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Abstract. The discrepancy between models and data on the muon content in air showers
generated by ultra-high energy cosmic rays still needs to be solved. The CONEX simulation
framework provides a flexible tool to assess the impact of different interaction properties
and address the muon puzzle. In this work, we present the multidimensional extension of
CONEX and show its performance compared to CORSIKA by discussing muon-related air-
shower features for three experiments: KASCADE, IceTop, and the Pierre Auger Observatory.
We also implement an effective version of the core-corona model to demonstrate the impact
of the core effect, as observed at the LHC, on the muon content in air showers produced by
ultra-high energy cosmic rays. At a primary energy of Ey = 10!? eV, we obtain an increase
of 15% to 20% in the muon content.
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1 The muon puzzle

Several riddles remain open in the fields of high and ultra-high energy cosmic rays.
For energies above 10'® eV, we can only detect cosmic rays indirectly through the secondary
particles, or extensive air showers, produced when they interact with nuclei in the Earth’s
atmosphere [1]. The Heitler-Matthews model [2]| describes the particle production in air
showers in a simplified way: neutral pions, created along the shower, decay to photons that
feed the electromagnetic component (encompassing photons, electrons, and positrons) by
subsequent pair creation and Bremsstrahlung processes. Alongside neutral pions, charged
pions typically decay into muons, forming the muonic component.

This model reveals two mass- and energy-sensitive observables [3]: the atmospheric depth
at the maximum development of the cascade, Xi,ax, mainly determined by the electromagnetic
component of the shower, and the number of muons at ground level, N, driven by the shower’s
hadronic core. Then, we use simulations to interpret air shower measurements and to deduce,
for example, the mean logarithmic mass of cosmic rays (In A) from Xpax and N,. Most
of the uncertainty in (In A) stems from the discrepancies in these models. This uncertainty
ultimately challenges our understanding of the astrophysical scenarios in which cosmic rays
are produced and accelerated.

Currently, the discrepancy between the muon density measured with surface arrays and
that predicted by hadronic interaction models [4] represents one of the most significant ques-
tions in air shower physics. Refs. [4, 5| report on the so-called muon puzzle, observed in a
broad energy range from about 1016 eV up to 102° eV, and in experiments measuring showers
under different atmospheric conditions with diverse detection techniques. In addition, the
number of muons is also sensitive to hadronic multiparticle production at lower energies [6],
which further expands the energy range that we need to revise in the models.

Air-shower experiments located at different altitudes measure the shower development
at different stages, challenging the data interpretation. Following [4, 5|, we categorized the
experiments into three groups: the IceCube Neutrino Observatory with its surface array
IceTop at around 2800 m a.s.l., the Pierre Auger Observatory and the HiRes/MIA Experiment



at ca. 1500m a.s.l., all other experiments are located between 100 - 250 m a.s.l.. To compare
simulations associated with different conditions, we discuss the cases of IceTop at IceCube,
the Pierre Auger Observatory, and the KASCADE Experiment [7-9]. These cover different
altitudes, energy ranges, distances to the shower core, and experimental configurations.

The Pierre Auger Observatory is a hybrid detector comprising a 3000 km? surface array
of over 1600 water Cherenkov detectors and 24 fluorescence telescopes overlooking the layout
from the periphery [7, 10]. It is located close to Malargiie, in Argentina, at an average altitude
of ~ 1400 m. The original triangular grid of surface detectors with a 1500 m spacing is sensitive
to cosmic-ray energies above ~ 1085 eV [11]. Later, two denser arrays with 750 m and 433 m
spacings were deployed to extend the energy range of the observatory to ~ 10'6-5eV. The
underground muon detector, which is of interest in the present work, consists of scintillators
deployed next to the water Cherenkov detectors that constitute these denser arrays [7]. At
each position, three 10m? modules are buried at a depth of 2.3m to shield electromagnetic
particles [12].

IceCube, located at the geographic South Pole, is a cubic-kilometer Cherenkov detector,
fundamentally designed as a neutrino observatory [8]. Complemented by its surface array
IceTop, situated at an altitude of 2835 m, it extends its capabilities to cosmic ray physics.
IceTop consists of a 1km? array with 162 water Cherenkov detectors in 81 stations with a
125m spacing. It measures the electromagnetic component and predominantly low-energy
muons from extensive air showers generated by cosmic rays exceeding 10'* eV. High-energy
muons are detected in coincidence in the in-ice detector IceCube.

Finally, the KASCADE Experiment was located at the Forschungzentrum Karlsruhe in
Germany at an altitude of 110m a.s.l. [9, 13|. It consisted initially of an electromagnetic and
muon detector array upgraded to KASCADE-Grande by extending the array area to detect
cosmic rays with energies between 10 eV and 10'® eV. The muon detector component, which
is of interest for this work, encompassed 252 detector stations arranged on a rectangular grid
with a spacing of 13 m covering an area of 0.04 km? with plastic scintillators of 90x90x 3 cm?
with 10 cm lead and 4 cm iron shields.

To shed light on the muon puzzle, improving the air shower simulation frameworks
and enhancing their technical capabilities to integrate new theoretical models is of utmost
importance. In this work, we present advancements in these aspects: we introduce a software
extension in Sec. 2 to improve computing times, enabling the massive simulation of ultra-high
energy showers in 3D. Then, in Sec. 3, we use this extension to compare muon-related air
shower observables for different experiments. Finally, in Sec. 4, we discuss the impact on the
muon content of air showers after a theoretical model modification based on the core-corona
approach [14].

2 Air shower simulation framework: CONEX option in CORSIKA

The interpretation of cosmic-ray data has historically relied on Monte Carlo simulations
that provide a detailed description of the air shower development. As the primary cosmic ray
energy increases, the number of particles in the shower also increases, making these simula-
tions computationally expensive, even with boost techniques such as the thinning algorithms
THIN and THINMAX implemented in the CORSIKA framework [15]. Here, we group parti-
cles produced in an interaction with energy below a predefined threshold. From each group,
only a randomly selected particle’s evolution is simulated and stored. We account for energy
conservation by assigning an appropriate weight to the products of this particle (the inverse



of the energy fraction taken by this particle) and stop the thinning process when a maximum
weight is reached. The THINMAX algorithm further optimizes computation by putting prior-
ity on maximizing the weight over strict energy conservation, thus leading to a lower number
of particles but with the same predefined maximum weight. To improve this situation even
more, the air shower simulation software CONEX employs a hybrid approach [16], combining
Monte Carlo treatment of high-energy particles (similar to the CORSIKA framework) with a
numerical description of low-energy showers based on solving cascade equations [17-21|. This
hybrid method improves computational efficiency and allows for more simulation repetitions,
making CONEX more suitable for testing modifications of hadronic properties.

