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SUMMARY

For a circular beam with uniform density the transverse

1,2 The effect of the linear

space charge forces are linear.
space charge is just a reduction Av of the transverse oscilla-
tion wave number. With nonuniform density distribution in
addition to a reduction Av of the average v-value, one expects
the nonlinear space charge forces to produce a v-spread ¢v.

3,4 a v-spread is desirable for supplying Landau

In many cases
damping to transverse instabilities.

The v-spread can be enhanced by the insertion of a thin
beam of particles of the opposite charge in the middle of the
original beam.5 Because of the dependence of the space charge
force on the inverse power of vy we can expect a low-y thin
beam of opposite charge to produce a large v-spread. The

v-spreads in a nonuniform beam and its enhancement by the

beam of opprosite charge are computed in this report.
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1. NONLINEAR SPACE CHARGE FORCES IN PROTON BEAM

Let us consider an infinitely long straight beam of
protons with uniform distribution in the longitudinal direc-
tion and gaussian distribution in the transverse plane. We
derive the potential function from Buffet and Potaux6 for

the special case that the beam has circular geometry. We

have
k
. 2,2 k
_ X +y (-1)
Vix,y) =V, + Ape E 5 TRl (1)
k=1 o
P
with
(x,y) = transverse cartesian orthogonal coordinates
with the origin on the proton beam axis
VO = the potential at the origin, x =y = 0
e = particle charge
Ap = protons per unit length
Gp = gaussian standard deviation of the proton

distribution in the transverse plane.

Neglecting the edges effect, we can take (1) valid
also for a beam bunch. In this case Ap can be the ratio
of the total number of particles to the total length of

the bunch.
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The wvector potential function, ﬁ, is directed as the
beam velocity v which is supposed to be totally longitudinal.
Thus it is

= Yy =
A-CV BV, (2)

and ¢ is the light velocity.
From (1) and (2) we can calculate the electric, E, and
magnetic, ﬁ, fields and, then, the total space charge force

F per particle,

I d
E = ~grad V - % %%, i = rot &
> v >
§ = eE + e% Xx H,

We have for the transverse components

= - _a?y 3V
Fe = e (1-87) dX
- - _p2y 3V
FY = —-a(1-R7) Ty

which take the following form on the midplanes y = 0 and

x = 0, respectively

A e2 /e
F =2 E— f8—~)
y=0 o_Y \ P
P
(3)
A e2
F = 2 _E_E f(l_)
Y] x=0 oY %
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where y 2 = (1-8%), and the function
2
-u
_ 1l-e
flu) = T {(4)

has been plotted in Fig. 2 against positive u. f(u) is an
odd function of u.

The equation of transverse motion of a single proton
in the presence of space charge forces of the proton beam

is, making use of (3),

2A e2

z" + v z -

o]

Z N _
vl Ly e S
oY Tp¥g p

where a dash denotes derivative cof z with respect to the

angular longitudinal ccordinate, 6

z = it can be either x or y

(=)
H

0 beam angular velocity

Vg = betatron csgillation number per revolution due
to the guiding external forces
m, = proton mass at rest.

Observe that (5) has the egquilibrium soclution z = 0 around

which all the other solutions oscillate. We assume that the
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space charge term has a small contribution compared to the
term in uoz. Thus let us search for a general solution of
{5) having the form

z{6) = a sin Y (9). (6)

Actually, also, the amplitude a is a (weak} function of 0.
But, for our purposes, as we are interested in the betatron
oscillation frequency shift, and assuming a and ¥ uncoupled,
we take a constant.

In the absence of space charge forces a solution fox

Pp{€) is

(o) = vOB + constant

where the constant can be brought to zero with a proper shift

of the origin 6 = 0. With space charge forces we can write
p{o) = fv(e)ae
v(B) = vy + ap(a,s) with Idp(a,8)|<<v0,

