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If primordial black holes (PBH) are present in the early universe, their contribution to the energy
budget grows relative to that of radiation and generically becomes dominant unless the initial
abundance is exponentially small. This black hole domination scenario is largely unconstrained for
PBHs with masses < 10° g, which evaporate prior to Big Bang nucleosynthesis. However, if the era of
PBH domination is sufficiently long, the PBHs form clusters and can merge appreciably within these
objects. We calculate the population statistics of these clusters within the Press-Schechter formalism
and find that, for a wide range of PBH masses and Hubble rates at the onset of PBH domination,
the mergers within PBH clusters can exhibit runaway behavior, where the majority of the cluster
will eventually form a single black hole with a mass much greater than the original PBH mass. These
mergers can dramatically alter the PBH mass distribution and leave behind merged relic black holes
that evaporate after Big Bang nucleosynthesis and yield various observational signatures, excluding

parameter choices previously thought to be viable.

I. INTRODUCTION

First postulated by Hawking in 1971 [1], primordial
black holes (PBH) may have formed in the early universe
from large density fluctuations on small scales; see Ref. [2]
for a review. If the PBH mass scale falls within 1017 g <
m < 10*3g, PBHs can viably accommodate the total
dark matter abundance in our universe [3, 4]; for m >
1023 g, these objects are subject to various astrophysical
bounds and can account for a small fraction of dark matter.
The cosmological abundance of lighter PBHs with mass
< 10'7 g is generically subject to stringent cosmological
limits from the cosmic microwave background (CMB) and
Big Bang nucleosynthesis (BBN) [5].

However, these low mass limits only apply if the initial
PBHs survive past BBN. If, instead, the PBH lifetime is
shorter than ~ 1s, they can realize a vastly wider range
of initial abundances, and can even temporarily dominate
the cosmic energy density. For example, if the radiation
dominated early universe had a temperature T, at the
time of PBH formation, then for any initial PBH energy
fraction fpp that satisfies [6]
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the PBH population eventually dominates the cosmic
energy budget before evaporating through Hawking radia-
tion to restore the Standard Model radiation bath. Since
the lifetime of a BH is
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the BHD scenario can only viably restore the radiation
dominated universe for m < 10°g; larger PBH mass
values result in a radiation temperature below the MeV
scale at the time of PBH evaporation [6].

Once the early universe enters a regime of black hole
domination (BHD), its homogeneous properties are largely
set by the PBH mass and are insensitive to the details of
earlier epochs. For example, assuming a monochromatic
PBH mass function, there is a one-to-one relationship
between m and the radiation temperature resulting from
evaporation [6], the PBH merger rate [7—10], the radia-
tion densities of exotic new species [6, 11], the baryon
asymmetry [12-15], and even the mass of dark matter if
it is produced non-thermally through Hawking radiation
[6, 13, 16, 17].

While the existing literature on BHD has addressed
many aspects of this compelling scenario, one important
question remains unanswered: how does gravitational
clustering affect the predictions of BHD? As in any other
matter dominated phase [18], during BHD, cosmological
perturbations grow linearly with the cosmic scale factor
and gravitationally bound structures begin to form. De-
pending on the duration of this early matter dominated
era, the denser conditions in these black hole clusters
could sharply enhance PBH merger rates and result in
a dramatically modified mass distribution at the time of
evaporation. Since clustering is purely gravitational, the
details of early structure formation only depend on the
time elapsed between the onset of BHD at t = t; and
PBH evaporation at t = 7.

In this paper, we use the Press-Schechter formalism [19]
to study cluster formation and PBH mergers during an era
of BHD. We find that, depending on the duration of BHD,
PBH mergers can be very efficient in large clusters and
significantly modify the initial PBH mass function. This
both changes the generically UV insensitive predictions of
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FIG. 1. Example timeline describing the black hole domination scenario. At ¢ = tform a subdominant population of PBHs forms
during radiation domination in the early universe. Since PBHs redshift like nonrelativistic matter, their energy fraction grows
linearly during this era and they dominate the energy budget at ¢ = t;, which serves as the starting point for our analysis in
this paper. During PBH domination, density perturbations grow linearly with scale factor and PBH clusters begin to form.
Within a range of cluster masses, PBH mergers can be fast compared to Hubble expansion and consume most of the cluster
in a runaway merger. This process forms a sub-population of more massive, longer lived PBH relics which can survive past
t = 7 when the original PBH population evaporates due to Hawking emission. Thus, even though the original PBH population
evaporates before BBN, the relic population can have important consequences for BBN and CMB observables and may also
survive into the later universe. This sequence of events gives rise to gravitational waves from the PBH mergers, the Hawking
emission at evaporation, and from second order scalar perturbations.

BHD and even excludes certain regions of parameter space
in which many PBHs grow through mergers to survive
into the BBN and CMB eras.

Earlier work has considered clusters of cosmologically
stable PBH in the later universe after matter-radiation
equality [20-23], or focused on PBH mergers in the early
Universe without cluster formation (the “quasi-linear
regime”) [7-10, 21, 24-28], while Refs. [28, 29] explored
the formation of heavier PBH from strongly clustered
lighter ones (clusteringenesis), but did not specify a mech-
anism for this enhanced initial clustering at PBH forma-
tion. Ref. [30] studied PBH formation from the growth
of density perturbations in PBH domination but did not
consider mergers in PBH clusters. Black hole mergers in
clusters have also been studied in the context of building
supermassive black holes in galaxies [31-33]. Our analysis
is complementary as we consider evaporating PBHs with
m < 10° g and calculate their clustering behavior in the
early universe in a BHD era, which has not been studied
before.

This paper is organized as follows. In Section II we
review the cosmological aspects of PBH domination and
evaporation. In Sec. III we describe PBH cluster for-
mation and the internal dynamics of these clusters. In
Sec. IV we calculate the evolution of PBH mass distri-

bution due to mergers in clusters. In Sec. V we discuss
the observational consequences of BHD with clustering,
including contributions to dark matter, dark radiation,
and primordial gravitational waves (GW). Throughout
our analysis we use natural units where h=c=kp = 1.

II. COSMOLOGY OF PBH DOMINATION

In this section, we motivate the BHD as a generic cosmic
epoch that results from enhanced small-scale curvature
perturbations in the early Universe. The main results of
our work do not depend on the details of how PBHs were
formed or came to dominate the early universe but only
depend on the initial conditions such as the initial time of
BHD and the original BH mass. Our discussion follows the
sequence of steps depicted schematically on the timeline
in Fig. 1, highlighting several important timescales that
govern the cosmological evolution in BHD:

1. Formation: the initial PBH population is created
after inflation at some time ¢t = tgopm. Although our
results are presented independently of the details of
the formation mechanism, if the PBHs form from
collapsing inflationary perturbations during radia-
tion domination (reviewed below in Sec. IIB), then



at trorm ~ G'm the universe contains an initial PBH
energy fraction, as given in Eq. (1). We assume
this population has a nearly monochromatic mass
distribution.

2. Domination: since the PBH energy density red-
shifts like non-relativistic matter, if the post-
inflationary universe is radiation-dominated, the
PBH energy fraction grows linearly with scale fac-
tor. Depending on the initial energy fraction and
the initial PBH mass m;, black hole domination
may be established at some time ¢; before the PBHs
evaporate via Hawking evaporation. Throughout
our analysis, we take ¢; to be a free parameter.

