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The de Forest prescription for handling off-shell initial states in the impulse approximation for

lepton-nucleus scattering breaks gauge invariance.

We discuss existing methods to address this

problem and handle the form factor scale ambiguity. We demonstrate that the irreducible differences
between the prescriptions are significant compared to the precision expected of next-generation
accelerator neutrino experiments. A novel approach directly using the off-shell currents is proposed

as a systematically improvable alternative.

Next-generation accelerator neutrino experiments will
provide an unprecedented experimental test of the nature
of neutrino oscillations [1-4]. For the first time, the mea-
surements will be limited by systematic uncertainties. It
will be of vital importance to completely account for all
possible contributions to these uncertainties.

A significant systematic uncertainty in current and
future neutrino experiments arises from the theoretical
calculations involved in neutrino-nucleus interactions [5].
This challenge is particularly acute for experiments like
the Deep Underground Neutrino Experiment (DUNE),
which aims to make precision measurements of neutrino
oscillation parameters, determine the mass hierarchy,
measure the extent of CP violation in the lepton sector,
and probe weak coupling light mass new physics mod-
els [6]. To achieve these ambitious goals, DUNE will
require unprecedented precision in neutrino-nucleus in-
teraction modeling, with uncertainties constrained to the
level of a few percent [4].

Accurately modeling these interactions presents vari-
ous challenges [7]. For example, form factors associated
with the structure of the proton can be either calculated
from first principles using lattice QCD or fitted to ex-
perimental data [8-12]. To achieve percent-level uncer-
tainties, many-body correlation effects within factoriza-
tion schemes such as the impulse approximation need to
be considered [13-18]. Final-state interactions are ex-
tremely complex and require the computation of non-
perturbative single and many-nucleon effects [19-21], ap-
proximated using intranuclear cascades [22-33] or trans-
port equations [34-39).

In this work, we focus on a critical aspect of these cal-
culations: the treatment of bound initial state nucleons
within the plane-wave impulse approximation (PWIA),
which may be treated as off-shell particles. While here
we will focus on only quasielastic scattering, the same
issues arise in the handling of any process that contains
off-shell initial state nucleons. The PWIA framework,
widely employed in both theoretical predictions [40, 41]
and neutrino-nucleus event generators [32, 38, 42-46],
represents the interaction as occurring with individual
nucleons treated as quasi-free particles. This approxima-
tion assumes that both initial and final state nucleons

can be described using plane-wave wavefunctions, effec-
tively treating them as free particles modified by nuclear
effects.

While the PWIA has proven remarkably successful
for high-energy interactions, where the quasi-free nu-
cleon picture becomes increasingly valid, the treatment
of off-shell effects has never been systematically stud-
ied to determine the associated uncertainties. These ef-
fects become particularly relevant when considering that
bound nucleons in the nucleus have an effective mass
that deviates from the free-particle mass, potentially af-
fecting both cross sections and kinematic distributions in
neutrino-nucleus interactions.

Our investigation systematically examines different ap-
proaches to handling off-shell effects within the PWIA
framework, quantifying their impact on predicted observ-
ables and associated uncertainties. This analysis is cru-
cial for developing a complete error budget for neutrino-
nucleus interaction calculations and ultimately achieving
the precision required by next-generation experiments.

The fully-differential cross section for lepton-nucleus
scattering processes is given by (See Sec. IT of Ref. [45]
for additional details)
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where L, is the leptonic tensor, W*" is the hadronic

tensor, and the initial- and final-state momenta are de-
fined as

k' = (E*,k) incoming ¢, (2)
kY = (E}y,ka) incoming A, (3)
p‘; = (E¢,py) outgoing particle f, (4)

where the index f refers to all the possible hadronic and
leptonic final state particles. The leptonic tensor involves
no nuclear physics and can be calculated in an automated
manner [47]. On the other hand, the hadronic tensor
involves all the underlying nuclear physics, and takes the
general form

WH = (Wo| JT(q) |0 1) (W] T (q) | o) - ()
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Here, the sates ¥y and ¥, denote the full hadronic initial
and final states, respectively (i.e. including all nucleons),
J# is an arbitrary Electroweak current, and ¢ = (w, q) is
the momentum transfer given by the difference between
the sum of final state leptons and the initial state lepton
momenta.

Applying the PWTA, inserting a complete set of states
twice ([ dk|\11}471 ® k)(ilffl ® k|) and retaining only the
one-body current contributions to Eq. (5), one obtains
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x 6w —E +my — Ep), (6)

where \\II?_1®I<:> is the dyadic product of a single-nucleon
state with momentum % and the state of the remaining
A — 1 nucleons. In the above equation, k, = (E* kj,)
and pp, = (Ej,p;,) are the momenta of the initial and
final state nucleons, respectively. The spectral func-
tion (Sp(kp, E')) represents the probability distribution
associated with removing a “hole” nucleon with three-
momentum kj, from the target nucleus and leaving the

residual system with an excitation energy E’. It is de-
fined as [48]
Sh(kh,El,Si,Sj) = (7)
> (Wolks, @ WH) ks, @ WHH W)
fa-1
§(E'+ Egt — E{7Y).