Describing extensive air showers requires two systems of cascade equations: one for the
hadronic component and another for the electromagnetic component. In CONEX’s hadronic
equations, we consider only the so-called projectile particles, which include protons, neutrons,
charged pions, and kaons. Projectile-air interactions produce secondary particles such as
protons, neutrons, pions, kaons, photons, muons, and electrons. Other hadrons produced
by decaying particles or through interactions are assumed to decay immediately into these
secondary particles. Photons and electrons, once created, are directly transferred to the
electromagnetic equations.

2.1 CONEX

In the CONEX framework, the cascade initiated by the primary hadron is simulated
through explicit Monte Carlo until the produced secondaries reach an upper energy thresh-
old. We fill all the sub-threshold particles into the source terms of the cascade equations,
which give the initial conditions for the numerical analysis. Then, we solve the hadronic and
electromagnetic cascade equations for each depth level. The spectra that result from the n*®
level feed the source term of the (n + 1)th level. Hadronic and electromagnetic particles are
added to their respective source terms, regardless of the shower component from which they
originate.

The hadronic cascade equations take into account all the possible processes in the fol-
lowing system of integro-differential equations:
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where h,(E, X) is the differential energy spectrum of the hadron type a, with energy E at
depth position X along a given straight line trajectory. Bi°" = —dE,/dX is the ionization
energy loss per depth unit, Ay, = maji/ Ui‘;;lair the mean free path, and 7, the lifetime in the
laboratory system (related to the proper lifetime by 7, = 7°E/m,). mai and m, are the
average mass of an air molecule and the mass of hadron type a, respectively, while Ui’;_efir is
the inelastic cross section of an interaction between this hadron type and an air molecule.
Wy—e and Dy_,, are the inclusive secondary spectra for interactions and decays, respectively.
Muons are treated as hadrons but don’t have interaction terms. The five terms in Eq. 2.1
describe the variation in the hadron number due to interactions with air nuclei, particle decays,
ionization loss, and hadron production from higher energy parents (with energies up to Eiax)

and source terms. The particle decay term results from the decay rates dh, = —h,dL/(7,c)
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Figure 1: (Left) Energy spectra of secondary particles from p-air interactions at 1019 eV
with EPOS LHC. Different colors denote different particle species. (Right) 7% spectra from
p-air interactions for different proton energies with QGSJETII.04.

and dL/dX = p,.1(X), where c is the speed of light and pai(X) is the air density at depth
X.
The source term S224(E, X), defining the initial conditions, has three components:

Shad(p x) = gMC=had(p xy 4 gem—had (@ x) 4 gem=n(p X)), (2.2)

The first term consists of all contributions of sub-threshold hadrons produced during the
Monte Carlo simulation of above-threshold particles:

Syc=had(p Xy =308 6(E — Ey) 8(X — X), (2:3)

with d;, F;, X; being the type, energy, and depth position of the source particle 7. The second
term includes the hadrons coming from the photonuclear interactions in the electromagnetic
cascade equations. The production distributions W,_,,(E’, E) are approximated at high
energy with 71/~ -air interactions and at low energy with p° and w resonances:
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where [, is the photon energy spectrum. Finally, the photoproduction of muon pairs gives
rise to the last contribution in the hadronic source term:
Emax .
SemTHE, X)) = /E dE' 1,(E', X) W7_>M(E’, E) &#*palr(E’). (2.5)
Analogously, the electromagnetic equations apply to electrons, positrons, and photons.
The equally weighted interaction processes considered are Bremsstrahlung, Bhabha, Moeller,
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pair annihilation, and pair production with no decay term. This approach allows a partial
analytical solution using eigenvalues in contrast to the pure numerical solution of the hadronic
equations [16].

CONEX implements the Monte Carlo simulations with the updated high-energy hadronic
interaction models EPOS LHC [22], QGSJETII.04 [23|, and SIBYLL 2.3D [24]. In the nu-
merical analysis, the same models are used to pre-calculate the spectra of secondary particles
Wa_q: for each model, secondary particle type, projectile particle type, and projectile energy,
CONEX provides one spectrum. The projectile energy is discretized in 20 logarithmic energy
bins per decade from 10° eV to 10'” eV, which results in ~ 10* secondary particle spectra. For
example, Fig. 1 left panel shows all the EPOS LHC energy spectra of secondary particles
resulting from an interaction between a 10'?eV proton and an air molecule. Fig. 1 right
panel shows the charged pion energy spectra from proton-air interactions for three different
proton energies with QGSJETIL.04: 10'3 eV (solid-blue line), 1016 eV (dashed-red line), and
10* eV (dotted-black line). Modifying these spectra can effectively change the properties of
the hadronic interactions used in air shower simulations.

2.2 Extension to multi-dimensional distributions

CONEX only provides the energy distributions of all particles along the shower axis,
which allows fast and realistic 1-dimensional simulations of the longitudinal distribution,
which describes the shower development as a function of atmospheric depth. To obtain 3-
dimensional (3D) distributions of particles at the ground, CONEX has been included in the
CORSIKA package [25] as depicted in Fig. 2. In this integration, the numerical analysis
returns to Monte Carlo tracking when particles fall below a second energy threshold [20].
Now, we propagate in 3D particles produced in the cascade equations that fall below this
threshold and high-energy particles simulated in the initial CONEX Monte Carlo part.