3. Clustering: since BHD is a special case of early
matter domination driven by average PBH density
P, the cosmological density contrast 6 = (p — p)/p
grows linearly with the scale factor § « a and grav-
itationally bound clusters begin to form. For a
sufficiently long BHD era, a large fraction of PBHs
become bound within these clusters by the time of
PBH evaporation, t = 7 in Eq. (2).

4. Merging: as virialized clusters form during BHD,
their PBH constituents begin to merge and mod-
ify the original mass distribution. If BHD lasts
sufficiently long, the PBHs in large clusters merge
multiple times and can grow to become orders of
magnitude larger than their original size at forma-
tion.

5. Evaporation: due to Hawking radiation [34, 35],
black holes evaporate to create the second (final)
radiation era during which BBN takes place. This
occurs at a characteristic time 7 > ¢; (see Sec. II D).
After evaporation, particles emitted as Hawking
radiation must thermalize to a temperature 7' 2
MeV to allow for standard BBN, which requires
m <10%g.

For the remainder of this work, we study the predic-
tions of BHD for an initially monochromatic PBH mass
function and begin our analysis at the time of domination,
neglecting the abundances of any other species at that
time. Thus, throughout the paper, our free parameters
will be ¢; and m; which uniquely determine the duration of
BHD and the final radiation temperature of the universe
after evaporation.

A. PBH Basics

A black hole of mass m has a Hawking temperature [35]

1 10°g
Ty = ~ 10* —
A= 8nGm 0 GeV( m )’ 3)

which governs its mass loss due to Hawking radiation

dm _ _ 59:.n(Th)_ (4)
dt 30720 G2?m?2’

where G is the Newton constant, x ~ 3.8 is a graybody
normalization factor, and g, g(ThH) counts all particle
species with masses below Ty following the prescription in
Ref. [6] based on the results of Refs. [36, 37]. Integrating
Eq. (4) to obtain the PBH lifetime, we find

102407 G2m3 1 3
T:O Oﬂ.szOAs( O8><m)’ (5)

R g«,H 9x,H 109 g

where g, g ~ 108 is for Standard Model particle emission
at BH temperatures well above the electroweak scale. In
our mass range of interest (m < 10°g), the Hawking
temperature in (3) is always in this regime, so for a PBH
that forms at t = tgo,m, the mass evolves as

m(t) = m; (1 - t‘““‘) " (6)

T

where m; is the initial mass at formation. Since BHD
requires tiorm < 7, individual BH evolution is insensitive
to ttorm-

B. PBH Formation

There are many proposed mechanisms for creating
PBHs in the early universe. In addition to the gravi-
tational collapse of horizon-scale overdensities, primordial
black holes could arise from sub-horizon processes includ-
ing bubble collisions during first order phase transitions
[38], the collapse of large domain walls during second
order phase transitions [39, 40], scalar condensates that
form @-balls [41, 42], the collapse of cosmic strings [43, 44]
and dissipative dark forces [45-47].

A common feature of all sub-horizon mechanisms is that
the characteristic PBH mass is governed by additional
model-dependent parameters (e.g. the bubble nucleation
rate during a phase transition), so generically there is
no connection between the PBH mass and its time of
formation — see Ref. [4] for a discussion of the common
mechanism of PBH formation from very large overden-
sities entering the horizon, and how this relates to the
parameters, initial PBH mass, m; and initial time of
BHD, ¢;. Note that our analysis below is insensitive to
the specific PBH formation mechanism as long as the
PBH lifetime is long compared to the Hubble time at
formation and our results are uniquely specified by the
input parameters m; and t;.

C. PBH Domination

Formally, we define t; as the time when subhorizon PBH
density fluctuations begin to grow, and a; = a(t;) as the
corresponding scale factor. Depending on the cosmological
history, this parameter can typically be interpreted as the
time when PBHs effectively dominate the total energy



density of the universe. In matter domination the scale
factor and Hubble rate are

2/3 —
a(t)<;) a; and H(t):,/&rc}%:%, (7)

and until 7 when the PBHs evaporate, their background
density can be written

_ - 1 a; 3 - 1
o) =52 (3) “Gem ®

The condition of PBH domination sets two fundamental
constraints on the initial PBH mass and initial time. First,
the PBHs must not evaporate before BHD begins at time
t;, so from Eq. (5), the initial PBH mass must satisfy

1/3 1/3
K gx,H ti 9 t;
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which ensures that the evaporation rate is slow compared
to the Hubble rate at the onset of BHD. Second, in order
for PBHs to viably exist at the beginning of BHD, the
initial PBH mass must not exceed the horizon mass'

27mt
= — 10
so causality requires
mi < My (t;) ~ 10%g | — (11)
‘ ! 2x10731s)’

which governs the maximum PBH mass that can form
before t;.

D. PBH Evaporation

The SM radiation density pr accumulates according to
the Boltzmann equations

pBH + 3HppH = — M iigH, (12)
pr+4HpRr = m iy, (13)

where fipy = pgu/m is the background PBH number
density and 7 is given by Eq. (4). In the instantaneous
evaporation approximation, ppu(7) =~ pr(7), so using
Eq. (8) we have

1 _ 2 4
= oncr2 Pr(T) = +=9+(Tr) Tg (14)

30
where g, is the effective number of relativistic species
in the radiation bath. Since 7 from Eq. (5) is only a

peu(T)

! This definition follows from setting Ry; = H !, where Ry is
the length scale from Eq. (19) associated with a Fourier space
top hat window function enclosing mass M, and solving for M.

function of m, there is a one-to-one relationship between
the PBH mass and the reheated radiation temperature

upon evaporation [6]
_ 1/4 9 .\3/2
30 10
Tru = (”BH(T)> ~ 1.6MeV( g) . (15)
m
where g, only includes Standard Model particle species.
Thus, to ensure that the radiation era that follows BHD

is sufficiently hot to form the observed light element abun-
dances during BBN, m > 10° g is required [48].

III. DYNAMICS OF PBH CLUSTERS

Once PBHs dominate the early universe, density fluctu-
ations begin to grow and the PBHs form self-gravitating
clusters. In this section, we describe this process and the
internal dynamics of these PBH clusters, including nearby
encounters, mergers, and other N-body effects.

A. PBH Cluster Formation

If no intrinsic correlations are present between PBH
positions, the initial fluctuations are described with Pois-
sonian shot noise (for a derivation, see Appendix A), with
an initial power spectrum

PBH(]{Z,GZ‘) = 77_1]31{1(047;) 5 (16)

where figp(a) = ppu(a)/m; is the average number density
of the PBH population. The clustering of PBHs has been
extensively studied both analytically and numerically for
astrophysical PBH masses in the late universe [49-52].
Here, we apply these results to the early PBH dominated
era and study the cluster evolution. In principle, inflation
could have induced additional fluctuation on these length
scales, but as a conservative estimate of the level of PBH
clustering, we only consider the power due to the shot
noise. This contribution arises from the discrete nature
of the PBH distribution and is an irreducible source of
fluctuations on all scales larger than some “exclusion
scale,” which accounts for the fact that PBHs cannot
physically form arbitrarily close to each other [49].

