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We propose to use interpolating operators for lattice quantum chromodyanmics (QCD) calcula-
tions of highly-boosted pions and nucleons with kinematically-enhanced ground-state overlap factors
at large momentum. Because this kinematic enhancement applies to the signal but not the variance
of the correlation function, these interpolating operators can achieve better signal-to-noise ratios at
large momentum. We perform proof-of-principle calculations with boosted pions and nucleons using
close-to-physical and larger quark masses to explore the utility of our proposal. Results for effective
energies and matrix elements, as well as Lanczos ground-state energy estimators, are consistent with
theoretical expectations for signal-to-noise improvement at large momenta.

Boosted hadrons are commonly required in studies of
hadron structure and interactions including calculations
of form factors at large Q2 [1–4] and partonic physics us-
ing near-lightcone approximations [5–15]. Recent lattice
quantum chromodynamics (QCD) calculations have em-
ployed pions with boosts of 2.4 GeV [16], as well as kaons
and baryons with boosts of 3 GeV [4, 17, 18]. However,
the signal-to-noise ratios (SNRs) for hadronic observables
decrease rapidly when the hadron state is boosted to
large momentum, limiting the ability of lattice QCD cal-
culations to reliably extract ground-state signals. Tech-
niques to improve the precision and reliability of lattice
QCD calculations including highly boosted hadron states
are thus extremely desirable.

Attempts to design interpolating operators (interpola-
tors) achieving better signals for highly boosted hadron
states have primarily focused on the spatial structure of
the quark fields. Early attempts included anisotropic
spatial smearing resembling a “plate”-like picture of
hadrons in a Minkowski boosted frame [19, 20], but
these operators did not show significant SNR improve-
ment and seemed to worsen excited-state effects. Sig-
nificant progress was achieved through the proposal of
momentum smearing quark propagators [21], which en-
hances both the SNR and overlap of standard hadron
interpolators with boosted states. In this approach, the
fermion fields are smeared with a phase factor to simulate
a wave packet carrying specific momentum on the lattice.
Momentum smearing can lead to order-of-magnitude im-
provement in the SNR for large boosts, and its use is now
standard in lattice QCD calculations of highly boosted
hadrons [14, 15].

Designing optimal spinor structures for highly boosted
hadron interpolators has received less attention. Stan-
dard interpolators acting on the vacuum create quark
(antiquark) Fock states with the quantum numbers and
symmetry properties of rest-frame hadrons and then mul-
tiply these states by a momentum phase factor. Physi-
cally, highly boosted hadrons can be described by a light-
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cone field theory picture where there are an infinite set
of Fock states. The leading lightcone Fock states for
highly boosted pions and nucleons are constructed from
the “plus” component of the quark spinors [22, 23], while
the overlap with standard interpolators includes a sub-
leading lightcone wave function.

In this Letter, we construct interpolators associated
with the leading lightcone Fock states for pions and nu-
cleons. We study the Parisi-Lepage scaling [24, 25] of
correlation functions (correlators) built from these in-
terpolators and show that their SNR is enhanced for
large boosts P by a kinematic factor proportional to
P 2. Proof-of-principle numerical calculations corrobo-
rate these theoretical expectations. We find that al-
though excited-state effects are larger for these new inter-
polators than standard ones, the differences in excited-
state effects become smaller for larger boosts. To quan-
tify SNR improvements in ground-state energy deter-
minations, we use the Lanczos framework for correla-
tor analysis introduced in Refs. [26–28], which provides
ground-state energy estimators with asymptotically con-
stant SNR for boosted hadrons. For the setup consid-
ered here, kinematically-enhanced interpolators lead to
O(100)-fold SNR improvement for pions with boosts of
P > 2 GeV and O(10)-fold SNR improvement for nucle-
ons with boosts of P > 3 GeV. Analogous SNR improve-
ments are seen in three-point correlators, suggesting that
these new interpolators can significantly improve the pre-
cision of lattice QCD studies of parton physics.

A variety of other applications can also be imagined for
highly boosted pion interpolators; for example, studies of
K → ππ decays sensitive to beyond-the-Standard-Model
CP violation involve ππ states where each pion has en-
ergy of the order of the kaon mass [29–33] and O(10)-fold
SNR gains can be expected. Even larger gains could be
achieved in applications to B meson decays or studies of
relatively high-energy ππ scattering.

Kinematic enhancement: theory — In the light-
cone limit, a Dirac spinor can be decomposed into ψ =
ψ+ + ψ− with ψ± = 1√

2
γ∓γ±ψ, in which the “plus”

component ψ+ dominates the dynamics [22, 23]. Orient-

ing the hadron momentum as P⃗ = |P⃗ |êz, the lightcone
gamma matrices are γ± ≡ 1√

2
(γt ± iγz), where γt ≡ γ4
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and γz ≡ γ3 are Euclidean gamma matrices satisfying
γ†µ = γµ and {γµ, γν} = 2δµν ; Minkowski versions are

related by γ4 = γM0 and iγi = γMi . Thus quark bilin-
ears constructed with only ψ+ components describe the
leading Fock states of mesons with massM in the expan-
sion of M/(E + Pz). For pseudoscalar mesons like the

pion, the leading contribution is u†+γ5d+ =
√
2ūγ+γ5d.