Introducing (6) in {(5) and neglecting the terms in y" and 6;

give
(asinu08\
2 £
lpe UP
§ (a,8) = ~ :
p 3.2 2 asinv,.f
m,Y op Wy Vg . 0
p

We define the average of Sp(a,e) ovexr one turn as
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3 27
ép(a) = 5% [0 ép(a,e)de
{(7)
a
= -n I(""_J)
c
P\%
with
A r0R2
n_. = (8)
P 32,2 2
2Ty cp ) vo
2wv0
I{w,p) = f flwsind+p) - fip) as (9)
0 wsind
e? -16
I, = 5 = classical proton radius = 1.53 x 10 cm
m, ¢
0
R = closed orbit radius.
The function I{w,p) has been pletted in Fig. 3 for vo = 20.25

which corresponds to the NAL Main Ring. I({w,p) is an even
function of p if Vo is an integer number. For large values

of Vr it is approximately an even function of p and has only

a weak dependence on the decimal part of Vo
We can define the full v-spread in the proton beam due

to the space charge of the beam itself in the following way
A= I(0,0) - (1,0 io0
p np[ (0,0) ( )] {10)

where after inspecting Fig. 3
I(0,0) - (1,0) = 25.

Let us apply this result to the NAL Main Ring. We have at the

injection and for full intensity
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A, = 7 X 108 em 1, B = 1.0
R = 10° cm, Yy = 10
v, = 20,25, o = 0.5 cm
0 P
and
n o= 1.7 x 1073, A = 0.04.

P

Observe that the v-shift is negative. It is -0.21]1 for
a/dp = 0 and ~-0.25 for a/cp =1,

The above v-spread is only 40% of the minimum reguired

for beam stabilization against coherent oscillations.3

2., EFFECT OF THE NONLINEAR SPACE (CHARGE
FORCES INDUCED BY AN ELECTRON BEAM

We can expect also a v-spread in the proton beam due to
the space charge forces of an electron beam circulating along
the protons for a length 2 of the accelerator circumference.
Assuming the electron beam centered to the proton beam and
having a gaussian distribution of standard deviation Cgr We
have now the following v-shift as a function of the amplitude

oscillation a

= a_
5 (a) = nexcj , ﬂ (11)
e
with
2
n = lerOR £
e 2“YT820e232V02 2TR
{12)

_ L 2e x_zf'.g) - q
2TR Y ) np np

o]
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t

A

e electrons per unit length

relativistic energy factor for electrons.

il

Te

Eg. (11) has been derived taking only the effect of the
electron beam averaged over one turn,

The v-spread in the proton beam now is

a
- - b
by = ne[x(o,m I (3-—, O)J
e
5 (13)
= gK EE‘ A
e P
with
_ I(0,0) - I{x,0)
The total v-spread At in the proton beam is given by the
algebraic sum of the partial spreads due to the electrons
and the protons, namely, if Ae>Ap,
At = Ae - Ap
= E-1}A
(aK-1) P
from which
At
aK = 1 + T (15)
P

Let us make application of {15) to the NAL Main Ring. We have

Ap = 0.04 and we want At = 0.10, so that it must be



_g9- FN-228
0402
Let us take op/ce = 10(*). After inspection of Fig. 3 we
have
K = 4.25 and a = 0.77.
Taking an electron beam with kinetic energy E

smaller than rest energy Ey and R/27R = 10"3 we cbtain

xin VEXY much

Py
e

0.077 A
B

5.4 107 cm—l

which corresponds to an electron current ie given by

mA, E, . <<E,.

In the following we shall make more exact calculations
considering alsc the case that the electron beam is out of
the center of the proton beam. The space charge forces of

both the beams will be taken into account.

3. EXACT CALCULATIONS WITH SPACE CHARGE FORCES
DUE TO PROTON BEAMS
AND UNCENTERED ELECTRON BEAM
The space charge forces of the proton beam have already
been calculated in Section 1 and are given by Eg. (3). Let

the electron beam center be sitting at the point of coordi-

nates (xo,yo) in the (x,v) proton beam reference frame ({see

*But this number can be even larger if the electron beam is
circulating along the proton beam in high B-(Twiss parameter)

section where the proton beam size is also larger.
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Fig. 2). Let also (xe,ye) be the cartesian orthogonal coordi-
nate frame with the origin at the electron beam center. We
noticed in the foregoing section we need an electron beam
with very small kinetic energy (Ye~l), thus we neglect in the
following the electron motion and the associated magnetic

field. The scalar potential function is

S | +y ; k
Vix ,y) =V, - A e ) [Fe Ve (-1)
€ 0 € k=1 G KK !

and
F = -e grad V.

Let us consider only the cases where the electron beam
center is lying on either the x or y-plane (respectively,
either y0=0 or x0=0). All the other cases can be reduced
to these two with a proper rotation of the system for the
supposed cylindrical symmetry.

