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1. Introduction

To expand the non-perturbative understanding of quantum field theory, the Quantum Finite
Elements (QFE) project [1] aims to enable lattice calculation on curved spacetime. Such an
extension enables us to, for example, use radial quantization for conformal field theories (CFTs) in
the spacetime with dimensions D > 2 [2—-4]. As a step towards its rigorous formulation, this work
considers the energy-momentum (EM) tensor in the 2D CFT on the torus with generic modulus 7,
which is a key physical object that generates diffeomorphism. We derive a lattice expression of the
EM tensor in both fermionic and spin variables. The expression is confirmed in direct Monte Carlo
calculation by checking the conformal Ward identities [5, 6]. Although we are not the first people
who address the EM tensor in the two-dimensional Ising spin model [7], we derive a complete
expression including normalization that works under an arbitrary affine transformation. To our
knowledge, our work is the first work that verifies the analytic formulas for the Ising CFT involving
the EM tensor numerically with the spin variables. The details of the content will be given in a
subsequent paper [8].

2. Affine-transformed lattice

We consider a generic affine-transformed triangular lattice as shown in Fig. 1. We write the
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Figure 1: Gray dots represent the affine-transformed triangular lattice. The blue and orange points represent
its dual lattices, where the colors distinguish the even (blue) and odd (orange) sites. The left panel shows the
circumcenter dual lattice, generated by {7;.*, while the right panel shows the lattice generated by {7;, on which
the fields reside (see Sec. 4).

Cartesian coordinates as (x,) = (x,y) and the three lattice translation vectors as Zk (k =1,2,3).
The circumcenter dual of the triangular lattice is a hexagonal lattice, and we write the three lattice
translation vectors from even to odd sites as {7; We further define the unit vectors on the hexagonal
lattice: ey = E,’i / |{7;:| = (cos ag, sin )’ . Depending on the context, we use an alternative notation
such as £, ,, for the lattice translation vector from the site n to m.

We impose periodicity of the torus by the identification:

0~ Lyiiy ~ Lyiis (L1, Ly €Z), (D

where i1 = —25’1" + Z; + {7;‘ and it = —[71* - {7;‘ + 25’); In this work, we set L = L, = L for simplicity.
As we consider a conformal theory on the torus, the scale of the system can be conventionally fixed
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by setting one of the lattice dimension to unity: L|i;| = 1. With the standard identification between
the two-dimensional vector and the complex variable: RZ~C,i= (uy, uy)T © U = uy +iuy, the
modulus of the torus can be expressed as 7 = Lus.

3. Partition functions

As is well known, the 2D Ising model has a fermionic description with the Majorana fermion
[9-11]. For later discussion, we consider the Wilson-Majorana fermion action [12, 13] on the
hexagonal lattice in a generalized setup with arbitrary couplings:

1 - -
SW = 5 Z(l + Amn)‘ﬁn‘pn - Z Knm l//np(gnm)l//m’ (2)

(n,m)

where ¥ = (1,¥,)7 is the two-component real Grassmann variable, (n, m) denotes the nearest
neighbor pair, and P(¢) is the Wilson projector:

P(é)s%(l—é-a'). (3

We use the Pauli matrices o = (07, 07) as the gamma matrices throughout the paper. The partition
function for the lattice fermion is then:

Zy' = / Dy eV, Dy = |dyrdy;. )

Our main focus is the Ising spin system on triangular and hexagonal lattices, whose partition
functions are:

VARE Z exp[ Z LkgSka], 35

{sk==1} (k,t)
Z?ex = Z exp[ Z Knmﬂnﬂm]- (6)
{un=%1} (n,m)

The partition functions (4), (5) and (6) can be related to each other by loop expansions [14, 12, 13]
even under various boundary conditions on the torus. For the discussion below, it suffices to quote
the following identities:

1 h 1
_ Zy (P, P) = —————| - Z (P, P) + Z @] @
2Nshite H<n’m> cosh K, ! [T, (1 +Amy) v sqt(ZP:,P) v
1 » 1
——7"(P,P) = —[+ Zhx(p, P) + Zhe"(s)]. ®)
211 jyexpLij [1,(1+Am,) L "W E#ZP;P) W
Here, the couplings are identified as:
Knm CoS Apmn’ COS Aymn” tanh K. = e~2Lis ©)
- nm — )

VU +Amy,) (1 + Am,y,) cos A mn

where the angle differences A, = @nm — @y are taken among the three neighboring sites
from m: n, n’, and n”’. In eqgs. (7) and (8), the boundary conditions are indicated by & =
(P,P), (A,P), (A,A), (P,A), where P stands for periodic and A for antiperiodic. Different signs for the
(P,P) sector correspond to the sign ambiguity in defining the chirality operator in the Ising CFT [15,
8].



Energy-momentum tensor in the 2D Ising CFT Nobuyuki Matsumoto

4. Staggered lattice structure in the affine-transformed hexagonal lattice

In Ref. [13], it was shown that the continuum limit can be taken under nontrivial affine
transformation with the couplings:

Am, =0, «k, . =————. (10)

Although this is correct, it turns out that the bipartite hexagonal lattice shows a peculiar staggered
structure under nontrivial affine transformation. While the directional information of the circum-
center dual lattice, ey, appears in the lattice action (2), the fermionic variables turn out to reside on
a different lattice generically. This fine structure of the hexagonal lattice is relevant in deriving the
lattice expression of the EM tensor as it involves a derivative in fermionic variables.