On the other hand, the traditional pseudoscalar opera-

tor (ūγ5d) = (u†+γtγ5d−+u
†
−γtγ5d+)/2 is associated with

subleading Fock states. These lightcone physics consider-
ations suggest that (ūγµγ5d) operators should have bet-
ter overlap with highly boosted pion ground states.

Axial-vector pion operators (ūγµγ5d) transform differ-
ently from standard pseudoscalar pion operators (ūγ5d)
under rotations and only (ūγtγ5d) has non-zero overlap
with the pion ground state in the rest frame. Conversely,
the axial-vector current (ūγzγ5d) has the same quantum
numbers as an axial-vector meson and thus can be used to
study the spectrum of mesons with axial-vector quantum
numbers at Pz = 0, including the a1(1260) resonance.
However, rotational symmetry is broken for hadron states

with non-zero P⃗ , which allows (ūγzγ5d) to overlap with
the same states as pseudoscalar pion operators. This ef-
fect is familiar in the context of calculating the pion de-
cay constant using the cross-correlation of (ūγµγ5d) and
(ūγ5d), which has the spectral representation∑

z⃗

eiP⃗ ·z⃗⟨[ūγµγ5d](z⃗, t)[d̄γ5u](0)⟩

=
e−Eπ(P⃗ )t

2Eπ(P⃗ )
Zπ(P⃗ )ifπPµ + . . . ,

(1)

where fπ is the bare pion decay constant, defined from
the ground-state pion-to-vacuum matrix element of the

axial-vector current ⟨Ω|ūγµγ5d|π(P⃗ )⟩ = ifπPµ, and

Zπ(P⃗ ) ≡ ⟨π(P⃗ )|d̄γ5u|Ω⟩ is the ground-state overlap fac-
tor of the pseudoscalar pion operator. Once there is a
large boost in the z-direction, the overlap of (ūγzγ5d)
with moving pion states will be enhanced by Pz as in
Eq. (1) and dominate the signal.

The overlap between axial-vector and pseudoscalar op-
erators follows from the symmetries of QCD in boosted
frames. In the continuum and infinite-volume limits,
both pseudoscalar and axial-vector meson operators par-

allel to the momentum vector, (ūγzγ5d) for P⃗ = Pz êz,
transform trivially under the little group of rotations

leaving P⃗ invariant. The exact symmetries of the finite-
volume lattice theory form a discrete subgroup of this
little group and therefore (ūγ5d) and (ūγzγ5d) transform
in the same irreps of the lattice symmetry groups for

boosted frames. Explicitly, for P⃗ = Pz êz the cubic group
is broken as Oh → C4v, the pseudoscalar irrep subduces
as A−

1 → A2, and the axial-vector irrep subduces as
T+
1 → A2 ⊕ E. It is precisely the (ūγzγ5d) component

of (ūγiγ5d) that transforms in the A2 irrep, confirming
that (ūγzγ5d) and (ūγ5d) transform identically.
Higher-spin interpolators overlap with lower-spin

states in boosted frames only through extra Pµ-
dependent kinematic factors as in Eq. (1). At large mo-
mentum the overlap of (ūγtγ5d) with the pion ground
state is related to that of the (ūγ5d) operator by
fπEπ/Zπ, which provides an enhancement of O(E2

π/m
2
π)

to (ūγtγ5d) two-point correlators relative to (ūγ5d) cor-
relators. A similar argument also applies to (ūγzγ5d),
where the kinematic enhancement is O(P 2

z /m
2
π), ex-

cept that this operator has zero overlap with the pion
ground state in the rest frame. In general, (ūγµγ5d)
two-point correlators receive a kinematic enhancement
of O(P 2

µ/m
2
π) at large momentum.

An overall enhancement of the correlator signal does
not guarantee an improvement in the SNR, which also
requires an analysis of variance correlators following the
methods of Parisi and Lepage [24, 25]. For a generic pion
interpolator Oπ(x⃗, t), the variance correlator associated

with Cπ(P⃗ , t) ≡
∑

x⃗Oπ(x⃗, t)O
†
π(0)e

iP⃗ ·x⃗,

Var(Cπ) =
〈
Re(Cπ)

2
〉
− ⟨Cπ⟩2

=
1

2

〈
|Cπ|2

〉
+

1

2

〈
C2

π

〉
− ⟨Cπ⟩2 ,

(2)

involves Cπ(P⃗ , t)
2, which includes two-pion states with

total momentum 2P⃗ , as well as

|Cπ|2 =
∑
x⃗,y⃗

eiP⃗ ·(x⃗−y⃗)Oπ(y⃗, t)O
†
π(x⃗, t)O

†
π(0)Oπ(0), (3)

which has total momentum zero and is dominated at late
time by states with two |P⃗ | = 0 pions decaying at a rate
∼ 2mπ, leading to exponential SNR decay for boosted
pion states.

