest multiple of the beam
frequency. The external quality factor of QSL) =1 x 10° has been assumed.

of the beam frequency by +6.5 kHz. Away from this region, T® rolls off rapidly and is
less than 0.01 when A > 0.1 MHz. In our situation, the most offensive dipole HOM is
A = 76 MHz away from the closest 8" multiple of the beam frequency. The beam breakup

parameter from accumulated dipole wake is T = 1.8 x 10~° only at the entrance of the
Ellip082 section.

7 Monopole HOM Effects on Longitudinal Motion

Beam particles execute synchrotron oscillations for longitudinal focusing. The extra HOM
induced voltage experienced by the beam particles may shift the position of the beam center,

and can be viewed as effectively shifting the synchrotron phase.

The first longitudinal equation of motion is for the particle arrival time 7 at some
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designated point in a period of the main linac,

dr nAE AFE
ds v 32y Ey B cB*3Ey’

(7.32)

where AFE is the energy offset of the beam particle and n = —y~2 is the slip factor in the
absence of dispersion. The energy of the beam particle increases because of the acceleration
field in the SRF cavities plus the impulse Apﬁlo) coming from the wake left by the excitation

of the n*® monopole HOM in the cavities. The energy change equation of motion is

dAE  eMVy
ds n LO

eM vApﬁLO)
Ly

[ cos(¢s — wyeT) — cos @] + (7.33)

where M is the number of SRF cavities in a period, V¢ is the rf voltage per cavity and
wit/2m is the rf frequency, while ¢, is the synchrotron phase measured from the peak of the
sinusoidal rf wave. The last term represents the energy from the excited HOM in the M

cavities of the period. The two equations combine to give

d>*r n 4y vApﬁLO)LO 3 dvydr
—_ 7- ——
ds? L2 27 BcheVig| sin ¢

where dy/ds is the gradient of acceleration, which we assume to be a constant, and the

synchrotron tune is

hMeVig|sin ¢,
VSZ\/ Vir| sin 6| (7.35)

21323 Ky
In the above, we have introduced the rf harmonic h = wy/wy, where wy/27 = v/Ly is
the number of linac period a beam particle travels per unit time. The quantity inside the

brackets of Eq. (7.34) can be considered as a shift of the arrival time

vAp,(lO)LO
27 BcheVi| sin ¢y

T—>T=T

(7.36)

We notice that the energy delivered by the impulse vAp%O) is velocity independent [see

Eq. (7.39)]. Thus the shift in arrival time depends on time only through the beam velocity

Bc in the denominator, and can be considered as weak. Ignoring this weak dependency, the
equation of motion can be simplified to

A>T Ar*? 3 dydr

ﬁ + 5 T + T RN

s L vB? ds ds

= 0. (7.37)

The first two terms depict synchrotron oscillation, while the third term denotes adiabatic

damping as a result of acceleration. Adiabatic damping will damp synchrotron oscillation,
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resulting in more stable bunches in the longitudinal phase space. For this reason, adiabatic
damping can be first ignored in a preliminary investigation of beam stability, and its inclusion

is only required when the preliminary investigation arrives at an unstable result.

When the adiabatic damping term in Eq. (7.37) is omitted, it is easy to conclude that
the longitudinal HOM effect on the bunch position is small provided that the shift of the
bunch center is very much less than the rms bunch length o,. A shift parameter T can be

introduced and we require

Uqu(—LO) LO

1O —
2meosheVy sin ¢,

< 1. (7.38)

Otherwise there will be a bunch length increase and synchrotron oscillation will become
unstable. Notice that T depends only rather weakly on the beam energy, especially near
the end of the linac.

Now after passage of an infinite number of bunches, the energy imparted on a beam

particle from the excitation of the n'® monopole HOM is, for one cavity,
RN\O & (0) (0)
AP = 2 Nyw® (Q—n) Z e~ heon T/ 2QuL o kw 0T,
" k=0
(Ra/Qn)"
1- exp(—wﬁlo)Tb/QQfloL) + iwﬁlo)Tb)
eQwa,(lO)(Rn/Qn)(o) (1—e?cosg)
B 1—2e%cos¢p+e 2 ’
where 0 = w,(lO)Tb / 2@7(102 and ¢ = wT(ZO)Tb. For the Ellip082 section, there are M = 5 cavities
in each period, and the synchrotron phase is ¢, = —10°. The average energy gain per
period is AE = 59.6 MeV or dvy/ds = 6.74 x 1072 m~!. The mean rf voltage per cavity is

Vie = AE/(eM cos ¢s) = 12.1 MV. The period length is Ly = 9.62 m. At the mean velocity
of Bg = 0.82, the mean period frequency is wy/2m = v/ Lo = 25.6 MHz. The rf harmonic is