.+
The transverse components of F are

A e’ (x—xo)
F = =2 b ify, =0
x;y—o e 0o | 0
(16)
Aeez . y—yO
F N = -2 if x, = 0.
y[x—O 9 s | 0

The equation of motion on the transverse plane of a single
proton in the presence of the total space charge forces given
by (3) and (l6), taking only the average over one turn for

the contribution of the electron beam, is
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5 2\ e2 .
Z + \)0 2 - - o 5 f(a:—) +
oY 0 p
{17)
2% _e? (z-2
+ L e f{ 0}~ 0
2'rrRm g w 2 1‘ Ge
0Y e 0 ‘

where 2z can be either x or y and Zg hence, respectively,

eilther Xy O Y while, respectively, either y0=0 or x0=0.

Eg. (17) has the equilibrium sclution z = z = constant

around which all the other solutions oscillate. Observe that
z=0 only when he=0 or when Ae#o and zo=0. More generally,

it is, from (8) and (12),

- o z/0 Z2-z
z E e
o P10, op?oe e

Thus let us introduce the new wvariable

which satisfies the following equation

G - —
" 2 _ 2 B W+ Z _ -
w' + vo W 4wv0 oenp 5 {f&;—q f(a )u]+

Let us search for a solution of the above equation with the

form
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w = a sin (f[v0+6t(a,6)]d8)

with a constant.
Proceeding as in the foregoing section, i.e., neglecting

the terms in 6% and in 62 and performing the average of

tl
§d (a,0) over one revolution, we obtain
- z-z
a Z a 0
§,_(a) = -7 I|—, =~| = aI (-, ) (19)
t P Gp dp Ge Ge

It is reasonable to assume that the closed orbit shift z
caused by the mutual interaction between the protons and
electron beams is only a small fraction of O for not too
large values of np and a. Thus in the following we shall
take z=0 confiding that it does change the result signifi-
cantly. Then Eg. (19) becomes
Spla) = -ng J'I (?—,o) - aI (3—,- ;‘lﬂ (20)
L P e e J

We can immediately see a practical application of (20). For
some values of a, op/oe and a it is possible to have Gt(a) = 0.
To see the effect on the total v-spread in the proton
beam due to an out of center electron beam we shall neglect
the contribution of the protons at the right hand side of Eg.
(20).
Let us again refer to the NAL Main Ring where a minimum
v-spread of 0.1 is required and let us still take Gp/ce = 10.
The minimum o required has been plotted in Fig. 4 against
the lateral displacements zo/ce. Taking the same number of

the foregoing section and from (12) we have
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he = 0.1 ady = 7.0 x 107 wom T,

or in terms of electron current ie

— kin
i, = 480 u f—ﬁg_ mA, E; <<Eq.

Using this scaling we have the required ie to achieve a
v-spread of 0.1 with an electron beam of ~5 keV at the

right-hand side of Fig. 4.

DISCUSSION
In section 1 we calculated the y-shift due to the self-

fields of a proton with oscillation amplitude a. This is

given by Eq. (7}, (8) and (9). For a = 0 we have
I(0,0) = 2ﬂv0

and ] ) rORz
Spl0) = - Y3dp262v0 ’

which is eXactly the same as that Kerst and Laslett cobtained
in free space and for uniform distribution. Thus we can
presumably infer that the v-shift induced by the self-fields
does not depend on the particle distributiorn. But that is

not evidently true for the v-spread. Although we think that

a gaussian distribution describes almost all the practice
cases, nevertheless, some extra work should be done te inspect

how much more important is the particle distribution.
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We considered in this paper the v-shift of those
particles executing only perfectly radial oscillations. The
v-shift might be different for the other particles with an
ellipse for transverse trajectory and that could yield a
different value of the v-spread in the beam. For the same
reason, it is our opinion that the current of the electron
beam we calculated in Section 3 for the case of out-of-center
electrons might be pessimistic. In fact, we investigated
only the contribution of all the protons oscillating in the
same direction through the electron beam. If we could take
into account also the protons crossing the electron beam from
different directions the current to achieve a given v-spread
in the proton beam should be considerably less.

The ideal appreoach of the problem is to write the exact
expression of the space charge forces in any point of the
space and to sclve at the same time the two equations of
motion of a single proton in the x and y directions. But in
this way we discover the possibility of coupling between the
two modes of oscillation induced by the space charge forces

either of the proton beam itself or of an extra electron beam.
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