For these |P⃗ | = 0 two-pion states, the P 2
µ/m

2
π fac-

tors arising for kinematically-enhanced interpolators are
simply equal to unity when they are non-zero. At large
t the variance of Cπ is not kinematically enhanced,
so SNR(Cπ) ≡ ⟨Cπ⟩ /

√
Var(Cπ) receives the same

O(P 2
µ/m

2
π) enhancement as the signal ⟨Cπ⟩. Current

state-of-the-art continuum-extrapolated parton structure
calculations with near-physical pion masses have em-
ployed boosts of up to Pz ∼ 1.9 GeV for parton dis-
tribution functions (PDFs) [34] and up to Pz ∼ 2.2 GeV
for a determination of the Collins-Soper kernel [35], cor-
responding to SNR enhancement factors for two-point
correlators as large as E2

π/m
2
π ∼ 200.

Additional excited-state effects arise from higher-spin
states that overlap with (ūγµγ5d), which might com-
plicate the extraction of ground-state observables and
partially counteract the SNR benefits of kinematically-
enhanced interpolators. However, in general, one would
expect overlap factors of the kinematically-enhanced in-
terpolators onto single-particle states of mass Mn to be
∝M−2

n and therefore suppressed relative to the ground-
state pion by an additional factor O(m2

π/M
2
n). Thus the

contamination could become less significant for the heav-
ier excited states at large boosts.
Previous calculations have used (ūγtγ5d) to calculate

the pion distribution amplitude (DA) in a generalized
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eigenvalue problem (GEVP) setup [36, 37], but its SNR
benefits were not revealed. One reason is that the en-
hancement factor for pion DA is linear in Eπ/mπ, which
was not large enough (≲ 5) in those calculations to pro-
vide a noteworthy enhancement. As we show below,
(ūγtγ5d) has worse SNR than (ūγ5d) for a static pion,
which offsets its enhancement at small boosts.

There are similarities between kinematically-enhanced
interpolators and operators containing covariant deriva-
tives Dµ, which also lead to overlaps proportional to
Pµ [38, 39]. However, Dµ insertions do not lead to en-
hanced SNR because of two key differences. First, γµ is
dimensionless and introduces overlap factors of Pµ/mπ

while Dµ is dimension 1 and introduces overlap factors
of aPµ; the latter vanishes in the continuum limit while
the former approaches a constant that can be much larger
than one for large boosts. Second, there is another factor
of ⟨xn⟩ introduced by Dn

µ corresponding to the moments
of the lightcone distribution amplitude of the hadron,
which is usually an order of magnitude smaller than 1
and can be more suppressed for larger n. Together, these
effects strongly suggest that operators with Dµ insertions
should not be expected to share the kinematic SNR en-
hancement of (ūγµγ5d) operators.
An identical strategy can be used to construct nucleon

interpolators using the quark-field “plus” components.
The standard interpolator for a static nucleon is

NΓ = ϵabc(d
T
aCΓub)P+uc, (4)

with Γ = γ5 and C the charge conjugate operator,
P± ≡ (1 ± γt)/2 to project the positive-parity sector in
the rest frame, and ϵabc the Levi-Civita symbol with a, b, c
as color indices. Here, the diquark (dTaCγ5ub) has spin 0.
Conversely, the leading Fock state built from quark-field
“plus” components has a spin-1 diquark [23]. The most
straightforward case is Γ = γ5γµ,

Nγ5γµ = ϵabc(d
T
aCγ5γµub)P+uc, (5)

whose overlap with nucleon states takes the form [22, 40]

⟨0|Nγ5γµ
|N(P⃗ )⟩ = αPµP+u(P⃗ ) + βγµP+u(P⃗ ), (6)

where u(P⃗ ) is a free Dirac spinor and α, β are scalar func-

tions of P⃗ . The term proportional to Pµ is not present

in ⟨0|Nγ5 |N(P⃗ )⟩ = Z(P⃗ )P+u(P⃗ ) with scalar Z(P⃗ ). This
term provides O(P 2

µ/M
2
N ) enhancement for Nγ5γµ two-

point correlators in comparison with Nγ5 correlators.
In the rest frame, NΓ can also be projected by

P− to isolate the negative-parity sector containing the
N∗(1535) resonance. Under boost, parity is no longer
a good quantum number, and states boosted from both
parity sectors mix with each other. Alternatives to the
parity projector P+ in Eq. (4) are considered in Ap-
pendix B, where we also found that the γt term in
P± projects the quark with free spinor indices to its
u+ components and thus automatically introduces an
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FIG. 1: Comparison of the effective mass of the pion at
various boosts with four interpolators. At large momen-
tum, all three kinematically-enhanced interpolators (ūΓd)
with Γ = {γtγ5, γzγ5, γ+γ5} show substantial precision im-
provements compared with the traditional (ūγ5d) interpola-
tors.

