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Abstract

A new derivation from first principles is given of the energy-time
uncertainty relation in quantum mechanics. A canonical transforma-
tion is made in classical mechanics to a new canonical momentum,
which is energy E, and a new canonical coordinate T, which is called
tempus, conjugate to the energy. Tempus T, the canonical coordinate
conjugate to the energy, is conceptually different from the time ¢ in
which the system evolves. The Poisson bracket is a canonical invari-
ant, so that energy and tempus satisfy the same Poisson bracket as
do p and . When the system is quantised, we find the energy-time
uncertainty relation AE AT > /2. For a conservative system the av-
erage of the tempus operator T is the time ¢ plus a constant. For a
free particle and a particle acted on by a constant force, the tempus
operators are constructed explicitly, and the energy-time uncertainty
relation is explicitly verified.

1 Introduction

Ever since the discovery of quantum mechanics, the energy-time uncer-
tainty relation, AE At > k/2, has had a different basis than the position-
momentum uncertainty relation, AgAp > £/2. In nonrelativistic quantum
mechanics time ¢ is a parameter, not an operator as is the coordinate gq.
Therefore the usual quantum mechanical average and uncertainty in the
time cannot be calculated as in the case of the coordinate. For this reason,
it has been suggested that the energy-time uncertainty relation simply be
eliminated from quantum mechanics [1]. This radical suggestion overlooks
the many different approaches to the physically useful energy-time uncer-
tainty relation.

We briefly mention some of the derivations of the energy-time uncer-
tainty relation, even though some are only heuristic [2, ?]. (1) The energy-
time uncertainty relation can be obtained by showing that a wave packet
of width At in time requires a spread in angular frequencies Aw such that
AwAt ~ 1. Together with the Planck relation E = fiw, we obtain AEAL ~ k
[4]. (2) The energy-time uncertainty relation is derived by reducing it to the
position-momentum uncertainty relation 3, ?]. If AE = (0E/3p)Ap = vAp
and At = Ag/v, where v is the group velocity, then AEAL = ApAq > k/2.
In this context, the meaning of AE and At is not precisely given. (3) Man-
delstam and Tamm [6] showed that the energy-time uncertainty relation can
be derived from the Heisenberg equation of motion for an arbitrary opera-
tor A and the generalized uncertainty relation for A and the Hamiltonian A
[3, 7). If we define At to be the smallest Aty = AA/(d < A > /dt) for all
operators A, and AE = AH, we also recover the energy-time uncertainty
relation [8, ?]. (4) Wigner [10] has considered the expectation value of t" in
the state ¥ = ¥(q,t) to be

_ i o
TR dtl(e )P

Therefore he defines the square of the uncertainty (At)? =< 2 > — < t >?
at constant q and defines (A E)? similarly. He shows that AEAt > k/2 holds
at constant g. Cook [11] uses this form of the uncertainty relation to explain
a thought experiment of Einstein [12]. (5) Many authors [13]-[29) have tried
to find a time operator ¢, which satisfies the canonical commutation relation
[{, H] = ik. Then the energy-time uncertainty relation can be derived by

<tt>
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These attempts have to contend with Pauli’s argument [30] that a time



operator cannot exist in general because the spectrum of the time operator
is continuous and unbounded, while the spectrum of the Hamiltonian may
be discrete and is bounded from below. The role between the time ¢ as a
parameter and the time operator { is often not clear in these attempts. A
clear distinction is however made by Razavy [17, ?]. (6) In scattering theory
it is the time of arrival which is important, and attempts have been made
to find an operator which describes this quantity

[31]-[36]. (7) In the context of the density matrix p, Eberly and Singh
[37] have shown that 8p/¢ plays the role of an “inverse time operator” from
which the energy-time uncertainty relation can be derived [38]. (8) The role
of the uncertainty relations in relativistic quantum theory has been discussed
by a number of authors [39]-[43]. (9) The interpretation of the energy-time
uncertainty relation is a part of quantum measurement theory [44]-[51], and
is distinct from its derivation. The energy-time uncertainty relation for
decaying states has been improved by Gislason, Sabelli, and Woed [52].

