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We develop a dynamical, Lorentz invariant theory of composite scalars in configuration space
consisting of chiral fermions, interacting by the perturbative exchange of a massive “gluon” of
coupling g0 and mass M2

0 (the coloron model). The formalism is inspired by, but goes beyond,
old ideas of Yukawa and the Nambu-Jona-Lasinio (NJL) model. It yields a non-pointlike internal
wave-function of the bound state, ϕ(r), which satisfies a Schrödinger-Klein-Gordon (SKG) equation
with eigenvalue µ2. For super-critical coupling, g0 > g0c, we have µ2 < 0 leading to spontaneous
symmetry breaking. The binding of chiral fermions is semiclassical, not loop-level as in NJL . The
mass scale is determined by the interaction as in NJL. We mainly focus on the short-distance, large
M2

0 limit, yielding an NJL pointlike interaction, but the bound state internal wave-function, ϕ(r⃗),
remains spatially extended and dilutes ϕ(0). This leads to power-law suppression of the induced
Yukawa and quartic couplings and requires radically less fine-tuning of a hierarchy than does the
NJL model. We include a discussion of loop corrections of the theory. A realistic top condensation
model appears possible.

I. INTRODUCTION

There are many lines of investigation of composite
models of bound states of chiral fermions that can be
treated more-or-less analytically, including [1–5] to name
a few. However, the Nambu–Jona-Lasinio model (NJL)
[5] stands out as a concise and useful Lorentz invariant
description of dynamical bound states of relativistic chi-
ral fermions in quantum field theory.

The NJL model is fairly easy to implement, tying an
underlying chirally invariant fermionic action to compos-
ite scalars and dynamical symmetry breaking. It oper-
ates at the quantum loop level, O(ℏ), and is most readily
solved by using the renormalization group (RG) [6–9],
and shares features with BCS superconductivity in the
large Nc (fermion color) limit [10]. A large literature
exists of successful applications to the chiral dynamics
of QCD, [11–13], and it provided the first models of a
composite Brout-Englert-Higgs (BEH) boson and related
phenomena [8, 14–17].

There are, however, fundamental physical limitations
of the NJL model: (1) the NJL model is an effective
pointlike 4-fermion interaction associated with a “large”
mass scale M0; (2) the resulting bound states emerge as
pointlike fields with mass µ2 < M2

0 ; (3) in the NJL model
the binding mechanism is entirely driven by quantum
loop effects, while we see in nature that binding readily
occurs semiclassically without quantum loops, such as
the Hydrogen atom.

In the case of the Hydrogen atom, before turning on
the Coulomb interaction, there are open scattering states
involving free protons and electrons. As the interaction
is adiabatically turned on the lowest energy scattering

∗Electronic address: chill35@wisc.edu

states flow to become the bound states, while most scat-
tering states remain unbound. The dynamics is governed
by the non-relativisitic, semiclassical Schrödinger equa-
tion [18] in an extended potential, leading to normaliz-
able, yet spatially extended, wave-functions on the scale
(αme)−1. The atom is described naturally in a configu-
ration space picture. Quantum loop effects (such as the
Lamb shift) are higher order corrections to this mostly
semiclassical phenomenon.

In the NJL model the picture is substantially different.
There is no semiclassical binding producing an extended
bound state. Rather, the bound state is described by
a local, or pointlike, effective field, Φ(x), with its con-
stituents arising in quantum loops. The loops integrate
out the fermions from the large mass scale of the interac-
tion, M0, down to an IR cut-off µ (e.g., M0 ∼ 1 GeV and
µ ∼ fπ ∼ 100 MeV in QCD). The discussion can be for-
mulated in momentum space treated in the large Ncolor

limit, where bound states appear as poles in the S-matrix
upon summing leading-Nc fermion loop diagrams. With
a large hierarchy M0/µ >> 1 there are also large loga-
rithms, and the solution is best handled by constructing
the effective Lagrangian and using the renormalization
group (RG). We summarize this procedure for the NJL
model in Appendix A.

When we say “pointlike” we are referring to the explicit
local form of Φ(x). In the Wilsonian RG picture the field
at any scale m < M0 can be viewed as effectively point-
like, on distance scales r > m−1. However, Φ(x) has only
the minimal dynamical degrees of freedom of a pointlike
field. The NJL model is well suited to study the chiral
dynamics of light quarks in QCD where “integrating out
the fermions” mimics confinement and there are no free
scattering states of massless chiral quarks at large dis-
tances. Any analogy with the Hydrogen atom does not
apply.

In the case of chiral dynamics in a non-confining the-
ory, however, one may ask what has become of semiclas-
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sical binding of chiral fermion pairs? Indeed, here there
arises an apparent logical conflict in the NJL model if we
tune the coupling constant near its “critical value.” In
this case the pointlike bound state becomes nearly mass-
less, and at the critical coupling we have a conformal ef-
fective low energy theory. In configuration space, confor-
mality implies a nearly scale invariant extended internal
wave-function, ϕ(r) ∝ 1/r, (the limit of ϕ(r) ∝ e−|µ|r/r
for mass |µ| << M0). This extends to large distances,
well beyond the range of the potential ∼ M−1

0 . Hence we
would expect that the near–critical bound state must al-
ways be an extended object, even if the interaction scale,
M−1

0 , is a very short distance scale. We will argue that
the NJL model, lacking an internal wave function, be-
comes misleading in this limit, and essentially fails.

To address and expand upon these issues, we presently
explore a Lorentz invariant formulation in configuration
space by introducing a fully dynamical color singlet com-
posite bilocal field, Φ(x, y) ∼ ψR(x)ψL(y). This formula-
tion contains the requisite internal wave-function with its
own kinetic term. This is a “new-old” approach to com-
positeness as it hearkens back to Schrödinger [18] and
relativistic generalizations of Yukawa [4]. However, we
still lean heavily on the NJL model to provide intuition
while extending it to a non-pointlike, bilocal field the-
ory. Introducing Φ(x, y) has the immediate advantage
of bosonizing the composite theory (we can then mostly
bypass issues of Dirac operators until we do loops). In-
cluding ϕ(r) into the structure of the theory introduces
new degrees of freedom and leads to interesting conse-
quences.

Consider a pair of massless particles of 4-momenta p1
and p2, where p2

1 = p2
2 = 0, and a two-body “scattering

state” consisting of plane waves, Φ(x, y) ∼ exp(ip1x +
ip2y). We introduce “barycentric coordinates,” X = (x+
y)/2, and r = (x − y)/2, and corresponding momenta
P = p1 + p2, Q = p1 − p2. Hence we can write Φ =
χ(X)ϕ(r) where χ(X) = exp(iPX) governs the “center
of mass motion” and ϕ(r) = exp(iQr) is the “internal
wave-function” of the system. This factorization of Φ
will be our ansatz for bound states.

Since PµQ
µ = 0, then in the rest frame we have

P = (P0, 0⃗) and Q = (0, q⃗). Hence, the dependence
upon the relative time r0 drops out, and the internal
wave-function is static ϕ(r⃗). We construct the Hamil-
tonian for ϕ(r⃗) including interactions. The extremaliza-
tion of this Hamiltonian leads to the “Schrödinger-Klein-
Gordon” (SKG) equation for ϕ(r), with eigenvalues µ2

for the (mass)2 of bound state solutions.
The most natural UV completion of the interaction of

the NJL model is the “coloron model” [11, 15, 19]. The
coloron is essentially a massive gluon, associated with an
SU(Nc) gauge theory broken to a global SU(Nc), featur-
ing an adjoint representation of massive gauge bosons of
mass M0. Integrating out the colorons (and removing rel-
ative time) yields a perturbative static Yukawa potential
in the rest frame,

−g2
0NcM0V0(2r) where, V0(2r) = −e−2M0r

8πr . (1)

This is a non-pointlike generalization of the NJL interac-
tion. The potential is enhanced by a factor of Nc colors,
in analogy to the NCooper (Cooper pairs) enhancement of
the Fröhlich interaction in the BCS theory of supercon-
ductivity [10], and arises here by the color singlet nor-
malization of Φ(x, y). M0 is the defining mass scale of
the theory.

The bound state forms semiclassically. Even in a short-
distance potential, (e.g., the large M0 >|µ| limit of eq.(1))
this leads to a spatially extended internal bound state
wave-function, ϕ(r). As g2

0 approaches a critical value,
g2

0 → g2
0c where µ2 → 0, then ϕ(r) → 1/r is conformal.

For supercritical coupling g2
0Nc the eigenvalue of the SKG

equation, µ2, is always negative (tachyonic) and a chiral
vacuum instability and dynamical spontaneous symme-
try breaking will therefore occur classically.

The most interesting result in this formalism is a sig-
nificant wave-function spreading of ϕ(r), where the large
distance part dominates the normalization of ϕ(r) and di-
lutes ϕ(0). There is an induced Yukawa coupling of the
bound state to free fermions, gY ∝ ϕ(0), which gives the
unbound fermions their dynamical mass, and is therefore
suppressed by the infrared dilution, as ϕ(0) ∼

√
|µ|/M0.

Hence, gY is then significantly smaller than the Yukawa
coupling obtained in the NJL model, which runs only
logarithmically.

Moreover, this has the direct consequence of reducing
the sensitivity of the eigenvalue to the near critical value
of the coupling constant, significantly reducing the degree
of fine-tuning needed to have a hierarchy between M2

0
and µ2. We also compute loops in this formalism which
depend upon gY , consistent with the dilution effect. The
loops can generate the quartic coupling, λ ∝ g4

Y ln(M0/µ)
which is necessary to stabilize the vacuum in a tachyonic,
supercritical solution. Again, the dilution effect leads to
a smaller value of λ than expected in the NJL model.

This “infrared dilution” effect drastically contrasts the
results from the NJL model where the RG running of the
Yukawa coupling into the IR is logarithmic and compar-
atively slow. If, for example, this applies to the BEH
boson, as in a top quark condensation scheme [15], then
it can naturally arise as an extended composite object
on the scale of the electroweak VEV, v = 175 GeV with
M0 ∼ 5 to 10 TeV. The dilution of ϕ(0) effectively iso-
lates the strong interaction at M0 from the low energy
physics and eliminates the need for drastic fine-tuning in
these models, yielding fine-tuning at the few % level. The
scale symmetry near criticality acts here as the custodial
symmetry for the emergent low mass scale physics.

We give a lightning review of the familiar NJL model
with pointlike potential treated in Appendix A, and dis-
cuss key aspects of it in the next section. We then for-
mulate bilocal fields, and construct a model of an ex-
tended potential that arises from a single massive gluon
exchange (the coloron model), suitably Fierz rearranged.
The formalism leads to the SKG equation. We then an-
alyze the induced Yukawa coupling, and induced quartic
coupling (the latter from loops), and consider proper-
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ties of the solutions to the SKG equation by variational
methods. We show that the critical coupling in the semi-
classical Yukawa potential case is almost identical to the
critical coupling of the NJL model! The wave function
spreading and power-law suppression of the Yukawa and
quartic coupling emerges and the fermion loop renormal-
izations are consistent with the suppression and pertur-
bative. Appendices contain detailed extensions of the
discussion. Some precursory work to the present appears
in [20]

II. BILOCAL THEORY OF COMPOSITE
SCALARS

A. Key Aspects of the Nambu–Jona-Lasinio Model

Here we touch on key elements relevant to formulating
a bilocal description of bound states. A detailed review
of the RG approach to the NJL model is presented in
Appendix A.

The NJL model [5] assumes chiral fermions, with Nc

“colors.” A chirally invariant U(1)L ×U(1)R action takes
the form:

SNJL =
∫
d4x

(
i[ψL(x)∂/ψL(x)] + i[ψR(x)∂/ψR(x)]

+ g2
0

M2
0

[ψL(x)ψR(x)] [ψR(x)ψL(x)]
)
. (2)

Here the notation [..] implies color singlet combination.
We rewrite eq.(2) in an equivalent form by introducing

a local auxiliary field Φ(x):

SNJL =
∫
d4x

(
i[ψL(x)∂/ψL(x)] + i[ψR(x)∂/ψR(x)]

−M2
0 Φ†(x)Φ(x) + g0[ψL(x)ψR(x)]Φ(x) + h.c.

)
. (3)

The resulting “equation of motion” for Φ is:

M2
0 Φ(x) = g0[ψR(x)ψL(x)] (4)

Substituting the Φ(x) equation back into eq.(3) repro-
duces the 4-fermion interaction of eq.(2). We emphasize
that Φ(x) is a complex, local, or “pointlike,” field. Gen-
eralizing the relation of eq.(4) is the starting point for
our bilocal field theory.

Note that the induced Yukawa coupling, g0, in eq.(3) is
the same coupling as appears in the interaction of eq.(2).
This implies that strong coupling required to induce chi-
ral symmetry breaking in the NJL model will translate
into a strong Yukawa coupling. In our bilocal theory this
will not be the case.