We select the second transition threshold by balancing computation time with accu-
racy: the threshold must be low enough to reduce the Monte Carlo contribution but high
enough to avoid biases. At the highest energies, the longitudinal momentum is orders of
magnitude higher than the typical < 10 GeV transverse momentum, and the emission angle
along the shower axis is small. Consequently, at a few TeV, we can neglect this angle [20],
and CONEX’s cascade equations will accurately describe the shower development. To further



reduce this threshold, we compute the mean transverse momentum of the secondary particles
using the cascade equations, thus decreasing the transitions to Monte Carlo when emission
angles become significant. Since CONEX solves the equations at consecutive depth levels,
this procedure results in a (1+1)D way of describing the air shower development.

In the cascade equations, we compute the secondary particles’ mean transverse momen-
tum, assuming a realistic angular distribution instead of a bare longitudinal propagation. To
track the properties of each hadronic interaction model, the (p?) are tabulated in Ty ., spec-
tra (T" for interaction terms and T for decay terms) for each projectile energy, projectile
particle and hadronic interaction model, as a function of the secondary particle type and
energy. Thus, we can write another set of cascade equations for hadrons and muons that
describe the accumulation of transverse momentum:

8pt2 (E,X) /Emax y ,
—a 7 = g dE" hg(E', X
X — Jp d( ) )

Wd—»a(E,aE) / / /
(Ad(E’) [TV, (E',E) + Ca ((p34(E', X)), E)]

Td(E/) pair(X)
+ S X). (2.6)

(TP, (B E) + Co (04(E, X)), E’)])

Using that (p?(E, X)) = p2(E, X)/h(E, X), we add the (p?) of a previous generation via a
correction function C, for a particle a. We use this function to fine-tune (p?) in the cascade
equations based on Monte Carlo simulations. Of all hadrons, only the last generation has
made a significant contribution. Thus, we can neglect the transverse momentum of generations
beyond the last one (C, = 0 in those cases). For muons whose main contributions come from
the decay of pions and kaons, we account for (p?) via

2\2
C,.((p?), B) = max (0.4 (p?) + E<E<pjr>2mi),0> , (2.7)

where (E + 2m?)E = P? is the total momentum since E is the kinetic energy. Particles
are sampled following a (Moyal + Normal) distribution using (sin?(6)) and (sin?(f))? as
parameters:
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with u(a,b) = logyga — 0.502(a,b) and o2(a,b) = 0.5log;o(1 + b/a?), where a = (sin*(f)),
b = (sin?(0))2, and (sin?(0)) is given by (p?)/P2. In Fig. 3, we show the angular distributions
from this procedure and Monte Carlo simulations, which are consistent.

In this approach, we set a 1TeV low-energy threshold for transferring hadrons from
CONEX to CORSIKA’s tracking system, ensuring an accurate description of the particle
number as a function of distance from the shower core, commonly referred to as the lateral
distribution function. To track muons in the Earth’s magnetic field, we transfer them from

N

flz,p,0) =

(2.8)
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Figure 3: Normalized muon angular distributions for a proton-initiated shower with energy
Ey = 10"® eV using QGSJET-01, where 6 is the angle between the muon direction and the
shower axis. Red lines represent the distribution from the cascade equations, and blue stars
are muons sampled from the corresponding cascade equations in CONEX. Open circles are
the result of pure Monte Carlo simulations. (Top) Linear scale. (Bottom) Logarithmic scale.
(Left) Muons with energy around 5 GeV. (Right) Muons with energy around 180 GeV.

the CONEX Monte Carlo directly to CORSIKA Monte Carlo and systematically sample them
back from the cascade equations to the CORSIKA Monte Carlo at each step (every 10 g/cm?).

We sample the electromagnetic particles from the solutions of the cascade equations to
be processed by the CORSIKA Monte Carlo following the same process. However, since the
Coulomb interaction determines the scattering angle, we decompose this potential into higher-
order moments and analytically compute the cascade equations at each slant depth step.
The second moment allows the computation of (cos?(#)), from which we extract (sin?(#)) =
1 — {cos?(f)), leading to an increase of the short computational time for the cascade equation
resolution by solely a factor of two [26, 27]. We set the transition threshold for electromagnetic
particles to a kinetic energy of 10 GeV. While muons and hadrons can propagate large

Parameter KASCADE IceTop Auger
Primary energy [log;o(E/eV)] 16 17 19
Zenith angle [°] 0-27-41-53-67 0-27-41-53-67 0-27-41-53-67
Altitude [m)] 150 2800 1450
Optimal distance from core d [m)] 100-200 400-500 1000-1100
Muon energy threshold Ei, [MeV] 230 200 300
Number of showers 240 240 90

Table 1: Air-shower and simulation parameters used in the simulation library.
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Figure 4: Lateral distribution functions (top) for proton-initiated showers using CORSIKA
and CONEX 3D (EPOS LHC), together the ratio between models (bottom). (Left) photons
for KASCADE, (middle) electrons for IceTop, (right) muons for Auger.

distances, electromagnetic particles are strongly attenuated. To avoid sampling particles
absorbed before reaching the ground, we define the minimum vertical depth (or height above
the observation level) below which we track electromagnetic particles. Particles remain in
the cascade equations above this cut, by default 400 g/cm?, but can still produce low-energy
hadrons or muons.

To validate the new framework, we compare CORSIKA and CONEX 3D simulations
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Figure 5: Mean energy spectra (top) obtained with CORSIKA and CONEX 3D
(EPOS LHC), and their corresponding ratios (bottom). (Left) photons for KASCADE,
(middle) electrons for IceTop, (right) muons for Auger.
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Figure 6: Energy spectra for proton primary showers at each experiment’s optimal distance
(top) with CORSIKA and CONEX 3D (EPOS LHC), and their corresponding ratios (bot-
tom). (Left) photons for KASCADE, (middle) electrons for IceTop, (right) muons for Auger.

for three configurations representative of the main current experiments. We summarize in
table 1 the respective cosmic ray primary energy and zenith angles considered, together with
the altitude above sea level, the muon energy threshold, and the optimal distance to the
shower core appropriate for each experiment. We selected the muon energy threshold in
KASCADE based on the minimum energy required to penetrate the detector shield [9]. For
Auger and IceTop, we determined the muon energy threshold by considering their energy
distribution and experiment altitude, ensuring it is sufficiently low to capture most particles
(see Figure 12). Similarly, for electromagnetic particles, we used a threshold of Ei, = 3MeV.
We measure a particle’s distance to the shower core in the detector plane.