In this paper we give a new derivation of the energy-time uncertainty re-
lation, which is based on first principles, and does not resort to any heuristic
or ad hoc arguments. Our derivation is firmly based on classical mechan-
ics and its quantization, and puts the energy-time uncertainty relation on
the same footing as the position-momentum uncertainty relation. In clas-
sical mechanics we make a canonical transformation from the old canonical
variables (g, p) to new canonical variables (¢', p'), where the new canonical
momentum p’ is the energy E of the particle and the new canonical coor-
dinate ¢’ is a quantity T conjugate to the energy, which we call tempus.
This tempus T has dimension of time, but is conceptually different from the
time ¢ in which the system evolves. Since T and E are canonically conju-
gate variables, and the Poisson bracket is a canonical invariant [53], their
Poisson bracket is unity. Upon quantization, the tempus operator T and the
energy operator E satisfy the canonical commutation relation. Therefore,
the energy and the tempus operators satisfy the usual energy-time uncer-
tainty relation AE AT > £/2, as long as the expectation values of T and
T3 exist. For a conservative system the expectation value of the tempus
operator is equal to the time ¢ plus an irrelevant constant. The distinction
between the tempus operator T' conjugate to the energy operator and the
time ¢ of evolution is thus made clear.

This approach is applied to two examples: (1) a free particle and (2) a
particle acted on by a constant force. In both cases the tempus operator
T is constructed explicitly by quantizing the corresponding classical tempus
T conjugate to the energy. In the subspace of the Hilbert space in which
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it exists, the average value < T >= t plus a constant. The energy-time
uncertainty relation is explicitly shown to be satisfied.

In Section 2, a canonical transformation is made in classical mechanics
to energy and its canonical conjugate tempus. Using Poisson brackets, we
quantize the system in Section 3 and derive the energy-time uncertainty
relation. In Section 4, examples of a free particle and a particle acted on
by a constant force are considered, and it is shown that the energy-time
uncertainty relation is explicitly satisfied. Finally, the conclusion is given in
Section 5.

2 Energy and Tempus as Canonical Variables

In the Hamiltonian formulation of classical mechanics, the canonical coor-
dinate ¢ and the canonical momentum p conjugate to it satisfy Hamilton’s
equations

¢=0H/8p, p=—-0H/dq, (2)
where H = H(q,p,t) is the Hamiltonian for a system of one degree of free-
dom, and the overdot denotes the total time derivative. Using a generating
function S, we can make a canonical transformation to a new set of canonical
variables (¢’,p’), which also satisfy Hamilton’s equations [54)

§'=0H'/8p', ' = -0H'|b¢’, 3)

where the new Hamiltonian is H' = H + 85/4dt.

If the new canonical momentum p’ is chosen to be the energy E, the new
canonical coordinate ¢’ conjugate to it is called tempus and denoted as T'.
This tempus canonical coordinate conjugate to the energy is conceptually
different from the time ¢ in which the system evolves, and is a function of
¢, E and t [55] with the dimension of time.

The generating function of the second type S(g, E,t) which implements
this canonical transformation satisfies [53}-[55]

p=05(q, E,1)/0q (4)
and the new canonical coordinate tempus is
T = 85(q, E,t)/0E. (5)
By integrating Eq. (4), we obtain
q
St B0 = [ 9(3, Bz + Slao, E.1), (6)
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where gg is an arbitrary initial displacement. The arbitrary function S(go, E, t)

of E and ¢ in Eq. (6) can often be chosen to be zero without loss of gener-
ality. To obtain the generating function in Eq. (6), it is necessary to find
the canonical momentum p as function of g, E and t. The new generalized
coordinate tempus T can be obtained as a function of ¢, E and ¢ from Eq.
(6). When this equation is solved for ¢ as a function of T, E and t, we have
the solution to the problem if we know T and E as functions of time ¢.
The new Hamiltonian H’ in Eq. (3) for the new canonical variables
(¢, P)=(T,E)is
H'=H +(85/8t)q,5. (N
The energy E may not be equal to the Hamiltonian H, so their difference is
defined as
&=H-E. (8)
When Egs. (7) and (8) are used in Hamilton's equations (3) for the new
canonical variables (T, E), we obtain [55]