The sum in the above equation is over all possible final
states of the remaining A — 1 spectator nucleons, while
s;,; represent the spins of the initial state nucleons. Tra-
ditionally, the spin contribution is neglected in the PWIA
since it only contributes if there is parity violation [41].

In order to evaluate the hadronic tensor, one needs to
compute the one-body current given as (k|j};|p) for an
off-shell initial state nucleon . The most general form of

1 Here, we will assume that the outgoing nucleon is on-shell, see
Ref. [49] for the more general case

this current is given by [50]
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where C; is the nucleon coupling to the gauge boson
which may depend on the isospin of the nucleons, fi(i)
are structure functions that depend on both the momen-
tum transfer (¢2) and the off-shellness of the nucleon (p?),
and the projection operators Ay are defined for general
four-momenta p as
W xyp
. 9
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In the above equation W is defined as /p2. The projec-
tion operators satisfy the identities

As(p) =

A=A, (10)
AA_ =A_ A+:0, (11)
Ap+A_=1, (12)
U (13)

W

In the on-shell case (W = M), the projection opera-
tors are those for the positive and negative energy states.
Taking the on-shell limit of Eq. (8), one obtains the tra-
ditional formula used for describing nucleon-boson inter-
actions, namely

O“un

Iy =Civ"Fi(q )+C’2 Fy(q )
HF , (14)
a Far(a),

+Cav" 5 F4(q?) + Caps

where Fy, Fs, F4, and F4p are the Dirac, Pauli, axial,
and pseudo-axial form factors, respectively. The relation-
ship between the on-shell form factors and the off-shell
ones is given by F;(¢?) = fi(¢*, M?).

Since lattice calculations and experimental extractions
of the form factors are performed with the assumption of
an on-shell nucleon, many event generators chose to only
consider the on-shell form factors in their calculation and
treat the initial state wave function as purely on-shell.
However, the spectral function inherently requires that
the initial state nucleons are off-shell. This is typically
addressed through the de Forest prescription by shifting
the energy of the gauge boson as [41]

b=w+E"—E, (15)



where E is the energy for an on-shell nucleon with mo-
mentum p and EI" is again the energy of the initial state
off-shell nucleon. The shift in the energy now results in
the violation of the Ward Identity in Eq. (14), and thus
currents are not conserved. To restore current conser-
vation, Ref. [51] points out three possible prescriptions
that are associated with the gauge that gives the same
results without modifying the currents. The first is the
Coulomb gauge, originally proposed by de Forest [41]

. w .
]fb - gj(l)b7 (16)

where the g-component corresponds to the longitudinal
component of the current, and 0 corresponds to the en-
ergy component. The second prescription is associated
with the Weyl gauge and is defined as

0 49 .q
— . 17
J1b w.]lb (17)
Finally, the Landau gauge prescription is given as

Jib - q
0 q,

which was first used in Ref. [52]. It is important to
note that in the Landau prescription, the modification
does not contribute to changing the rate for the case of
electron scattering or neutral current neutrino scattering,
and thus is the same as using the original non-conserved
current. This is due to the fact that the contribution
from the ¢* term disappears when the masses of the ini-
tial and final state lepton are the same. However, the
Landau prescription has an effect in the case of charged
current neutrino scattering due to the difference in mass
between the neutrino and the charged lepton.

In addition to the method of gauge restoration, the
choice to shift the energy of the gauge boson also intro-
duces an ambiguity in the scale used in the form fac-
tors. There are two possible choices that are reasonable
to make. The first is to use the original gauge boson mo-
mentum (Q = (w, ¢)) and the second choice is to use the
shifted gauge boson momentum (Q = (@, 7)).

These different prescriptions and scale choices induce
an irreducible theoretical uncertainty, when using the de
Forest prescription. A selection of results for the uncer-
tainty from restoring current conservation is shown in
Fig. 1 and Figs. 2, 3 for electron-nucleus and neutrino-
nucleus scattering, respectively. Events are simulated us-
ing the ACHILLES event generator [45]. It is important
to note that in Fig. 1, the theory calculations only in-
clude contributions from quasielastic scattering and ne-
glects contributions from meson-exchange currents and
resonance production. Therefore, it is expected that the
theory calculations under-predict the data at large energy
transfer (w). We clearly see that the difference between
the Landau and Coulomb prescription and the Weyl pre-
scription is drastic. We can understand the major shift

J1p = J1p T (18)
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FIG. 1. A comparison of different quasielastic calculations for
maintaining current conservation for electron-carbon scatter-
ing at various outgoing electron angles and beam energies.
The Coulomb prescription is shown in red, the Landau pre-
scription is shown in blue, the Weyl prescription is shown in
green, and the off-shell prescription is shown in orange. A
detailed description of each prescription is given in the text.
The experimental data comes from Ref. [53] (top), Ref. [54]
(middle), and Ref. [55] (bottom). Note that the theory cal-
culations neglect contributions from meson-exchange currents
and resonance contributions that arise at large w.