Following Wilson, [6], we view eq.(3) as the action de-
fined at the high energy (short-distance) scale m ∼ M0.
We then integrate out the fermions to obtain the effec-
tive action for the composite field Φ at a mass scale of

the low energy physics, µ << M0 [8, 9]. In leading Nc

fermion loop approximation this yields:

Sµ =
∫
d4x

(
i[ψL∂/ψL] + i[ψR∂/ψR] + Z∂µΦ†∂µΦ

−µ2Φ†Φ − λ

2 (Φ†Φ)2 + (g0[ψLψR]Φ(x) + h.c.)
)
. (5)

where,

µ2 = M2
0 − g2

0Nc

8π2 M2
0 ,

Z = g2
0Nc

8π2 ln(M0/µ), λ = g4
0Nc

4π2 ln(M0/µ). (6)

Here M2
0 is the UV loop momentum cut-off, and we ob-

tain induced kinetic and quartic interaction terms. The
one-loop result can be improved by using the full renor-
malization group (RG) [8, 9].

It is a feature of the NJL model that apparently all
of the fermions in the scale range M0 to µ are inte-
grated out to comprise a “tightly bound state.” As seen in
the formalism of Cornwall, Jackiw and Tomboulis (CJT)
[3], however, one is integrating out the quantum fluctu-
ations of the fermions, and we could introduce classical
fermion sources to describe the residual unbound scat-
tering state fermions.1 Generally, in the RG approach,
unbound fermions in the scale range M0 to µ are simply
assumed to remain in the action.

Note the behavior of the composite scalar boson mass,
µ2, of eq.(6) due to the −Ncg

2M2
0 /8π2 with UV cut-off

M2
0 . The NJL model therefore has a critical value of its

coupling defined by the vanishing of µ2,

g2
0cNc

8π2 = 1 (7)

We can renormalize, Φ →
√
Z

−1Φ, to obtain the full
effective Lagrangian. The notable feature here is that
the renormalized Yukawa and quartic couplings evolve
logarithmically in the RG running mass m:

g2
Y = g2

0
Z

= 8π2

Nc ln(M0/m) , λr = λ

Z2 = 16π2

Nc ln(M0/m) . (8)

These are the solutions to the RG equations in the large
Nc limit, [9], neglecting other interactions. This indicates
that the couplings approach a Landau pole as m → M0,
and we use the full RG equations with this boundary
condition to obtain the low energy solution in the NJL
model [8]. The evolution into the IR is then gradual, in
particular, gY approaches an IR fixed point value [21].
In our present scheme, the value of gY at m = M0 is
determined by ϕ(0), is finite and power-law suppressed,
hence the IR value can be below the fixed point.

1 We are unaware of any formal treatment of the NJL model in
the CJT formalism, which would be of interest, but it must dove-
tail with the RG formalism; in our own attempt we found this
challenging.
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For super-critical coupling, g2
0 > g2

c , we see that µ2 < 0
and there will be a chiral vacuum instability. The effec-
tive action, with the induced quartic ∼ λr(Φ†Φ)2 term,
is then the usual sombrero potential. The chiral sym-
metry is spontaneously broken and Φ acquires a VEV,
and produces Nambu–Goldstone bosons and a Higgs bo-
son. The additional predictions of the NJL model are
discussed Appendix A.

B. Semiclassical and Non-Point-like Generalization
of the NJL Model

Consider a semiclassical approach to binding in a non-
confining theory.2 In the limit of shutting off the in-
teraction a bound state is just a two-body scattering
state, such as a product of a free electron and free pro-
ton wave-functions in the case of Hydrogen. For chi-
ral fermions this can be described by a bilocal field
ΦA

B(x, y) = ψA
R(x)ψLB(y)|b, where (A,B) arbitrary color

and flavor indices and b denotes the subset of fermions
that will comprise the bound state. We also have the
remaining unbound free fermionic scattering states, that
will remain free after the interaction is turned on (de-
noted by subscript f).

A superposition of the bound and free fermions can be
written as, 3

ψA
R(x)ψLB(y) = ψA

R(x)ψLB(y)f +M2ΦA
B(x, y) (9)

The components are orthogonal,∫
xy

ψA
R(x)ψLB(y)f Φ†A′

B′ (x, y) = 0 (10)

Note we have implicitly defined Φ as a mass dimension-1
field, like a scalar, and the mass prefactor, M2, should
be viewed as part of the wave-function and will be elab-
orated below.

Eq.(9) has a formal similarity to the factorized auxil-
iary field expression in eq.(4). However, here ΦA

B(x, y) is
a distinct physical bilocal field and its kinetic term is not
induced by loops, and will have a free field kinetic term.
While the NJL auxiliary field is not present in the NJL
theory when the interaction is turned off, the ingredients
of the bound state are indeed present in the semi-classical
scheme in the absence of the interaction.

2 “Semiclassical” implies ℏ = 0 (no loops). The leading term in
the ℏ expansion of a quantum field theory is the sum over all
tree-diagrams which is equivalent to a (Fredholm expansion) of a
classical nonlinear field theory, expressed in terms of frequencies,
ω, and wave vectors, k⃗. Terms of order ℏN in the expansion
contain N -loops.

3 This can be viewed as a matrix element of the operator
ψR(x)ψL(y) sandwiched between the vacuum, ⟨0| and a super-
position of quantum states, |ΦA

B⟩ + |ψA
R, ψLB⟩, where |ΦA

B⟩ is a
coherent state.

We’ll presently restrict ourselves to a single flavor,
hence a U(1)L × U(1)R flavor symmetry, and (A,B) →
(i, j) are SU(Nc) color indices (this can be readily ex-
tended to GL ×GR flavor groups as in Appendix (B)).

In the coloron model, of the next section, we will see
that only the color singlet field forms a bound state of a
pair of chiral fermions. With SU(Nc) color indices, (i, j),
the field Φi

j(X, r) is a complex matrix that transforms
as a product of SU(Nc) representations, N c × Nc, and
therefore decomposes into a singlet plus an adjoint rep-
resentation. We designate the color singlet bilocal field
as Φ0 and conventionally normalize it as,

Φi
j(x, y) = 1√

Nc

δi
jΦ0(x, y) (11)

This normalization allows canonically normalized kinetic
terms, Tr[∂Φ†∂Φ] = ∂Φ0†∂Φ0. Note Tr Φ = Φi

i(x, y) =√
NcΦ0(x, y).4 Since only the color singlet binds, we can

rewrite eq.(9) containing free fields and the color singlet
bound state of eq.(11),

ψ
i

L(x)ψjR(y) → ψ
i

L(x)ψjR(y)f +M2 δi
j√
Nc

Φ0(x, y). (12)

C. The Coloron Model

The pointlike NJL model can be viewed as the limit of
a physical theory with a bilocal interaction. The primary
example is the “coloron model” [15, 16, 19] (the coloron
idea stems from QCD applications of NJL [11] and the
top condensation theory [15] ). The coloron is a pertur-
bative, massive gauge boson, analogue of the gluon, aris-
ing in a local SU(Nc) gauge theory broken to a global
SU(Nc). We integrate out the massive coloron and keep
the single particle exchange potential to define the model.
This yields a bilocal current-current form.

S′ =−g2
0

∫
xy

[ψL(x)γµT
AψL(x)]Dµν(x− y)[ψR(y)γνT

AψR(y)]

(13)

where TA = TAj
i are generators of SU(Nc), and color

singlet combinations indicated in brackets [...]. We adopt
a notational convenience for integrals as defined in Ap-
pendix E,

The coloron propagator in Feynman gauge is:

Dµν(x− y) = gµνDF (x− y)

DF (x− y) = −
∫

1
q2 −M2

0
eiq(x−y) d4q

(2π)4 . (14)

4 In the NJL model, where Φ has no bare kinetic term, the color
normalization arises automatically at loop level together with the
kinetic term.
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A Fierz rearrangement of the interaction to leading order
in 1/Nc leads to a potential:

S′ = g2
0

∫
xy

[ψL(x)ψR(y)]DF (x− y)[ψR(y)ψL(x)], (15)

(see Appendix C for details, of the Fierz rearrangement).
The above displayed term is the most attractive channel
and leading in large Nc.

Hence, we replace the pointlike 4-fermion interaction
with the non-pointlike S′ of eq.(15). Note that if we
suppress the q2 term in the denominator of eq.(14) we
have,

DF (x− y) → 1
M2

0
δ4(x− y), (16)

and we recover the pointlike NJL model interaction.
Now, substitute eq.(12) into eq.(15) to obtain,5

S′ → g2
0

∫
xy

[ψL(x)ψR(y)]fDF (x− y)[ψR(y)ψL(x)]f

+g2
0
√
NcM

2
∫

xy

[ψL(x)ψR(y)]fDF (x− y) Φ0(x, y)+h.c.

+g2
0NcM

4
∫

xy

Φ0†(x, y) DF (x− y) Φ0(x, y) (17)

The leading term S′ of eq.(17) is the unbound 4-fermion
scattering interaction and has the structure of the NJL
interaction in the limit of eq.(16) and identifies g0 as the
analogue of the NJL coupling constant. The second term
∼ g2

0
√
Nc[ψ†ψ]Φ0 + h.c. in eq.(17) has the form of the

Yukawa interaction between the bound state Φ0 and the
free fermion scattering states.

Note the appearance of the color factors,
√
Nc and Nc,

in the second and third lines respectively. The third term,
where from eq.(11) we have | Tr Φ|2 = Nc|Φ0|2, is the
potential that creates the semiclassical bound state with
the Nc enhancement.

The mass scale, M , is ultimately inherited by the
bound state Φ from the coloron interaction. The inter-
action introduces the scale M0 and it will be treated as
a cut-off, as in the NJL model, hence M < M0. The
prefactor M in eq.(9) is a priori arbitrary, but we can
swap M for a dimensionless parameter ϵ as:

M = ϵM0 (18)

ϵ should be viewed as part of the wave-function of Φ.
In a variational calculation below, (Section (III C)), we
will see that ϵ = 1 extremalizes the SKG effective Hamil-
tonian in a bound state (with negative µ2 eigenvalue).
Also, ϵ = 0 is the extremal value for the subcritical case.
Hence, in the subcritical case Φ disappears and we are
left with only unbound fermions. The reason is simple:
ϵ rescales the coupling constant ∼ g2

0ϵ and the maximal
value of the coupling is therefore ϵ → 1.

5 This can equivalently be viewed as the matrix element of eq.(15)
sandwiched between the quantum states, |Φ0⟩ + |ψR, ψL⟩.

D. Fake Chiral Instability: The Need for the
Dynamical Internal Wave Function

Consider the pointlike limit of eq.(17) and the semiclas-
sical fields in eq.(16), where we replace Φ0(x, y) → Φ0(x),
and obtain,6

S′ →
∫

x

(
g2

0
M2

0
[ψLψR]f [ψRψL]f + M̃2Φ0†Φ0

+g2
0ϵ

√
Nc([ψLψR]f Φ0+h.c.)

)
(19)

where M̃2 = g2
0Ncϵ

2M2
0 .

Eq.(19) contains a wrong-sign (“tachyonic”) mass
term, implying a potential, −M̃2|Φ|2. This appears to
generate spontaneous symmetry breaking for any values
of the underlying parameters M0 and g0 and the vacuum
implodes. A chiral vacuum instability is apparently an
immediate, large effect of introducing eq.(12)!

Such a conclusion is obviously physically incorrect. In
naively replacing Φ(x, y) with Φ(x) we have neglected the
kinetic term of the internal wave-function, |∂rΦ|2 where
r = (x − y)/2. This opposes the instability like a re-
pulsive interaction and will stabilize the vacuum in weak
coupling. This is similar to the stabilization of the clas-
sical Hydrogen atom by the Schrödinger wave-function.
A chiral instability can occur through competition of the
repulsive internal wave-function kinetic term and the at-
tractive potential, but will require a sufficiently large cou-
pling, g2

0 > g2
0c, to drive it, and a quartic coupling to

stabilize the vacuum.
We therefore must consider the internal dynamics of

the non-pointlike bound state. We note that this in the
spirit of ref.[22], but physically distinct, as the authors
were arguing for a bare kinetic term of the factorized NJL
model of eq.(4), while we are arguing for a bare kinetic
term of the bilocal field Φ(x, y), including the internal
coordinates ∼ x− y.

E. Bilocal Free Fields

Consider a pair of massless particles of 4-momenta p1
and p2. We have p2

1 = p2
2 = 0. and we can have two-body

plane waves, Φ(x, y) ∼ exp(ip1x+ ip2y). We pass to the
total momentum P = (p1 + p2) and relative momentum
Q = (p1 −p2). The plane waves become exp(iPX+ iQr)
where we define “barycentric coordinates,”

Xµ = xµ + yµ

2 , rµ = xµ − yµ

2 ,

∂x = 1
2(∂X + ∂r), ∂y = 1

2(∂X − ∂r) (20)

6 Φ(x) here should not be confused with the factorized NJL inter-
action, eq.(A2), where M2

0 is a right-sign non-tachyonic mass.
Here Φ is not a pure auxiliary field, but rather is physical.



