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I, Introduction

The phase space region occupied by an aggregate of charged
particles in a beam line is often represented by a higher
dimensional ellipsoid. Given no further information, one
might interpret such an ellipsoid as an envelope inside of which
particles are distributed uniformly, or as giving the scale
dimensions of a gaussian distribution. The latter case has
the advantage that is easily adapted to include higher order
effects of the beam line. In either case the parameters of
the ellipsocid are simply related to the first and second moments
and therefore the width of the distribution in any coordinate.
In first order an ellipsoid at any point in a beam line is
transformed into another ellipsocid at any other location in a
beam line. In second and higher orders a transformation from
one location in a beam line to another will cause the ellipsoid
to become distorted. One can still, however, calculate the
first and second moments of the distribution, and thereby
obtain a measure of its dimensions in any coordinate.

Below we elaborate on the methods for calculating the
ellipsoid parameters at any poipt in the beam line., Much
of the first order theory can be found in the work of Brown

and Howry.l It is included here for completeness.
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II. The Ellipsoid Formalism

The position and motion of a particle in a beam line may

be represented via a six-dimensional vector.
X
6
x=:§; (1)
L
8

The coordinates x and y represent respectively the
horizontal and vertical displacements at the position of the
particle, 6 and ¢, the angles with the axis of the beam line
in the same planes. The quantity % represents the longitudinal
position of the particle relative to a particle traveling on

the magnetic axis of the system with the central momentum

Ap
P

gives the fractional deviation of the momentum of the particle

designed for the system, The remaining guantity § =

from the central design momentum of the system.
An ellipsoidal hypersurface in this six-~dimensional space

may be represented by the equation:

Xo "x =1 (2}
where o_l is a symmetric positive definite matrix. We represent
this matrix as an inverse for reasons which will become apparent
later. At this stage the center of the ellipsoid is assumed
to lie at the origin of the.coordinate system. The ellipsoid
may be taken to be the envelope of a uniform distribution, or
the scale in a gaussian distribution, giving a particle density:

p =C exp(—%ngﬁlx) (3)
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For any real symmetric matrix there exists a coordinate
system in which that matrix is diagonal and an orthogonal
transformation to that coordinate system.2 Let us represent

the orthogonal transformation by the matrix O, so that:

(4)

x, = I 0,. %,
iy 737

where Qj are the coordinates in the frame where the transform of
o—l and therefore that of ¢ are diagonal. <Calling the matrix o

",
transformed to the new frame ¢ we now have:

")
%13 7 7, %ix ke 032 (5)

and equation (1) becomes
vl
¥l k=2 (1a)
Specializing to the gaussian distribution, it is now an easy

matter to calculate the second moments in the new frame since

the coordinates are decoupled. We arrive at:

oy n, Ly
.X. = A .. 6
X, 3 013 i ij (6)

The second moments in the old frame are now:

y
jg Opg = Gij' (7)

r 0., 0O
kL ik
Therefore in this case the elements of the matrix ¢ give the

second moments of the distribution in the original coordinate

system. The density function, properly normalized, now becomes:

p = N, exp(—%xTU_IX) {8)

Yaet (o) (2r)3

where NO is the total number of particles. Since the matrix

O is orthogonal the determinants of ¢ and ¢ are equal.
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The elements of the matrix ¢ may be put in more convenient
form for interpretation., The square roots of the diagonal
elements may be taken as giving the half widths X, of the
distribution in a given coordinate while the off-diagonal elements

may be related to the correlations rij’ S0

*o1 ="\/Uii
rij = Uij/VUiiij (9)
Since, for any positive definite symmetric matrix o, we have:2
O.. Gus = 0:.2 > 0 (10)
ii "33 13
the correlations must all obey the ineguality
Irijl <1 (11)

If the ellipsoid is interpreted as describing the envelope
of a uniform distribution, then the X.4 represent the maximum

extents of the beam in the given coordinates.

IIT. The Effect of a Beam Line

A. PFirst Order
(1)

If we now let Xy be the coordinates of a ray at the
initial point in a beam line, and xiz) the coordinates at some

later point, the two are related by the equation:

(2) _ (1)
x; % = § Rij x5 (12)

If we continue to assume a distribution centered at the origin
the first moments at both initial and final point will be zero.

The second moments will now be given by:
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{2) 2y _(2) _ Iy _11)
Uij X Xj = il le i1 X X, (13)
= (1)
o Sik B2 %ka
Ccr more concisely
o2 o gy (LIgT (14)
To first order an ellipsoid at the initial point will
transform into an ellipsoid at the final point, so that the
eguation:
()T, _(2),-1 _(2)
X (o ) X = 1 (15)

will give the envelope of the particle distribution at the later
point.

