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Abstract 

We analyze the implications of the infrared quasi fixed point solution for the top quark mass 
in the Minimal Supersymmetric Standard Model. This solution could explain in a natural way the 
relatively large value of the top quark mass and, if confirmed experimentally, may he suggestive 
of the onset of nonperturbative physics at very high energy scales. In the framework of grand 
unification. the expected bottom quark - tau lepton Yukawa coupling unification is very sensitive to 
the fixed point structure of the top quark mass. For the presently allowed values of the electroweak 
parameters and the bottom quark mass, the Yukawa coupling unification implies that the top quark 
mass must be within ten percent of its fixed point values. 

·On leave from the Institute of Theoretical Physics, \\'arsaw University 



In the present expectation of a very heavy top quark, we witness a revival of interest in 

the infrared quasi fixed point predictions for the top quark mass. The idea is that the top 

quark mass may be completely determined by the low energy fixed point structure of the 

Renormalization Group (RG) equations independent of the precise symmetry conditions 

at a high mass scale. For several reasons, this idea is very appealing. The infrared stable 

fixed point structure of the Standard Model was first analysed by Pendleton and Ross 

[1]. Their analysis focussed on an exact fixed point relationship between the top quark 

Yukawa coupling and the QCD coupling which requires a smooth running of the couplings 

to infinite energy or implies analytic relations between the couplings. This approach is 

closely related to the coupling reduction methods advocated by Zimmermann et a1. [2]. 

At difference with the Pendleton-Ross fixed point, the quasi fixed point structure of C. 

T. Hill [3] results from a strong focussing of the running of the top quark Yukawa at low 

energies for sufficiently strong Yukawa couplings at a finite high energy scale. This behavior 

reflects the existence of Landau poles or nonanalytic relations between the couplings in 

the RG evolution somewhat above the high energy scale, where new physics is expected 

to control the actual values of the couplings. A wide range of couplings at the high energy 

scale will fall wit.hin the domain of attraction of the quasi fixed point. and evolve to a 

sharply defined fixed point value for the top quark mass. The fixed point structure of the 

Standard Model provides a nat.ural explanation of larger values of the top quark mass. 

In the Minimal Supersymmetric Standard Model (MSSM), a similar quasi fixed point 

behavior of the renormalization group solutions is present[4]. In fact, for a given value of 

the strong gauge coupling 0:3(!lIz), one predicts 

.Mt ~ .4 sin ,8 (1) 

where ~A1t is t.he physical top quark mass, the angle /3 is defined so that tan f3 is the ratio of 

the two Higgs vacuum expectation values and A. ~ 190-210 GeV for cx3(Jv1z) = 0.11-0.13 

[5] - [7]. It is wort.h st.ressing that. t.he above prediction is obt.ained for a range of high energy 

values of }~ = h; / 41T, h t being the top quark Yukawa coupling, such that Yt can reach its 

perturbativity limit }.~ ~ 0(1) at some scale !lfx = 1014 _1019 GeV (see Fig. 1). One 

can therefore envision t.he following scenarios, which would lead to the infrared quasi fixed 

point prediction for l11t : 

i) The onset of non-perturbative physics at scales below or of the order MauT = 0(1016 

GeV), at which the unification of gauge couplings may take place. This is what happens, 
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for example, in the supersymmetric extension of the so called top condensate models [4]. In 

this case, the perturbative analysis of grand unified scenarios would be invalidated and one 

should make an analysis of nonperturbative effects before studying the precise unification 

conditions. 

ii) Perturbative grand unification, with a value of 0.1 :::; Yt :::; 1 at the grand unification 

scale, followed by the onset of nonperturbative physics for scales of the order of lv1aUT. 

iii) Perturbative theory up to scales of the order of 1I1P L, but with large Yt, close to its 

perturbativity limit, and with the possibility of new physics at scales J.l 2 1I1auT . 

In summary, an infrared quasi fixed point value for NIt, if confirmed experimentally, would 

either be strongly suggestive of non-perturbative physics at very high energy scales, or 

would call for understanding the relatively large values, of order one, of the top quark 

Yukawa coupling at the high energy scales within the perturbative scenario. 