O(EN/MN ) kinematic enhancement inNΓ two-point cor-
relators. In the remaining part of this work, we will show
results only with P+ projection.
Nucleon interpolators with Γ = γµ overlap with

negative-parity states in the rest frame but also trans-
form identically to NΓ in boosted frames where γµ is
parallel to Pµ. Their overlaps take the form [40, 41]

⟨0|Nγµ |N(P⃗ )⟩ = α′Pµγ5P+u(P⃗ ) + β′γµγ5P+u(P⃗ ), (7)

and therefore include kinematic enhancement analogous
to Nγ5γµ . Both Nγ5γµ and Nγµ overlap with spin- 32
baryons, such as the ∆(1232) [42], but the overlap is
found below to be numerically small at large momentum.
Parisi-Lepage analysis analogous to the pion case

above shows that the boosted nucleon variance is dom-
inated by states with three zero-momentum pions with
energies ∼ 3mπ that do not receive kinematic enhance-
ments, and therefore the Nγ5γµ and Nγµ correlator SNR

should receive O(P 2
µ/M

2
N ) enhancement.

Lattice QCD verification — We test these new
interpolators numerically on a gauge ensemble produced
by the MILC collaboration [43] with 2+1+1 flavors of
highly improved staggered quarks (HISQ) tuned to repro-
duce the physical pion mass and the one-loop Symanzik
improved gauge action [44]. The lattice has a volume
L3 × T = 323 × 48 and lattice spacing a ≈ 0.15 fm.
We apply two steps of HYP smearing with parameters
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FIG. 2: The ground-state energy of the pion extracted using
the Lanczos method at various boosts for the interpolators
(ūΓd) with Γ = {γ5, γtγ5, γzγ5, γ+γ5}. As in Fig. 1, the pre-
cision is substantially improved at large momentum when us-
ing the kinematically-enhanced interpolators (ūγµγ5d). Note
that for systems at rest, (ūγzγ5d) has zero overlap with the
pion.

{α1, α2, α3} = {0.75, 0.6, 0.3} [45] to the gauge fields
and then use a Wilson-clover action [46] for the valence
quarks with cSW = 1 and κ = 0.12635, tuned to produce
≈ 190 MeV pions. We perform measurements with 64
source locations on 334 configurations. To increase the
signal at large momentum, we use momentum smearing
of k ≈ 1.55 GeV for pion momentum from Pz = 0 to
Pz = 2.32 GeV [21].
Figure 1 confirms significant SNR improvement in the

effective masses Eeff(t, P ) ≡ 1/a ln [C(t, P )/C(t+ a, P )]
of (ūγµγ5d) interpolators at large momenta. It is clear
that (ūγzγ5d) only overlaps with heavier states at Pz = 0
but becomes dominated by pion states at large momenta.
At the largest momentum, Pz ∼ 2.32 GeV, (ūγ5d) cor-
relators become very noisy for t ≳ 0.6 fm and decrease
to unphysical values, which is a clear sign of noise dom-
inance; however, (ūγµγ5d) interpolators can achieve reli-
able signals out to larger t ∼ 0.9 fm.

Besides (ūγzγ5d) and (ūγtγ5d), we compute correla-
tors for (ūγ+γ5d) operators that can be directly associ-
ated with the leading lightcone Fock states of the pion as
discussed above and in Ref. [23]. When the two interpola-
tors (ūγtγ5d) and (ūγzγ5d) have equal quality, there is an
extra factor-of-2 enhancement in the signal for (ūγ+γ5d),
while the noise does not increase as much due to their cor-
relations, resulting in a slightly better SNR than either
component. In general, we observe the SNRs follow the
ordering SNR(ūγ+γ5d) > SNR(ūγzγ5d) > SNR(ūγtγ5d)
at large momenta.

Excited-state effects in Fig. 1 are consistent with the
theoretical expectations above. At small momentum,
(ūγµγ5d) correlators converge slower than (ūγ5d), indi-
cating larger excited-state effects. At large momentum
where additional excited-state effects are kinematically
suppressed, (ūγµγ5d) converges faster. In a näıve imple-
mentation, the operators (ūγzγ5d) and (ūγ+γ5d) work

best for large momentum, but (ūγtγ5d) is more suitable
to scan a large range of momenta. A strategy for re-
moving excited-state contamination from (ūγzγ5d) cor-
relation functions by forming differences with correla-
tion functions built from a transverse component, e.g.,
(ūγxγ5d), is presented in Appendix C.

We extract the ground-state energy Eπ(Pz) from the
two-point correlators with the Lanczos method [26–28]
using nested bootstrap median estimators and spurious-
state filtering with the ZCW test with FZCW = 10 [28].
Terms arising from Wick’s theorem specifically at t = 0,
see Appendix D, have significant effects on (ūγzγ5d)
and (ūγ+γ5d) correlators and without including them
the spectral representations are badly violated and the
Lanczos algorithm breaks down. A straightforward
workaround is to include one application of the transfer
matrix in the Lanczos initial state, i.e., start the analysis
at t = 2. Lanczos then converges within a few iterations;
results after 22 iterations, incorporating t ∈ [2, T−3], are
shown in Fig. 2. For Pz = 0, the ground state identified
from (ūγzγ5d) correlators is significantly heavier than the
pion mass, as expected due to its T+

1 quantum numbers.
For non-zero momenta, all correlators provide statisti-
cally consistent ground-state energy estimates. As the
momentum increases, the kinematically-enhanced inter-
polators clearly show growing SNR improvement com-
pared to the traditional (ūγ5d) interpolator. The im-
provement is consistent with O(P 2

µ/m
2
π) scaling for all

but the smallest momenta and reaches factors of ∼ 30-50
for Pz > 2 GeV. Appendix A provides another way to es-
timate the enhancement as a function of Pz/mπ, where
we have also included data with a heavier pion mass
mπ ≈ 400 MeV to show the scaling. It demonstrates
an improvement factor of up to ∼ 50 that is consistent
with the Lanczos analysis.

