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ABSTRACT

Flux matrices for 4, Z°, and W~ particles in ep scattering are calculated
using polarization decomposition. These matrices are useful for estimating cross
sections especially when the interaction matrix element is only partially known
(there is no need to deal with polarization decomposition when the interaction ma-
trix element is known exactly). These matrices contain complete Q? dependence
and the transverse photon flux reduces to the Weizsacker-Williams Approximation
(WWA) at low-Q? and also at large-y and hence the WWA is valid when the scat-
tered electron is co-linear with the beam electron. Kinematical effects are important
especially if the outgoing lepton can be scattered at arbitrary angles. Lepton beam
polarization effects are also included.

1. Kinematics and Polarization Vectors

Counsider a vector boson (i.e., a v, Z° or W~) emitted from a charged lepton
as shown in Figure 1. Let P, be the incoming lepton four-momentum and let P,

P,

P

r

Figure 1: Definition of Kinematic Variables.

be the outgoing four-momentum of the scattered lepton. The four-vector of the
emitted vector boson is ¢ = P, — P, which is absorbed by a proton, Ps;, assumed to be
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traveling in the +z direction. We take the incoming lepton P, to be traveling in the
—z direction and consider it to be ultra-relativistic (i.e., m; < E;). The direction
of P, is given by the angles § and ¢ with respect to the initial electron direction
(scattering angles). These basic definitions provide us with

Pl = (EI)O,Ov—'El): (]‘)
P, = (E;3 E,sinfcos¢, Easinfsin ¢, —E> cosf), (2)
P3 = (E3)070y,8E3)) (3)
q = (E,— E;,—Ejsinfcos¢,—FEssinfsin¢, Escos — Ey). (4)
The usual invariants used to describe the ep interaction are Q? = —¢2, z = Q*/2ps - q,
and y = (¢- P3)/(P1 - P3). These can be approximated as
N E5 (1 + cosf) _
Yy [acs 1 El 2 ) (5)
Q_2 .. E2(1—cosb) 6)
42 T E, 2 (
The coordinates of the vector ¢ in terms of these variables are given by
_ Q*
g = Ei(y- 4Ef)’ (8)

1 = —V1-yQcosg, (9)
g2 = —\/1—stin¢, (10)

6w = Bt (1)

We define a parameter r, to measure the difference between the initial and final
lepton energy

2r=y-— % (12)

We have the following simple relations between the above kinematical quantities
—q3 —qo+2QE?, and (13)
By + E» = 2E1(1 — 7). (14)
We choose the laboratory frame to determine the following polarization vec-

tors

el = (0,—sing,cosg,0), (15)
¢ = (0,(E1— F2cosf)cos¢,(E) — Escosf)sin ¢, —Fzsinf)/4/q2 + Q2 (16)
€ = (19, 908)/ V@ (17)
¢ = ¢VIQ. (18)



where &, = §/|3]. In general one has the following Reduction of Unity:
4
—Guv = Z 6:{\7},\62\, (19)
A=1

where 7, = 1, 7 = 1, 73 = —1, 55 = 1. Identity (19) can be written in the case of
spacelike four-vector ¢ as

— g = qéq; +ela +ell —elS =i el + 6l — e (20)
For notational convenience we denote the contraction of two Lorentz four-vectors a
and b (dot product) as

(ab) = gupa*b” = aub* = atb,. (21)

2. Polarized Lepton Beams

Consider a positive energy fermion whose momentum four-vector is denoted
by p and spin A\. The corresponding spinor is ux(p). In the fermion rest frame the
spin four-vector is given by s = (0,3), with § being a unit vector in the direction
of the spin quantization. We have p-s = 0 in the rest frame in particular and by
Lorentz invariance this dot product vanishes in all frames. The ultra-relativistic
spinor product can be represented as

5 (22)

where ) is the helicity (right-handed beams have A = 1, left-handed beams have
A= —1).

wEwE) — (3 +m) S5,

3. Definition of Cross Section and Fluxes

Consider the matrix-element for the lepton-proton interaction. Imagine P;
to be the source of the exchanged vector boson. Let us consider the ep reaction
given by P, + P; — P, + T proceeding via vector boson exchange (P, = P, +¢). Also
consider the sub-reactions: a) i = 1 for v exchange, b) i = 2 for Z° exchange, c) and
i = 3 for W~ exchange. Consider first v and Z° exchange given by ¢+ P; — I'. The
cross section for the ep reaction has the general form

_ (27!’)464(131 — Py 4+ P3 — F)— d3P2

doep = Mep|? —-—=drI. 23
ag P 4\/(P1 - Pa)z — m%mg | PI (QW)SQEQ ( )

For the above possible intermediate states, i,j = 1,2,3, the form of the cross section
for interactions at the proton vertex can be represented as

2 4¢4 _ - I
o = ( 77) ) (q ‘i’ P3 rg |IWiMJT| dr’ (24)
4/(g - P3)* + Q*m3

where we allow for interference between different intermediate channels.