= 62wa7(10) Re

(7.39)

therefore h = wy,/woy = 25.44. The rf harmonic h of a circular accelerator must be an integer
because a particle is seeing the same rf cavity every revolution turn and the rf voltage wave
must be in phase with the particle in passage. In a linac, however, the particle is seeing
different rf cavities from period to period. The phases of the rf wave of the rf cavities in
successive periods can always be adjusted independently to deliver the correct energy to
the particle. For this reason, there is no need for the rf harmonic to be an integer. At the
entrance of the Ellip082 section, the relativistic factor of the beam particle is v = 1.3949
and [ = 0.6969.
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Figure 11: The shift parameter Y(9) as a function of deviation of the monopole HOM frequency
from a multiple of the beam frequency. The parameter shows the shift of the bunch center in the

longitudinal direction as compared with the rms bunch width.

When the monopole HOM is of frequency exactly a multiple of the beam frequency,
cos ¢ = 1 and the HOM voltage induced by each successive bunch adds together in phase.
The accumulation is finite only because of the finite external quality factor Qg. The total

accumulated HOM voltage deposited on a beam particle becomes

RO
AP — 21, (Q—”> QY (7.40)

n

For the most offending monopole HOM at 1241 MHz and (R,,/Q,,)”) = 137 Q, Fig. 11 shows
that the shift parameter T of Eq. (7.38) is roughly ~ 7, where the rms bunch length of
oy ~ 5.2 ps has been used. However, the shift parameter drops by three orders of magnitude
if the HOM frequency differs from the multiple of the beam frequency by 1 MHz. In other

words, there is no concern at all.

Because of the slip parameter in a linac is proportional to v~2, the synchrotron tune
vs in Eq. (7.37) is strongly energy-dependent and therefore time-dependent. It decreases
as the beam particle transverses the linac, from v, = 0.083 at the entrance of the Ellip082

section to vy = 0.024 at exit. Although adiabatic damping is expected from the third term
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in Eq. (7.34), to understand the energy-dependent effect in more detail and correctly, it is

necessary to solve Eq. (7.37) more exactly. A numerical solution is recommended.

8 Comments

Here, we have made a few estimates, but far from complete, about the effects of the HOMs

in the elliptical SRF cavities of the C-ADS linac. We just list a few comments:

1. Although a geometric parameter, R/Q of a cavity depends on the velocity of the beam
particle passing through it. Here, what we list in Figs. 5 and 8 are only the maximum
R/@Q for some beam particle velocity nearby. The implication is that the HOM effects
can be different when the actually velocity dependency of R/Q) is properly considered.

2. We have given some very rough estimates concerning the effects of HOMs of the elliptical
SRF cavities. We discover that the effects are big only when the HOM frequencies are
nearly exact multiples of the beam frequency, and the effects diminish drastically when
the HOM frequencies are far away from the beam frequency multiples. For the C-
ADS, there is only one linac operation, which is CW. As a results, the beam frequency
spectral lines are well separated by 162.5 MHz. The possibility that a HOM frequency
is extremely near a beam frequency multiple is rather remote. Even if this happens
accidentally, the offending HOM frequency can be detuned by deforming the cavity
appropriately.

3. A more detailed examination of HOM issues requires actual tracking of a C-ADS beam

through the Ellip063 and Ellip082 sections with an operational lattice for these sections.

4. By definition, monopole modes imply that the field viewed in the cross-section of a
cavity is independent of angle. For example, the HOM near 1600 MHz, shown in
Fig. 12 is a monopole mode. The center picture shows that electric field is radially
outside at the opening of a cell in the cavity. The longitudinal electric field is nearly
zero there. However, in between cells, the longitudinal electric field is nonzero and
this gives rise to the R/() integration along the axis of the cavity [see Eq. (5.21)].
Unlike the fundamental monopole mode, here for a particle passes off-center, it sees
a transverse force and will be deflected inwards or outwards radially. If the particle
is deflected inwards at entrance and outwards at exit, the net deflection resembles an

alternating focusing and defocusing quadrupole. On the other hand, if the particle is
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Figure 12: Electric field distribution in a monopole HOM near 1600 MHz. Top: 3D electric field
viewed from the direction perpendicular to the cavity axis. Middle: the 3D electric field viewed
from the direction along the cavity axis. Bottom: the 2D electric field viewed on the cutting plane

along the cavity axis. Note that the color codes in the three plots are different.
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deflected inwards (or outwards) both at entrance and exit, the deflection will accumulate
resulting in beam loss. Transverse effects should therefore be analyzed as well. This

constitutes one of the many issues further investigation should address.
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