Figs. 4,5, and 6 display the mean lateral distribution functions, the energy spectra over
all distances from the shower core, and the energy spectra at the optimal distance from the
core, respectively. In each, the left panel corresponds to the photon distribution (v) at the
ground for the KASCADE experiment, the middle panel to electrons in IceTop, and the right
panel to muons at the Pierre Auger Observatory. Dashed lines labeled “CORSIKA” refer to
simulations of single-proton initiated showers with only Monte Carlo, and solid lines labeled
“CONEX” refer to simulations with cascade equations at intermediate energy. Since we use
the same seeds for the high-energy Monte Carlo, the showers have the same global evolution
(same Xpax) and can be directly compared at ground level.

In Fig. 4, the mean ratio of the muon lateral distribution functions is close to one, with
minor discrepancies (< 5%) at less than 10m of the shower core, a distance not relevant
for most of the high-energy shower experiments, or in IceTop, that measures showers close
to their maximum. We note a slight underestimation of electromagnetic particles near the
shower maximum (IceTop), which is limited to a percent level. CONEX accurately reproduces
the muon energy spectrum across the entire energy range, as demonstrated in Fig. 5. At larger
distances from the shower core (400 m and 1000 m), as shown in Fig. 6, the energy spectra
exhibit more significant discrepancies, particularly an excess of high-energy muons in the
CONEX simulations. Nevertheless, the peak is well-reproduced, and the high-energy tail has



KASCADE IceTop Auger

[min] [MB]| [min| [MB] [min] [MB]
CORSIKA +THIN 35 35 40 304 237 732
CORSIKA+THINMAX 21 20 25 160 210 620
CONEX 3D 14 24 24 178 22 95

Table 2: Computing times (in minutes) and file sizes (in megabytes) for one proton air shower
simulation with CORSIKA, with the THIN, THINMAX or CONEX 3D option, considering
the detector configurations of the KASCADE Experiment (Ey = 106 eV, zenith angle 15°),
the IceTop Experiment (Eg = 10'7 eV, zenith angle 20°) and the Pierre Auger Observatory
(Eo = 10% eV, zenith angle 40°). Optimal thinning (see text) and the hadronic interaction
model SIBYLL 2.3D are used here.

minimal impact on experimental results. Photons, electrons, and muons behave equally for
the three tested phase spaces.

In Table 2, we summarize the computing times and file sizes for CORSIKA-+THIN |[2§],
CORSIKA+THINMAX |[28], and CONEX 3D simulations, using the SIBYLL 2.3D hadronic
interaction model. We use an optimal thinning in the CORSIKA simulations: a thinning
threshold given by the fraction E,, = 1076 for electromagnetic particles, a maximum weight
defined as Wiax = Ep X Ei,y with 100 times lower values for hadrons and muons. The
THINMAX option has also been tested but applies only to electromagnetic particles. With
this option, the thinning process is allowed to violate the energy conservation (small on
average) to allow all electromagnetic particles to reach exactly Wiyax, thus improving the
computation time and disk occupancy by about 30% and 50%, respectively. In the Auger
case, this improvement is less significant because the simulation spends more time calculating
the hadronic shower, while only the electromagnetic shower is affected by THINMAX.

The CONEX 3D option uses the same value Wi.x to sample the particles from the
cascade equations. This results in a very peaked weight distribution at the maximum weight,
both for electromagnetic particles and muons. Consequently, there are fewer particles tracked
in the Monte Carlo. Thus, the simulation time and disk space can be reduced from a factor
of 2 at low energy to a factor of 10 at high energy while preserving the accuracy of the
results. At large distances from the core, where there are fewer particles, this can introduce
large statistical fluctuations. We can reach the statistics needed while keeping reasonable
simulation times by reducing Wy.x for muons and hadrons. As an example, in the Auger
case, if we reduce the value of Wy,x (in CONEX) for electromagnetic particles and hadrons
by a factor of 10, the computation time is still lower than for CORSIKA by about 30%, while
the statistics at the ground is much larger (less artificial fluctuations). In contrast, there is
no considerable difference between CONEX 3D and THINMAX in IceTop since Wiax = 1
for hadrons and muons. Then, the propagation stops at the maximum of the shower, and
using the cascade equations does not reduce the computing time. The CONEX 3D option is
convenient for high-energy or inclined showers.

2.3 Simulation library

The simulation library in this work consists of three groups representing the main air
shower experiments at each altitude (see Sec. 1). For each group, we run simulations using

~10 -



parameters specific to the corresponding setting. In contrast, the CONEX parameters aim at
avoiding 3D Monte Carlo simulations at high energies and produce “mean” showers without
fluctuations from the first interaction. To increase statistics in phase space regions with a low
number of particles (high energies and large distances from the shower core), we run several
simulations with the same parameters, which result in the same mean shower characteristics
but with fluctuations due to the randomness in the sampling step (see explanation to Fig. 2).
In this study, we present averages from the whole set of simulations.

The Auger set comprises 90 mean proton air showers, while IceTop’s and KASCADE’s
have 240. For each set, we simulate five different zenith angles with the same weight: sin 6:
0°, 27°, 41°, 53° and 67°. We use the shower plane to count particles (projection from the
observation plane to the plane perpendicular to the core propagation) and analyze the distance
ranges of d = 1000 — 1100 m for Auger, d = 400 — 500 m for IceTop and d = 100 — 200 m
for KASCADE. We perform the simulations using CORSIKA’s version v77410, which has
CONEX v7.5 implemented. In addition, we use the last hadronic interaction models in
each set: EPOS LHC, QGSJETII.04, and SIBYLL 2.3D. In Table 1, we summarize the
simulation parameters for each air shower experiment and the number of simulations for each
set, along with the muon energy thresholds and the d values.