We measure the nucleon two-point correlators on the
same lattice with 16 sources and 202 configurations. To
reach higher momentum, we take lattice momenta along
the diagonal, P = 2πn

L × (1, 1, 1) for n ∈ [0, 7], i.e. up
to 3.1 GeV. The momentum smearing is optimized for
the largest momentum P = 3.1 GeV. Figure 3 shows
the effective mass plot for static and boosted correla-
tors with the five different operators NΓ where Γ ∈
{γ5, γ5γt, γ5γz, γt, γz}.1 All four kinematically-enhanced
interpolators show similar SNR improvement compared
to Nγ5

at large momentum. Among them, Nγ5γt
has the

least excited-state contamination where differences are
visible.

Unlike the pion case where the pseudoscalar interpola-

1 For the general case of a boost with momentum P⃗ not necessarily
aligned with the z-axis, the spatial gamma matrix would take the
form of γ⃗ · P̂ . In the specific case of the momentum P⃗ ∝ (1, 1, 1)
used here, the projector is Γ = (γx + γy + γz)/

√
3. However, for

simplicity, we give the projectors for the case of momentum in
the z-direction rather than the somewhat more involved forms
actually used for off-axis momenta.
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FIG. 3: The analog of Fig. 1 for the nucleon, where
the interpolating operators are (dTCΓu)P+u with Γ =
{γ5, γ5γt, γ5γz, γt, γz}. At large momentum, the last four op-
erators all yield higher precision than the choice of Γ = γ5.

tor is optimal in the rest frame, the SNR for the nucleon
interpolator Nγ5γt

is equally good as Nγ5
at P = 0. At

large momentum, the enhancement factor is of similar
size to E2

N/M
2
N without the O(1) loss that appears in

the pion case. Lanczos analysis of the nucleon correla-
tors with the same spurious-state filtering as above gives
a ground-state energy estimator with SNR enhanced by
factors of 3–10 for the kinematically-enhanced interpola-
tors in comparison with Nγ5

. With larger ϵZCW, Lanc-
zos analysis of Nγ5

leads to more precise signals but
of a higher-energy state than that resolved from the
kinematically-enhanced interpolators.

The kinematic enhancement applies exactly the same
way in the three-point correlators. For an illustration, we
measure the bare unpolarized quark quasi-PDF matrix
element [9] hUB(z, Pz) of the nucleon at z = 0 for up
quark connected diagrams, corresponding to the matrix
element of the vector current in the nucleon state,

C3pt(P⃗ , t, tsep) =
∑
x⃗

eix⃗·P⃗Tr

[
P+⟨NΓ(tsep, x⃗)

×u(t)γtu(t) NΓ(0)⟩
]
, (8)

which has the same kinematic enhancement as the two-
point correlators. Thus we take the ratio

RU (t, tsep) =
C3pt(t, tsep)

C2pt(tsep)
= hUB(0, Pz) + . . . , (9)

0.2 0.1 0.0 0.1 0.2
t− tsep/2 [fm]
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γ5γt
γ5γz

FIG. 4: A ratio of three-point to two-point correlation func-
tions using three of the nucleon interpolators in Fig. 3. The
precision is improved when using the kinematically-enhanced
interpolators with Γ = {γ5γt, γ5γz} as opposed to the choice
of Γ = γ5.

where the omitted terms are contamination from excited
states. We show the results at P = 3.1 GeV in Fig. 4.
The results are consistent among the three operators, and
we clearly observe a significant improvement with the
new interpolators at the level of correlators, especially for
larger tsep where the ground states are dominating. The
ratios for the same tsep are almost flat in t and converge
nicely for tsep ≥ 0.6 fm, implying suppressed excited state
contamination. This is consistent with the effective mass
in Fig. 3 where the plateau is reached for t > 0.6 fm.

Conclusion — In this work, we propose interpo-
lating operators for lattice QCD calculations of highly-
boosted pions and nucleons with kinematically-enhanced
ground-state overlap factors at large momentum. The
signal of lattice correlators is enhanced quadratically in
the Lorentz boost factor, while the noise is insensitive
to the momentum, resulting in a kinematically-enhanced
SNR. Compared to the traditional interpolators, we find
an improvement in the SNR by up to ∼ 50 for pions
with P 2

µ/m
2
π ≈ 150, and up to ∼ 10 for nucleons with

P 2
µ/M

2
N ≈ 10, which correspond to increases of statis-

tics by O(2000) and O(100), respectively. Using these
new interpolators will tremendously reduce the cost of
measuring boosted hadron spectra and matrix elements,
significantly improving the precision of lattice calcula-
tions of form factors at large Q2 and partonic observables.
Such high-precision, high-momentum lattice calculations
of form factors and parton distributions are necessary
inputs for analyzing collider experiments, including the
LHC and the upcoming Electron-Ion Collider. Moreover,
they could potentially be extended to processes such as
ππ scattering and B meson decays to energetic pions,
which are essential to resolve CP matrix elements for
high-precision unitary violation searches.
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Appendix A: Quantitative analysis of the kinematic
enhancement