B. Second Order

In second order the transformation on the coordinates
effected by the beam line is given by:

XFZ) = R, . xgl) + T xgl) x(l).

z . (16)
i .1 . ijk k

i J 3 3k ] J
We employ here a symmetric T matrix whose off-diagonal elements
are half those of the T matrix used by Brown. The first and

second moments of the distribution at the final point are now

given by:
xﬁzj = I R x“‘j + Z T. . xglj xtlj (17)
i . i T ijk 73 k
3j k
2y (27 _ 1O 1D
XX T 0 Rk Ry M %
I =
i P (1) (1D (1)
o ik Tiem T Tixe fym ¥k e M
1y 1y (1) (1)
I Tixg Tson ¥k *2 0 Fn *n
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For a symmetric, on-axis initial distribution, the first and
third moments vanish. The problem now reduces to determining
the fourth moments of the initial distribution.

As an extension of previous notation we now denote the

fourth moments of the distribution about the initial point by

(1)

Uijkl‘ We consider the coordinate system in which the matrix of

second moments Gij is diagonalized, denoting the moments in
this frame by g. Then from eguation (7) we have:

.
955 = igoik 04y ks (18)

]
=2 jk %kk

k

Oik 0O

We continue to specialize to a gaussian distribution so that
the fourth moments will be directly derviable from the second

moments. In the diagonal frame the coordinates separate, and

the fourth moments are easily calculated. The only ones which

& & r g for i # 7 nd 7
are non-zero are Oiijj' Gijij' o] Gijji r i Jj, a Oiiii
with:
4 Y Y
Oiijj =04y Ujj (19)
y

e
Qe

1313 7 %11 %53

[a¥)
°i53i T %ii 933

e
ae

yr

<
4

O,:2: = 3 0., O..
iiii ii “ii
so that in general:
u n " ay ",
9i5ke = 9315 %kp Yii “xk t %ix %30 %ii 943
+ 6 5., ¢ (20)

i %3k %ii 954,
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Now if under the transformation O, the fourth moments transform

as:

= 0. b

%39k4, mnop _im %in %%o %2p Smnop (21)

then from equation (la) we finally arrive at:

9i5k2 = %ij ke Yik 950 * %ig 95k (22)
Substituting into equation (17) we determine that:
;gET = ?k 19k G;i) (23)
x4 ij = L Bk Ryg oKy * 2 Tikg onp) 2 Timn Spn )
t2r (T om)) (2 Tymn ogp))

Note that, because of the symmetry properties of both T and ¢
that the two expressions in parentheses in the last term of the
second eguation represent the same array. From a practical
standpoint this means that it needs to be calculated only once.
We see from equation (23) that the centroid of the distribu-
tion at the final point no longer coincides with the beam axis.

(2)

Letting o represent the matrix of second moments about the

new centroid we now have:

A ) ) ) )

ij i 3 i 3 (24)
(1)
= I R, R. ag
K2 ik "4 "ki
(1) (1)
+ 2 & (f T, o] )y (£ T, o] )
om Kk ikf “km n  Jmn ¢n

IV. Off-Axis Initial Distribution

Now consider a gaussian distribution whose center does not
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coincide with the beam axis. Letting the coordinates of the

e

centroid by X, 70, we have for the coordinates of a ray:

L O L (25)
1 1 1

We let the matrix ¢ represent the moments of the distribution

about its centroid so that:

Iy (17 _ (1)
Ei gj = Uij (26)
Iy (07 70 -0 _ (1)
BT ORSTT ETT By = %33k

Equation (17) continues to hold for the moments of the distributiocn
about the b eam axis, while equation (22) holds for the moments
about the centroid. We must therefore express one set of moments
in terms of the other.

Using equations (22), (25}, and (26) and applyving the first
part of equation (24) to the initial distribution, the initial
third and fourth moments are given in terms of the initial

first and second moments as follows:

B cop cooc I s e S Ch o e

AR A A )

Xél) Xgl) xéij ggl) - Xj(_l) xélj xél) Xél) + xil) xlil) X§15 Xil)

I I e T A S e e

(27)
Substituting into equation (17) and rearranging terms we arrive
at the following expressions for the first and second moments

of the distribution at the final point.
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xizi = 3 Ri' xglj + Z Ti'k x;lj xél)
2y _(2) _ (1) (1) (2) _(2) _ (2) ,(2)
X, xj ig Rik Rjg Xy xg + Xi xj 2 Xi Xj
(I (0 _(Iy (M
+ 2 ¥ (R, x(l) + = T, x(l X 1 ) (R._  x I +
9 1% "m ikg "k m jm TR
m k
1 1), _ (1) (1)
i ijn ) %n ) (E Rik Xk ) (2 ij *m )
where
sz) = ¥ R, x(lj + L T, xtI) xilj
i K ik Tk g, ike Tk ')

is the image of the original centroid.
We may now again use equations (9) and (24) to relate this
matrix of second moments to the final beam half widths and

correlations.
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