3 Muon-related observables with CONEX

To better understand the behavior of muons in extensive air showers, we analyze the
number of particles in the shower as a function of the traversed overburden, referred to as
the longitudinal profile. In Fig. 7, we present longitudinal profiles of all particles (left panel)
and muons only (right panel), normalized to a maximum value of 1, for proton showers with
different incidence angles and primary energy Ey = 10'® eV, using EPOS LHC for the high-
energy interactions. Electromagnetic particles dominate the all-particle distributions but
have a very strong attenuation after the shower maximum. Thus, after around 1500 g/cm?
(corresponding to the sea-level for a zenith angle of 55°), this component becomes negligible
(it then only stems from the decay of muons into electrons and positrons). In contrast, muon
profiles have a slow attenuation allowing their detection at ground even for very inclined
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Figure 7: Normalized longitudinal profiles of all particles (left) and muons only (right) for
proton showers with a primary energy of Ey = 10'®eV and different zenith angles. We used
EPOS LHC as hadronic interaction model.
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Figure 8: Muon longitudinal distribution at sea level for proton-initiated showers with an
incidence angle of 67°) using EPOS LHC. (Left) KASCADE, (middle) IceTop, and (right)
Auger energies. The vertical lines show the position of the ground for each site for different
zenith angles.

showers. Another effect is observed in the muon profiles: a fast but smooth drop before
reaching the ground. This effect is more pronounced for large zenith angles due to geometry.
Particles far from the core tend to reach the ground before those near the core since we
analyze particles at the shower plane and thus are accounted for in the final profile at smaller
depths than those near the core. For the same reason, the earlier this effect sets in, the more
inclined the shower is.

We show in Fig. 8 the number of muons as a function of the shower depth for proton
showers at 67°) down to sea level, indicating with vertical lines the depths at which the
showers hit the ground for different primary incidence angles and experimental sites (different
heights). The left panel represents results for the KASCADE scenario, the middle for IceTop,
and the right for Auger. Each experiment measures different stages of shower development.
KASCADE detects showers for all zenith angles after V;***, while at Auger, vertical showers
reach the maximum number of muons close to the ground. IceTop can detect showers before
and after the value of N;** is attained, depending on the inclination of the shower.

In Fig. 9, we present the muon lateral distribution (top), which is the muon density
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Figure 9: Muon lateral distribution for proton-initiated showers with different incidence
angles using EPOS LHC. (Left) KASCADE, (middle) IceTop, (right) Auger.

- 12 —



Auger log(E/eV) =19 IceTop log(E/eV) =17

o 3 _ o 3_

E 1O§ — All muons E 10%

@ L PR

S10F S10:

3 = > E

IS £ 1S £

5 10L& 5 10L

2 £ 2> E

2 2

) 1= ) 1:—

[a) E a E

o 4 g 1F

g 1: T 1;\ ——————————————————
0.8 T 0.8
0.6 o 06F
0.4F T 0.4F e
0.2F 0.2F
00 200 400 600 800 1000 1200 00200 400 600 800 1000 1200

Distance to core / m Distance to core /' m

Figure 10: Muon lateral distribution functions for proton-initiated showers with EPOS LHC
at the Pierre Auger Observatory (left) and the IceTop array (right). We show simulations
of vertical showers (6 = 0°) for different muon energy thresholds with the ratio between the
lateral distribution for muons with energy above the threshold and all muons.

as a function of the distance to the shower core, for different experiments and zenith angles
and the ratio between muon densities for an inclined incidence angle and vertical showers
(bottom). As the zenith angle increases, the muon density tends to decrease due to the
attenuation caused by the increased amount of matter traversed. Concurrently, the distance
from the points of production of the particles along the axis to the ground increases with
the incidence angle, leading to a flatter shower front. Consequently, the muon density ratio
between inclined and vertical showers rises with the distance from the shower core. In the
KASCADE scenario, the muon density of showers with 8 = 27° is higher than for vertical
showers beyond 900 m. For IceTop, the muon density for vertical showers is most significant,
only close to the shower core. This effect is produced by the higher altitude of the array (see
Fig. 8). In this case, we observe an earlier stage of the shower development, and low-energy
muons with larger scattering angles are not yet attenuated, contributing to higher ratios
compared to KASCADE.

To further understand the difference between the muon lateral distribution functions, we
present in the left panel of Fig. 10 the muon density as a function of the distance to the shower
core of proton-initiated vertical showers with different muon energy thresholds for the Auger
(left) and IceTop (right) scenarios, along with the ratio between the lateral distributions for
muons with energy above the threshold and all muons. We can infer that the dependence of
muon energy on the distance from the shower core from the ratio decreases with the energy
threshold and distance to the core. The similarity between Auger and IceTop denotes that
this effect dominates the lateral distribution shaping in Fig. 9 over other differences in the
experiments.

In Fig. 11, we present the muon energy spectra at a characteristic distance from the
shower core (see Sec. 2.3) for each experiment. The position of the peak shifts to higher
energies as the angle of incidence increases, mainly because the atmosphere attenuates lower-
energy muons. In addition, since inclined showers develop in a less dense atmosphere, the
distance between interaction points is larger than the decay length at advanced shower stages.
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Figure 11: Muon energy spectra for proton-initiated showers with different incidence angles

using EPOS LHC. (Left) KASCADE, (middle) IceTop, (right) Auger.

Then, the critical energy at which kaons and pions decay into muons increases. Consequently,
the energies of the muons “shift” to higher values as the incidence angle increases.

Furthermore, since KASCADE measures showers after N %, the number of particles (or
height of the distribution peak) decreases with the zenith angle, again as a result of attenua-
tion. However, this behavior is not present in Auger and IceTop. To better understand these
differences, we present in Fig. 12 the energy spectra for the same set of simulations (10'? eV
proton showers simulated with EPOS LHC at Auger) at the radial distances of 100-200 m
(left), 400-500 m (center) and 1000-1100m (right). Since spectra for different experiments at
the same radial distance are similar, the leading effect on the shaping of the muon energy
spectra comes from the measurement at different distances from the shower core. As said,
the lateral spread of the muons is increasing with the incidence angle, causing the position
of the peak of the number of muons to be deeper with the increase of the radial distance.
As a consequence, depending on the incidence angle, IceTop and Auger may measure shower
stages before or after N;**, thus giving a not monotonic behavior of the muon number with
the zenith angle.