T =1 +[8(% + 85/81)/8E}y, (9)

and .
E=-[06(%+a5/6t)/oT)g, - (10)

In Eqgs. (9) and (10) it is necessary to express & + (85/9t)e & as a function
of E,T and t before differentiation. Hamilton’s equations (9) and (10) can
be solved for T'(t) and E(t). The solution to the original problem is ¢ =
a(E(2), T(t),t) = (t)-

For a conservative system, there is no explicit time dependence in S, so
8S5/8t = 0. In this case, the Hamiltonian H can be chosen to be the energy
E,s0 ® = H — E = 0. Therefore, Eqs. (9) and (10) reduce to

T=1, E=0. (11)
The solution to Eq. (11)is T = ¢t — ¢, and E = Ep, where ¢y and Eg are
constants. In this case tempus is equal to the time ¢ minus a constant. The
solution to the original problem is therefore ¢ = g(E,T) = g(Eo,t — &o).

3 Quantization

In order to quantize a system, it is necessary to replace the Poisson bracket
of two functions of the canonical variables by (ifi)~! times the commutator
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of the corresponding operators. The Poisson bracket between A = A(q, p,t)
and B = B(q,p,t) is defined as

80A8B 0OBOA

{4,B},, = Ba 0  a0p (12)

The Poisson bracket is a canonical invariant [53}, so

{4, B}q,p = {AvB}q',p' ) (13)

where the new canonical variables (¢’,p') are related to the old canonical
variables (g, p) by a canonical transformation. If A = ¢ and B = p, we have

1= {qyp}q,p = {q’»Pl}ql.,ﬂ = {q’lpl}“, ={T, E}q,p) (14)

from Egs. (12) and (13). )
When the system is quantized, the operators § and p (T and E) corre-
sponding to ¢ and p (T and E) satisfy the commutation relations

l4,9) = ik (15)
and
|7, ] = in, (16)

from Eq. (14).
In general, the uncertainty relation for the operators A and B in the
state 9 is [56]

AAAB > %|<C'> l, 17)

where i€ = [4, B] and < € >=< 9|C¥ >. The square of the uncertainty
in A is defined as

(AA)? =< Pl(A- < A>Py>. (18)

For the energy and tempus operators in Eq. (16) we have the uncertainty
relation
AE AT > k/2, (19)

where the state ¥ must be in the domain of E, E?, T, and 72. The choice
of the new canonical momentum p’ = E and the new canonical coordinate
¢’ = T puts the energy-time uncertainty relation in Eq. (19) on the same
solid basis as the momentum-position uncertainty relation ApAq > £/2

6



[56]. In contrast to ¢, the new canonical tempus operator 7' is conjugate to
the energy operator E. The uncertainty in the tempus operator has a well
defined meaning for states that are in its domain.

For a conservative system the average of the tempus operator 7' is the
time ¢ plus an irrelevant constant. The Schroedinger equation is

H(q,p)¥(g,1) = ihBY(q,1)/0t, (20)

for a system with a time-independent Hamiltonian H = H(q, p).
The time-dependent wave function (g, t) can be written as

¥(g,1) = U(t)¥(q,0), (21)

where 9(q, 0) is the wave function at time zero. The time evolution operator
is
U(t) = exp[~ift/h), (22)

where H is the time-independent Hamiltonian operator.
From the commutation relation in Eq. (16) and E = H we can show
that the expectation value of the tempus operator T' is

< Y(OITY(t) >= t+ < $(0)|Tw(0) >, (23)

where < 9(0)|T%(0) > is a constant depending on the initial wave function.
Therefore, Eq. (23) shows that the expectation value of the tempus operator
is directly related to the time t of evolution of the system.