To quantify the improvement of the new pion interpo-
lators, in principle we need to take a ratio of the SNR
among them. However, since the signal of the traditional
interpolator (ūγ5d) quickly decays to the noise-dominant
region, its SNR becomes just a constant O(1) fluctuation.
Thus it is not a faithful comparison beyond 0.45 fm for
large momentum. At this early Euclidean time, the cor-
relators may not yet be dominated by the ground state
pion, so a direct SNR comparison will not accurately
reflect the enhancement in pion. However, we notice
that the noise N(ūΓd) follows a nice asymptotic cosh-
like behavior with the ground-state pion mass, as shown
in Fig. 5. The kinematic enhancement only exists in the
signal but not in the noise, as shown by a comparison be-
tween (ūγzγ5d) and (ūγxγ5d) in Fig. 6. In both plots, we
estimate the uncertainty of the noise from the variance of
the noise calculated in each jackknife sample with n− 1
configurations. Since the fluctuations in the noise are
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t [fm]

18
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8

ln
(N

)

0.0 GeV
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1.0 GeV
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1.5 GeV
1.8 GeV
2.1 GeV
2.3 GeV

γ5

γtγ5

γzγ5

γ+γ5

FIG. 5: The scaling of the noise N, defined as the standard
deviation of the correlation function, as a function of source-
sink separation at various momenta. In all cases, N ∝ e−mπt

asymptotically, but the prefactor is much smaller for the im-
proved interpolators (ūγµγ5d).

0.0 0.2 0.4 0.6 0.8 1.0
t [fm]

10 8

10 6

10 4

10 2

S
N

(P
z
=

2.
0G

eV
)

S(γzγ5)

S(γ γ5)

N(γzγ5)

N(γ γ5)

FIG. 6: A comparison of the signal S and noise N, defined
as the mean value and standard deviation of the correlation
function, for the meson boosted in the z-direction using inter-
polators (ūγzγ5d) and (ūγxγ5d). Both have comparable noise,
but the z-aligned interpolator leads to a substantial enhance-
ment in the signal.

more stable at large t, a quantitative comparison is more
reliable for the noise measurements themselves. If we
can match the corresponding signals to the same level,
then the comparison of noise will be equivalent to the
comparison of the actual SNR.
To realize this goal, we utilize the fact that the ground

state signal falls off in the same asymptotic form among
different interpolating operators, except for (ūγzγ5d) at
rest. Thus, on a logarithmic scale, they just differ by a
vertical shift at large t. More specifically, the shift can be
estimated through the partially conserved axial current
(PCAC) relation [49],

⟨π|d̄γ5u|Ω⟩ ≈
1

ml
∂µ⟨π|d̄γµγ5u|Ω⟩ ≈

ifπm
2
π

ml
, (A1)

where ml is the light quark mass, indicating that asymp-
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FIG. 7: The rescaled signal S′ for four pion correlators with
different interpolators, defined as the signal S multiplied by
a time-independent factor such that S′ is comparable for all
interpolators at early time. At fixed momentum, all correla-
tors decay at the same rate, so S′ remains independent of the
choice of interpolator even at late time, until the point where
the signal is lost to noise.

totically,

S(ūγ5d) ≈
m2

π

m2
l

m2
π

P 2
µ

S(ūγµγ5d). (A2)

Although the relation is not exact and the quark mass is
unknown, we can use a one-parameter model to approx-
imate the data,

S(ūγ5d) ≈ S′(ūγµγ5d) ≡ S(ūγµγ5d)× λ× m2
π

P 2
µ

, (A3)

where the free parameter λ ≈ m2
π

m2
l
can still be momentum-

and smearing-dependent. But we find that with a fixed
λ = e4.2 ≈ 67, the scaled correlators S′(ūγµγ5d) are con-
sistent with S(ūγ5d) before noise dominance at all mo-
menta, as shown in Fig. 7. Then we can quantitatively
compare the SNR by taking a ratio of their noises includ-
ing the factor λm2

π/P
2
µ ,

SNR(ūγµγ5d)

SNR(ūγ5d)
≈ N′(ūγ5d)

N′(ūγµγ5d)
≡

P 2
µ

λm2
π

N(ūγ5d)

N(ūγµγ5d)
. (A4)

Figure 8 shows the ratio of rescaled noises for two
large time slices, which is a good approximation to
SNR(ūγµγ5d)/SNR(ūγ5d). The improvement clearly
grows in an almost-linear pattern with P 2. At the largest
momentum Pz = 2.3 GeV, the improvement in signal-to-
noise ratio can be a factor as large as 40 to 50, consistent
with the Lanczos results, corresponding to an increase of
statistics by a factor of O(2000). The final enhancement
factor is roughly 1/3 of the kinematic factor P 2

z /m
2
π due

to the loss of overlap with pion for the (ūγtγ5d) opera-
tor compared to the (ūγ5d) in the rest frame. Note that
this is still for a heavier pion of mass around 190 MeV,
which is already 1.4 times the physical value. Taking this

0 1 2 3 4 5 6
P 2 [GeV2]

0

20

40

60

80

100

N
′ [
γ

5
]/

N
′ [
γ
µ
γ

5
]

1.05fm, γtγ5

1.05fm, γzγ5

1.05fm, γ+γ5

1.35fm, γtγ5

1.35fm, γzγ5

1.35fm, γ+γ5

FIG. 8: The ratio of rescaled noises, N′(ūγ5d)/N
′(ūγµγ5d), for

190 MeV pion interpolators. We can achieve noise reduction
by a factor of ∼ 50 at Pz ≈ 2.32 GeV, which corresponds to
an O(2000)-fold increase in statistics. The (ūγ+γ5d) performs
best among the axial vector interpolators at large momenta.