Finally, Fig. 13 shows the simulated muon energy spectra for proton showers at the
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Figure 12: Muon energy spectra at different distances from the shower core and for different
zenith angles, as predicted from EPOS LHC simulations of 10'? eV proton showers at the
Pierre Auger Observatory.
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Figure 13: Muon energy spectra for different proton shower energies (top) and the cor-
responding ratio to the lowest energy (bottom), using EPOS LHC simulations. We show
showers at the Pierre Auger Observatory and with an incidence angle of 41°.

Pierre Auger Observatory with an incidence angle of 41° and different primary energies. The
ratios between the energy spectra at a given energy and 10'6 eV are almost linear to the muon
energy with a small negative slope. At high energies, muons are mainly decay products of
mesons created in hadronic interactions. We can model this number of muons as (Fy/¢7)? [2],
where Ej is the primary energy, &7 is the pion critical energy and 3 is a parameter with a
value close to 0.9 [1]. This model accurately describes the factor of about 107 at high muon
energies between consecutive spectra. At lower muon energies, the photonuclear effect plays
a dominant role [29]. Here, a photon interacts with a nucleus in the atmosphere and creates
a pT-p~ pair or some hadron or meson that subsequently decays into a muon. Since the
number of photons is directly proportional to the primary energy, these type of muons are
then linearly dependent on the primary energy, too (ratio is 10 for a 10 fold increase of the
energy). For this reason, the gap between spectra decreases as the muon energy increases.

Since the number of muons in air showers constitutes a parameter that is sensitive to the
primary cosmic-ray composition, simulations are crucial to determine the relation between
muon density and cosmic-ray composition and then interpret the muon content in data. At
each experiment, the ratio between the number of muons for iron- and proton-induced air
showers depends on the incidence angle, distance to the shower core, and muon energy.

In the left panel of Fig. 14, we show the longitudinal profiles of 107 eV proton (solid
lines) and iron (dashed lines) showers as simulated for KASCADE and considering different
incidence angles, along with the corresponding iron-to-proton ratios. For a fixed experiment
altitude, different stages of the shower development are measured (represented by vertical
dotted lines in the figure), depending on the incidence angle, which leads to different ratios
between proton and iron.

In the right panel of Fig. 14, we present the ratio of EPOS LHC muon lateral distri-
bution functions for iron and proton showers, averaged over all zenith angles (with weights
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Figure 14: (Left) Longitudinal profiles of proton- and iron-initiated showers (top) and the
corresponding iron-to-proton ratios (bottom) for showers of 1017 eV primary energy at various
incidence angles as predicted for KASCADE. (Right) Ratios of muon lateral distribution
functions for iron and proton showers from different experiments, averaged over all zenith
angles and weighted by the respective solid angles. Both figures are based on simulations

using EPOS LHC.

that correspond to the solid angle), for the three experiments. The increase in the ratio with
distance from the shower core is due to a geometric effect: iron showers develop higher in the
atmosphere and produce more muons farther from the core compared to proton showers at a
given altitude. As the distance from the core increases, the muons that are detected originate
from higher altitudes.

Finally, we assess the impact of both geometry effects in Fig. 15, where we display the
ratio of the number of muons as a function of the incidence angle for each experiment and
at different distances to the shower core. Generally, the ratio increases when measuring at
higher altitudes, further from the shower core, and at smaller incidence angles. The ratio
decrease for large zenith angles at Auger and IceCube results from measuring stages close
to the shower maximum and muons of lower energy far from the shower core (see Fig. 12).
The ratio increase for large zenith angles at KASCADE results from measuring higher muon
energies (see Fig. 11, left). In addition, since iron showers develop in a less dense atmosphere,
pions decay at higher energies, producing more high-energy muons than proton showers.
Consequently, the ratio increases weakly with muon energy: in Auger, for example, the ratio
is 1.15 for muons with 0.1 GeV and 1.7 for muons of 10 GeV.

4 Simplified core-corona model

CONEX, either in its stand-alone version or as an option in CORSIKA, implements the
latest high-energy hadronic interaction models: EPOS LHC, QGSJETIIL.04, and SIBYLL 2.3D.
The production of hadrons in these event generators is based on string fragmentation models
and fails to reproduce muon-related observations (see Sec.1). Recent measurements at the
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Figure 15: Ratio of the number of muons between iron and proton showers with a primary

energy of 10'7eV (simulated using EPOS LHC), as a function of the incidence angle, at
different experiments and distances from the shower core.

1.1

LHC hint towards the existence of other production mechanisms, such as collective statistical
hadronization. This mechanism leads to an increase in the muon production in hadronic
cosmic ray interactions [14, 30-32|. The core-corona model of heavy ions [33] combines both
production mechanisms: the large-density region of interaction (core) hadronizes statistically,
while the low-density region (corona) is modeled through string fragmentation.

The muon deficit in air shower simulations relates to the hadronic interaction model’s
representation of the energy distribution between electromagnetic particles and hadrons, ex-
pressed as R = Een/Fhag. The neutral to charged pion production ratio 7°/7% strongly
impacts R, as muons mainly stem from charged pion decay, while neutral pions primarily
feed the electromagnetic component. Hadronic interaction simulations implement different
hadronization mechanisms to describe the particle population and final state energy, gener-
ating different R values.

Current hadronic interaction models use the string fragmentation model to describe
hadronization processes, which accurately models electron-positron and low-energy proton-
proton collisions. However, in heavy ion collisions, where energy densities are much higher, a
fluid-like behavior with statistical hadronization is expected. This scenario favors the produc-
tion of heavier particles, reducing the fraction of 7% compared to other particle types, thereby
lowering the R value.

This fluid-like behavior, referred to as collective effects, was observed in both heavy-ion
collisions and in proton-proton collisions [34-40]. For heavy ions, the formation of a quark-
gluon-plasma, described by the laws of hydrodynamics and followed by statistical decay, is
modeled as a phase of parton matter where confinement is not required [41-43]. For protons,
the energy densities in central collisions may be large enough to create a quark-gluon-plasma,
as well [44, 45]. Furthermore, microscopic effects in string fragmentation [46] and quantum
chromodynamics interference [47] can also produce collective effects.