The final-state phase space factor at the proton vertex is represented by dr,
where

dl= H (27r)22Ek (25)
Forming ratios from the above deﬁn1t1ons we have (using units where e? = 47«)

dae,,:m\/((;’l AL S Y [r@r @] wga. e

ij  Ap

The final interaction cross section at the proton vertex is defined as

(2m)*6%(¢+ Ps—~T) ., %, T '
R ey s e ar 20
and the propagator factors are
1
Fl(Qz) = @; (28)
1
F(Q%) = 2sin By cos By [Q2 + (M7 — iTz/2)%] (29)
F3(Q?Y) = L (30)

2v/2sinfw [Q2 + (Mw — iT'w /2)?]

The DY, are a set of matrix-valued functions with components over the polarization
states Ap of the exchanged vector boson. Each combination of ij refers to the
possible exchanged vector bosons in the intermediate state and the interference
effects between exchanged particles. We will derive expressions for the D matrices
below. Since /s is so much larger than the mass of the proton, (m3), we make the
following approximation (valid for most of the phase space)

o Poy + @omi [ mi)* 1 4QPmE _ a1
(P~ P —mim3 G-mpz ¥
- The flux expressions are the polarization dependent factors multiplying do};.
Therefore, we define the polarization flux factors as

d3 P,

L5, = (re)y [F(Q) Fl(@)PY] v (32)

If the matrix elements are azimuthally symmetric, then integration over the az-
imuthal angle of P, yields

dzﬁi\jp « 2\ i 2y i
dy dQ? = (4_71.) y [Fi(Q ) Fi(Q )D,\p] . (33)
4. Definition of Amplitudes for Electroweak Flux Matrices

We now use Standard Model Feynman rules to write down the matrix element
for the ep reaction in terms of the coupling of the lepton to the intermediate state



i =1 for v, and i = 2 for 2°. The matrix element for positive energy leptons
interacting via neutral currents becomes

My = e[@(Po)y*u(Py)] ;’;”Mf | (34)

1 _ —Guv + Ququ /[ M}
—_— u — P: B 4 Z
e2sin fw cos fw [w(P2)r"(gv = 9475 )u(P)] [¢2 — (Mz —iT7z/2)?]

MY, (35)

Using the Reduction of Unity we obtain

—M, = eF(Q) Y [E(P)v*u(P)le ny [ MY] (36)
A=1,2,3

+ eR(Q) S P (gv — gars)u(Po]e mlel My] (37)
A=1,2,3

+ er(Q2>gAZgi[ﬂ(Pz)vsu(Pl)][l + Q*/ M3l M) (38)

There is clearly a separation of factors into vector boson emission terms and
vector boson interaction terms in the above formula. We can take as a definition of
the polarization amplitudes for i the expression

M} = [e) M}] = (€ M;). (39)

The above formula can then be decomposed into

M, = eR(Q) S P u(PE na M) (40)
A=1,2,3

+ eF(QY) D [@(P)v*lov — gavslu(P)le na M3 (41)
A=1,2,3

+ eFQ(QZ)gA2—3—‘[*&(&)7501)][1+Q?/M%]M;. (42)

Using the ultra-relativistic spin-projection operator above we can take into
account lepton beam polarization defined as

fp=fr-fL, (43)

where the fractions of the lepton beam that are right- and left-handed are given by
fr and fr (i.e., fr+ fr= 1).

Projecting out the polarization dependences we express this above amplitude
as a sum over the terms A} and 43

2 4
~Myp=c) Z Fi(Q) A} MY, (44)
i=1 =1
where
A = [@(P2)y*u(Py)le ma, A=1,2,3 (45)
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A} =0, (46)
A3 = [@(P2)v*lgv — gavslu(Po)ler m, A= 1,23 (47)

A= g4 %l—[-a(Pmsu(Pl NI+ Q2/MZ). (48)

Let us compute the parts that form the square of the overall matrix element.

We sum over the final lepton spins and use the fact that the initial electron beam has

an overall polarization fp (i.e., we average the initial lepton spins with a weighted
sum given by

<AL >= > [frAMAL + fLA}AL] . (49)

Sl=l,2

We define the following useful tensors in the polarization space (A, p=1,2,3)

Q2

=2 [(Plfq)(P?fp) +(Pe”)(Pye™) = Z-(e)| mm,, (50)
VAP = —2m2(e**¢)nan,, and (51)
WP =9 [eauﬂvae;Aowﬁ] NAn,- (52)
For A, p=1,2,3 we have
M AP = UM —ifew, (53)
A?A;[" = (gv — frga)U™ —i(fpgv — ga)W?**, and (54)

AYAY = (g% + 0% — fravaa)U™ — (g% — g2)V* +il20vga — fr(a? + g2)]W™.  (55)

In the above expressions the terms in the Levi-Civita tensor are expressible
as determinants of the four-by-four matrix formed by taking the vectors contracted
with the tensor as column or row elements.