4 Examples

In this section, we explicitly construct the tempus operators for (1) a free
particle and (2) a particle acted on by a constant force, and show that the
energy-time uncertainty relation is satisfied.

4.1 Free particle

The tempus operator T' for a free particle is constructed from the corre-
sponding classical expression, and the energy-time uncertainty relation is
obtained.

For a free particle of mass m, the energy E in terms of the canonical
momentum p is

E =p*/2m. (24)
Equation (24) can be solved for the canonical momentum p = (2m E)!/2sgn (pq),

where the sign of the initial momentum py is sgn (py). The generating func-
tion in Eq. (6) is

s(q1 E, t) = (2mE)‘/z(q - qﬂ) sgn (Po)v (25)

where we take the arbitrary function §(go, E,t) = 0. The new canonical
coordinate tempus is obtained from Eq. (5) and is

T = (m/2E)"? (q - go) sgn (po). (26)

In this way we have derived the canonical coordinate tempus conjugate to the
energy, which is conceptually distinct from the time ¢ in which the system
evolves.

The solution to the classical problem is obtained by solving Eq. (26) for
¢ and using the solutions of Eq. (11). We therefore obtain

4(t) = go + vo(t ~ to), (27)

where the initial velocity vo = po/m = (2Eo/m)!/?sgn (py) and T = t — £,.

In order to construct a self-adjoint tempus operator, Eq. (26) can be
expressed in terms of p by substituting the energy in Eq. (24) into it. Then
we obtain the canonical tempus coordinate for go = 0 to be

T = mq/p. (28)

Equation (28) may be quantized to obtain the tempus operator T by re-
placing ¢ and p by their corresponding operators ¢ and p, and writing the
operator in a symmetric way [14]-[16] [19, 7]

N 1 e 1
T = m(@" +579). (29)

The domain of 7' is not the whole Hilbert space because of the presence
of the operator 771, Nevertheless, for the states in its domain, the operator
T has useful properties. The argument of Pauli [30] applies only to Hermi-
tian operators defined on the whole Hilbert space. From the commutation
relations in Eq. (15) for § and p, we can derive for T in Eq. (29) and the
operator E corresponding to Eq. (24) the commutation relation in Eq. (16).
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The uncertainty relation in Eq. (19) for energy and time can be obtained
if we choose a wave function which is in the domain of E, E?, T, and T?.
Since the tempus operator in Eq. (29) involves 5!, it is more convenient to
work in momentum space where the realization of the commutation relation
in Eq. (15)is p = p and § = ikd/0p. We choose a wave function in
momentum space at time ¢ = 0 to be

#(p,0) = Np" exp(—aop®), (30)

where ag is a real positive constant, n is an arbitrary integer > 2, and N is
the normalization constant. Since the Schroedinger equation in momentum
space is

‘ﬁ(él ) ) t)d’(?t t) = ih8¢(p, t)/at, (31)

the solution at time ¢ # 0 with the Hamiltonian H equal to the energy E in
Eq. (24) is
#(p,t) = Np" exp(—ap’), (32)

where & = ag+it/2mh is a complex function of time. With the wave function
in Eq. (32), the average of the tempus operator T' in Eq. (29) is

<$Tp>=<T>=1t, (33)

the time ¢ in which the system evolves, as expected from Eq. (23).
The square of the uncertainty in the tempus operator T at time ¢ is

(AT =< ¢l(T- < T >)¢>
=<T?>-<T>? (39)
= (2aomh)?/(n - 3/2).

The square of the uncertainty in the energy operator E at time t is

(AEY =<@|(E-<E>)¢>
=<E>-<E>? (35)
= (n + 1/2)(4mag)~2.

From Eqgs. (34) and (35) the product of AE and AT is
AEAT =[1+42/(n~3/2)]V/?h/2 > £/2 for n>2, (36)

so the uncertainty relation is established.