When a PBH density fluctuation mode with comoving
wavenumber k enters the horizon in PBH domination at

scale factor
9 \2
ar = <3kti> i, (17)

it begins to grow linearly with the scale factor, § « a [53].
We assume that any modes that are already inside the
horizon before time t; do not grow until after ¢;. The
power spectrum for subhorizon modes after ¢; then takes




the form

1 a\’[1
PBH(kﬁa):,—m(ai)(ai) {(k/kz)“

where k; = 2/(3t;) is the initial comoving wavenumber of
the horizon scale at time ¢;. Note that the k scaling for
k < k; ensures that the corresponding modes only begin
to evolve after horizon crossing at ¢ = a; in Eq. (17).
Just as in standard cosmology during matter domination,
large-scale modes are suppressed by entering the horizon
later and growing for a shorter duration.

k> k;

18
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As BHD progresses, the initial shot noise seeds the
formation of PBH clusters. The clusters will grow over
time as they accrete PBHs and merge with each other
in a hierarchical manner. We use the Press-Schechter
formalism [19] to compute the mass distribution of these
PBH structures at a given time during BHD.

In the spherical collapse model, overdense regions will
decouple from the Hubble flow and collapse to virial-
ized objects when the local overdensity 6 = (p — p)/p is
larger than a critical value 0. (for a flat matter-dominated
Universe, d. ~ 1.686). To estimate how frequently such
regions exceed the critical overdensity d., the overden-
sity fluctuations are usually assumed to be Gaussian-
distributed with a variance o%,, which is related to the
matter power spectrum. More precisely, o%,(a) is the
variance of the density fluctuations smoothed over a char-
acteristic length scale of

Ry = ( M )1/37 (19)

672p

which corresponds to the size of a Fourier space top
hat window function containing total mass M on aver-
age. It can be calculated from the PBH power spectrum
smoothed with the top hat window function W(kR) =
O(kR), such that

2 /Oo @k Pk, a)W?(kRy) = “2 u(M)D(a)? (20)
g = _— = —

M 0 (27’1’)3 ) M M;u’ ’
where we define the usual linear growth function in matter
domination D(a) = a/a; and a “cluster mass transfer
function” (M) to encapsulate the effect of mass scales

entering the horizon and growing at different times:

4 M

1-— - M< M i
7T Mpy; .
(M) = —4/3 (21)
(M M > Mg,
7 MH,;‘ H,i

where My ; = My (t;) is the horizon mass from Eq. (10).
Thus (M) ~ 1 for those scales which were already inside
the horizon at t;, and u(M) < 1 for those which enter the
horizon and begin collapsing at some later time.

The Press-Schechter ansatz [19] relates the fraction
of mass contained in all clusters more massive than M

to the probability of the overdensity field (smoothed at
a mass scale M) being larger than §.. This connects
cluster properties to the statistics of cosmological density
fluctuations. The differential cluster number density as
a function of the cluster mass M is described by the
Press-Schechter mass function

dO’M 52
con ~ %) (22
dM eXp( 2012\4) (22)

It will be convenient to label clusters by the number of
PBHs they contain, N = M/m > 1. In particular, we will
often use the initial cluster number N; = M;/m;, because
the PBH mass m, cluster mass M, and cluster number N
may evolve over time. Although cluster properties may
change, we assume that the shot noise power spectrum
is seeded upon PBH formation and does not change, de-
pending only on m;. The distribution of clusters in terms
of the initial PBH number N; is

NBH Oc dlog pi; N; 62

1- exp|—o——5], (23)
where p; = p(N;) is equivalent to Eq. (21) with M =
N;m,; as the initial cluster mass. We also define

My,
Ny = —2 =

s

dna _ |2 psu O
dM T M 012\/[

dncl _
dN;

277Tt1'
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(24)

as the cluster size corresponding to the horizon mass at
time t;, which separates different IV; scaling behavior in
the expression for ;.

The Press-Schechter formalism finds that clusters of
mass M tend to form when the variance of PBH overdensi-
ties (smoothed on the mass scale M) reaches opr(a) ~ de.
Using Eq. (20), clusters with initial PBH occupation num-
ber N; form at

N; N\
—a; or tg= (52’/2 () ti, (25)
M 122

Ac] = 60

which are respectively the characteristic scale factor and
time of cluster formation. The Press-Schechter cluster
mass function encodes this behavior, particularly in the
exponential cutoff scale, with smaller clusters growing
first, and larger ones appearing later. Once clusters of a
given mass are no longer exponentially suppressed, their
comoving number density decreases with time as they are
subsumed into larger clusters. Thus the era of PBH cluster
formation begins with the smallest clusters (N; ~ 1)
forming once the scale factor grows to a ~ 1.686 a;.

After an overdensity collapses and virializes to form
a PBH cluster, its average density can be related to the
universal average density at the time that it forms [54]
(the stable clustering hypothesis):

A\
i = Appn(aa) = ——= (££) . (2
peti = & pon(ac) 6th?6§<Ni> (26)



where A = 1872 is the characteristic overdensity of a
collapsed object [55]. For simplicity, we assume a spher-
ical geometry with a uniform density profile. This is a
conservative choice as the merger rate at the center of
clusters should be much higher due to the large density,
though the specific details depend on the choice of density
profile. The effective radius of the PBH cluster is initially

< 3M1’ >1/3
R, =
AT pel;

el m; —2/3 t; 2/3
Ni1/6’u3/2 (109g> (10_208) )

where r¢! = 2GM; is the cluster’s Schwarzschild radius,
and the initial velocity dispersion of the cluster is

(27)

~ 108

GM,;
Ov,i =
) R/L

3 A71/12 174 (M e t,
~107° N/, : —
i M (109g) (102()5) ’

where we adopt a Maxwellian velocity distribution with
average relative velocity v = (4/y/7) o, [56]. Note that
Egs. (27) and (28) are only valid if 0, ; < 1 and R; > r¢!,
which is the case for input parameters where m; < Mg ;
(above the lower gray shaded region in Fig. 5).

(28)

The formation and evolution of PBH clusters from shot
noise has been studied with N-body simulations in a
matter-dominated Universe [50], and N-body simulations
with similar initial conditions have been performed [57,
58], which suggest that a semi-analytic formalism such
as Press-Schechter can describe the evolution of PBH
clusters well; see Ref. [21] for a similar discussion on the
semi-analytic treatment of PBH clusters.

B. PBH Binary Capture

In this section, we describe the PBH binary capture
and merger rates within clusters formed during BHD. In
order to form a gravitationally bound binary black hole
pair, energy must be lost in an encounter between two
or more PBHs. This can occur through two different
channels: with only two PBHs, a very close approach can
induce a large enough emission of gravitational waves to
leave behind a bound system, or with three PBHs, the
third body can catalyze the interaction, carrying away
enough energy that it leaves the other two bound.

The relative importance of the 2-body and 3-body bi-
nary capture channels depends on the black hole mass as
well as internal cluster properties such as the average BH
separation and relative velocity. Different channels also
tend to form binaries with very different properties. The
2-body channel favors the formation of very close binaries
with high eccentricity [59], close enough that they almost
immediately merge on a relatively short timescale. The

3-body channel usually forms more loosely bound binaries
that may be vulnerable to further disruption before they
can actually inspiral and merge [60].