To see this, we consider the lattice equation of motion (EOM), Ey, = 0, where

1 N
Ey, =¥n— 3 k(1 =@k -T)y,,; (n:even), (11)
X
1 - -
Ey, =1,//n—§ Kk(1+ek 'O')a,bn_lg (n :odd). (12)
X

The action is quadratic, and the infrared property of the Wilson-Dirac operator can be analyzed by
the derivative expansion:

l'[/n+l€ = l’[/n + gllcual‘w”’ (13)

where the translation vectors .. are arbitrary for now and to be determined below. For even sites:

Ey, = (1 - % Zkk)l//n + %(Zkkeku)o_yl/’n
k k
St S oo
k k

while for odd sites the signs of the second and third terms flip. The lattice EOM operators should
approach the continuum expression:

Ecl/f’m(x) = 0,0, (x) (15)

up to proportionality constant. Under the solution (10), this requirement reduces to the condition
for the vectors ¢ :

D kil =0, > kkeuly, = 206, (16)
k k
where a scaling constant a can be set by demanding again the lattice dimension in the x direction
to be unity. We have six conditions for six independent real variables (where an overall scaling is
fixed by a), and the condition is sufficient to determine Z -
As emphasized above, the solution ¢} to eq. (16) does not agree with £, under a generic affine
transformation. In Fig. 1, the two lattices are compared for the case 7 = 1.2¢%7/9. We see that the
lattice generated by % .. has more regular appearance than that generated by ZI’:
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5. Lattice operators

We are now ready to derive the lattice EM tensor in spin variables by applying parametric
derivatives in the loop expansions. We first construct the lattice EM operators in the fermionic
variables. Our basic building blocks are the following:

_ aAﬁmn » (.. Jcom = <(%¢7n¢zn + 1) e >Com =((en+1) .. ) (17)
alim erit (- Joom = <(&"P(E”m)wm) e >Conn = (Enm - - -)conn (18)

where the dots represent other operator insertions in the path integral and (-)conn the connected part.
The subscript “crit” emphasizes that we evaluate the derivatives at the critical couplings (10).
By a simple comparison between the lattice variable i,, and the continuum variable i (x), the
relative scaling can be determined. The & operator can then be expressed as:
2r

n
e(x) 2 —e, & ——
a a

0
0Am,,

-1 ] . (19)
crit
As for the EM tensor, we consider the projected tensor:

1 -
Ti(x) = _Ee;{ﬂekvﬁl’(x)o—,uav'rl/(x)a (20)

for which we have the lattice expression:

2r 1 1
Ty (x) = zﬁ |:En,n+l€ - 5(871 + 8n+/€)]
k

2D

n,n+k

27 1 [ 0 1, 0 0
o —— + —( + ) - 1]
a || 0k 2\0Am,  0Am,_; it
The unit vectors &) = {7,’( /16| = (cos ay, sin a,’()T encode the angle information of the f,’(—lattice.
Up to the EOM, Ty (x) can be expressed as a linear combination of the holomorphic part 7'(z) and
the antiholomorphic part 7'(Z):

Ti(x) = [cos(a}c +a;)T(z) —sin(a) + aZ)T(Z)]. (22)

N =

Thus, the set Tx (x) (k = 1,2, 3) is sufficient to reconstruct all the components of the EM tensor.

Having obtained the lattice operators expressed with the parametric derivatives, they can be
readily mapped to the spin systems via loop expansions (7) and (8). On the hexagonal lattice, the
building blocks (17) and (18) correspond to:

1
&gp = Z tanh Kn,n+l€ cosh? Kn’an (E,un,um + tanh Kn’m,;) +1, (23)
k
tanh K, , . » cosh? K i
E ik = " iy 4)
n,n+k
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while on the triangular lattice:

En= . sisj—2, (25)
(i,j) around n
1 1
E .=-= 'S ;. 26
n,n+k 2 Kn,n+]€ SiSj ( )

In eq. (25), the sum is over the links (7, j) on the triangular lattice surrounding the hexagonal site
n, while in eq. (26), the link (i, j) on the triangular lattice intersects with the link (n, n + k) on the
hexagonal lattice. The lattice operators for the CFT, £(x) and T (x), can then be constructed by the
same linear combinations (19) and (21).

We comment that both &(x) and Ty (x) acquire divergent parts through loop diagrams (the
divergent part of £(x) comes from the Wilson term). The divergent parts need to be subtracted
when we consider disconnected components. This corresponds to taking the normal ordering. For
the Ising CFT, its evaluation can be performed with the fermion system without statistical error [8].
In the numerical analysis below, all the lattice operators are regularized in this way.