6

Note that PµQ
µ = p2

1 −p2
2 = 0. This implies that there is

always a rest frame in which P = (P0, 0) and Q = (0, q⃗).
Hence, in the rest frame the dependence upon X⃗ and
r0 drops out. If the particles are constituents of a bound
state then this is the rest frame of the composite particle.

To proceed we need the generalized kinetic term of
Φ(x, y) viewed as a bilocal field with an internal wave-
function coordinate, rµ. A free particle scattering state,
Φ(x, y), composed of massless particles, will satisfy [4],

∂2
xΦ(x, y) + ∂2

yΦ(x, y) = 0 (21)

or equivalently,

1
2∂

2
XΦ′(X, r) + 1

2∂
2
r Φ′(X, r) = 0 (22)

where Φ′(X, r) = Φ(X − r,X + r). The bilocal field
Φ(x, y) = ψR(x)ψL(y) represents a “bosonization” of the
pair of chiral fermions, as in chiral Lagrangians. The
equations of motion follow from the square of the free par-
ticle Dirac equations, (∂/ )2

xψR(x) = 0 and (∂/ )2
yψL(y) = 0.

Note that we have chosen to describe the separation as
r which is the radius, where 2r = ρ ≡ (x − y) denotes
the separation of the particles. The choice of r leads to
more symmetrical expressions in r and X, and (some-
what) suppresses inconvenient factors of 2.

The ∂2
x and ∂2

y are, in principle, independent for free
fields. We can also write an independent Lorentz invari-
ant equation,

1
2∂

2
xΦ − 1

2∂
2
yΦ = ∂

∂Xµ

∂

∂rµ
Φ′(X, r) = 0 (23)

This can be viewed as a Lorentz invariant constraint on
the bilocal field. In Dirac constraint theory, in a Hamilto-
nian formalism [23], it is the “primary constraint.” This
constraint implies that in the rest system we have a sta-
tionary solution in which the “relative time,” 2r0 = ρ0,
is removed, e.g.,

Φ′(X, r) → Φ′(X0, r⃗), P⃗ = 0, r0 = 0. (24)

where Pµ = i∂Φ′/∂Xµ is the total 4-momentum of the
state. This is “stationary” in the sense that the total 3-
momentum of the system vanishes in the rest (barycen-
tric) frame, P⃗ = 0, and we have a wave-function, Φ′(t, r⃗)
where t = X0, but depends only upon r⃗, with r0 = 0.

We can view the equations of motion as arising from an
action, subject to the constraint. With M2Φ we choose
the dimensionality of the field Φ to be that of a scalar
field, i.e., ∼ (mass). We then write a dimensionless, free
bilocal action,

SK =
∫

xy

M4Z0

(
|∂xΦ|2+|∂yΦ|2

)
(25)

The normalization factor Z0 is defined below. In the
barycentric coordinates Φ(x, y) = Φ′(X, r) and this be-
comes,

SK = 1
2J

∫
Xr

Z0M
4
(

|∂XΦ′|2 + |∂rΦ′|2 + ...

)
(26)

where J = |∂(x, y)/∂(X, r)| = 24 is the Jacobian in pass-
ing from (xµ, yν) to the barycentric coordinates (Xµ, rν).
(Our abbreviated notation for integrals is defined in Ap-
pendix E).

We can formally implement the constraint by adding
to the action a Lagrange multiplier, η, while preserving
Lorentz invariance,

Sη =
∫

Xr

ηM4
∣∣∣∣Tr ∂Φ′†

∂Xµ

∂Φ′

∂rµ

∣∣∣∣2

(27)

We will assume the Lagrange multiplier term is implicitly
present in all the bilocal actions we write subsequently,
and δSη/δη = 0.

Following Yukawa [4] we consider, in the barycentric
coordinates, a factorization of Φ′(X, r) as,√

J/2 Φ′(X, r) = χ(X)ϕ(r) (28)

Obviously, an arbitrary function Φ(x, y) can be written
in terms of Φ′(X, r) since Φ(x, y) = Φ(X + r,X − r) ≡
Φ′(X, r). However an arbitrary Φ(x, y) cannot generally
be written in terms of a factorized pair as in eq.(28). An
arbitrary Φ(x, y) can, however, be written as a sum over
basis functions of the form,

∑
βijχi(X)ϕj(r).

The pure factorization assumption of eq.(28), however,
can be viewed as an ansatz for the particular bilocal
wave-function we expect for composite particles. Then
χ(X) describes the center-of-mass motion of the system
and ϕ(r) describes the internal wave-function.

The action eq.(26) with the factorized field becomes,

S = M4
∫

Xr

Z0

(
|ϕ(r)|2|∂Xχ(X)|2 + |χ(X)|2|∂rϕ(r)|2

)
(29)

In the rest-frame the constraint implies,
∂

∂r0 Φ′(X, r) = ∂

∂X⃗
Φ′(X, r) = 0 (30)

In the rest-frame we have the total 3-momentum, P⃗ ∼
∂/∂X⃗ = 0, and time is carried by X0. The internal wave-
function is independent of the relative time r0 and has
dependence only upon r⃗. Hence we can define in this
frame, √

J/2 Φ′(X, r) = χ(X0)ϕ(r⃗). (31)

We can therefore integrate out r0 and X⃗ (as defined in
the rest frame), ∫

d3X⃗ = V3

∫
dr0 = T (32)

We now choose the normalization factor, Z0, as,

1 = M

∫
dr0Z0 = Z0MT (33)

Here Z0 is defined in the rest system with a cut-off,∫
dr0 ≡ T .
While this may seem like a frame dependent con-

straint, we can in principle give a more detailed mani-
festly Lorentz invariant prescription for removal of the
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relative time integral in the kinetic term along the lines
of Dirac’s Hamiltonian constraint theory [23] (See [20] for
the scalar field case that more directly leads to Z0)

These parameters are intuitively related to the phys-
ical properties of the state. The spatial volume of the
bound state is ∼ M−3 = ϵ−3M−3

0 . We view M as part
of the wave-function, and it is determined by extremal-
izing the Hamiltonian. We find that, for supercritical
coupling, ϵ → 1 and M = M0, as seen in a simple vari-
ational calculation below. For subcritical coupling the
extremalization produces ϵ → 0, and indicates that ϕ(r)
does not then involve the mass, M0, but only momenta
ϕ(q⃗ · r⃗), and The volume of ϕ(r) then abruptly switches
from M−3

0 to V3, from a compact bound state to an ex-
tended plane wave. T in the bound state is essentially
the transit time of the constituent pair in the core of
the potential, and we therefore expect T ∼ M−1

0 , and
Z0 ∼ 1.

With eq.(33) the action in the rest frame becomes,

SK =M3V3

∫
dX0d3r

(
|ϕ(r)|2|∂0χ|2 − |χ|2|∂⃗rϕ(r)|2

)
(34)

Notice only the spatial derivative terms appear in the ϕ
kinetic term.

To have the usual canonical normalization of the χ field
we therefore require the normalization of the dimension-
less internal wave-function ϕ(r⃗) to be

M3
∫
d3r |ϕ(r⃗)|2 = 1. (35)

Hence we are choosing the internal wave-function, factor
field ϕ(r), to be dimensionless.

As a trivial example, consider an internal wave-
function with ϕ(r⃗) = N exp(2iq⃗ · r⃗). corresponding to
a two body scattering state. The above normalization
is then formally M3N2 ∫

d3r = 1 and the action then
becomes,

SK =V3

∫
dX0

(
|∂0χ(X0)|2 − 4q⃗ 2|χ(X0)|2

)
(36)

This is a state described by χ(X) which satisfies the equa-
tion of motion,

∂2
0χ+ µ2χ = 0 µ2 = 4q⃗ 2, (37)

a zero 3-momentum two body scattering state of invari-
ant mass 2|q⃗| = µ, with conventional normalization7

χ = 1√
2µV3

eiµX0
(38)

We discuss the bilocal scattering states further in Ap-
pendix D. A key point in this example is that q⃗ 2, which

7 The conventional free field normalization implies that the ac-
tion reduces to the classical massive particle form,

∫
Pµdxµ =∫

µ dX0.

appears as an “invariant mass,” −q2 = µ2, is not really a
mass at all, since the stress tensor trace remains zero for
massless particles. A true mass, such as associated with
a bound state of massless particles, requires a mass scale
generated in the interaction and a nonzero stress tensor
trace. In QCD this happens via the trace anomaly, which
is ∝ β(g)/g, and similarly in Coleman-Weinberg dynami-
cal symmetry breaking [26]. See [27] for discussion of the
role of the trace anomalies. In the present instance the
mass scale M0 could come indirectly from a ∝ β(g0)/g0
or other trace anomaly in the coloron dynamics.

F. Turning on the Interaction

We now consider the interaction of eq.(17), particu-
larly the last term. Here we have the full space-time
dependence of the propagator DF (xµ −yµ) = DF (2rµ).
Hence the quadratic action of eq.(26) for Φ(X0, r⃗) in the
rest frame becomes,

JM3V3

∫
X0r⃗

(
1
2 |∂X0 Φ′|2 − 1

2 |∂r⃗Φ′|2

+JM4V3

∫
dX0d3r dr0 g2

0NcD(2r)|Φ′|2
)

(39)

(we consider the Yukawa and quartic interaction terms
subsequently).

We again integrate over r0 (the relative time), where
Φ′(Xµ, r⃗) is constrained to have no dependence upon r0.
However, now in the third term we have,8∫

dr0DF (2r) = −
∫
dr0 d4q

(2π)4
1

q2 −M2
0
ei2qµrµ

= 1
2

∫
d3q

(2π)4
1

q⃗ 2 +M2
0
ei2qµrµ

= −1
2V0(2|r⃗|) (40)

where the q⃗ momentum integral yields the familiar
Yukawa potential,

V0(ρ) = −e−M0ρ

4πρ = −e−2M0|r⃗|

8π|r⃗| ; ρ = 2|r⃗| (41)

In the limit of suppressing the q⃗ 2 in the denomina-
tor of eq.(40) we obtain using J = 24, and δ3(r⃗) =
(4πr2)−1δ(r):

V0(2r) → − 1
M2

0
δ3(2r⃗) = − 1

2πJM2
0 r

2 δ(r) (42)

From eq.(26), including color factors and introducing a
quartic interaction (which is presently assumed to be

8 Note the argument of DF (2rµ) is the separation of the particles,
ρµ = 2rµ which leads to the factor of 1

2 in eq.(40), which joins
the overall factor of 1

2 in eq.(43).
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|Φ|4 ∝ |Φ(x, y)|4) the resulting action in the barycentric
frame is,

S = 1
2Jϵ

3M3
0V3

∫
dX0d3r

(
|∂X0 Φ′|2 − |∂r⃗Φ′|2

−g2
0NcMV0(2r)|Φ′|2 − λ0

2 |Φ′|4 + ...

)
(43)

Note that since eq.(43) is an action it contains
−(..)V0(2r), while in eq.(41) we see that V0 = −(..) is
defined with an intrinsic minus sign, hence this term is
positive in the action and thus attractive in a Hamilto-
nian. Recall that with ϵ = 1 we have M = M0.

We emphasize the procedure of going to the rest frame
is a “gauge choice” while the theory remains overall
Lorentz (“gauge”) invariant. Note that Jϵ3M3

0 is a mea-
sure of the inverse volume of the bound state. We can
write the action (noting M = ϵM0 and factors of 2 that
come from the 1

2J normalization of eq.(28), and eq.(35))
in the format:

S = V3

∫
dX0

(
|∂X0χ|2 − |χ|2M2 − λ̃

2 |χ|4
)

where, M2 = M3
∫

r⃗

(
|∂r⃗ϕ|2 + g2

0NcMV0(2r)|ϕ|2
)

= M3
∫

r⃗

(
|∂r⃗ϕ|2 − g2

0NcM
e−2M0|r⃗|

8π|r⃗| |ϕ|2
)

(44)

We have assumed a simple form for the quartic term
where λ̃ absorbs an integral over ϕ(r)4 and factors of
J . The quartic interaction will be generated at loop level
in Section IV.

M2 is the “internal Hamiltonian” that describes the
internal dynamics of the bound state. M2 appears in the
action, but contains no time derivatives since we have
eliminated relative time. Therefore, including a minus
sign, M2 is a Hamiltonian for the static internal wave-
function ϕ(r⃗).

Using V0(2r) of eq.(40) and extremalizing M2 gives
the SKG equation and it’s eigenvalue, µ2:

−
(
∂2

∂r2 + 2
r

∂

∂r

)
ϕ(r) − g2

0NcM
e−2M0|r⃗|

8π|r⃗| ϕ(r) = µ2ϕ(r) (45)

µ2 is then the physical mass of the bound state, and the
χ action in any frame is manifestly Lorentz invariant:

S =
∫
d4X

(
|∂Xχ(X)|2 − |χ(X)|2µ2 − λ̃

2 |χ(X)|4
)
. (46)

The Yukawa potential has a critical coupling, g0 = g0c,
where the eigenvalue is then µ = 0. For g0 > g0c then
µ2 < 0, and we have spontaneous symmetry breaking.