9

As n — o0, Eq. (36) shows that AEAT = K/2, i.e., equality holds in
the uncertainty relation Eq. (36). The reason equality holds is that in the

limit as n — oo, there is no distinction betweenn+4,n+3,---,n—2. Then
we have
(i)asn — o0

(F- < T >)¢ =1(E- < E >)4, (37)
where 7 is a constant, and

(i)

<[T-<T>)E-<E>)+(BE-<E>)T-<T>)>

=2Re < (T- < T >)|(E- < E>)p >=0, (38)

which are the two conditions for equality to hold in the uncertainty relation
[56).
4.2 Particle acted on by a constant force

For a particle acted on by a constant force Fy, the Hamiltonian H is
H =p*/2m - Foq = E, (39)

which is also the energy E. Equation (39) can be solved for the canonical
momentum p,

p = (2m)V(E + Fag)!/2. (40)
When Eq. (40) is substituted into Eq. (6) for the generating function §,
and the integral is performed, we obtain

S(g, E,t) = (2/3Fo)(2m)V/* [(E + Foa*/* - (E + Fogo}*’”] + 5(qo, E, 1).
(41)
The canonical coordinate tempus T conjugate to the energy is obtained
from Eq. (5), which gives

T(q,E,t) = Fy '(2m)'/*(E + Foq)'* + To, (42)
where Tp is a constant. Since the Hamiltonian H in Eq. (39) is conservative,
Hamilton’s equations (11) have the solution T =t — ¢, and E = Ey, where
to and Ey are constants. If Eq. (42) is solved for g, we obtain

q(t) = go + vot + (1/2)at?, (43)

10



where go = q(0) is the initial position, vo = §(0) is the initial velocity, and
a = §(0) = Fo/m is the constant acceleration. Equation (43) is the solution
to the classical problem.

In order to obtain a Hermitian tempus operator T, it is necessary to
-express tempus in Eq. (42) in terms of ¢ and p. When Eq. (39) for the
energy is substituted into Eq. (42) for the canonical coordinate tempus we
obtain T = p/ Fo. When this expression is quantized, we obtain [23]

T = i’/FO’ (44)

where p is the canonical momentum operator. Because the potential en-
ergy in Eq. (39) is not bounded from below, Pauli’s argument [30] for the
nonexistence of a Hermitian time operator does not apply to this example.

By a direct calculation we can show that the tempus operator T in Eq.
(44) and the energy operator E corresponding to Eq. (39) satisfy the canon-
ical commutation relation in Eq. (16). Therefore, from Eq. (17) the energy-
time uncertainty relation in

Eq. (19) is also satisfied.

5 Conclusion

In this paper a new derivation of the energy-time uncertainty relation is
given based on first principles. It is not necessary to make use of any ad hoc
or heuristic assumptions. A classical canonical transformation is made from
the old canonical variables (g, p) to new canonical variables (g7, p), where
the new canonical momentum p/ is chosen to be the energy E and the new
canonical coordinate g/ conjugate to the energy is called tempus T. This
tempus canonical coordinate has the dimension of time, but is conceptually
different from the time t in which the system evolves. In general, tempus
T is a function of ¢, E and t. The energy E and tempus T have the same
Poisson bracket as do p and g, since the Poisson bracket is a canonical invari-
ant. When the system is quantized, the operators E and T satisfy the same
commutation relations as do the operators p and 4. Therefore, E and T
satisfy the same uncertainty relation as do  and §. The energy-time uncer-
tainty relation is therefore put on the same basis as the momentum-position
uncertainty relation. The approach used here to derive the energy-time un-
certainty relation has firm basis in classical mechanics, which makes a clear
distinction between the time of evolution ¢ and the canonical coordinate

11

tempus T conjugate to the energy. For a conservative classical system, tem-
pus T is equal to the time ¢ plus a constant. For a conservative quantum
system, the average of the tempus operator T' is equal to the time ¢ plus a
constant.
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