The terms involving A} in the above amplitude are due to the axial coupling
of the weak current to the fermions. There is a non-zero projection of the axial part
onto q. These terms are proportional to the mass of the lepton and when squared or
contracted with the other amplitudes, give rise to terms proportional to the square
of the lepton mass and we will ignore all such contributions. Hence we will ignore
the fourth component in all the polarization matrices derived below, because they
are small compared to the longitudinal and transverse contributions.

The square of the matrix element can be summed over final lepton spins and
represented as (ignoring the ¢* component)

2 3
Ml =S S AAPF@Q)F) (Q)MMM])*. (56)

i,7=12,p=1

The flux density matrices are defined as

DYy = A2 Al (57)



5. Polarization Decomposition of Electroweak Fluxes

As an aide in evaluating the density matrices in the laboratory frame we
define some of the dot products that will enter into the calculation

P, -t =0; P1-<;'2=——%AEE1 ﬂl_; P1-€3=—-|%—1Equl_T; P -t =—-Q/2
P, el =0; P2-€2=~——%QE' ql_; Pz-csz%—wl ql—T; P2~€4:Q/2,

Q?
s 2 2 2
|41 = /¢ + Q* = 2By /T2 + 7k (59)

Let |ABCD| stand for the determinant of the 4-by-4 matrix that is formed
by taking the four-vectors A, B,C, and D as columns. Including the effects of beam
polarization as well as axial currents requires that we compute in addition to the
above dot products also the following determinants:

(58)

where

1 0 1 0
PPy = E\E,| 0 —sing sinficos¢ (E; — Ezcosf)cos¢ (60)
sl |41 0 cos¢ sinfsing (E, — Ezcosf)sin ¢
-1 0 —cos @ —FE,siné
1 0 1 9 + Q°
P &P €3| _E\E, 0 —sing sinfcos¢ (E; — E2)q (61)
e Qldl | 0 «cos¢ sinfsing (E; — E2)ge
-1 0 —cosf  (Ey— E3)gs
1 0 1 %+ Q?
P Pyed| = E1E;singcosé | 0  Ey1— Ezcosf sinf —(E; — E3)sinf (62)
Q(@+Q% | 0 (Ei—Ezcosf) sin@ —(E; — Ey)sinf
-1 —Eg sin 0 —cosf (El - Ez)l]3

Notice that the 2nd and 3rd rows of the last determinant are linearly dependent.
Therefore,

E,Q*(1-7) _ Q*(1-1)

|Prel Pye?| = = , 63

R = o

|P1€1P2€3| — _Elevl—y:_ szl_y (64)
141 24/72+ %;;

|Pre?Pye| = 0. (65)



Using the above quantities, calculated in the lab frame, we now evaluate the ma-
trices U,V, and W for values of ), p = 1,2,3 and ignore the contribution from the ¢!
polarization since it depends on the square of the electron mass and is not multiplied
by comparatively large factors. We summarize the results:

1'2+4—%—25 0 0
A 4Q* | ’ ’
Up:m 0 1—y+1'2+;;%—l5 Q=m/T=y |- (66)
‘ 0 1-nvI=y 1-y
10 0
v=9m?| 0 1 0 |, (67)
0 0 1
0 (1-7) vI-y\
Wi = %i% -(1-1) 0 0 X (68)
BN\ _-yT=y o 0

As can be seen the elements of V*# are proportional to the square of the electron
mass and will be ignored.
We obtain the following density matrices with rows and columns denoting
A, p=1,2,3 respectively. The density matrix for pure photon exchange, D}, is given
by
DIl = A2Al? = UM —ifpwe, (69)
The above matrices together with the other factors in the definition of the flux
matrices, Egs. (32) and (33), give the final result for emission of photons from
Spin-1/2 fermions. In the unpolarized case fp =0 and the density matrix, D!, has
the property that all the longitudinal components and off-diagonal elements vanish
for backwards scattering y = 1. Re-writing the contributions from the two transverse
diagonal elements we have

LMoy + d* L0y = [d°LM +d2 L% [———"“ ;"”] (70)
+ [d2L%2 —d2 LM ["2"’;&] . (71)

The last term represents the interference between the two polarization states and
the transverse flux is the term multiplying the average over the two transverse cross
sections: d?LT = d2L' 4+ d2L%2.

Then , )
d2£T=iddezyQ(l_yH(y_%f)u%‘f]. (72)
@ (v~ 352"+ %=
In the limit Q% — 0, this reduces to the usual WWA
LT = LWL e (73)

T2 yQ?