To compare the 3-body rate to the 2-body rate, consider
that the rates are typically limited by either capture or
inspiral, whichever is slower. By evaluating the 3-body
capture and inspiral rates in Eqgs. (5) and (12) of Ref. [22]
and comparing to the 2-body analysis below, it can be
shown that throughout the parameter space of interest,
the timescales satisfy

max(tcap,Zby tins,Qb) < maX(tcap,?)ba tins,Sb) ) (29)

where tcapins are respectively the capture and inspiral
timescales and the 2b/3b labels refer to two and three
body processes. Thus, on average, 2-body interactions
lead to a quicker capture, inspiral, and merger than 3-
body interactions, so for the remainder of this work we
can neglect 3-body interactions, which will not contribute
significantly to the PBH merger rate during BHD. In
the remainder of this paper, we focus on the 2-body
interaction channel.

As two unbound black holes pass each other on a hy-
perbolic trajectory with impact parameter b and initial
relative velocity v in the center-of-mass frame, they will
emit “gravitational bremsstrahlung” radiation. Using
the standard quadrupole formula for the leading order
non-relativistic contribution [61] and neglecting the back-
reaction on the trajectory, the total energy emitted in
gravitational radiation during the encounter can be cal-
culated, as in [62]. It is sufficient to take the parabolic
limit as we expect the velocity at closest approach to
be much larger than the initial relative velocity [63-65],
which gives
2720 7GTm®

37T
so if AE exceeds the total initial energy E; = mv?/4,
then the black holes will become gravitationally bound.

The cross section for forming a binary system through
this process can be written

2/7 _ 2
851 r
_ 2 s
Oab = Thi 0y = <3 ) I8/ (31)

AFE =~ (30)

where by ax is the largest impact parameter for which the
binding criterion AFE > E; is satisfied and rs = 2Gm is
the Schwarzschild radius.

The typical timescale for a single PBH in a cluster to
experience binary capture via 2-body interactions is then
1

_— 32
NBHO 2LV ( )

tcap,Zb =

where ngy = pci/m is the uniform PBH number density?

2 Note that npy here is not the same as figy, which represents the
background average PBH number density.



in the cluster and v = (4/4/7) o, is the typical relative
PBH velocity.

C. PBH Mergers

To obtain the merger rate, we first need to understand
how long it takes for the PBH binaries that are formed
through this process to inspiral and merge. From stan-
dard orbital mechanics, the bound black holes follow an
elliptical trajectory characterized by

Gm? AE(L3
_ d =1/1 33
2Ey me * G2mb>’ (33)

where ag is the semi-major axis, e is the ellipticity, Ey =
E; — AFE is the final energy, and Ly is the final angular
momentum.

apg =

The rate of inspiral over many orbital periods can
be calculated based on emission of gravitational waves,
similar to Eq. (30). For a given ap and e &~ 1, the total
inspiral time from capture to merger is [65, 66]

3ag
170 G3m3
The change in angular momentum is typically negligible

[65], so we approximate Ly ~ L, = %mbv. For b < bpax,
the average inspiral time is

tins,2b = (1 - e(2))7/2 ) (34)

av Gm
tinsg,2b ~ 10.2 F, (35)

where we have used Eq. (33) and integrated Eq. (34)
over b € [0, byax] with the appropriate weight to find the
average.

To understand whether a PBH binary could be dis-
rupted before it merges, we can consider the ratio of the
typical inspiral timescale to the capture timescale in the
PBH cluster environment:

tuszb 10— py/ M < m; 10720 s>10/ 217 (36)

tcap,Qb Ni79/42 109 g ti
which indicates that in the parameter space of interest,
particularly for large N; clusters, tins2b < tcap,2b, and a
captured binary may be assumed to merge immediately,
before any potential disruption from a third body. Thus,
in our treatment, the merger rate in a PBH cluster is
approximately the binary capture rate, which can be
written [21, 67]

1
Fmrg; = iNnBHUQbUa (37)

where npy is the average PBH number density in the
cluster and v = (4/y/7) 0, is the typical relative PBH
velocity. The initial merger rate satisfies I'yrg o Ni_o'63
and 'y o< NZ._Q'1 for N; < Ny ; and N; > Np ;, respec-
tively, where Npg; is the cluster size corresponding to
the initial horizon mass. Therefore, smaller PBH clusters
always have a faster merger rate than larger ones.

D. Cluster Evaporation

One major difference between PBH clusters and typical
dark matter halos is that there is a lower limit on a PBH
cluster mass, since M cannot be smaller than m. The
smallest clusters will only contain a few objects, so they
are susceptible to N-body effects that lead to the ejection
of their members. This is usually called cluster “evapora-
tion,” not to be confused with the Hawking evaporation
of black holes [21, 22, 28, 56, 60, 68, G9].

This process can be understood as follows: one of
the fundamental timescales over which a gravitationally
bound cluster may evolve is the dynamical timescale
tayn = R/0,, also known as the crossing timescale, where
R is the cluster radius. A related property of N-body
systems is the relaxation timescale [50]

N R

bix & o tdyn = 57— > 33
: 8log N dy 8log N o, (38)

over which many weak gravitational encounters and small
deflections allow the cluster velocity distribution to equi-
librate. However, some fraction v of the objects on the
high tail of the velocity distribution may exceed the es-
cape velocity of the cluster and will “evaporate,” or at
least move to a more distant orbit where encounters are
rare. Applying the virial theorem, it can be shown that
for a Maxwellian velocity distribution the fraction that
exceeds the root-mean-square escape velocity 2v/30, is
v & 7.4 x 1073 [56]. Then, within another #,,, the clus-
ter re-virializes, the high-velocity tail is replenished, and
more objects may escape. The loss rate of black holes
from cluster evaporation is [56, 60, 70-72]

N
Fev:PY

(39)

trix ’

so the time at which the entire cluster evaporates can be

estimated as tey ~ N/To, ~ t1x/7, but a more careful

consideration of how the cluster evolves during evapora-
tion can be found in Sec. IV B.

IV. RUNAWAY PBH MERGERS

We now have the ingredients to demonstrate that cluster
evaporation, in conjunction with binary mergers, can lead
to the collapse of PBH clusters into a single merged object.
In this section we combine all of the effects introduced in
Sec. IIT to study the internal evolution of PBH clusters
during BHD. To make the problem more tractable, we
make two crucial simplifications:

1. We assume that the dynamics within a given clus-
ter are well-described by its average PBH mass
m = M/N, so that we do not need to track the
entire PBH mass distribution. We expect that the
true distribution of PBH masses in a cluster will
generally be peaked at some characteristic value,
which motivates using m.



2. We assume that each PBH cluster can be treated as
independent and isolated over the timescale relevant
to its internal dynamics. This treatment is justified
if the runaway merger timescale is shorter than the
Hubble time.

With these assumptions, we can write differential equa-
tions describing the evolution of the properties of a PBH
cluster. The change in the total number N of black holes
in a cluster is

dN
E = *Fmrg - Feva (40)
which depends on the binary merger and cluster evapora-
tion rates. The total mass M of the cluster changes due
to mergers (radiated away as gravitational waves), cluster

evaporation, and Hawking evaporation:

dM
= —AmTyy — Ml —

Nn 41
= mo @

where Am = 0.05m [73] is the energy lost to gravitational
waves in the merger of two equal mass Schwarzschild black
holes and m is the Hawking luminosity of a single BH
from Eq. (4).

In the following subsections, we consider the behavior
of PBH clusters in the limiting regimes where either the
merger rate, or the cluster evaporation rate dominates
the dynamics.