1 10 100
P 2/M 2

π

1

10

100
N
′ [
γ

5
]/

N
′ [
γ
µ
γ

5
]

Mπ = 400 MeV, γtγ5

Mπ = 400 MeV, γzγ5

Mπ = 400 MeV, γ+γ5

Mπ = 190 MeV, γtγ5

Mπ = 190 MeV, γzγ5

Mπ = 190 MeV, γ+γ5

FIG. 9: The ratio of noise between the rescaled noise,
N′(ūγ5d)/N

′(ūγµγ5d), compared to the predicted enhance-
ment factor P 2/M2

π . This relation is linear on a log-log plot,
indicating that the predicted enhancement is correct up to a
constant O(1) factor. Notably, the data at two different pion
masses (190 MeV and 400 MeV) lie on the same line, giving
support to the theoretical prediction that the enhancement
factor scales inversely with m2

π.

factor into account, the potential improvement on phyis-
cal pion measurements can potentially reach a factor of
O(104) increase in statistics at the same momentum.

To confirm that the kinematic enhancement works bet-
ter for lighter pion masses, we perform the same measure-
ment with valence pion mass mπ ≈ 400 MeV, roughly
twice that of the previous test. Following the same pro-
cedure, we find the scaling in P 2

z /m
2
π to be the same as

the lighter pion case, and the enhancement factor to be
about 4 times smaller at the same Pz, as shown in Fig. 9.
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FIG. 10: The effective mass plot of the nucleon two-point cor-
relators at a boost of 3.1 GeV using various parity projectors.

Appendix B: Baryon interpolator spin projections

According to the analysis above, the ψ+ component
of the spinor ψ is kinematically enhanced in a boosted
frame. The same enhancement also applies to the free
quark spinor in the nucleon interpolator. In a nucleon
two-point contraction, the projection operator always ap-
pears in the following structure:

⟨N |N⟩ = c1Tr[PS1] + c2Tr[S3PS2 . . . ], (B1)

where Si are quark propagators with i ∈ {1, 2, 3} label-
ing the three quark fields in the nucleon interpolator, and
the . . . represents some more complicated spin structure
determined by the diquark. As long as the projection op-
erator P is multiplied to the quark propagators on both
sides, the quark propagator can be re-written as the Wick
contraction of the spinor fields S ∼ ψψ̄. This indicates
that there is always a sub-structure ψ̄1Pψ2 in the trace

⟨N |N⟩ = Tr[ψ̄1Pψ2 . . . ], (B2)

which is just like a meson. Thus the γt component in P
will project out the ψ+ component of the two adjacent
quark fields ψ̄γtψ = ψ̄+γ+ψ+/

√
2, introducing a kine-

matic enhancement factor of E/M to the correlator. As
a result, the contribution from γt at large momentum be-
comes more precise than the contribution from the other
component (the identity). Figure 10 shows the compari-
son among different projecting operators.

One can tell that the projection operators with a γt
component are cleaner than P = 1. Since γt = P+ − P−
comes from a linear combination of two different parity
projections in the rest frame, it contains more contami-
nation from negative parity states than P+ but less than
P−.
Note that the P+ projection is positive definite by

definition of the lattice correlator, while P− is nega-
tive definite. So only P+, −P−, and γt = P+ − P−
project out positive-definite correlators, where all excited
states contribute with the same sign. On the other hand,

1 = P+ + P− projection contains excited state contri-
bution with indefinite signs thus may result in a fake
plateau in the effective mass, the same as in correlators
with asymmetric source-sink interpolators. One needs
to be more careful when analyzing correlators with this
projection.

Appendix C: Excited-state suppression for the pion

In the continuum, infinite-volume limit, there are two
sets of excited-state contamination in the higher-spin in-
terpolators. For example, the two-point correlator of
two axial-vector interpolators contains two different spin
components,

⟨[ūγµγ5d]†[ūγνγ5d]⟩ =
∑

n,S=1

(
PµPν

M2
n,1

− gµν

)
Cn,1

+
∑

n,S=0

PµPν

M2
n,0

Cn,0, (C1)

where Mn is the invariant mass of the nth state. Taking
both indices to be {t, z,⊥}, we find that

⟨[ūγtγ5d]†[ūγtγ5d]⟩ =
∑

n,S=1

P 2
z

M2
n,1

Cn,1 +
∑

n,S=0

E2

M2
n,0

Cn,0,

⟨[ūγzγ5d]†[ūγzγ5d]⟩ =
∑

n,S=1

E2

M2
n,1

Cn,1 +
∑

n,S=0

P 2
z

M2
n,0

Cn,0,

⟨[ūγ⊥γ5d]†[ūγ⊥γ5d]⟩ =
∑

n,S=1

Cn,1. (C2)