A central feature of our formalism is that the internal
coordinate, r⃗, is always associated with the mass scale
M0 in the integrals,

∼ M3
0

∫
d3r F (M0r⃗) (47)

with relevant factors of ϵ associated with ϕ. We can
pass to a scale invariant internal coordinate variable,

u = M0r, as in the case of the coloron model, as scale
invariant Hamiltonian Ĥ,

Ĥ = M2/M2
0 = ϵ3

∫
d3u

(
|∂uϕ|2 − g2

0Ncϵ
e−2u

8πu |ϕ|2
)

(48)

The eigenvalue of the associated SKG equation is then
the dimensionless µ̂2 = µ2/M2

0 . Postulating eq.(48) as a
general starting point, we can argue that the mass scale is
entirely determined by the interaction, by passing back
to u = M0r to match the Yukawa interaction. In this
way we make explicit that it is the Yukawa interaction
that dictates the mass scale, M0.

G. The Induced Bound State Yukawa Interaction

The Yukawa interaction of the bound state with the
free scattering state fermions is now induced from the
second term, S′

Y , in eq.(17). We have, noting eq.(31):

S′
Y = g2

0
√
NcM

2
∫

xy

[ψL(x)ψR(y)]fDF (x− y) Φ0(x, y)+h.c.

=
√

2NcJg
2
0M

2
0 ×∫

Xr

[ψL(X+r)ψR(X−r)]fDF (2r) χ(X)ϕ(r⃗)+h.c. (49)

Consider the pointlike limit of the potential, eq.(49)

S′
Y →

g2
0
√
NcM

2
∫

xy

[ψL(x)ψR(y)]f
δ4(x− y)
M2

0
Φ0(x, y)+h.c.

→ g2
0ϵ

2√
Nc

∫
x

[ψL(x)ψR(x)]f Φ0(x, x) + h.c.

→ g2
0ϵ

2
√

2Nc/J

∫
x

[ψL(x)ψR(x)]f χ(x)ϕ(0) + h.c. (50)

We therefore see that the induced Yukawa coupling in
the pointlike limit to the field χ(x) is:

gY = ĝY ϕ(0) ĝY ≡ g2
0ϵ

2
√

2Nc/J (51)

This is a significant result and fundamentally differ-
ent than the pointlike NJL result. We have taken the
pointlike limit of the potential as in the NJL model, but
obtain a result that is dependent crucially upon the in-
ternal wave-function ∝ ϕ(0). The implication is that a
strong coupling, g2

0 , can produce, in principle, a small
Yukawa coupling if ϕ(0) << 1. In the usual pointlike
NJL model the induced Yukawa coupling runs to smaller
values in the IR, but it does so only logarithmically via
the RG. Here the behavior of ϕ(0) is a suppression of gY

that is power-law near the critical coupling.
Alternatively, in terms of an extended potential,

V0(2r),

S′ → −
√
NcJ/2g2

0M
2 ×∫

Xr⃗

[ψL(X+)ψR(X−)]fχ(X)V (2r)ϕ(r⃗)+h.c. (52)
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where Xµ± = (X0, X⃗ ± r⃗) and we have the induced
Yukawa coupling

gY = −g2
0ϵ

2
√
NcJ/2 M2

0

∫
4πr2drV0(2r)ϕ(r) (53)

We discuss some further issues of the induced Yukawa
interaction in Appendix D 4.

III. THE SCHRÖDINGER-KLEIN-GORDON
(SKG) EQUATION

While formally similar to the non-relativisitic
Schrödinger equation, the SKG equation has key physi-
cal differences: (1) the potential has dimension (mass)2,
rather than energy; (2) the eigenvalue describes reso-
nances for positive µ2; (3) “tachyons” occur for negative
µ2, which implies vacuum instability and spontaneous
symmetry breaking. Mainly the SKG Hamiltonian is
amenable to variational calculations as we show below.
We presently give some examples of solutions and stress
some subtleties. Much can be done to refine and extend
this discussion. The solutions allow the computation of
the induced Yukawa coupling of the bound state to free
fermions, gY , via the wave-function at the origin, ϕ(0).

A negative eigenvalue of the Schrödinger equation de-
fines our conventional view of a nonrelativistc bound
state, however, in the relativistic case for a pair of chiral
fermions the SKG equation implies a negative µ2. This
is, of course, the behavior of Σ-model in QCD and the
BEH boson in the standard model and requires additional
physics to stabilize the vacuum, such as quartic interac-
tions. Hence, the general result is that a scalar bound
state of massless chiral fermions in the symmetric (un-
broken) phase must either be an unstable resonance (sub-
critical coupling and positive µ2), which decays rapidly
to its constituents, or tachyonic (supercritical coupling,
negative µ2) leading to a chiral instability of the vacuum.

From the action of eq.(44) the “internal Hamiltonian”
M2 describes the ϕ(r) field, and since there is no time
derivative for ϕ(r), M2 is just −1 times the ϕ action. The
most negative eigenvalue occurs when g2

0ϵ is maximal,
ϵ = 1 as seen below from a variational calculation.

A. Exact Criticality of the Yukawa Potential

The coloron model furnishes a direct UV completion
of the NJL model. It leads to an SKG potential of the
Yukawa form which has a critical coupling, g2

0 = g2
0c. The

critical coupling is the nonzero value of g2
0 for which the

eigenvalue µ2 is zero. We wish to determine g2
0c.

The criticality of the Yukawa potential in the nonrel-
ativistic Schrödinger equation is widely discussed in the
literature in the context of “screening” (see [28] and refer-
ences therein). The nonrelativistic Schrödinger equation

r = |r⃗| is:

−∇2ψ − 2meα
e−µr

r
ψ = 2meE (54)

with me the electron mass, and eigenvalue E = 0 occurs
for a critical screening with µ = µc. A numerical analysis
yields, [28],

µc = 1.19061 αme. (55)

For the spherical SKG equation in the coloron model
eq.(45) we have from the Hamiltonian,

−∇2ϕ(r) − g2
0NcM0

e−2M0|r⃗|

8π|r⃗| ϕ(r) = µ2ϕ(r) (56)

where we assume ϵ = 1 as determined by a variational
calculation below.

We can obtain the critical coloron model coupling con-
stant by comparing, eq.(54) and eq.(56). We have,

2meα → g2
0NcM0/8π

µc → 2M0 (57)

substituting into eq.(55), 2M0 = 1.19061(g2
0NcM0/16π)

and therefore,

g2
0Nc

8π2

∣∣∣∣
c

= 4
(1.19061)π = 1.06940 (58)

By comparison, the loop level NJL critical value of eq.(A4)
is,

g2
0Nc

8π2

∣∣∣∣
NJLc

= 1.00 (59)

Hence, we see that the NJL quantum critical coupling
has a remarkably similar numerical value to the classical
critical coupling. (It is beyond the scope of the present
paper to understand why these are not identically equal!)

Note that in what follows we will use a different defi-
nition of the coupling,

κ = g2
0Nc

4π κc = 2π (60)

where we quote the implied NJL critical value κc.

B. Rectangular Potential Well

Presently, we consider a generic potential, W (r), to
write,

M2 = M3
0

∫
r⃗

(
(∂rϕ(r))2 + g2

0NcW (r)|ϕ|2
)

(61)

from which we obtain the SKG equation for a spherically
symmetric wave-function with eigenvalue µ2:

−∇2ϕ(r) + g2
0NcW (r)ϕ = µ2ϕ(r) (62)
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where ∇2 = ∂2
r −(2/r)∂r. As a warm-up exercise we turn

to the rectangular potential well,

W (r) = −M2
0 θ(R0 − r) (63)

With ϕ(r) = u(r)/r, the SKG equation becomes (here
ϵ = 1),

− ∂2

∂r2 u(r) − g2
0NcM

2
0 θ(R0 − r)u(r) = µ2u(r). (64)

For super-critical coupling, g >∼ gc, we have a solution
that is finite at r = 0, and exponentially attenuating at
large r (hence normalizable),

u(r) = A sin(kr)θ(R0−r) +Be−|µ|(r−R0)θ(r−R0) (65)

where the eigenvalue is determined in the well as,

µ2 = k2 − g2
0NcM

2
0 (66)

The matching boundary conditions of the field value and
derivative at r = R0 imply,

k2 cot2(kR0) = k2 − g2
0NcM

2
0

sin2(kR0) = k2

k2 + |µ|2 (67)

With critical (supercritical) binding we have µ2 = 0
(µ2 < 0). The critical value of g = gc therefore corre-
sponds to, k = π/2R0, and the critical coupling implies,

κc

2π ≡ g2
0cNc

8π2

∣∣∣∣
c

= 1
32M2

0R
2
0

(68)

We can use the square well as an approximation to the
Yukawa potential. In order for this to reproduce the
critical value of the NJL model, close to the classical
Yukawa potential result, we require,

R0 = 1
4
√

2
M−1

0 (69)

This is a narrow rectangular potential approximation as
we would expect from the e−2M0/r Yukawa form. We
remark that a “frying pan” potential, in which R0 >
> M−1

0 , can have an arbitrarily small critical coupling.
However, typical gauge boson exchange potentials will
have R0 ∼ 1/M0 as indicated by this result.

For the near critical coupling case |µ| << 1 we see from
eq.(67) that sin(kR0) → 1, hence from eq.(65), B → A,
and therefore,

A−1ϕ(r)≈ 1
r
θ(R0−r) sin

(
πr

2R0

)
+ e−|µ|(r−R0)

r
θ(r−R0) (70)

where A is the normalization of ϕ(r) and µ ≈ 0. We
see that the critical solution µ = 0 has a tail for large r,
ϕ(r) ∼ 1/r. We include a small nonzero |µ| in the last
term as an IR cut-off on the normalization integral. We
can approximate the coupling by the critical value in the
near critical case.

Recall that the normalization is defined by eq.(35),

1 = M3
0

∫ ∞

0
4πr2|ϕ(r)|2dr ≈ 2πA2M3

0

(
R0 + |µ|−1

)
(71)

We see that near criticality the normalization is domi-
nated by the large distance tail,

A = M
−3/2
0 |µ|1/2

√
2π

(72)

The result for ϕ(0) is then

ϕ(0) = lim
r→0

A

r
sin

(
πr

2R0

)
=

√
π|µ|1/2

√
8M3/2

0 R0
=

(
4π|µ|
M0

)1/2

(73)

where in the last term we inserted the NJL critical value
M0R0 = 1/4

√
2.

The key observation is that ϕ(0) ∼ (|µ|/M0)1/2 be-
comes small as we approach the critical value where
|µ| << M0. This has the effect of suppressing the in-
duced Yukawa coupling by a factor of ϕ(0) from eq.(51)
(for ϵ = 1):

gY = g2
0
√
Nc/8 ϕ(0) (74)

In contrast, the renormalized Yukawa coupling the NJL
model diverges as a Landau pole at the scale M0, and
then evolves logarithmically, as in eq.(A8). Subsequently
it can be matched onto the full RG evolution [8], which
leads to the IR fixed point [21], hence in NJL model the
RG evolution is slow. In the present semiclassical case
the logarithmic evolution is replaced by the more rapid
power-law evolution ϕ(0) ∝

√
|µ|/M0.

It is instructive to derive the square well potential re-
sults in an approximation that we will develop in the
next section on variational methods. We can set R0 = 1
and we then assume R0M0 = M0 = 1/(4

√
2) ≡ f from

eq.(69) for our approximation to the Yukawa potential.
We write an approximate trial wave-function for ϕ(r), as:

ϕ(r) = u(r)
r

u(r) = (r +Br3)θ(1 − r) + Ce−µ(r−1)θ(r − 1) (75)

Demanding the differentiability of u(r) at r = R0 (i.e.,
u(r) is a C1 function) we have,

B = −1 + µ

3 + µ
C = 2

3 + µ
(76)

and the Hamiltonian has dimension 1/R2
0, and in the field

u(r) is

M2 = 4πA2f3
∫ ∞

0
dr

(
|∂ru(r)|2 + g2

0NcW (r)|u(r)|2
)

= 4πA2f3
(

8
15 + 2

45µ− g2Nf2
(

68
315 − 64

945µ
))

(77)

where W (r) = −f2θ(1 − r) (note, the formal difference
with the M2(ϕ(r)) expression of eq.(61) is a total deriva-
tive that integrates to zero). The normalization is,

A2 =
(

4πf3
∫ ∞

0
dr|u(r)|2

)−1

= 9µ
8πf3 − 12µ2

35f3π
+ O(µ3) (78)
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The normalized expectation value of the Hamiltonian
is obtained, restoring factors of R−1

0 = M0/f , and µ →
µR0 = fµ/M0,

M2 = 4πA2f

(
8
15M

2
0 + 2

45fµM0

−g2Nf2
(

68
315M

2
0 − 64

945fµM0

))
= µM0

(
48

√
2

5 + µ

5M0
− 17

√
2

35 πκ+ 4µ
105M0

πκ

)
(79)

where κ = g2N/4π. Note the suppression of M2, which
would be ∼ M2

0 without the tail of the wave-function,
but has now become ∼ µM0 due to the infrared dilution.