A. Merging Dominates

If the merger rate is initially much faster than the
cluster evaporation rate (I'myg > T'ev), we can take the
T'ev — 0 limit in Eqgs. (40) and (41) and combine the
resulting expressions to obtain

dm m2< Am

1= 221 — i, 42
) g, (2)

dt M
where we have used m = M /N and applied the quotient
rule. If we further neglect the Hawking evaporation and
Am terms (to ensure that M is constant) and assume
that I'nye is independent of m, which is true for 2-body
interactions, the analytical solution to Eq. (42) can be
written

1—(t—ta)/tmeg

which describes a cluster that forms at ¢t = ¢, given
in Eq. (25) with initial condition mi(tq) = m;, and ex-
periences negligible merging until it nears the critical
“runaway” timescale

m(t) (43)

N;

torg = ™ AT\
=3 Fmrg (Nz) (44)

at which point the cluster quickly all merges into a single
black hole.

B. Cluster Evaporation Dominates

In the opposite regime, where I'y,;y < I'ey, cluster
dynamics are initially governed by “cluster evaporation”
effects in which the object ejects some fraction of its
PBH constituents over the course of its evolution. As
kinetic energy is removed from the inner cluster by es-
caping PBHs, the remaining objects become more tightly
bound and collapse inward with higher density and greater
velocities, exhibiting the negative heat capacity of grav-
itating systems. Consequently, the dynamical and re-
laxation timescales become shorter, and the evaporation
process accelerates, culminating in a so-called “gravother-
mal catastrophe” [74, 75].

However, eventually, additional microphysics becomes
relevant and arrests this catastrophe. In our scenario
involving PBH clusters during BHD, binary formation
and mergers become increasingly efficient as the cluster
contracts, transitioning into the I'y;e > I'ey regime de-
scribed above in Sec. IV B, and eventually the resulting
inner core merges into one large black hole. Thus, the
final mass of this merged object depends on the fraction of
PBHs that are ejected during the period before runaway
merger occurs.

In general, it is difficult to determine how many PBHs
escape and how this affects the fate of a cluster without
running full N-body simulations with mergers. However,
with some simplifications, we can attempt to estimate this
final mass, accounting for how the properties of the cluster
change during evaporation. Since objects evaporate from
the cluster after a series of weak gravitational encounters
nudge their velocity over the threshold for escape, we can
assume that when they escape, they are only marginally
unbound and they leave with approximately zero total
energy. Thus, while the total mass of the cluster decreases,
its total energy E ~ GM?/R remains the same. With
mass loss but no energy outflow, the characteristic cluster
radius evolves as

2
Rzm(ﬁ), (45)

where we have assumed that the spatial PBH distribution
remains self-similar throughout this evolution. Using this
radius scaling, the average cluster density then evolves as

pel X M/R? oc M2, (46)

and we see that, as objects evaporate, the cluster shrinks
in size and becomes significantly more dense, signifying a
collapse.

We can study the endpoint of this collapse behavior by
considering just the cluster evaporation term in Eq. (40).
Without mergers or Hawking evaporation, im is constant,
so R o« N2. Given this scaling and the factors in Iy,
the evolution of the number of PBHs can be expressed in



terms of initial quantities and N:

AN 8vo,: [ N\ 2
TR : (N) log N. (47)

Neglecting the logarithmic N dependence, there is an
analytic solution to this differential equation,

N(t) ~ N, (1 _t= t°1>2/7, (48)

lev

where t. from Eq. (25) is the characteristic time at which
clusters with N; PBHs form, though generically ¢, < tey,
so the dynamics are independent of this initial value.
This expression describes a cluster losing objects until it
reaches N =0 at

2N;
toy = ——— | 49
Y Tl (V) (49)

which sets the finite cluster evaporation timescale.

C. Combined Treatment

We now consider the interplay of both cluster evapora-
tion and PBH mergers to understand the ultimate fate
of a given cluster in BHD. At the time of its formation,
if a cluster starts off in the merger dominated regime of
Sec. IV A, it will undergo a runaway process that yields a
large black hole with approximately the total mass of the
initial cluster. However, if the cluster starts in the cluster
evaporation regime of Sec. IV B, we must first track its
evolution as it ejects objects and eventually transitions
into the merger dominated regime. Our goal in this sub-
section is to determine the final “relic” mass, Myelic, in a
cluster that exhibits both of the regimes described above
at different phases of its evolution.

Combining Egs. (40) and (41) and neglecting the Hawk-
ing evaporation term, we can write

dM M Doy + 22 Ty (50)
dN N  Tey+Thmg

which can be solved numerically to find how the total
cluster mass evolves as a function of N. However, an
analytic solution to Eq. (50) is possible if we assume that
the PBH mass m does not change significantly while clus-
ter evaporation dominates, so that the terms in Eq. (50)
depend only on a changing N. The merger rate defined
in Eq. (37) and the cluster evaporation rate from Eq. (39)
evolve as

Tinrg = Dinrg,s (Ni/N)*/ 1 (51)
ch - ch,i (NZ/N)5/27 (52)

where we have parametrized the rates in terms of their
initial values (I'mrg,; and Ley; evaluated at N = N;), and

neglected the logarithmic N dependence in T's, inherited
from Eq. (38). For the remainder of this work, we assume
that these conditions approximate the true behavior of the
system, though a proper N-body simulation is ultimately
required for a full validation.

For most parameter choices of interest, cluster evapora-
tion initially dominates (T'ev,i > I'mrg,i), but the steeper
N dependence of 'y, eventually leads to a crossover at
some point during cluster evaporation and contraction.
After this point, the merger rate will quickly outrun any
further mass loss from cluster evaporation and the system
ultimately collapses into a single black hole with mass

7 Am
Togi 2 5(1-5)
IR vl
Merelic = My # ) (53)
1 mrg,q
* Fevi

)

which we obtained by inserting Egs. (51) and (52) into
Eq. (50), solving the differential equation for M (N), and
finding the mass at which N = 1. As expected, a larger
initial hierarchy between cluster evaporation and merger
rates results in more PBH loss and a smaller final mass.

Since both initially merger-dominated and cluster
evaporation-dominated clusters can experience runaway
merging, but on different timescales, for general initial
conditions we express the timescale of cluster collapse as

tcol = min (tmrga tcv) , (54)

though, as noted previously, for generic inputs in our
parameter space, we almost always find that t.o ~ tey.
Since BHD only lasts until ¢ = 7, when most of the PBHs
evaporate due to Hawking emission, relic formation due
to runaway mergers only occurs in clusters for which
teol < T.

D. Merged Relics

We now aim understand the mass distribution and abun-
dance of these merged relic PBHs. Combining Egs. (49),
(38), (27), (28), and (39), the cluster evaporation time
scales as te, NZ / 4, so larger PBH clusters take longer
to reach the point of collapse and runaway merger. Thus,
the largest clusters that undergo runaway mergers enter
this regime near the very end of BHD with a collapse time
teol(N;) &= 7. If cluster evaporation initially dominates
(tcol & tev), this corresponds to clusters with an initial
number of PBHs

109 10-20
N 1010 8 i (55)

me \&/11 ’
65 (1= )




where the first and second cases apply for N2 < Ny ;

and N2& > Ny ;, respectively, reflecting the sub/super-
horizon divide in Eq. (21). In terms of our free parameters,
the approximate dividing line between these cases can
be written ¢; ~ 5 x 1072°s (m;/10°g)'*/11. In these
expressions, we have taken a fiducial value of log N; ~
log 10! and neglected the linear part of u(N;) in the

initially sub-horizon N; < Ng ; regime.