A decrease in the value of R in hadronic interactions in proton-proton collisions could
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solve the muon puzzle [14]. However, collider data and hadronic interaction models constrain
R: string fragmentation leads to R = 0.4, while statistical models suggest R ~ 0.34 [48|. In
the core-corona approach [33], the dense interaction region behaves as a quark-gluon plasma
and decays according to statistical hadronization (core). The remaining matter volume pro-
duces particles via string fragmentation (corona). As we will show in the present section, this
behavior leads to a lower value of R.

4.1 Implementation in the CONEX framework

We implement a simplified version of the core-corona model [14] by changing the energy

spectra of produced particles (see Sec. 2.1): the yield of the particle species i,

Nz — wcore Nicore _|_ (1 _ wCore) NEOI'OH&’
has a contribution N{°™ from the statistical hadronization happening in the core and a con-
tribution N°"°"* from the hadronization through string fragmentation in the corona region.
We define weore as energy dependent (see equation 4.1 below).

In this approach, we only modify the hadronization, disregarding particle correlations
from collective effects in the core, which we expect to be negligible. Collective effects can
only influence the transversal momentum of particles, which is very low at high energies.
We treat nuclei following the simplified superposition model. This simplification neglects
nuclear effects, which would lead to a stronger core effect. Consequently, this simplification
only implies a more conservative version of the core-corona approach. Furthermore, since
core hadronization is experimentally demonstrated at mid-rapidity but not excluded for large
rapidities, we uniformly apply the core-corona effect at all pseudorapidities, except for the
leading particle, whose properties should not be modified. With the same argument, we apply
the core-corona effect to all types of hadronic projectiles (nucleons, pions, and kaons). Finally,
the core weight weore needs to increase monotonically with multiplicity to reflect collider
data [48], starting from zero for low-multiplicity proton-proton scattering and reaching unity
for central Pb-Pb collisions. Since in CONEX, the multiplicity of each hadronic interaction
is not known event-by-event, but the mean multiplicity increases with the energy of the
interaction [14], we can assume that the mean core fraction also increases monotonically with
the energy:

In(E/FEsce
Wcore(EQ Eacey Escales fw) = fw 1 ( / ) ®(E - Eacc)~ (4~1)

n(Escale/Eacc)

The Heaviside step function, ©, ensures no core effects at energies below E,.., where models
are well constrained by accelerator data. We use a low threshold value of E,.. = 100 GeV,
since experimental data beyond fixed target measurements does not well constrain particle
production in the relevant phase space. The parameter Fg., is a reference energy scale,
where the modification scale f,, is equal to the core fraction weere-

Since the energy spectra of secondary particles define the features of particle interac-
tions, any modification to the energy spectra used in CONEX’s cascade equations directly
impacts the air shower simulation. We implement the core-corona approach by modifying
these spectra, without changing the total amount of particles produced in the interactions.
Each hadronic interaction model in CONEX has its own corona-type particle ratios for each
energy bin, projectile, and secondary type. Referring to [49], we compute the respective core-
type particle ratios using measurements of central Pb-Pb collisions, where we expect to have
a 100% core effect. This way, we obtain the ratios 7°/7%, p/7*, K* /7% p/n and K°/n*

~ 18 —



that represent the core contribution. We directly obtain the charged pion, charged kaon, and
proton yields using [49], and we add the decay products from the short-lived ¢, A, E and Q
particles [49] following the corresponding branching ratios. Finally, we deduce the neutral
pion and neutron yields and compute the ratios using isospin invariance, given that the core-
and corona-type ratios are independent of the interaction energy.

For each hadronic model, primary type and interaction energy, the total number of
secondary particles at mid-rapidity is Nyot = Njo + N+ + N+ + Ngo + Ny + IV, which
needs to remain unchanged in the core-corona implementation. We can rewrite Nyt = AN, =+,
where A =1+ Rﬂ.O/ﬂ.:t + RKﬂ:/Wj: +RKO/7I.:I: + Rp/ﬂi —I—Rn/pRp/W:t, and Ra/g = Na/Nﬁ is the
ratio for particle species o and 3. Suppose core-type hadronization produces all particles. In
that case, the scale factors for the secondary particle spectra are f, = N, /Ng, where N, is
the corona-type yield of the secondary particle type o and N, is the corresponding yield from
the core [49]. In an intermediate scenario, where weore 18 between 0 and 1, the corresponding
scale factor is fow = 1+ (fa — 1) weore- This way, we recover fn . = 1 if weore = 0 and
faw = fa if weore = 1. To ensure that we preserve Nio, with the new particle ratios, we
compute the new core-corona yields (denoted by the superscript ) in the following order:

& = Niot /A
%6 = R% e N2
K+ = Rge e Nit

f(co — R%O/ﬂo N;;g

cc __ pcc cc
Np - Jrt LVt

cc __ pce cc
N = R o NS

For computing N°§, we need Nioy and A% =1+ R;%/Wi + R%i/ﬂi + R;‘;o/ﬂi + R;‘;ﬂi +
flc/p ;‘;Wi. We use the yields of the modified spectra to compute the new ratios.

Current hadronic interaction models implement different types of hadronization for the
central part of the collision and the remnants [50]. String fragmentation describes the central
part where most particles are produced at mid-rapidity, corresponding to a broad peak in
the center of the energy spectra. The core-corona model applies to this region of interaction.
Fig. 16 shows the neutral pion (left) and proton (right) energy spectra for three different
proton-initiated shower energies with the default QGSJETII.04 hadronic interaction model
(dashed black) and with an implementation of the core-corona model in QGSJETII.04 (solid
red). The core-corona implementation leads to a decrease in the neutral pion spectra and an
increase in the proton spectra.

The remnant hadronization mainly contributes when the secondary and projectile are
the same particle type, giving rise to the leading particle effect (see Fig. 16, right). The
corresponding spectrum has a diffractive peak at the projectile energy. Since the core-corona
model does not affect the remnants, the diffractive peak must remain unaltered in the core-
corona implementation. We modify the spectra with leading particle contribution conserving
the total energy while leaving the diffractive peak untouched.