The critical coupling corresponds to µ = 0 and implies

κ = 336
17π = 6.2913, g2N/8π2 = 1.0013, (80)

in excellent agreement with the NJL result (which was
an input of 1.000 to define f ; this calculation essentially
amounts to replacing the sin(kr) by the first two terms
in its series expansion).

Another consideration is the fine-tuning for a hierar-
chy, µ/M0 << 1. The result for M2 is the eigenvalue
−|µ|2. Therefore we have, keeping the leading terms in
µ2 in the Hamiltonian,

−µ2 ≈ µM0

(
48

√
2

5 − 17
√

2
35 πκ

)
(81)

hence the linear relation:

κ = 6.2913 + 0.90499 µ

M0
(82)

This means that fine-tuning to achieve a small value of
µ/M0 is highly suppressed, δκ/κ ∼ µ/M0 as opposed to
µ2/M2

0 without the dilution. This is due to the approxi-
mate the linearity of this relationship.

C. Variational Calculations

A solution to the SKG equation for the eigenvalue
can be computed approximately in a variational calcu-
lation. In using variational methods it is important that
the ansatz for the field configuration be a continuous
function of the field value and its first derivative (a C1

function). Discontinuities in the kinetic term lead to un-
wanted spikes in the Hamiltonian and affect the ener-
getics. It is also important, if possible, to use known
properties of the solution for the asymptotics.

We demonstrate this with a crude approximation in
the present section that shows ϵ = 1 is the extremal so-
lution for a bound state. We then illustrate a refined
“spline” approximation that obtains precise (and inter-
esting) results in Section III D.

First we recall M = ϵM0, as the mass scale in the
ansatz, reintroducing the parameter ϵ. As in the NJL
model, we view this as a UV cut-off theory where the

largest mass scale is the coloron mass M0, the largest
mass scale at which the static potential approximation is
applicable. Hence we require ϵ ≤ 1. ϵ is seen to multiply
the underlying coupling constant, g̃2

0 = ϵg2
0 . The largest

value of the “effective coupling,” g̃2
0 , is therefore g2

0 , hence
ϵ = 1 implies the smallest possible critical value of the
underlying coupling g2

0 . However, we can view ϵ as part
of the wave-function ansatz, and allow the variational
calculation of the bound state mass to produce ϵ = 1
to minimize the Hamiltonian, M2, of eq.(44) with the
Yukawa potential of eq.(41).

We consider a simple example of assuming an ansatz
that is a Hydrogenic wave-function, ϕ̃(r) = Ae−Mr, with
M = ϵM0 and ϵ as the variational parameter, and M0 is
the scale of the Yukawa potential. This cannot be an ac-
curate description near criticality where the eigenvalue µ2

is small because it lacks the large distance tail ∝ e−µr/r
for small µ (we’ll include that subsequently). However,
this gives a rough approximation and establishes ϵ → 1
dynamically.

The normalization of the ansatz is defined in eq.(35),

1 = 4πA2ϵ3M3
0

∫ ∞

0
e−2ϵM0rr2dr A2 = 1

π
(83)

The Hamiltonian M2 of eq.(44) with M = ϵM0 is

M2 = ϵ3M3
0

∫
r⃗

(
|∂r⃗ϕ|2 + g2

0NcϵM0V0(2r)|ϕ|2
)

(84)

where V0(2r) = −e−2M0r/8πr as in eq.(41), with the
fixed coloron mass M0 (no ϵ factor is present in V0(2r)!).
We then compute the eigenvalue µ2 = M2 as a function
of ϵ and κ:

M2 = A2ϵ3M3
0

∫
r⃗

(
|∂r⃗ϕ|2 − κϵM0

2
e−2M0r

r
|ϕ|2

)
= 4ϵ3M3

0

∫ ∞

0

(
ϵ2M2

0 e
−2ϵM0r − κϵM0

2
e−2(1+ϵ)M0r

r

)
r2dr

= M2
0

(
ϵ2 − κϵ4

2(1 + ϵ)2

)
; κ = Ncg

2
0

4π (85)

In Fig.(1) we plot a family of curves of M2 = µ2 for
various values of κ as function of ϵ. We see that the
extremal (smallest) value for positive µ2 is µ2 = 0 and
occurs for any κ < 8. On the other hand, for κ > 8 the
extremal (most negative) value of µ2 = M2 occurs when
ϵ → 1. Hence, the critical coupling is κ = 8 and we have

κ

2π = g2
0cNc

8π2 = 1.27, (86)

compared to the NJL critical value 1.00.
A negative eigenvalue µ2 = M2 is determined where

the corresponding κ > 8 curve intersects the vertical line
at ϵ = 1, that is,

µ2 = M2
0

(
1 − κ

8

)
. (87)

Since for subcritical, κ < 8, the eigenvalue µ2 = 0, we see
that is a second order phase transition behavior in |µ| vs
κ.
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FIG. 1: M2 = µ2 of eq.(84) is plotted vs. ϵ, with M0 = 1
for values of κ = (1, 4, 6, 8, 10). The critical coupling is the
value of κ for which a massless bound state occurs, M2 =
0, hence where the κ = 8 curve intersects with the ϵ = 1
vertical line. For supercritical κ > κc we have ϵ = 1 and the
eigenvalues µ2 are negative; For subcritical κ < κc we have
ϵ = 0 and the eigenvalues µ2 are positive. Resonances can
exist in scattering states with eigenvalues q⃗ 2 as in eq.(36)
with plane wave volume normalization.

The variational ansatz isn’t too far off, however, this
gives a false value for the normalized trial wave-function
at the origin for critical coupling,

ϕ(0) = 1√
π

(88)

The reason is, of course, that this variational calcula-
tion truncates the 1/r tail at large r, which significantly
affects the normalized ϕ(0). We now do a refined calcu-
lation that demonstrates the effects of the large distance
tail of ϕ(r).

D. Spline Approximation

We can improve the method by constructing an ansatz
for ϕ(r) that implements the short distance e−M0r, but
approximates the correct asymptotic form, ∼ e−µr/r, at
large r.

For µ small (near critical coupling) this is approx-
imately 1/r, and we then have a convenient “spline”
(power + exponential) for ϕ(r),

ϕ(r) = A

(
e−M0rθ(1 −M0r) + e−1

M0r
θ(M0r − 1)

)
(89)

where the step function is θ(x) = 1 (= 0) for x > 0 (< 0).
The spline is differentiable (C1) which avoids the dis-
continuity in the value of the function, as well as ∂ϕ ∼
δ(r−M) in its first derivative, which would lead to “en-
ergy spikes” in the kinetic term.

With this definition of ϕ(r), however, we have an in-
frared divergent normalization and kinetic term integrals

which require a cut-off with a small mass |µ|. The cut-
off is equivalent to redefining the second term in eq.(89)
as → (e−1/M0r)θ(M0r − 1)θ(1 − |µ|r), which allows the
integrals to run from 0 to ∞. The cut-off at |µ|−1 imi-
tates the desired true asymptotic form, ∼ e−|µ|r/r, and
maintaining the continuity ϕ(r) at r = M−1

0 .
Now, however, we have introduced a discontinuity at

r = |µ|−1 and an unwanted δ(r − |µ|−1) in the kinetic
term. To remedy this we can simply extend the spline
with a pure decaying exponential, as:

ϕ(r) = A

(
e−M0rθ(1 −M0r) + e−1

M0r
θ(M0r − 1)θ(1 − |µ|r)

+ |µ|
M
e−|µ|rθ(|µ|r − 1)

)
(90)

This is now a differentiable function with value and
derivatives matching at Mr = 1 an |µ|r = 1. and we
have eliminated the IR divergence and can use this for
any value of |µ|.

We have experimented with several ansatze and pre-
fer the simplicity of eq.(90). We find splining to an
asymptotic function ∼ e−|µ|r/r leads to more cumber-
some integrals. Note the discontinuity at the origin,
∂rθ(r)e−M0r ∼ δ(r), receives a factor of zero in the inte-
grals due to the r2dr, hence causes no discontinuity prob-
lem at r = 0. One might worry that this wave-function
is not C2 and cannot evidently satisfy the equation of
motion, however this is a variational ansatz and none of
it satisfies the equation of motion, yet it can produce
reasonably reliable Hamiltonian expectation values.

The normalization of the trial wave-function of eq.(90)
must satisfy eq.(35), defined by A given by,

1 = 4πA2M3
0

(∫ M−1
0

0
e−2M0rr2dr +

∫ |µ|−1

M−
0 1

(
e−1

Mr

)2

r2dr

+
∫ ∞

|µ|−1

(
|µ|
M

)2

e−2|µ|rr2dr

)
(91)

hence, defining x = |µ|/M0 and M0 = 1 we have

A = 1√
π

(
1 + 9e−2

( 1
x

− 1
))−1/2

(92)

We see this is dominated by the tail of the wave-function
for small |µ| as:

A ≈ e

3
√
π

(
|µ|
M0

)1/2

(93)
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We then compute M2 as (recall κ = g2
0Nc/4π):

M2 = 4πM3
0

(∫
r⃗

(
|∂r⃗ϕ|2 − κM0

2
e−2M0r

r
|ϕ|2

)
= 4πA2M3

0

(∫ M−1
0

0

(
M2

0 e
−2M0r − κM0

2
e−4M0r

r

)
r2dr

+
∫ |µ|−1

M−1
0

(
e−1

Mr

)2(
1
r2 − κM0

2
e−2M0r

r

)
r2dr

)
+

∫ ∞

|µ|−1

(
|µ|
M
e−µr

)2(
µ2 − κM0e

−2M0r

2r

))
r2dr

)
(94)

We obtain the result:

M2 = πA2
(

1 − e−2(1 − x) − κ

(
2e−2(Ei(1, 2) − Ei(1, 2/x))

+1
8

(
1 − e−4)

+ 1
2

3x2 + 2x
(1 + x)2 e

−2(1+x)/x

))
(95)

where the exponential integral is Ei(x) =
∫ x

−∞(et/t)dt.
We proceed to compute M2(κ). We are interested only

in negative eigenvalues for the compact wave-function.
We input a trial value of |µ|/M0 (where we set M0 = 1)
and compute M2 = µ2 for given values of κ. This leads
to the family of curves seen in Fig.(2).

The eigenvalue µ2 = −|µ|2 = M2 is produced by this
formula. However, we have used as input |µ|/M0 to de-
fine the large distance tail of the wave-function. The
resulting output µ2 = −|µ|2 must self-consistently match
the input value |µ|. Fig.(3) shows M2 with M0 = 1 plot-
ted for given values of κ vs the input |µ| with M0 = 1.
Self-consistent solutions occur where the given κ curve
intersects a µ2 curve (thick curve Fig.(3)). The intersec-
tions implicitly determine κ for any consistent value of
input |µ|.

The logic of the plots is that we are seeking the value of
κ that best yields a self-consistent solution for given µ (as
in the critical coupling determination where we sought
the best value of κ that yields µ = 0). This then gives
us the value of µ for a given input value of κ. In Fig.(4)
we plot the values of κ vs. the corresponding consistent
value of input |µ|. We now find the critical coupling,
but with κc = 6.82, hence g2

0Nc/8π2 = 1.082, slightly
larger than the NJL result, and very close to the exact
Yukawa potential result g2

0Nc/8π2 = 1.06940 of eq.(58).
The tail-spline calculation has significantly improved the
precision determination of the variational calculation of
the critical behavior.

Note that, to an excellent approximation we now find
a linear relation of κ and eigenvalue µ as

κ = 6.8197 + 10.693|µ|/M0 (96)

Likewise, ϕ(0) is then determined by A in eq.(92) to an
excellent approximation in the limit eq.(93).

If we again demand, gY = 1, as in a top quark conden-
sation model, then from eqs.(51,93),

gY = 1 = ĝY ϕ(0) =
√
Nc

8

(
8π2

Nc

)
e

3
√
π

(
|µ|
M0

)1/2

(97)

FIG. 2: M2 of eq.(95) with eq.(92) is plotted vs. µ/M0
for M0 = 1, for values of κ = (6, 7, 8, 9, 10). The thick (red)
curve is the eigenvalue µ2. Consistent solutions occur where
the −|µ|2 curve intersects the µ2 = M2 curves for given value
of κ. The critical coupling is the smallest value of κ for which
these curves do not intersect, ≈ κ = 6.8198. For smaller
values we have no solution with negative µ2.