Going further in the aim of computing the vallles of the other fermion masses measured 

experimentally, it is natural to think about the possibility of viewing them in the framework 

of grand unified thearies. In this respect, bottom-tau Yukawa coupling unification appears 

naturally in many grand unified schemes [8]-[10]. Most interesting is the fact that to 

achieve bottom-tau Yukawa unification, hb(AlauT) = hT (1I1aUT), large values of the top 

quark Yukawa coupling are necessary in order to compensate for the effects of the strong 

interaction renormalization. Indeed, most recently, it has been observed that one is driven 

close to the infrared quasi fixed point by the bottom - tau Yukawa unification requirement 

[5], [7]. This property is strongly dependent on the exact values of the strong gauge coupling 

as well as on the physical bottom quark mass being in the range of experimentally allowed 

values Mb = 4.9 ± 0.3 GeV [11]. If, for example, the physical bottom mass value were 

Mb :::; 3 GeV, perturbative unification of bottom and tau Yukawa couplings would not be 

possible for 0'3( A1z) = 0.11-0.13, since even a top quark Yukawa coupling at the edge of the 

validity of the perturbative expansion would not be strong enough to contravene the strong 

gauge coupling renormalization of the bottom mass. In fact, for a given bottom mass, one 

can define an upper bound on the strong gauge coupling for which bottom-tau Yukawa 

unification becomes possible [7]. Surprisingly enough, for experimentally allowed values of 

Mb , this upper bound on 0'3(Mz ) lies within the range predicted fro111. LEP measurements. 

In addition, the experimental upper bound on lvfb is also quite important to account for 

the infrared fixed point behaviour of the top quark mass. For larger values of the bottom 

quark mass, }.lIb 2 6 GeV, there would be no necessity of a strong renormalization effect 
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from the top quark Yukawa coupling. 

The above is quite intriguing, since it implies that just for the experimentally acceptable 

values of 1\lb and 0'.3(1\1z ), bottom-tau Yukawa unification yields large values -of order one

of the top Yukawa coupling at the grand unification scale, which, however, remain in the 

range of validity of perturbation theory. This is a highly nontrivial property of the Minimal 

Supersymmetric Standard Model and, as we explained above, it implies that the top quark 

mass is strongly focussed to its infrared quasi fixed point value. Thus, in this case, the 

observed top quark mass will be insensitive to the actual value of the top quark Yukawa 

coupling at high energies. It is precisely the bottom-tau Yukawa unification condition 

which would be uniquely sensitive to the high energy Yukawa coupling of the top quark. 

In the following, we extend and quantify the previous discussion. In particular, we 

address the issue of the proximity to the infrared quasi fixed point prediction for M t 

when requiring hb(1\fauT ) = hr(1v1auT). In Figs. 2.a - 2.d, we consider the two loop 

renormalization group running of the bottom quark and tau lepton Yukawa couplings, 

II, = hU47r and Yr = h;/47r, respectively, for two representative values of 0'.3(1\lz) = 0.11, 

0.125, and the physical bottom quark mass 1\lb = 4.9,5.2 GeV, to analyze under which 

conditions the unification of these two Yukawa couplings is possible. The larger (smaller) 

the value of 0'.3 ( Nlz) (1\lb) the larger is the value of h t necessary to achieve unification of hb 

and hr in the range, say 1015 -1019 GeV. As we discussed above, there is an obvious reason 

for this: Large ht is needed to partially cancel the strong interaction r«!!normalization of Alb, 

h t being necessarily strong at scales of order 1\lauT for Alb = 4.9±0.3 GeV and large values 

of 0'.3 ( Mz ) ~ 0.115. At the same time, for large values of the top quark Yukawa coupling at 

the grand unification scale, ht (1\lauT ), for which the top mass is close to its quasi infrared 

fixed point value, the hb - hr unification scale becomes extremely sensitive to the actual top 

quark mass value. Changing 1\lt by 1 - 3 GeV (for fixed tan,8) can change the bottom - tau 

unification scale by several orders of magnitude. This implies, as shown in Fig. 2, that for 

0'.3(lvlz ) = 0.125, unification of hb and hr in the range 1\lauT = 1015 _1019 GeV only holds 

for very restrictive values of the running top quark mass, mt. 1 For instance, a tan,8 = 3.5, 

a physical bottom mass 1\lb = 4.9 GeV and 0'3(1\lz) = 0.125 implies mt ~ 190 ± 3 GeV. 