At t = 7, the end of BHD, all clusters for which N; <
N will have merged into a single black hole with
mass Myelic given in Eq. (53), while all larger clusters
with V; > N2 experience negligible mergers and their
constituent PBHs evaporate. Thus, the most massive
merged relic PBH will have a mass given by myelic (N23)

which, taking the I'sy ; > I'iyrg s limit, can be expressed

3.53 —1.27
10 10-20s
max . 1015 g g S (56)

relic e 1.35 ’
4 %
(109 g)

for the same cases as Eq. (55). There will also be a
subdominant distribution of smaller relics. Note that for
the second case, the result is effectively independent of ¢;
because these relics are formed from clusters seeded by
fluctuations that entered the horizon and began growing
long after the start of BHD, making them insensitive to
the initial time of the era.

m

Figure 2 shows the critical times associated with var-
ious processes of PBH clustering and merging. Sliced
horizontally, it can be read as a timeline for each of the
cluster sizes displayed, indicating the times at which the
corresponding perturbations enter the horizon, clusters
form, runaway mergers begin, and when their merged
relics undergo Hawking evaporation. Note that small clus-
ters have a shorter merger timescale, mostly because they
form earlier than larger PBH clusters. The clusters that
form near the upper portion of the green curve (larger
than N22%) do not enter the runaway merger regime

col

before t = 7, and do not leave behind PBH relics.

Figure 3 shows the average PBH mass m = M/N of
clusters of various initial sizes N; at cluster formation,
runaway merger, main PBH evaporation, and the present
day. Note that post-BHD Hawking evaporation modifies
the mass distribution of the relics after the bulk of the
relic population has also evaporated, leaving behind only
its most massive members, as indicated by the difference
between the blue and red curves on the left panel. Fig. 3
also illustrates that the cluster size forming at PBH evap-
oration, which is also the most abundant cluster size, is
significantly larger than N3, so only a small fraction
of all PBHs will merge and survive the initial evapora-
tion. This is usually necessary to produce a cosmology
consistent with our universe; the majority of the PBH
population should not merge to masses above 10? g in
order to reheat the Universe hot enough for BBN. Also

10
note that the Egs. (55) and (56) can be directly compared
to the values shown in the left plot.

To calculate the merged relic PBH mass distribution
at the end of BHD, we integrate over the Press-Schechter
cluster number density from Eq. (23) so that

dnBH

NI
(r) = /1 AN d L(r) §(m — Myetic(N;))

dm " dN;

oo dncl
N; N; & —my
+ /Nm?xd NN (1) 6 (m —m;)

Z dncl
dN;
Ni={Ni(m)}

+ npu(7)d (m—m;), (57)

87nrelic a
ON;

where the sum is over all N; which solve the equation
Mrelic(IN;) = m and are less than N0, In the second
term we approximate the number density of non-merged
PBHs as the total PBH number density ngy because
the merged relics are only a small fraction of the total
PBH mass. Although we assumed that all PBHs ini-
tially have the same mass m;, a non-monochromatic mass
distribution arises because of the distribution of cluster
masses generating different merged relics. Over time, sub-
sequent Hawking evaporation modifies this distribution,
as in Eq. (6), and the number density of relics dilutes as
x a3,

E. Important Caveats

The results presented in the previous subsections are
based on the approximate solution in Eq. (53), which
neglects several potentially important physical effects:

e Mass Dependence of Rates: The scaling of Iy,
and T'oy in Egs. (51) and (52) neglects the effect of
changes in M (or equivalently changes in m), so the
analytic solution for mye)j. does not fully capture the
final stages of runaway mergers. However, we have
verified that this approximate solution is consistent
with a numerical solution to Eq. (50) that takes this
effect into account within our parameter space of
interest.

e Relativistic Effects: Over the course of cluster
evolution, the PBH velocity dispersion and core den-
sity generically increase. Thus, our merger formal-
ism might eventually receive important relativistic
corrections, which can affect the timescale of col-
lapse. For example, as the cluster shrinks, its charac-
teristic radius can approach its own Schwarzschild
radius, thereby forming a larger black hole with-
out the need of additional two-body merger events.
However, it is expected that these effects would only
serve to accelerate cluster collapse, so our treatment
here is conservative.
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FIG. 2. A summary of important timescales in our scenario for a range of initial cluster sizes N;, for two choices of free
parameters m;,t;. Relevant cosmic events are labeled at the top, including BHD, BBN, CMB, and the present time. The
purple W line gives the cluster size corresponding to the mass contained within the horizon. The green m curve shows the size of
the PBH cluster which can form at a given cosmic time. At a later time, indicated by the dark blue B runaway merger curve,
PBH clusters of a given size collapse and merge to a single BH. Finally, this merged relic evaporates at the time of the blue m
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e Gravitational Bremsstrahlung: Our treatment
here conservatively neglects the additional energy
dissipation from gravitational bremsstrahlung [63],
which only serves to hasten cluster collapse; we also
neglect the effects of post-merger recoils due to GW
emission.

e Cluster Interactions: In our analysis, we employ
the Press-Schechter formalism which statistically
characterizes the cluster mass function during BHD.
For simplicity, we treat each cluster in isolation and
ignore the possible consequences of cluster-cluster
interactions, which might affect the evolution of
individual objects. For example, the internal PBH
cluster dynamics described in Sec. III might be af-
fected by cluster mergers or accretion, which change
the properties of the host object. However, from
Figure 2 (and the arguments® in Ref. [21]) the clus-
ter formation rate is generically fast compared to
the merger rate for any given cluster. Thus, when
larger clusters form, they are rarely “pre-enriched”
with significant numbers of merged PBHs.

e Ejected Merged PBHs: We also don’t account
for the population of black holes that underwent
some mergers but were ejected in the final stages of
cluster collapse. Including this effect would enhance
the mass distribution below the peak mass.

Since some of these effects may impact our conclusions
below, it is important to follow up this analysis with a
dedicated N-body simulation, which is beyond the scope
of this paper; we leave this effort to future work.

V. OBSERVABLES AND CONSTRAINTS

In Sec. II, we outlined three viability requirements
on the parameters m; and t;. In order to allow for a
BHD era and recover standard cosmology after Hawking
evaporation at ¢ = 7, we demand that (1) the PBH
lifetime 7 exceeds the Hubble time at t;, (2) the PBH
mass must fit inside the horizon before ¢;, and (3) the SM
reheat temperature after PBH Hawking evaporation must
exceed the ~ MeV scale to allow for successful BBN. In
this section, we broaden the earlier discussion to include
the late-time predictions of BHD (e.g. metastable PBH
relics from mergers) and the other observational bounds
that constrain the input parameters m; and t;.

3 Although Ref. [21] studies PBH merging and clustering in the
late universe, many of the parametric relations they derive are
also applicable to our scenario due to the purely gravitational
dynamics in both cases.
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A. Merged Relics as Dark Matter Components

The BHD dynamics outlined in Sec. III predict that
for many choices of initial parameters (m, ;), there is an
appreciable population of merged relics with significantly
larger masses than the original PBH population that
drives BHD, me1ic > m;. Consequently, these objects
are longer lived and generically survive past BBN to affect
the later universe. There are two qualitatively distinct
scenarios for relic masses:

e Evaporating Relics: For intermediate masses
10° g < Myelic < 10'° g, the relics evaporate after
BHD and are not constrained by late-time obser-
vations. However, because of the energy they in-
ject while evaporating, they do face stringent limits
from the successful predictions of standard BBN
and CMB cosmology [3, 4].

e Metastable Relics: For myejic > 10'° g, relics can
be cosmologically metastable and account for an
appreciable fraction of the dark matter density. This
population is constrained by late-time observations
including lensing, gravitational waves, and particle
fluxes from Hawking evaporation, although there is
an “asteroid mass” window between 107 — 1023 g
with no current constraints [3, 4].