FIG. 3: The value of the coupling κ = g2
0Nc/4π vs the bound

state mass |µ| which consistently matches the trial input value
of µ/M0 to the eigenvalue µ2 = M2 (for negative µ2). The
result is fit by eq.(96, κ = 6.8197+10.693|µ|/M0. This implies
that the fine-tuning of a hierarchy is significantly reduced as
δκ/κ ∼ |µ|/M0.

hence

|µ|
M0

=
(
Nc

8π2

)2(
8
Nc

)
9π
e2 = 2.6 × 10−2 (98)

with Nc = 3 and the normalization at the origin. In a top
condensation model with |µ| = 88 GeV this would imply a
coloron mass scale of order M0 ∼ 6 TeV. Due to the linear
relationship between κ and |µ|/M0 we see the degree of
fine-tuning a hierarchy is of order δκ/κ ∼ |µ|/M0 ∼ 1.4%.
This is an astonishing improvement over the old NJL
based top condensate theory [8], an indicates a possible
top quark coloron in the ∼ 5–10 TeV range.
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IV. FERMION LOOPS

Presently we focus on the induced Yukawa interaction
of eq.(52):

S′ → −
√
NcJ/2g2

0M
2
0 ×∫

Xr⃗

[ψL(X+)ψR(X−)]fχ(X)U(r)+h.c. (99)

where Xµ± = (X0, X⃗±r⃗) and we define the combination,
U(r⃗) = V (2r⃗)ϕ(r⃗) (100)

This is the analogue of the fermion loop in the NJL
model of figure(4) as in the leading large-Nc calculation.
The Yukawa coupling involves ϕ(r) to the free fermion
bilinear, [ψL(X+)ψR(X−)], via the potential V (2r).

The meaning of the “free fermions” now presents
a subtlety: a free fermion bilinear can itself be
viewed as a bilocal field describing a scattering state,
[ψL(X+)ψR(X−)] ∼ Ω(X, r) and this would be a solu-
tion to the SKG equation with positive eigenvalue, q2,
and must therefore be orthogonal to Φ(X, r):∫

Xr⃗

Φ(X, r)†Ω(X, r) = 0 (101)

This in turn implies a nontrivial constraint on the ba-
sis functions that comprise the free fermion states, and
thus the Feynman propagator. Essentially, we have ex-
tracted the particular combination of free fermion field
basis functions that comprise Φ from the complete set of
basis functions that would normally appear in an arbi-
trary Ω(X, r).

For the present calculation, however, we can consider
Φ to be a near critical bound state with an extended
ϕ(r). This serves to dilute the loop by a factor of ϕ(0)2.
We would expect that the orthogonality projection of Φ
out of the set of free field basis functions would lead to
a further correction of order ϕ(0)4. We will therefore
approximate the free fermions by plane wave Dirac fields
and do the loop as we would with the usual free Feynman
propagator.

The free field Feynman fermion propagator then takes
the usual form,

SF (x) = i

∫
d4ℓ

(2π)4
ℓ/

ℓ2 e
iℓµxµ

(102)

and the left handed projection operator is P5 = (1−γ5)/2
(we follow conventions of [31]).

The fermion loop integral becomes,
I =

FM4
0

∫
d4ℓ

(2π)4 d
3rd3r′ ℓ·(ℓ+P )

ℓ2(ℓ+P )2U(r⃗)U†(r⃗′)e2iℓ⃗·(r⃗−r⃗′) (103)

where we have the combinatorial overall factor,

F = −2JNcg
4
0N

2
c

∫
d4X|χ0|2 (104)

Note the factor of g4
0N

2
c from the internal wave-function

interaction, eq.(52), the additional factor of Nc from the
loop.

A. P = 0 Result

For simplicity first consider P = 0, and do the ℓ0 inte-
gral by residues:∫

d4ℓ

(2π)4
1

ℓ2 − µ2 + iϵ
= i

2

∫
d3ℓ⃗

(2π)3
1

(ℓ⃗2 + µ2)1/2
(105)

to obtain,

I = i

2FM
4
0

∫
d3rd3r′

∫ M0

µ

d3ℓ⃗

(2π)3
1
|ℓ⃗|
U(r⃗)U†(r⃗′)e2iℓ⃗·(r⃗−r⃗′)

= i

32π2FM
4
0

∫
d3rd3r′U(r⃗)U†(r⃗′) ×

×
[

sin2(M0|r⃗ − r⃗′|) − sin2(µ|r⃗ − r⃗′|)
|r⃗ − r⃗′|2

]
. (106)

where we introduced the ℓ⃗ integral with UV cut-off M0
and IR cut-off µ.

The result of eq.(106) is general. We can now take the
pointlike limit for the potential as in eq.(41) to compare
to the NJL model:

V0(2r) → − 1
M2

0
δ3(2r⃗) = − 2

JM2
0
δ3(r⃗) (107)

to obtain:

I = i
Nc

8π2 |ϕ(0)|2(M2
0 − µ2)(2g4

0Nc/J)
∫
d4X|χ0|2

= i
ĝ2

Y |ϕ(0)|2Nc

8π2 (M2
0 − µ2)

∫
d4X|χ0|2 (108)

Recall the induced Yukawa coupling of eq.(51),

gY = g2
0
√

2Nc/Jϕ(0) = ĝY ϕ(0) (109)

to obtain,

I = ig2
Y Nc

∫
d4X|χ0|2M

2
0 − µ2

8π2 (110)

We have recovered the usual momentum space results of
eq.(A5) as in [8].

Note the key difference with the NJL model is that,
in NJL we would have gY = g0, which is very large near
criticality. However, presently we have gY = ĝY ϕ(0) ≡
g2

0
√

2Nc/Jϕ(0) and gY is significantly diluted near crit-
icality by ϕ(0).

B. P Dependence

Keeping the P dependence to O(P 2) from eq.(103)
yields, I = I0 + IP and we use∫

d4ℓ

(2π)4
ℓ · (ℓ+ P )
ℓ2(ℓ+ P )2 = i

2

∫
d3ℓ⃗

(2π)3

(
1
|ℓ⃗|

+ P 2

2ℓ̂3

)
(111)

hence
IP =
i

8FM
4
0

∫
d3rd3r′

∫ M0

µ

d|ℓ⃗|
4π2

U(r⃗)U†(r⃗′) sin(2|ℓ⃗||r⃗ − r⃗′|)
|ℓ⃗|2|r⃗ − r⃗′|

P 2

2
(112)
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We use an approximate result for the log-divergent inte-
gral, ∫ M0

µ

sin(2xR)
x2R

dx

≈ sin(2µR)
µR

−2(γ + ln(2µR) −R2µ2) +O
( 1
M0

, µ3
)

(113)

to obtain,

IP = i

32π2FM
4
0

∫
d3rd3r′U(r⃗)U†(r⃗′)P

2

2(
sin(2µ|r⃗ − r⃗′|)
µ|r⃗ − r⃗′| − 2 ln(2µeγ |r⃗ − r⃗′|) − 2µ2|r⃗ − r⃗′|2

)
−(µ → M0) + O(1/M0, µ

3) (114)

Taking the pointlike limit gives,

IP = i
ĝ2

Y |ϕ(0)|2Nc

8π2 P 2
∫
d4X|χ0|2ln

(
2M0

µ
eγ

)
= i

g2
Y Nc

8π2 P 2
∫
d4X|χ0|2ln

(
2M0

µ
eγ

)
(115)

where the log structure matches the result of eq.(A5).
Hence the wave-function renormalization constant of the
Φ field is

Z = 1 + g2
Y Nc

8π2

(
ln(M0/µ) + c

)
(116)

in agreement with the NJL loop result, eq.(A5) (the dif-
ference is the additive constant in the limit gY → 0).
Hence this loop calculation, which drives the entire ki-
netic term structure of the NJL model, is now a pertur-
bative correction in our semiclassical scheme.

We remark that here we see something noteworthy: In
the NJL model the limit |r⃗ − r⃗′| < M−1

0 is inconsistent
with treating M0 as a momentum space cut-off. That
is, if we insist upon momentum scales above M0 to be
disallowed then in configuration space we must require
|r⃗−r⃗′| >∼ M−1

0 . This informs us that the usual NJL model
assumption of a cut-off theory at scale M0 is potentially
inconsistent.

C. Quartic Interaction

As in the NJL model, the fermion loops will induce
a quartic interaction. A full calculation in configuration
space is tedious but leads to results similar to the follow-
ing in the pointlike potential limit.

The loop for a quartic interaction has four bilocal ver-
tices and takes the form:

λ = −1
2F4

∫
d4ℓ̂

(2π)4
1
ℓ̂4

4∏
i=1

d3ri |U(r⃗i)|4e2i
ˆ⃗
ℓ·r⃗i (117)

where∫
d4r e2ip⃗1·r⃗D(2r)ϕ(r⃗) = −1

2

∫
d3r e2ip⃗1·r⃗V0(2r⃗)ϕ(r⃗)

F4 =
(
Nc(

√
2NcJg

2
0M

2
0 )4

∫
d4X|χ0|4

)
(118)

We integrate ℓ̂2 from µ2 to M2
0 as IR and UV cut-offs

(we could equally well include µ2 in the propagator de-
nominator for the IR cu-off with similar results). The
pointlike limit for the potential is as above,

V0(2r) → − 2
JM2

0
δ3(r⃗) (119)

and obtain

λ

2 = F4

(
1

JM2
0

)4

|ϕ(0)|4
∫ M2

0

µ2

d4ℓ̂

(2π)4
1
ℓ̂4

∫
d4X|χ0|4

= Nc

8π2 ĝ
4
Y |ϕ(0)|4

(
ln

(
M0

µ

)
+ O

(
µ2

M2
0

)) ∫
d4X|χ0|4

(120)

The log evolution matches the result for the pointlike
NJL case of eq.(A5), with gY = ĝY ϕ(0),

λ ≈ Ncg
4
Y

4π2 ln
(
M0

µ

)
+ constant. (121)

V. SPONTANEOUS SYMMETRY BREAKING

With super-critical coupling, g0 > g0c, the bilocal field
Φ(X, r) has a negative (mass)2 eigenvalue (tachyonic), µ2

with a well-defined localized wave-function. In the region
external to the potential (forbidden zone) the field is ex-
ponentially damped. At exact criticality there is a 1/r
tail that switches to exponential damping for g0 > g0c.
The supercritical solutions are localized and normaliz-
able over the entire space r⃗, but with µ2 < 0 they would
lead to exponential runaway in time of the field χ(X0),
and must be stabilized, typically with a ∼ λ|Φ|4 → λ|χ|4
interaction.

We then treat the supercritical case as resulting in
spontaneous symmetry breaking. The spontaneous sym-
metry broken phase is then a configuration where the
field Φ(X, r) = χ(X)ϕ(r), and where χ(X) develops a
vacuum expectation value (VEV), while ϕ(r) remains a
localized wave-function satisfying the SKG equation. .
We then obtain the “sombrero potential”,

V (χ) = −|µ|2|χ|2 + λ

2 |χ|4 (122)

The field χ develops a VEV, ⟨χ⟩ = v = |µ|/
√
λ.

The external scattering state “free” fermions, ψa
f (X),

will then acquire mass through the Yukawa interaction,
the second term in eq.(17), ∼ gY v[ψLψR]f + h.c.. In
our treatment the internal fermion pair belongs to ϕ(r)
which interacts with itself through the SKG equation and
loop induced quartic interaction. It then drives the ex-
ternal free fermions to acquire mass. At leading order
there is no “back reaction” on the internal fermions that
bind to comprise ϕ(r). We segregated the free exter-
nal fermions from the bound state wave-function, Φ, in
eq.(17), so while Φ forms a VEV as described above, and
the scattering state fermions independently acquire mass
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as spectators, the internal dynamics are as described by
Φ0 as in eq.(17).

In a more general large-distance potential we may con-
sider possible feedback on the r dependence of ϕ(r),
rather than the pointlike limit of the potential where
things depend only upon ϕ(0). The simplest large-
distance sombrero potential might be modeled as,

S =
∫ ′

Xr⃗

(
|ϕ|2

∣∣∣ ∂χ
∂X

∣∣∣2
−|χ|2(|∇rϕ|2+g2NcMV (r)|ϕ(r)|2)

−|χ|4 λ̂2 |ϕ(r⃗)|4
)

(123)

In the simplest case of a perturbatively small λ̂ we expect
the eigensolution of ϕ to be essentially unaffected∫ ′

r

(
−|∂r⃗ϕ|2+g2NcMV (r)|ϕ(r⃗)|2

)
≈ −µ2 (124)

The effective quartic coupling is then further renormal-
ized by

|χ|4
∫ ′

r

λ̂

2 |ϕ(r⃗)|4 = |χ|4 λ̃2 (125)

Then χ develops a VEV in the usual way:

⟨|χ|2⟩ = |µ2|/λ̃ = v2 (126)

This is consequence of ϕ(r⃗) remaining localized in its po-
tential

However, for general λ̃, possibly large (as in a non-
linear sigma model), the situation is potentially more
complicated. The VEV is determined by joint integro-
differential equations for constant χ

0 = −
∫ ′

r

(
−|∂r⃗ϕ|2+g2NcMV (r)|ϕ(r⃗)|2+ λ̃|χ|2||ϕ(r⃗)|4

)
0 = −∇2

rϕ−g2NcMV (r)ϕ(r) − λ̃|χ|2|ϕ(r)|2ϕ(r) (127)

If we can can solve the second local equation then the
global one follows, but we see that ϕ(r) cannot become
constant in a potential V (r) which has r dependence!
While perturbative solutions maintain locality in ϕ(r⃗), it
is unclear what solutions exist to the latter equation for
non-perturbative λ.