Also note that in the case of backward scattered electrons the transverse flux and
WWA also agree since y — 1 for backwards scattered electrons and the formulas are
in agreement. This means that the WWA 1is a reasonable approximation when the
initial and final electrons are co-linear, regardless if they are parallel (Q? — 0) or
anti-parallel (y — 1). Defining the longitudinal flux as d2£% = d2£3% we obtain

g2l — ©4ydQ° (1-y

2 * 3 74
n @ -t & ™
with the low-Q? limit of ,
2, _ @dydQ” .
et =22y, (75)

Continuing again for the other contributions we obtain for vy and Z° interfer-
ence

DL = [gv — frgalU —i(frgv — ga)W*", and (76)

D3, = lgv— frgalUM +i(frgv — ga)W??, (77)

and for pure Z° exchange

D32 = g7 + 94 — frgvgalUY +il2gvga — fr(gy + 93)IW 7. (78)

To conclude, the matrix P33 which describes the analogous matrix for the
electron-neutrino-W- vertex is

DY =2(1— fp) [U +iW??] . (79)

Notice that the density matrix for W- production vanishes in the limit of a purely
right-handed electron beam (fp — 1).

6. Comparisons with Weizsacker-Williams Approximation at HERA
Energy

The essence of the WWA lies in ignoring the Q? dependent terms with respect
to y. This limiting procedure can be expressed as
2

. Q 2
1 472 = — y°. 0
Q2<éx4nE?y il 4E7 4 (8 )

The result of this approximation is that
Po-9+0-F°+ %] p+a-y -
(v-35)+ & y '

Proceeding as with the transverse photon flux given above, we obtain the
transverse flux for virtual Z° and W- emission from polarized electron beams

Y

2 2
d*LT, _ o [g) + 95 — fravyal Q? 21 -y) +(y— 4915"5)2 + %;’] ”
dydQ? — 2w 4sin® Oy cos? Oy (Q*+ MZ)2+ (I‘ZMZ)zy (y — %)2 4 %; , (82)



and

dzﬁgs _ o [1 _ fP] Qz [2(1 - y) + (y— 4E; )2 + Ef ] (83)
dydQ? ~ 27 gsin’ O (@7 + MZ )2 + (TwMw)2' ™ (y- &+ &

e

The limiting cases with respect to the above approximation are

L], _ o [ob + 95 — frovgal Q? [14+ (-9 (84)
dy dQ? 27 4sin? By cos? b  (Q2 -1-1‘4%)2 + (rzMz)2 Y !
and )
d’ L5 _ o [1-fp] Q" [1+(1~9)° (85)
dydQ? 2w 4sin? Oy (Q%+ M3)2 + (TwMz)? y :

For a comparison we look at v, Z° and W~ emission from the lepton beam
determined by the flux only (the proton vertex enters with a factor of unity). As
an example we compute the integrated flux for invariant masses of the final state
(r) above 20 GeV at HERA energies. We obtain 1.31 : 1 : 0.94 for the ratios of
the integrals of the fluxes for WWA:Transverse:Longitudinal contributions for the
photon. At fp =0 we obtain 3.6 : 1 : 0.0065 for the ratios of the same integrated
fluxes for Z° emission and 3.57 : 1 : 0.0073 for the ratios of the integrated fluxes
for W- emission. As seen in Figure 2, the discrepancy between the WWA and

—
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Figure 2: Electron Scattering Angle in Radians. Solid-WWA Flux, Dashed—Transverse Flux,
Dotted-Longitudinal Flux.

the transverse flux reaches a maximum around % radians and goes away at 0 and =
radians for the scattered electron. Figure 3 shows the pr spectrum for the exchanged
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particle. There is a large discrepancy for larger pr values that must be taken into
account in all Monte Carlo programs that use flux approximations. Setting pr =0 in
a Monte Carlo program does not correctly describe the break in the pr distribution
of the produced final state, because it ignores contributions to pr from the emission
process of the exchanged vector boson. It is also incorrect to approximate the
pr distribution by the WWA over the complete phase space. In order to get the
details of the pr distribution put in correctly, attention to the exact flux formulas
is essential.
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Figure 3: pr in GeV/c at HERA (/5 ~ 300 GeV/c?). Solid-WWA Flux, Dashed-Transverse Flux,
Dotted-Longitudinal Flux.

7. Conclusions

Whenever the initial and scattered electrons are co-linear, (i.e., low-Q? or
large-y), then the WWA works fine. The emission of photons involves a massless
propagator which biases the events to low-Q? values and hence one typically sees
small effects regarding integrals over Q? or electron scattering angle 6. However, in
the case of Z° or W- exchange, the scattered electron angle is biased towards larger
angles and the discrepancy between WWA and the transverse flux is especially large.
Therefore one should always check the relative sizes of y and ZOJ‘;’ in the region of
application of the WWA. ‘
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