6. Confirming the CFT formulas with Monte Carlo calculations

In this section, we calculate various expectation values that involve the EM tensor with the spin
variable by performing Monte Carlo calculation. Ensembles are generated by combining the Wolff
algorithm [12] with the local heat-bath algorithm. The details of the calculation will be described
in Ref. [8]. We comment that that the signal of the EM tensor is noisy as the contributions from 1
(the diverging part), £(x), and de(x) (the first descendant of £(x)) need to be subtracted to single
out the EM tensor components. The exact values are evaluated with the analytic expressions known
in the Ising CFT [5, 6]. The modulus is set to a nontrivial value T = 1.2¢%7/9 below.

We begin with the one-point function of the EM tensor. In Fig. 2, we show the results
of (T} (x)) on the hexagonal lattice. For completeness, a constant fit is performed for the three
points, L = 10,12, 14, to make a comparison with the exact value. The obtained values are:

oonal o+ — 1 9pkin/9 o o
hexagonal, 7 = 1.2¢ hexagonal, 7 = 1.2¢*7/9 hexagonal, 7 = 1.2e%7/9

exact exact

0.25 { { 0.02 ——=estimated continuum limit —0.08 ——= estimated continuum limit
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lo
T ~0.10
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Figure 2: Extrapolation of (T3) (k = 1,2,3) to the continuum limit for 7 = 1.2¢*7/° on the hexagonal
lattice for L = 6,8, --- , 14.

(T}) = 0.215(21) (exact: 0.218), (T») ~ —0.0605(88) (exact: —0.0537), (T3) ~ —0.126(15) (exact:
—0.138). The good agreement shows that we have a good understanding of the lattice operators
including the mixing angle between T and T [see eq. (22)], the diverging part, and the normalization.
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We next consider the three-point function with the spin operators. This is the least noisy
correlator involving the EM tensor. Recall that the conformal Ward identity for the primary fields
#i(z, 7) with the conformal weights (h;, ;) is [5]:

(T(2)p1(z1,21) - N (2N, IN)) — T (2)){P1(21,71) - - - dN(2N-2IN))
N
= {2m'aT + Z [hi{go(z,- —+2mb+{-L(z-+2m(zi—2) + ﬂi}azi] }X
0

X (#1(z1,21) - &N (2N, ZN))s (27)

where ¢(z) and {(z) are the Weierstrass functions and n7; = {(w;) (w; = 7/2). We see that as
Ty (x) approaches the location of the other primary operators, it exhibits a diverging pole structure
of order two, giving rise to a complex global landscape in its functional form. For this reason, to
compare the lattice correlators with the exact values, we look into their sign pattern on the entire
torus. Figure 3 shows the result for (Tj (x)u(0)u(w3)) (w3 = (1 + 7)/2) on the hexagonal lattice
with L = 14. Though we observe a cutoff effect away from the insertion points x;, we observe an

MC, 0, L = 14, (T1(x)p(0)p(ws)) MC, O, L = 14, (To(a)p(0)pa(ws)) MC, O, L = 14, (Ts(z)p(0)ps(ws))

Figure 3: The sign patterns of (Ty (x)(0)u(ws3)) on the hexagonal lattice. Monte Carlo result (top) and the
exact solution (bottom) with 7 = 1.2¢*7/% L = 14, and w3 = (1 +7)/2. k = 1,2, 3 from left to right.

agreement in the global landscape, in particular the characteristic pole structure.

Finally, we calculate the TT-correlator, which cannot be re-expressed with the primary cor-
relators by the conformal Ward identity. In Fig. 4, we show the (Ty(x)7>(0)) correlators on the
triangular lattice for L = 10. We comment that the signal turns out to be less noisy on the triangular
lattice than on the hexagonal lattice for a given L (note, however, that the number of lattice sites
is half on the triangular lattice). We again confirm the correct landscape of the correlator with
statistical noise at the edge of + patterns.

From the above results, we see that the derived lattice EM tensor correctly sources the desired
CFT operator both on hexagonal and triangular lattices under generic affine transformation.
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MC, A, L = 10, {T1(x)T5(0)) MC, A, L = 10, {To(2)T3(0)) MC, A, L = 10, {Ty(2)T3(0))

exact, A, L =10, (T (z)T»(0)) exact, A, L = 10, (Ty(x)T»(0)) exact, A, L = 10, (T3(z)T5(0))

aeaa oaaa
v'.o' o%e%e%e® I............

1.0 10{ o+ .
=0.51 =05
0.0 0.01¢
00 05 10 00 05 10
X T T

Figure 4: The sign patterns of (T} (x)7>(0)) (k = 1,2, 3) plotted for the Monte Carlo result (top) and the
exact solution (bottom) with 7 = 1.2¢*7/° L = 6 on the hexagonal lattice.

7. Conclusion

In this contribution, we derived the lattice EM tensor for the Ising CFT with spin variables on
triangular and hexagonal lattices under generic affine transformation. We numerically confirmed
that the expression correctly sources the CFT operator. It shows our understanding is correct on
the mixing angle between T and T in relation to the staggered lattice structure, the identification
of the divergent part, and the operator normalization. Evaluation of the one-point function is of
particular importance in curved space applications as it measures the trace anomaly proportional
to the curvature. We believe that this work gives an important step towards studying the CFT on
curved lattices.
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