Overall, light PBHs are constrained by their Hawking
evaporation with the emission of standard model particles.
For the mass range of 10'© —10'3 g, the PBH evaporation
is constrained from its energy injection during the Big
Bang nucleosynthesis [3, 77]. If the PBH mass is slightly
larger, within a mass window of 1013 —10'® g, the Hawking
evaporation will be constrained by CMB anisotropies [5],
late time extragalactic gamma-ray background (EGB)
[3, 77], and cosmic rays (e*) in Voyager [76].

To apply existing observational constraints to these
relics, it is convenient to define a present day merged relic
BH fraction

fH= —, (58)

where ppy is the dark matter energy density today and
pBH is the energy density of the BH population. Note
that even though evaporating relics disappear before the
present day, the quantity in Eq. (58) can be defined in
terms of the density that they would have today if they did
not evaporate. It is also convenient to define a differential
PBH fraction according to

dfgn
dlogm

m  dnpy
pont dlogm’

(59)

such that their mass distribution can be constrained using
the criterion [78]:

/00 dlogm ! dfpn
s B<(m) dlogm

<1, (60)
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FIG. 4. The mass function of merged relic PBHs for two choices of free parameters. Initially, all the PBHs have the same
mass m;, shown in green M. The blue B and red B curves show the initial and present-day mass functions of merged relics,
which clearly shows the mass growth from runaway mergers. Superimposed in blue m are observational bounds on evaporating
BHs from BBN [3], CMB [5], the extragalactic gamma-ray background (EGB) [3] and Voyager e* [76]. Both choices of PBH
parameters are ruled out by observations because they produce too many evaporating relic BHs, particularly during BBN or
CMB emission. Note that the plot visually compares limits on fgu to the logarithmic mass distribution dfsu/dlogm, but the

proper comparison is made with Eq. (60).

where fEj7*(m) is the observational limit on the PBH
fraction assuming a monochromatic mass function.

Figure 4 presents the mass distribution of merged relic
black holes at several points in time. The merged relics,
which mostly have masses smaller than 10'° g, will evapo-
rate and inject Standard Model radiation into the Universe
during the BBN and CMB eras, which is strongly con-
strained. Note that for PBHs with masses above 10 g,
the evaporation timescale is long enough that they have
not completely evaporated, but they are in the process
of doing so, resulting in a new distribution of lighter
(m < 10'°g) BH relics in the current Universe, as pre-
sented in the red curve in Fig. 4.

The top left panel of Fig. 5 shows our main result:
the constraints on parameter space from applying the
criterion in Eq. (60) to the input parameters ¢; and m;
that characterize BHD. Note that for some free parameter
values, fgy > 1 initially, as shown in the lower left panel
of Fig. 5. However, the relic BHs in these cases are
insufficiently massive to survive to the present day, so
they can viably account for fgy > 1 at early times and
then evaporate away well before matter-radiation equality,
ensuring that dark matter is not overproduced.

The shape of mass contours in the top right panel
of Fig. 5 can be understood from the different cases in
Eq. (56). The lower vertical contours correspond to pa-

rameter space where NI 7 > Ny ;, such that the largest

merged relic mass is independent of ¢;. The slanted mid-
dle region of these contours corresponds to the opposite
regime, where N0 < Ny ; and m % depends on both
m; and t;. The upper vertical portion corresponds to
the regime in Eq. (53) where m2{ ~ m,; because cluster
evaporation ejects all of the PBHs before any mergers can
occur, so the mass distribution is largely unchanged by

mergers.

In our scenario with a shot-noise power spectrum, it
is challenging to form merged relics in the asteroid mass
window. Furthermore, the region of parameter space
where it is possible to produce such relics that still exist
today (shown in the lower right plot of Fig. 5) is already
ruled out by evaporation constraints.

B. Gravitational Waves

Another observable in this scenario is gravitational
waves, which comes from several distinct sources as sum-
marized below.

Mergers in Clusters: In Ref. [10], it was found that,
under specific assumptions about PBH relative velocities
and initial separations during the BHD era, GWs from
the PBH mergers in the homogeneous background can ac-
count for an appreciable contribution to ANeg; there was
no attempt to consider clustering or merging during this
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FIG. 5. In this set of plots, we present the (m,¢;) parameter space of PBH domination, and various phenomenological results.
The gray regions are not physically viable as the PBHs either evaporate before initial domination or have an initial mass
larger than the horizon mass. Elsewhere, the parameter space allows for BH domination and clustering. We present different
information on different plots. On the upper left, we plot the parameter space ruled out by observational bounds on Hawking
evaporation from the relics that form for a given m;, t; combination. On the upper right, we present contours of the maximum
mass of the final merged PBH relics. On the lower left, we plot the relic BH density compared to the dark matter density (fsu)
at t = 7, just after the original PBH population evaporates and only the relics are left. Accounting for the evaporation of BHs,

on the lower right we plot fgu of merged relics at the present time.



matter dominated phase. However, this earlier analysis
did not provide any physical rationale for why the relative
velocities or separation distances should have the specific
values that were chosen in that analysis. This source of
theoretical uncertainty has important qualitative impli-
cations for their analysis: for example, if the PBHs are
formed with negligible initial velocities, in the treatment
of Ref. [10], their merger rates would be negligible and
there would be no GWs produced from BHD beyond
gravitons from Hawking radiation discussed below.

By contrast, in our treatment we only assume that the
initial PBH population has a shot noise power spectrum
with negligible initial velocities at the time of formation,
as would be expected from the spherical collapse of pertur-
bations. Thus, with these minimal assumptions, the only
PBH mergers in our treatment occur within the clusters
that form during BHD, so unlike Ref. [10], here only a
small fraction of PBHs participate in the runaway mergers
described in Sec. IV. Since the mass fraction converted to
GW per merger is approximately Am/m ~ 0.05 [73], the
resulting contribution to dark radiation is negligible com-
pared to the future CMB-S4 sensitivity of AN.g ~ 0.02
[79]. However, we note that our treatment is conservative
as there will also generically be additional mergers from
the unclustered background population as in Ref. [10],
but characterizing these effects requires additional as-
sumptions about initial velocities, which we do not make
here.

Furthermore, assuming equal mass PBH mergers, the
present day peak frequency of stochastic gravitational
waves produced in these mergers is approximately [10, 80,
81]

1/3
10° M e
o ~ 10" Hy <0g) ( eV) (g ’S> . (61)

m Tru ) \ 92 5

where g, s is the number of entropic degrees of freedom,
an RH label denotes a quantity at reheating (¢t = 7), a
0 label represents a present day quantity, and m is the
characteristic mass of the PBHs that undergo runaway
mergers. Although the peak frequency in Eq. (61) is far
outside of any known observational technique, as noted in
Ref. [10], the infrared tail of this stochastic background
might be within the reach of the Big Bang Observer
82, 83].