CONEX uses photon spectra derived from neutral pions in its electromagnetic cascade
equations. Since the core-corona model modifies these neutral pion spectra, we must compute
the new photon spectra. Considering that the decay 7% — 77 is isotropic in the rest frame,
the distribution of produced photons is flat as a function of cos 6*:

dN 1

dcosf* 2’
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Figure 16: Default (dashed black) and modified (solid red) spectra of secondary particles for
proton-air collisions at three different projectile energies using QGSJETII.04. Left: 7°, right:
protons. The diffractive peak close to the projectile energy for proton secondaries reflects the
leading particle effect.

where 6* is the angle between the 7° momentum in the laboratory frame and the photon
momentum in the rest frame. We obtain the energy distribution of photons coming from a
70 with momentum p, from the transformation between rest and laboratory frames:

dN 1 d cos 6* 2

dE, 2 dE,  ps

We then calculate the number of photons with energy E., by integrating 2/p, over all energies
above E,. Finally, we apply a scale factor to the photons to ensure energy conservation after
computing the new photon spectra based on the modified neutral pion spectra. We show the
photon spectra obtained through this procedure, together with the original spectra, in Fig. 17.
The differences between both at the highest energies produce a small change of 42 g/cm? in
Xmax, which can be corrected for each interaction model, if needed.

4.2 Air shower simulations

To assess the impact of the core-corona model on the muon-related observables, we focus
on proton-initiated showers with Eyae = 1019 GeV and f,, = 1. This leads to an weore value
that increases logarithmically from 0 at E = 102 GeV to a value of 1 at E = 10'° GeV (see
Eq. 4.1). It is worth noting that the weore evolution with energy represents a rather strong
contribution due to the core. However, it allows the production of muons in showers with a
number compatible with observations [14].
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Figure 17: Energy spectra of photons arising from proton-air interactions with different
energies using QGSJETIL.04, with and without core-corona effect. Left: linear scale, right:
logarithmic scale.

Figure 18 (left panel) shows the mean ratio of the muon number for a hadronic interac-
tion model between the core-corona and default versions. We present results for EPOS LHC
(black squares), QGSJETIL.04 (red circles), and SIBYLL 2.3D (blue crosses) in the KAS-
CADE, IceTop, and Auger scenarios. The core-corona model increases the muon number
almost independently of the shower development stage (longitudinal profile), distance to the
shower core, or energy of the muon at the ground. The ratio is highest at Auger (15% to 20%)
and lowest at KASCADE (about 10%), which results from the primary cosmic ray energies
considered in each case: the increase in the number of muons in the core-corona model scales
with the primary particle energy. Finally, since QGSJETII.04 produces the lowest number
of muons without modification, the impact of the core contribution is most significant. The
evolution of the ratio with the incidence angle is rather flat in all experiments and hadronic
interaction models. We display an example of the IceTop scenario in the right panel of Fig. 18.

This implementation of the core-corona model introduces only a global shift in the
number of muons, since we only modify the particle ratios but not the spectral shape. The
final number of muons depends on all the generations of the hadronic shower. In this approach,
the modifications of hadronic interactions are significant only at high energy when no 3D
development occurs. When the energy is low enough to allow for lateral spread, the hadronic
interactions are not modified anymore. As a consequence, there is less energy going into the
electromagnetic shower at high energy, allowing more muon production at low energy, but
without a specific signature in the lateral distribution.

The effects of implementing the core-corona model at the Monte Carlo level would be
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Figure 18: Mean ratio of the total numbers of muons in proton-initiated showers between

the default hadronic interaction model and the corresponding core-corona implementation.
Left: Vertical showers at different experiments, right: differently inclined showers at IceTop.

more intricate, as it can modify the transverse momentum of secondary particles. However,
we anticipate minimal differences due to the forward boost, which mitigates the influence
of these modifications. The primary particle type may have a larger impact, as heavier
projectiles tend to produce a stronger core effect. Nevertheless, this would affect only the
first interaction, limiting its overall impact. The core formation leads to a maximum increase
of 15% to 20% in the number of muons under optimistic conditions. While this is a notable
effect, it is insufficient to fully account for the Auger data unless Xy ax is also modified [51].

5 Conclusions

This paper presents advances in understanding the discrepancies between experimental
data and theoretical models regarding the muon content in air showers.

We first addressed air shower simulations, an essential tool to interpret experimental
data, by demonstrating that the CONEX framework significantly reduces computational costs
compared to CORSIKA. Additionally, we introduced the CONEX 3D extension, which enables
the study of lateral shower development—particularly the muon component—and showed that
it reproduces full Monte Carlo simulations. This progress paves the way for performing more
detailed simulations in low computing times.

Then, we applied the extended CONEX framework to study the interplay between vari-
ous muon-related observables and the characteristics of three cosmic ray experiments sensitive
to different shower characteristics: the Pierre Auger Observatory, the KASCADE Experi-
ment, and the IceTop Array at IceCube. We examined how differences in muon observ-
ables—resulting from the geometry and sensitivities of each experiment—contribute to the
model-data discrepancies. For this purpose, we analyzed the longitudinal and lateral distri-
butions of muons, as well as the muon energy spectra. We also compared the cases of proton
and iron-initiated showers.
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Finally, leveraging the CONEX 3D fast and flexible structure, we presented the imple-
mentation of an effective core-corona model. This theory proposes that collective effects in
proton-proton collisions significantly impact the hadronic shower content, partially explaining
the muon deficit in air showers. We showed that underestimating the contribution of statisti-
cal hadronization in hadron-nuclei collisions may indeed lead to a muon deficit in simulations.
In our implementation of the core-corona model, the core effect in hadronic interactions can
be changed in an energy-dependent way. We showed that the muon ratio between the default
hadronic interaction models and the corresponding core-corona implementation increases with
the primary cosmic ray energy, similar to the discrepancy observed between air shower exper-
iments and models. At a primary energy of Ey = 10" eV, we obtained an increase of 15% to
20% in the muon content, considering a high contribution due to the core. Consequently, to
explain the muon deficit observed with the current hadronic interaction models, various mod-
els could be considered. But since the effect of collective hadronization was observed at the
LHC, including the core-corona model in hadronic interactions is necessary before considering
more exotic scenarios.
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