Similarly, values of 0'3(Alz ) = 0.12 (0.115) imply rilt ~ 186 ± 3 GeV (182 ± 3 GeV). 

Moreover, as can be clearly seen in Fig. 2, for these values of 0'3(1\lz) the predicted top 

lOnce the QeD corrections are included, the running top quark mass used above is about 6% smaller 
than the physical pole mass [7]. 
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quark mass is quite insensitive to the inclusion of small threshold corrections, of the order 

of 10%, to the bottom-tau Yukawa coupling unification condition. On the contrary, for 

smaller values of Q3(.Mz ) S 0.110, unification of hb and itT may, in principle, be achieved 

for a wide range of smaller values of mt. For example, for Q3(Alz) = 0.105, tan,8 = 3.5 

and considering Alb = 5.2 GeV, bottom - tau Yukawa unification is possible for values of 

mt ~ 125 - 160 GeV. However, as we shall show below, for a top quark mass M t > 110 

GeV, these relatively low values of the strong gauge coupling, Q3(A/z) S 0.110, can not be 

self consistently achieved if unification of gauge couplings is also required for the MSSM. 

Similar features are obtained for the whole low and moderate tan (3 regime. 

Next, we study in more detail how close are we driven to the infrared fixed point 

prediction for Aft by the requirement of hb - hr unification, as a function of the strong 

gauge coupling and for several values of the bottom quark mass and tan,8. The hb - hT 

unification scale is defined by the running of the gauge couplings. The results are shown in 

Fig. 3.a - 3.c. We see that, for values ofthe strong gauge coupling 03( Afz) :2: 0.115, and for 

Mb S 5.2 GeV, the t~p quark mass is within a ten percent of its infrared quasi fixed point 

value. If, instead, the strong gauge coupling were Q3(Alz ) < 0.110, the top quark mass 

could be far away from its infrared quasi fixed point value. Concerning possible threshold 

corrections to the unification of both Yukawa couplings, it is interesting to remark that 

a relaxation in the unification condition of order 10%, hb(lvIauT )/ hr(l\fauT ) = 0.9, for a 

bottom mass lvIb = 4.9 GeV gives approximately the same behaviour as if we consider 

exact hb - h7 unificat.ion but with Afb = 5.2 GeV. 

It is important to observe that for smaller values of Alb and larger values of Q3(Mz ) the 

top quark Yukawa coupling required for hb - hT unification may become too large. For a 

consistent perturbative treatment of the t.heory we require }t(l\fauT ) = h;(AlauT )/47r S 1, 

which implies that the t.wo loop contribution to the renormaliza.tion group evolution of ht 

is less than a 30 % of the one loop one. As a matter of fact, observe that in Fig. 3. the 

curves for Mb = 4.7 GeV and Mb = 4.9 GeV do not continue up to Q3(Mz ) = 0.13, since 

the top quark Yukawa coupling at MauT would then become too large to be consistent 

with a perturbative analysis [7). 

Considering the constraints coming from the gauge coupling unification [12] - [16], 

predictions for sin2 Bw( A{z) are derived as a function of the strong gauge coupling Q3( Mz). 
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Indeed, the unification condition implies the following numerical correlation 

sin2 6w (.Afz) = 0.2324 - 0.25 x (a3(Afz) - 0.123) ± 0.0025, (2) 

where the central value corresponds to an enective supersymmetric threshold scale [6], [7] 

Tsusv = Mz and the error ±0.0025 is the estimated uncertainty in the prediction arising 

from possible supersymmetric threshold corrections (corresponding to varying Tsusy from 

15 Ge V to 1 Te V ) and including possible effects from threshold corrections at the unifica

tion scale as well as from higher dimensional operators. On the other hand, sin2 6w(Mz) 

is given by the electroweak parameters GF , Afz , aem as a function of Mt{at the one - loop 

level) by the formula [6]: 

sin2 6w ( M z ) = 0.2324 - 10-7 
X Ge V-2 

X (Aft
2 - (138Ge V)2) ± 0.0003 (3) 

Therefore, the predictions from the gauge coupling unification agree with experimental 

data provided 

Afl = (138GeV)2 + 107 
X GeV2 x 0.25 x (a3(Afz) - 0.123 ±0.01) (4) 

The above M t - a3(Alz ) correlation defines a band, whose upper bound is a!3(Mz ) ~ 0.13. 