VI. SUMMARY AND CONCLUSIONS

Bilocal fields, introduced by Yukawa [4], provided a
starting point for a theory of correlated pairs of fermions
in a Lorentz invariant action. Our formalism, inspired
by the NJL model [5], is a semiclassical theory of bound
states and yields a sensible physical picture. The intro-
duction of the bilocal field, Φ(x, y) = ψL(x)ψR(y), is a
bosonization of the fermion pair, and simplifies many as-
pects of the formalism. We differ from Yukawa in the
treatment of “relative time.” The physical mass scale
for a bound state is inherited from the interaction. Our

present construction leads to a number of novel results
and the following is a synopsis.

To describe a scalar bound state we can write a fac-
torized bilocal field ansatz, Φ = χ(X)ϕ(r), where χ(X)
is normal pointlike field that describes the center of mass
motion, and ϕ(r) is the internal wave-function that de-
scribes the structure of the bound state. In the rest
frame, the relative time, r0, disappears and can be in-
tegrated out. The “internal wave-function” ϕ(r⃗) is then
a static function of the constituent’s separation, 2r⃗, and
χ(X) → χ(X0) has only time dependence.

We consider the coloron model [11][15][16], which is a
single boson exchange of a massive gluon, of mass M0,
in leading order of large Nc. This leads in the rest frame
to a Hamiltonian for the internal wave function with a
static Yukawa potential:

M2 = M3
0

∫
d3r

(
|∂r⃗ϕ|2 − g2

0NcM0
e−2M0|r⃗|

8π|r⃗| |ϕ|2
)

(128)

Here ϕ(r) is normalized as,

M3
0

∫
d3r |ϕ(r⃗)|2 = 1 (129)

The potential is semiclassically enhanced by a factor of
Nc, the number of colors, by the color singlet normaliza-
tion of Φ(x, y).

By variation of M2 we obtain the Schrödinger-Klein-
Gordon equation and it’s eigenvalue, µ2:

−
(
∂2

∂r2 + 2
r

∂

∂r

)
ϕ(r)−g2

0NcM0
e−2M0|r⃗|

8π|r⃗| ϕ(r)=µ2ϕ(r) (130)

The eigenvalue, µ2, is then the physical squared mass of
the bound state, χ(X), field in any frame. Here “binding”
represents a negative µ2 and a chiral instability of the
vacuum.

We also obtain an induced Yukawa coupling of the
bound state to external unbound fermions, gY =
g2

0ϕ(0)
√
Nc/8. The main feature is that gY ∝ ϕ(0) with

interesting consequences.
We use the Hamiltonian directly in variational calcula-

tions of ϕ(r). First, we establish that the critical value of
our Yukawa potential, i.e. the value g2

0 = g2
0c for which

µ2 = 0, is equivalent to that determined in the litera-
ture for screened Coulomb potentials, (which are of the
Yukawa form). To high precision, [28] we find, remark-
ably, that this corresponds very closely to the critical
value in the NJL model obtained at loop level:

g2
0cNc

8π2

∣∣∣∣
screened

= 1.06940 g2
0cNc

8π2

∣∣∣∣
NJL

= 1.00. (131)

Moreover, in a variational calculation, using a splined-
wave-function, we obtain in the present formalism:

g2
0Nc

8π2

∣∣∣∣
present

= 1.082 (132)

in good agreement with the screened Coulomb result.
The quantitative agreement with the loop level NJL
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model is striking and we are unaware of it’s being previ-
ously noted.

For subcritical coupling there are unstable reso-
nances decaying into their constituents, which are non-
normalizable solutions of the SKG equation with incom-
ing and outgoing radiative tails. Supercritical coupling,
g2

0 > g2
0c, implies a bound state with a negative µ2 eigen-

value, and therefore spontaneous chiral symmetry break-
ing must occur.

We mainly study the large M0 limit in which the
Yukawa potential approaches a δ3(r⃗) potential. While
this becomes the NJL potential, nonetheless, in this limit
ϕ(r) remains a spatially extended field and the theory re-
mains non-pointlike. This is a major difference with the
NJL model.

Our most important results have to do with ϕ(r) near
criticality. As we approach critical coupling g2

0 → g2
0c the

ϕ(r) becomes scale invariant, and we have for r >> M−1
0 ,

ϕ(r) ∼ Ae−|µ|r

r
→ A

r
|µ| << M0 (133)

where A is the normalization constant. The normaliza-
tion of ϕ(r) is then dominated by the long distance tail.
As r → 0, and |µ| <M0, the ϕ(r) solutions tend to a con-
stant, ϕ(0). This is suppressed as ϕ(0) ∝ (|µ|/M0)1/2.

This “infrared dilution effect” of ϕ(0) << 1 has sig-
nificant implications on the results of the theory that
are quite different than those of the NJL model. The
induced Yukawa coupling is gY ∝ ϕ(0). This means
that, though g2

0 >> 1, the value of gY << g0 dilutes
quickly to small values. In contrast, in the NJL model
the value of gY is suppressed, but only logarithmically
gY ∼ 1/ ln(M0/µ) at leading Nc fermion loop level, and
evolves relatively slowly with scale into the IR, even if
the full renormalization group is applied [8][21]. In the
present semiclassical scheme, the suppression is fast and
power-law, ∼ (|µ|/M0)1/2. This decouples the strong dy-
namics underlying the bound state at short distances,
making it effectively perturbative at low energies. The
“custodial symmetry” of this dilution is scale invariance,
as we approach the critical coupling.

For example, applying the NJL model in top conden-
sation models [8][15][16], then µ2 = −(88)2 GeV2, the
Lagrangian BEH mass of the standard model, and we
would typically require |µ|/M0 ∼ 10−15 − 10−19 to get
gY of order unity (gY never reaches unity and tends to
the IR fixed point value [21]). In the present semiclassi-
cal scheme, owing to the ϕ(0) dilution, one can achieve
gY = 1 with M0 ∼ 6 TeV!

Moreover, the critical behavior is significantly modi-
fied. Typically, as in the NJL model, the critical behavior
would go as a second order phase transition where,

µ2 = M2
0 − g2

0
g2

0c

M2
0 (134)

This implies significant fine-tuning to obtain a hierarchy,
at the level of (|µ|/M0)2 ∼ 10−28, or more, in the NJL
top condensation scheme. However, in the present frame-
work the rhs of eq.(134) is renormalized by ϕ2(0), and we

obtain,

µ2 = ϕ2(0)
(
M2

0 − g2
0
g2

0c

M2
0

)
= |µ|M0

(
1 − g2

0
g2

0c

)
(135)

Thus we have a linear relationship between g2
0 and |µ|,

|µ|
M0

=
(
g2

0
g2

0c

− 1
)
, g2

0 > g2
0c. (136)

This implies that fine-tuning a hierarchy is now signif-
icantly reduced to δg2

0/g
2
0 ∼ µ/M0 ∼ 10−2... a few %

with M0 ∼ 6 TeV!
Also, in the NJL model of top condensation the value

of the quartic coupling is determined by the renormal-
ization group with “compositeness boundary conditions”
and is generally too large (this is problematic for many
theories of a composite BEH boson). However, owing to
the suppression of gY the quartic coupling is now gener-
ated in loops as in eq.(121) and found to be close to the
standard model result.

We think this bodes well for a renaissance of the
top condensation/topcolor scheme, or perhaps other con-
stituent models of a composite BEH boson. We will re-
visit this elsewhere [34]. We believe the most important
challenge to the LHC is to ascertain whether or not the
BEH boson is pointlike or an extended object (e.g. show-
ing deviations from the standard model, particularly in
3rd generation processes, or perhaps by way of tools such
as [33] and others).

In summary, our key result is that, near criticality,
the NJL model fails, while a semiclassical theory con-
tains additional degrees of freedom, i.e., an internal wave-
function ϕ(r), and the major low energy results are sig-
nificantly modified. Near criticality the low energy ϕ(r)
is approximately dynamically scale invariant, and scale
symmetry is acting as the custodial symmetry of the
physics of a low mass bound state of chiral fermions. Our
results may be of some general interest to practitioners of
the NJL model in QCD, e.g., [11],[12], etc. For example
we think it would be interesting to apply this formalism
to heavy-light systems as in [13].

We remark that the transition from unbound to bound
state is associated with the internal wave-function be-
coming a “compact” solution to the SKG equation. Just
below critical coupling, g0 < g0c, the eigenfunctions at
large r are two body scattering states, such as ∼ eiqr/r,
requiring space-volume, V3, normalization, ∼ 1/

√
V3. For

g0 > g0c the internal bound state eigenfunction discon-
tinuously becomes compact and normalizable ∼ e−µr/r.
This transition is non-analytic in momentum space, but
intuitive, in configuration space as reflected in the eigen-
value flow from subcritical to critical coupling.

Weinberg has emphasized the non-analyticity of the
transition from unbound to bound state in momentum
space as an outstanding challenge to bound state formal-
ism [35]. Tree level scattering amplitudes for unbound
pairs are perturbative, and can be approximated to any
desired order by a finite number of Feynman diagrams,
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but generate no bound state. A bound state requires
summing an infinite number of loop diagrams to gen-
erate the bound state pole. In practice this involves
a choice of particular subset of diagrams to sum, e.g.,
in a Bethe-Salpeter equation or a fermion loop “bub-
ble sum” approximation to the NJL model. However,
at this stage the procedure can become non-systematic
(except in a well defined subset, e.g., large-Nc fermion
loop approximation in NJL). Therefore, the usual dia-
grammatic expansion in the coupling has a discontinuity,
a non-analytic behavior, as binding commences.

This non-analyticity in momentum space traces in con-
figuration space to the transition from non-normalizable
scattering state wave-functions to the normalizable
bound state wave-functions. In the present formalism
the transition is a first order phase transition in ϵ = 0
to ϵ = 1 as g2

0 crosses from subcritical to critical. Our
present configuration space framework therefore offers,
perhaps, a more intuitive view of the bound state in field
theory. We can envision more applications of this ap-
proach.

Appendix A: Review of the Point-like
Nambu–Jona-Lasinio Model

The Nambu–Jona-Lasinio model (NJL) [5] is the sim-
plest field theory of a composite scalar boson, consist-
ing of chiral fermions. An effective pointlike bound state
emerges from an assumed pointlike 4-fermion interaction.
We begin with a lightning review of the modern solution
of the NJL model using concepts of the renormalization
group.

We assume chiral fermions, each with Nc “colors.” A
non-confining, chiral invariant U(1)L × U(1)R action,
then takes the form:

SNJL =
∫
d4x

(
i[ψL(x)∂/ψL(x)] + i[ψR(x)∂/ψR(x)]

+ g2
0

M2
0

[ψL(x)ψR(x)] [ψR(x)ψL(x)]
)
. (A1)

Here ψL = (1 − γ5)ψ/2, ψR = (1 + γ5)ψ/2, and
we write color singlet combinations in brackets [...] as
ψ

i

L(x)ψiR(x) ≡ [ψL(x)ψR(x)]. This can be readily gen-
eralized to a GL ×GR chiral symmetry which we do ex-
plicitly in the section on currents below.

We can rewrite eq.(A1) in an equivalent form by intro-
ducing the local color singlet auxiliary field Φ(x):

SNJL =
∫
d4x

(
i[ψL(x)∂/ψL(x)] + i[ψR(x)∂/ψR(x)]

−M2
0 Φ†(x)Φ(x) + g0[ψL(x)ψR(x)]Φ(x) + h.c.

)
. (A2)

The resulting “equation of motion” for Φ is:

M2
0 Φ(x) = g0[ψR(x)ψL(x)] (A3)

FIG. 4: Diagrams contributing to the pointlike NJL model
effective Lagrangian, eqs.(A7). External lines are Φ and in-
ternal lines are fermions ψ.

Using the Φ equation of motion in eq.(A2) reproduces
the 4-fermion interaction of eq.(A1).

Note that the induced (unrenormalized) Yukawa cou-
pling g0 in eq.(A2) is the same coupling as appears in the
interaction of eq.(A1). In the semiclassical treatment of
this paper this relationship is significantly modified as in
eq.(51).

Following Wilson, [6], we view eq.(A2) as the action
defined at the high energy (short-distance) scale m ∼ M .
We then integrate out the fermions to obtain the effective
action for the composite field Φ at a lower scale m << M .
The calculation in the large-Nc limit is discussed in detail
in [8, 9]. The leading Nc fermion loop yields the result
for the Φ terms in the action at a new scale µ:

Sµ =
∫
d4x

(
i[ψL∂/ψL] + i[ψR∂/ψR] + Z∂µΦ†∂µΦ

−µ2Φ†Φ − λ

2 (Φ†Φ)2 + g0[ψLψR]Φ(x) + h.c.)
)
. (A4)

where the diagrams of Fig.(1) yield,

µ2 = M2
0 −Ncg

2
0

8π2 M2
0 ,

Z = Ncg
2
0

8π2 ln(M0/µ), λ = Ncg
4
0

4π2 ln(M0/µ). (A5)

Here M2
0 is the UV loop momentum cut-off, and we in-

clude the induced kinetic and quartic interaction terms.
The one-loop result can be improved by using the full
renormalization group (RG) [8, 9]. Hence the NJL model
is driven by fermion loops, which are ∝ ℏ intrinsically
quantum effects.