for the Weyl prescription by performing the calculation
in the Breit frame [56]. In this frame, w = 0, and the
correction factor in Eq. (17) diverges. This unphysical
behavior indicates that the Weyl prescription should not
be considered as a method of restoring current conser-
vation. However, even only considering the Landau and
Coulomb prescription, the numerical differences shown
in Fig. 1 are on the order of 2-5%, already above the
needed precision for DUNE. Additionally, the ambiguity
in the choice of scale for the form factors provides an ad-
ditional 5-10% uncertainty. We remind the reader that
these uncertainties are irreducible.

To address this issue, we propose a systematically im-
provable approach to addressing the off-shell initial state
nucleon. The insertion of the complete set of states in
Eq. (7) can be thought of as replacing a propagating nu-
cleon from some nucleus to the hard interaction point,
and then using the completeness relation to replace the
propagator with a set of spinors. This technique is often
used in high-energy physics to compute off-shell matrix
elements which are sewn together and summed over po-
larization states to form complete, gauge invariant scat-
tering amplitudes [57-59]. The spinors are defined by
first constructing an auxiliary spinor w(kg, A) for an ar-
bitrary massless vector kg satisfying

_ 14+ Avys
w(ko, \d(ko, A) = = (19)

with the relative phase fixed by
'lU(k(), >\) = Aklw(k07 _)‘)7 (20)

where ki is a vector with k2 = —1, kg - k1 = 0. With
this definition of the auxiliary spinor, the spinors for a
four-momentum p are given as

w(ko, —X), (21)
w(ko, =N), (22)

where this equation is valid for any p? = m2g, even when
Meg 18 imaginary, or for an off-shell particle with an ef-
fective mass given from the binding energy as is the case
here. By directly using the off-shell current, we intro-
duce a new form factor fs and an additional uncertainty
associated with how the form factor scales as a function
of the virtuality. The uncertainty associated with both
components can be systematically improved through new
theoretical insight and experimental measurements. As a
direct consequence, there should also be a contribution to
the spectral function from negative energy states. How-
ever, its effect should be small and has traditionally not
been accounted for, so it will be neglected in all calcu-
lations throughout this paper. This approximation can
however be improved upon in a systematic fashion.

To get a rough idea of the size of the uncertainties
currently, we compare the off-shell scheme to the same
set of electron and neutrino scattering plots as before
in Figs. 1, 2, and 3. The off-shell events are sim-
ulated using a custom interface between SHERPA [60]
and ACHILLES, with a model defined using UF02.0 [61].
The solid orange curve corresponds to treating the off-
shell form factors as equivalent to the on-shell form fac-
tors (ie. f;7(¢%p?) = Fi(a®), f5~(¢%p?) = 0, and
fi(_) (¢%,p*) = 0). The off-shell form factors can be calcu-
lated using the vector-meson dominance model with one-
loop corrections [62] or Chiral Perturbation Theory [63].
Since these calculations are not as accurate as the lattice
or experimental extraction of the on-shell form factors,
the off-shell effect can be modeled by rescaling the on-
shell form factors as

fi(qz’p2) 2
1= (Fim) e 23
Further efforts investigating this scheme should provide
a systematically improvable prediction that will be able
to provide a realistic uncertainty associated with the
method at a level acceptable for DUNE and HyperK.

For the success of next-generation experiments, signif-
icant work needs to be invested into reducing the un-
derlying theory uncertainty. In this work, we presented
a commonly neglected irreducible uncertainty associated
with the restoration of gauge invariance in theory pre-
dictions. To address this work, we propose to reconsider
the evaluation of the matrix elements using off-shell ini-
tial state nucleons. This introduces a dependency of the
off-shellness of the nucleon in the form factors, and in-
creases the required form factors from four to ten. While
the functional dependence on the off-shellness can not be
directly measured experimentally or calculated currently
using lattice quantum chromodynamics, it is possible to
develop a model using either vector meson dominance or
Chiral Perturbation theory. Additionally, the Chiral Per-
turbation theory model provides a method of estimating
an uncertainty associated with the truncation of higher
order corrections. Therefore, this new approach provides
a systematically improvable method of providing theory
predictions with a controlled prescription of obtaining
theory uncertainties. The calculation of the corrections
in this scheme are left to a future work.
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FIG. 2. A comparison of different calculations for maintain-
ing current conservation for neutrino-carbon scattering for a 1
GeV neutrino beam. The top plot shows the outgoing muon
momentum for different prescriptions for gauge restoration,
with Coulomb in red, Landau in blue, the Off-shell in or-
ange, and Weyl in green. The bottom plot shows the differ-
ent choices for the scale of the form factors, depending on
if the original gauge boson momentum is used or the shifted
momentum. A detailed description of each prescription and
form factor choice is given in the text.
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