Thus, although this upper bound does not appear explicitly in Fig. 3., Eq (4) implies 

that the region in a3(Afz) to the right of the dash-long dashed curve is the allowed one. 

Moreover, in Fig. 3 we observe the intersection of that allowed region with the Aft-a3(Afz) 

curves which follow from the hb - hT unification condition. In fact, ~for Mb in the range 

(4.9 ± 0.3) GeV, the hb - hT unification and the gauge coupling unification condition 

together with the quadratic dependence on Aft of sin2 6w (Jovfz ) (both within the discussed 

uncertainties) are compatible with each other only within a restricted range of a3( Afz) 

and Mt, and, moreover, push Aft very close to its quasi infrared fixed point values. Due to 

the correlation between sin 2 6w ( M z) and Aft, the effect becomes more dramatic for larger 

values of tan (3, for which sin (3 c:::. 1, than for values of tan (3 close to one. In general, for 

tan(32 1, the strong gauge coupling takes values a3(Afz) ~ 0.112 and Aft is at most a 

10% lower than its infrared quasi fixed point prediction. Indeed, as may be observed from 

Fig. 3, the above lower bound on a3(Alz ) may only be reached for tan jJ I'V 1. For larger 

values of tan (3, the lower bound on a3( Alz) increases together with the top quark mass, 

which has then a stronger convergence to its infrared fixed point behavior. 

It is important to remark that the above study is performed in the region of moderate 

values of tan (3 :::; 30. In this region, the top Yukawa coupling at the grand unification scale 
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depends only weakly on the exact supersymmetric spectrum but strongly on the effective 

supersymmetric threshold scale Tsus1' [7] which determines the low energy values of the 

strong gauge coupling coming from the requirement of gauge coupling unification [6]. The 

present figures were obtained for Tsus1' = Afz, taking the squark masses to be equal to 

the Z boson mass. If, while keeping Tsusy fixed, the squark masses are increased, in the 

range Mz - 1 TeV, the top quark mass may increase in a few GeV but without changing 

the physical picture [7]. 

For larger values of tan {3, for which the bottom Yukawa coupling becomes sufficiently 

strong to be able to partially cancel the strong gauge coupling renormalization effects in 

its own running, the hb - hT unification condition no longer requires the existence of a 

large top Yukawa coupling (7J. Therefore, the predictions for Aft are no longer strongly 

constrained to be close to its infrared quasi fixed point values. As shown in Fig. 3.d, 

already for values of Alb of the order of its experimental upper bound, large deviations 

from the infrared qlrilsi fixed point predictions for Aft are observed, for a wide range of 

experimentally allowed values for 0'3(Alz ). In addition, for very large values of tan {3, large 

corrections to the running bottom quark mass may be present [17],[18] , and additional 

symmetries may be required to cancel them in a natural way. Such symmetries may, 

however, be in conflict with the radiative breaking of SU(2)L x U(l)1' [19]. The loss of 

stability for the top quark mass values in the large tan {3 regime is also reflected in a 

stronger sensitivity to the exact supersymmetric spectrum. Furthermore, in Fig. 3.d. it is 

to observe that for tan (3 = 50 the condition of unification of the three Yukawa couplings, 

ht(MauT) = hb(MauT) = hr(MaUT) (dot-long dashed line) determines a large value of the 

top quark mass which, however differs from the infrared fixed point behavior. In this case, 

the value of the Yukawa couplings at the unification scale is of the order of the unification 

gauge coupling. In addition, for lower values of the bottom quark mass the predictions for 

Alt are outside the range allowed by the gauge coupling unification condition. To achieve 

unification of the three Yukawa couplings inducing as well values of the top quark mass 

close to its infrared fixed point, a larger value of tan {3 is required. 

Finally, concenling the present experimental limits on the top quark mass it follows 

that, for a Higgs mass 1nh ~ 100 Ge V, the direct experimental determination of the 

Weinberg angle from LEP yields M t ~ 150 ± 40 GeV at the 95% confidence level [20]. 