Compared to the ground-state enhancement, at very
large momentum, both (ūγtγ5d) and (ūγzγ5d) correla-
tors have suppressed excited-state contamination of or-

der
m2

π

M2
n
regardless of spin. But when the momentum is

not significantly higher than excited states—for example,
around 1 GeV—the correlator formed from (ūγtγ5d) re-

ceives more contamination ∝ m2
πE

2
n,0

E2
πM

2
n,0

from spin-0 states,

and that formed from (ūγzγ5d) receives more contamina-

tion ∝ m2
πE

2
n,1

P 2
z M

2
n,1

from spin-1 states.

If we subtract the transverse counterpart in the corre-
lator, we obtain

⟨[ūγzγ5d]†[ūγzγ5d]⟩ − ⟨[ūγxγ5d]†[ūγxγ5d]⟩

=
∑

n,S=1

P 2
z

M2
n,1

Cn,1 +
∑

n,S=0

P 2
z

M2
n,0

Cn,0, (C3)

which remains positive definite (up to lattice artifacts,
finite-volume effects, and statistical fluctuations), and
also has a more suppressed excited-state contamination

∝ m2
π

M2
n

at all momenta regardless of the spin of excited

states. This suppression can reach O(10−2) for physical
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FIG. 11: The effective mass plot of the pion two-point cor-
relators at a boost of 0.8 GeV using various interpolators.
At this moderate momentum, there is still obvious excited-
state contamination from the axial-vector states in (ūγzγ5d).
However, the subtracted correlator, denoted by γzγ5, gives a
good enhancement in the signal-to-noise ratio and also well-
controlled excited-state contamination.

pion, thus allowing an efficient extraction of the ground-
state information, at the price of increasing the error by
a factor of

√
2 that can be compensated by the large

kinematic enhancement.
We test on a data set with both (ūγzγ5d) and (ūγxγ5d)

interpolators and find excellent elimination of the axial-
vector excited state, as shown in Fig. 11. The γzγ5 inter-
polator, defined as (ūγzγ5d) after subtracting the trans-
verse component, gives rise to correlators that show both
significantly improved SNR and more suppressed excited
state contamination. It may be useful in the study of
heavy meson decays or ππ scattering, where the pion
momentum is usually below 1 GeV.

Appendix D: Wick contraction contact terms

Pion correlators for interpolators with generic Dirac
structures (uΓd) take the form

Cπ(P⃗ , t) =
∑
x⃗

eiP⃗ ·x⃗ 〈u(t, x⃗)Γd(t, x⃗)d(0)Γu(0)〉 , (D1)

where Γ ≡ γ4Γ
†γ4 and in this section ⟨·⟩ denotes an ex-

pectation over fermionic degrees of freedom in some fixed
gauge-field configuration. Applying Wick’s theorem to
this time-ordered products of fields gives

Cπ(P⃗ , t) = −
∑
x⃗

eiP⃗ ·x⃗Tr

[
Su(x⃗, t; 0)ΓSd(x⃗, t; 0)Γ

−
〈
N [d(x⃗, t), d(0)]

〉
ΓSu(x⃗, t; 0)Γ

+ ⟨N [u(x⃗, t), u(0)]⟩ΓSd(x⃗, t; 0)Γ

]
,

(D2)
where N denotes any finite-temperature definition of
“normal ordering” as described in Ref. [50]. These ex-
pectation values of normal-ordered terms vanish for any
fields with distinct spacetime arguments [50], giving

Cπ(P⃗ , t) = −
∑
x⃗

eiP⃗ ·x⃗Tr
[
Su(x⃗, t; 0)ΓSd(x⃗, t; 0)Γ

+ δ0t ⟨N [u(0), u(0)]⟩ΓSd(0; 0)Γ

−δ0t
〈
N [d(0), d(0)]

〉
ΓSu(0; 0)Γ

]
.

(D3)

At zero temperature, the normal-ordered expectation val-
ues become vacuum expectation values of fermion an-
ticommutators, which can be explicitly evaluated using
Eq. (12) of Ref. [51]. Antisymmetry of these anticom-
mutators causes the two normal-ordered terms to add
constructively in Eq. (D3) and provide equal contribu-
tions in the isospin limit. At non-zero temperature, they
are more complicated to evaluate.

Without explicitly evaluating and including

the normal-ordered terms in Eq. (D3), Cπ(P⃗ , t)
can be identified with the usual expression

−
∑

x⃗ e
iP⃗ ·x⃗Tr[Su(x⃗, t; 0)Sd(x⃗, t; 0)] if and only if t > 0.

Note that this result only assumes that the valence quark
fields are fermionic operators and holds for arbitrary dis-
cretization choices, even mixed/smeared actions, and the

fact that Cπ(P⃗ , 0) ̸= −
∑

x⃗ e
iP⃗ ·x⃗Tr[Su(x⃗, 0; 0)Sd(x⃗, 0; 0)]

is distinct from other concerns about “contact terms”
arising from lattice-scale nonlocality in the action.
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