Hawking Gravitons: As noted in Refs. [6, 10, 84, 85],
Hawking evaporation yields a population of gravitons
with energy of order Tgy. In the present universe, these
gravitons constitute a stochastic gravitational wave back-
ground at high frequencies and also contribute to ANg.
The late-time GW frequencies are generically too high for
any current or future GW measurement technology, but
depending on the spin and mass distribution, their contri-
bution to the radiation density may be observable with
CMB 54 [79]. Since this effect depends almost entirely on
Hawking evaporation from the unmerged PBH population
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at t = 7, our treatment of clustering here does not affect
these predictions except through negligible corrections.

Secondary GWs: Another source of GWs during
BHD arises from the inhomogeneous PBH background,
which is distinct from the clustering considered in this
paper. At second order in perturbation theory, the scalar
perturbations from the PBH shot noise power spectrum
source GWs during BHD [86-90]. Since the background
cosmology considered here is identical to those of earlier
studies, our scenario inherits this contribution to the
GW density [91, 92]. Furthermore, as shown in Refs
[88, 93, 94], the rapid process of Hawking evaporation in
a PBH dominated universe also contributes to the GW
density.

VI. CONCLUSION

Since PBHs always redshift like non-relativistic matter,
they will generically dominate the energy density of the
early universe, even if their original density is negligibly
small compared to that of radiation. For PBHs with
masses satisfying m; > 10° g (with lifetimes 7 > 1s), such
an epoch would spoil the successful predictions of standard
BBN and is robustly excluded. However, for lighter PBHs
with shorter lifetimes, Hawking radiation emitted at the
PBH evaporation time thermalizes to viably restore a
universe with 7" > MeV, which is required for BBN. In
this lower mass range, BHD is a viable attractor solution
for a wide range of initial conditions and there are few
known constraints on this scenario.

However, during this matter dominated era, cosmologi-
cal perturbations grow linearly with scale factor and PBHs
form self-gravitating virialized clusters. In this paper we
have studied the fate of these clusters and found several
characteristic regimes that govern their evolution. Assum-
ing a shot noise spatial distribution of monochromatic
PBHs at the time of formation, the clustering predictions
of BHD are entirely characterized in terms of two free
parameters: the time at which BHD begins (¢;) and the
PBH mass scale (m;). For generic choices of these inputs,
the clusters that form during BHD initially evolve via
“cluster evaporation” by ejecting PBHs through N-body
effects. However, this behavior results in smaller, denser
clusters, which are more favorable for PBH mergers. Even-
tually, clusters enter a “runaway merger” regime in which
the entire object collapses into a single “relic” PBH of
mass Myelic > M.

Relics that fall within the myelic ~ 10° — 10'® g mass
range can survive well past BHD and influence the later
universe. Since these PBHs evaporate during well-studied
cosmological eras, their abundance is sharply constrained
by BBN, CMB, photon, and neutrino flux measurements.
In this paper we have used these observables to place the
first ever limits on the free parameters that define BHD
(ti, ml)



Intriguingly, relics with masses satisfying myeic >
10'% g are cosmologically metastable and can account
for a fraction of the present day dark matter density. Un-
like other mechanisms that form metastable PBHs (e.g.
collapsing primordial density fluctuations), here the late-
time abundance is not exponentially fine-tuned. Indeed,
because BHD is an attractor solution for nearly any initial
PBH population after inflation, these metastable relics
also arise from our mechanism for a wide range of initial
values t; and m;.

However, if the initial PBHs have a shot noise power
spectrum, we find that relics cannot accommodate the
full dark matter abundance. We find that, by assembling
relic PBHs in the viable dark matter window (myeic ~
10'7 — 10?3 g) with the observed DM abundance, there is
an irreducible tail of evaporating relics at lower masses
(10° — 10'5 g) whose abundance is excluded by the BBN
and CMB limits. Thus, under our minimal assumptions,
this mechanism cannot account for any viable present
day PBH abundance. It remains to be seen whether a
different ansatz for the initial PBH power spectrum (e.g.
more initial clustering than shot noise predicts) could
allow for a viable dark matter formation scenario and we
leave such analyses for future work.
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Finally, we note that our results rely on several assump-
tions about PBH cluster evolution discussed in Sec. IV E.
Notably, we assume that gravitational bremsstrahlung,
cluster-cluster interactions, and relativistic effects (among
others) do not significantly affect our results. While we
have presented plausible arguments for why our results
should not be affected in most of these cases, many of these
effects are not analytically tractable and may, nonetheless,
allow for different conclusions to hold; especially when
multiple effects are combined. Thus, in order to robustly
characterize cluster evolution and relic formation during
BHD, a full N-body simulation will ultimately be nec-
essary. Running such a simulation is beyond the scope
of the present work, but we strongly encourage future
efforts to better understand this simple, yet physically
rich cosmology.
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Appendix A: Shot Noise Power Spectrum

Here we present a full derivation of the often-quoted result for the power spectrum of fluctuations due to a distribution
of point sources with no inherent clustering. We consider a randomly distributed set of black holes of mass m. Treating
them as point masses at positions x;, their number density is a sum of delta functions

npr(x) = > 05 (x - x;). (A1)

i

If the universe is dominated by black holes, then the average BH number density is nigy = p/m. We define the black
hole overdensity

Opn(x) = "BH(’;L; ~BH — n;H >0 (x—x) L. (A2)

%

The Fourier transform of the overdensity is then a sum of plane waves with the constant component subtracted:
(SBH(k) = /d3X (SBH(X)e_ik‘x
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The power spectrum of black hole fluctuations is defined

(Ben ()5 (') = (2m)*5}5 (k — ) P (k). (A4)

and we combine this with the Fourier transform of the overdensity above, carrying through the ensemble averages on
the set of {x;}:

2m)35\) (k — K') Pap (k) = < <n;H Z e~ ikxi (27r)36g’)(k)> é ; e (27)35 (k) >
1 —ik-x; ik’ -x;
= D (e )

BH 5 (A5)

- [ e ) )+ 3 () (2o ()

nBH
J

+ (2m)58%) (k)85 (k)


https://arxiv.org/abs/2307.01248
https://dx.doi.org/10.3390/universe7110398
https://arxiv.org/abs/2109.01398
https://dx.doi.org/10.1103/PhysRevLett.133.111002
https://arxiv.org/abs/2312.12499
https://dx.doi.org/10.1103/PhysRevD.100.043532
https://arxiv.org/abs/1904.12879
https://dx.doi.org/10.1103/PhysRevD.101.123533
https://dx.doi.org/10.1103/PhysRevD.101.123533
https://arxiv.org/abs/2003.10455

20

In the first term we can separate the cases where i = j and i # j

(2m)%5%) (k — K') Pon(k) = ﬁ% Z <e—ik'xievlk"xj> n Z <e—i(k—k/)~x,,>

BH \izj ;
' : K , (A6)
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+ (2m)%0) (K)ol (')

The ensemble averages of plane waves can be understood as volume integrals weighted by a plane wave, which is also a
Fourier transform, giving a delta function in k. We introduce a factor of V for the total volume in the denominator.
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We have also assumed that there are no correlations between x; and x; (4.e. no other source of clustering besides
random chance). The power spectrum expression becomes
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The sums over 4 yield a factor of the total number of black holes in the volume, N, and the sum over i # j gives N2 in
the large N limit:

1 N2 N
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Finally we can identify the ratio N/V as the average black hole number density gy, and the zero-frequency terms
cancel, leaving behind:
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