The same result wf)uld be obtained in the Minimal Supersymmetric Standard Model, if 

all supersymmetric particle masses lv/susY ~ Afz . However, as has been recently pointed 
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out, this result could be modified in case there were light supersymmetric particles, with 

masses close to their present experimental bound [21],[22]. In the heavy MSSM scenario, 

with no light supersymmetric particles, the rather large prediction for the top quark mass 

coming from the most recent experimental measurements allows the accomodation of the 

above discussed scenario for a reasonable range of values of tan f3 at the two sigma level. 

The light minimal supersymmetric scenario may even improve the agreement, depending 

on which supersymmetric particles become light. 

In conclusion, in the Minimal Supersymmetric Standard Model, for any given value of 

the strong gauge coupling 0'3(Mz ), the infrared quasi fixed point solution naturally pro

vides predictions of a large top quark mass as a function of tan f3. We have shown that 

such values of the top quark mass may also be naturally obtained within the context of 

grand unified scenarios with gauge and bottom-tau Yukawa coupling unification. Indeed, 

for small and moderate values of tan ;1 and a physical bottom mass ~lb = 4.9 ± 0.3 GeV, 

the top quark mass necessary to achieve unification of gauge and bottom-tau Yukawa cou

plings is within a t.en percent of the infrared quasi fixed point predictions for this quantity. 

This result is not modified under the inclusion of low and high energy threshold corrections 

to the gauge couplings. In addition, we have shown that, whenever the top quark mass 

is close to its infrared quasi fixed point value, the predictions for this quantity become 

stable under variations of the bottom - tau Yukawa unification scale as well as under small 

high energy threshold corrections on the bottom and tau Yukawa couplings. Finally, it 
l-

is worth emphasizing that the experimental confirmation of the infrared quasi fixed point 

solution will require not only the knowledge of the top quark mass, but of tan!1 as well, 

an additional information which may come, for example, from the Higgs sector of the the

ory. If confirmed experimentally, the infrared quasi fixed point solution will demand for 

understanding the large values of the top quark Yukawa coupling at scales Q = O(lvlouT ), 

either within the perturbative scenario or from nonperturbative physics at these high en

ergy scales. 
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FIGURE CAPTIONS 

Fig. 1. Top quark mass renormalization group running, as a function of x = In( Q / M z )2, 
for different boundary conditions of the top quark Yukawa coupling at the scale Mx = 1016 

GeV, Q3(Mz ) = 0.12 and tan f3 = 5. 

Fig. 2. Bottom quark (solid line) and Tau (dashed line) Yukawa coupling renormaliza

tion group running as a function of the renormalization group scale Q, for tan f3 = 3.5 and 

for a) a bottom quark mass Mb = 4.9 GeV, Q3(Mz) = 0.11 and different values of the run

ning top quark mass, which, starting from below read mt[GeV] = 134, 154, 169, 174, 176, 

177,179,180; b) Mb = 5.2 GeV, Q3(Mz ) = 0.11 and mt[GeV] = 134,154,161,170,173, 

176, 177, 179, 180; c) Mb = 4.9 GeV, Q3(iY!Z) = 0.125 and mt[GeV] = 134, 154, 174, 184, 
187,188,189, 191, 192; d) Mb = 5.2 GeV, Q3(Mz) = 0.125 and mt[GeV] = 134, 154, 174, 

184, 187, 188,190. 1ihe tau Yukawa coupling being approximately the same for all the above 

values of mt. 

Fig. 3. Comparison of the infrared quasi fixed point top quark mass predIctIOns ~sohd 

line) with the top quark mass necessary to achieve bottom - tau Yukawa coupling unificatIOn 

as a function of the strong gauge coupling Q3(Mz), for Mb = 5.2 GeV (dot-dashed line), 

Mb = 4.9 GeV (long dashed line) and Mb = 4.7 GeV (dashed line), and for a) tanf3 = 1; b) 

tan j3 = 2; c) tan j3 = 5; d) tan j3 =50, where the dot-long dashed line represents the values 

at which the three Yukawa couplings unify. Also shown in the figure is the band predicted 
from the condition of gauge coupling unification and the experimental correlation between 

M t and sin2 (}w(Mz), which extends to the right of the dash-long dashed line. 
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