Note the behavior of the composite scalar boson mass,
µ2, of eq.(A5) in the UV. The −Ncg

2
0M

2
0 /4π2 term arises

from the negative quadratic divergence in the loop involv-
ing the pair (ψR, ψL) of Fig.(1), with UV cut-off M2

0 .
Therefore, the NJL model has a critical value of its cou-
pling defined by the cancellation of the large M2

0 terms,

g2
0c = 8π2

Nc
(A6)

Here we have m as the running RG mass, and is the lower
limit of the loop integrals. This can in principle be small
in logs and neglected in the quadratically divergent loops.
At the critical coupling the mass of the bound state is
then µ2 = 0.
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We can renormalize, Φ →
√
Z

−1Φ, hence:

Sµ =
∫
d4x

(
iψ

a

L∂/ψaL + iψ
a

R∂/ψaR + ∂µΦ†∂µΦ

−µ2
rΦ†Φ − λr

2 (Φ†Φ)2 + gY ψ
a

LψaRΦ(x) + h.c.

)
. (A7)

where,

µ2
r = 1

Z

(
M2

0 −Ncg
2

8π2 (M2
0 )

)
g2

Y = g2

Z
= 8π2

Nc ln(M0/m) , λr = λ

Z2 = 16π2

Nc ln(M0/m) . (A8)

For super-critical coupling, g2
0 > g2

0c, we see that
µ2

r < 0 and there will be a chiral vacuum instability. The
effective action, with the induced quartic ∼ λr(Φ†Φ)2

term, is then the usual sombrero potential. The chiral
symmetry is spontaneously broken, the field Φ acquires
a VEV,

⟨Φ⟩ = v = µr√
λr

, (A9)

and the chiral fermions acquire mass,
mf = gY v (A10)

The physical radial mode (“Higgs” boson), defined as√
2Re(Φ), has a mass mh given by,

m2
h = 2λv2. (A11)

The Nambu-Goldstone mode, Im(Φ), is massless. Hence
we see that the NJL model yields a prediction for the
radial mode

mh =
√

2λr

gY
mf = 2mf . (A12)

The effective action also generates Nambu-Goldstone
bosons that also emerge as pointlike bound states.

Fine-tuning of g2
0 → g2

0c can be done to attempt to
create a hierarchy, |µ2| << M2

0 . In that case we appeal
to the behavior of the renormalized couplings as µ →
M0. We see that both gY and λr diverge in the ratio
λr/g

2
Y → 2. This can be used as a boundary condition

on the full RG evolution of gY and λr including gauge
fields and scalar interactions themselves.

The NJL model is useful in QCD applications and su-
percritical coupling. However, in the present semiclassi-
cal treatment of binding we claim that the results of the
critical coupling limit of the NJL model are incorrect.
The model does not include the internal wave-function,
ϕ(r), which behaves as ϕ(r) ∝ e−µr/r ∼ 1/r in the limit,
and dilutes gY ∝ ϕ(0) ∼

√
µM0 by a power-law.

Appendix B: Currents

Under a GL ×GR chiral symmetry transformation we
have for free fermions,

ψL(y) → GLψL(y)
ψR(y) → GRψR(y) (B1)

where dotted indices refer to GL and undotted to GR.
Therefore the free fermion field theory has chiral currents,

jA
Lµ = [ψL(x)γµT

A
L ψL(x)]

jA
Rµ = [ψa

R(x)γµT
A
RψR(x)] (B2)

where [...] means we have contracted color indices and
TL (TR) is the generator of GL (GR). These groups have
corresponding currents in the composite two body field
Φ. The defining equation for Φ(x, y) implies its chiral
symmetry properties under GL ×GR,

M2
0 Φ(x, y) → GLΦ(x, y)G†

R (B3)

Conserved currents provide a connection between the
normalization of the fundamental constituent fields and
the composite fields. The current normalization of Φ is
equivalent to it’s kinetic term normalization. The values
of the associated charges lock the fundamental fermion
fields, ψR(x) and ψL(y) to the composite field Φ(x, y).
The matching of the composite to the constituent cur-
rents can be made exact for scalar constituents, which
we do in [20]. The matching will also hold for fermions
as operator constraints in the two body sector of the Fock
space of states, as is the case for chiral Lagrangians in
general.

It is useful to focus on the global U(1)L × U(1)R sub-
group which s present for any GL ×GR generalized chiral
symmetry group. With the two currents,

jLµ = [ψL(x)γµψL(x)] jRµ = [ψR(x)γµψR(x)] (B4)

We have the vector current j = jL + jR and an axial
vector j5 = jL − jR, corresponding to UV (1) × UA(1)

The symmetries act upon the Φ(x, y) as a local gauge
transformation of the form,

Φ(x, y) → U†
R(x)Φ(x, y)UL(y) (B5)

where in principle the gauge rotations are different at x
and y ̸= x. In this way we can introduce chiral gauge
fields. If, however, the gauge transformation is global,
then the U ’s are independent of x, y. In barycentric co-
ordinates we have U(X+r) = U(X−r) = U(X) hence in
the factorization form Φ′(X, r) ∼ χ(X)ϕ(r) we can assign
the global symmetry representation to χ and treat ϕ(r)
as a scalar. However, we require local transformations to
generate Noether currents. Hence,

Φ(x, y) → e−iθL(xΦ(x, y),
Φ′(X, r) → eiθR(y)Φ(x, y) (B6)

generates the bilocal currents from eq.(25),

JLµ(x, y) = iZM4Φ†(x, y))
↔
∂
∂xµ

Φ(x, y)

JRµ(X, r) = iZM4Φ†(x, y))
↔
∂
∂yµ

Φ(x, y) (B7)

Likewise, jumping to the Φ′(X, r) representation and
the bilocal action eq.(29), we generate two Noether cur-
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rents corresponding to U+(1)×U−(1), via the local trans-
formations,9

Φ′(X, r) → eiθ+(X)Φ′(X, r),

Φ′(X, r) → eiθ−(r)Φ′(X, r) (B10)

The bilocal currents are,

J+
µ (X, r) = iZ′M4[χ†(X)

↔
∂

∂Xµ
χ(X)]ϕ†(r)ϕ(r)

J−
µ (X, r) = iZ′M4[ϕ†(r)

↔
∂
∂rµ

ϕ(r)]χ†(X)χ(X) (B11)

These can be integrated to form,

J+
µ (X) = iZM4[χ†(X)

↔
∂

∂Xµ
χ(X)]

∫
r

ϕ†(r)ϕ(r)

J−
µ (r) = iZM4[ϕ†(r)

↔
∂
∂rµ

ϕ(r)]
∫

X

χ†(X)χ(X) (B12)

The charge corresponding to J+ counts the number of
ψL plus ψR particles and we can therefore match J+

µ to
the underlying jV = j1 + j2 vector current. With eq.(33)
and eq.(35) we have

1 = ZM4
∫
d4r|ϕ(r)|2 = M3

∫
d3r|ϕ(r)|2 (B13)

and the U+(1) current becomes,

Jµ(X) = iχ†(X)
↔
∂

∂Xµ
χ(X) (B14)

If we consider a pointlike field Φ(X) then we lose the
independent UA(1) = jR − jL transformation, i.e. eiθ(r)

is meaningless for the local field, and Φ(X) can only
represent a single UV (1) transformation. We are us-
ing the term “(+)” current because Φ → eiθ(X)Φ(X) =
eiθ(X)Φ(X) can correspond to either a vectorlike (electro-
magnetic) gauge transformation or a U5(1) axial trans-
formation. The concept of parity arises in the bosonic
chiral Lagrangian only when we include couplings to
chiral fermions. E.g., with a coupling to fermions,
∼ ψLΦψR the U+(1) becomes the axial transformation
ψL → e−iθψL, ψR → eiθψR. In the pointlike limit where

9 Note that the constraint takes the form

|Ω|2 =
(
∂χ†(X)
∂Xµ

∂ϕ(r)
∂rµ

ϕ†(r)χ(X) + h.c.

)2
= 0 (B8)

The constraint is invariant under the global U(1)L×U(1)R trans-
formations. Under the local transformation it generates(

i
∂θ+(X)
∂Xµ

∂ϕ(r)
∂rµ

ϕ†(r)|χ(X)|2 + h.c.

)
Ω + h.c. = 0(

−i
∂χ†(X)
∂Xµ

∂θ−(r)
∂rµ

|ϕ(r)|2χ(X) + h.c.

)
Ω + h.c. = 0 (B9)

Φ is invariant under Φ → eiθ(X)Φ(X)e−iθ(X) the cor-
responding U−(1) current is zero. However, the bilocal
case has a nonzero U−(1) current.

However, if we have a static ϕ(r⃗) then the axial charge
is zero,

J−
0 (X, r) = iZ[ϕ†(r⃗)

↔
∂
∂r0 ϕ(r⃗)]

∫
X

χ†(X)χ(X) = 0 (B15)

Note that we can define a phase in analogy to a would
be U5(1) Nambu-Goldstone boson, such as the η′,

ϕ(r) = eiη′(r0)/fϕ(r⃗) (B16)

and the static condition implies in the rest frame,

∂0
rη

′(r0) = 0 η′ = θ = constant. (B17)

This is suggestive of a mechanism to elevate the mass of
the η′ such as instantons and the η′ is therefore a constant
at the minimum of a deep potential. While any other
Nambu-Goldstone boson, such as the π, can have zero
momentum but nonzero time dependence, the η′ cannot
be a Nambu-Goldstone boson if the constraint is applied.

Appendix C: Colorons and Fierz Rearrangement

The coloron model is a massive, perturbative gluon
field, Bµ

A, in an SU(Nc) gauge theory broken to the diag-
onal global SU(Nc). We assume fermions couple through
vector color currents and a coloron mass M0, with rele-
vant Lagrangian terms:

−g0ψ(x)γµT
AψBµ

A +M2
0B

µ
ABAµ (C1)

Integrating out the coloron yields the interaction,

S′ = 1
2

∫
xy

[−ig0ψγµT
Aψ]x⟨TBµ

A(x)Bν
B(y)⟩[−ig0ψγνT

Bψ]y

= −g2
0
2

∫
xy

[ψ(x)γµT
Aψ(x)]Dµν(x− y)[ψ(y)γνT

Aψ(y)] (C2)

where we note that iDµν(x−y)δAB = ⟨T BA
µ (x)BB

ν (y)⟩)
and we strip off a factor of +i for the action. In Feynman
gauge [31],

Dµν = gµνDF (x− y)

DF (x− y) = −
∫

d4q

(2π)4
e−iq(x−y)

q2 −M2
0 + iϵ

(C3)

We are interested in chiral fermions and write ψ =
ψL + ψR with chiral projections

ψL = 1 − γ5

2 ψ ψR = 1 + γ5

2 ψ (C4)

and the interaction of interest becomes the cross-term of
L and R currents in eq.(13):

S′ =−g2
0

∫
xy

[ψL(x)γµT
AψL(x)]Dµν(x− y)[ψR(y)γνT

AψR(y)]

(C5)
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where [...] denotes color summed indices, e.g.

[ψLγµψL] ≡ ψ
i

LγµψiL, [ψLγµT
AψL] ≡ ψ

i

LγµT
Aj

iψjL. (C6)

The interaction can be Fierz transposed. We define the
operators for generic fermions, ψi, sequentially ordered
as (1234):

O1 = ψ1ψ2ψ3ψ4, O2 = ψ1γµψ2ψ3γ
µψ4

O3 = ψ1σµνψ2ψ3σ
µνψ4

O4 = ψ1γ
5γµψ2ψ3γ

5γµψ4, O5 = ψ1γ
5ψ2ψ3γ

5ψ4 (C7)

and define operators Oi identical to the above but re-
ordered as (1432). Note that we can allow any given
fermion to have chiral projection, e.g. ψ1 → ψ1L, etc.
We then have the Fierz identity:

Oi =
∑

j

MijOj (C8)

where the matrix is,

Mij = −1
8


2 2 1 −2 2
8 −4 0 −4 −8
24 0 −4 0 24
−8 −4 0 −4 8
2 −2 1 2 2

 (C9)

The overall minus sign is due to assumed anticommuta-
tion property of field operators. We also have the “color
Fierz” identity∑

A

TAi
jT

Ak
ℓ = 1

2

(
δi

ℓδ
k
j − 1

Nc
δi

jδ
k
ℓ

)
(C10)

In particular we see from the second line of eq.(C9) that

[ψLγµT
AψL][ψR(y)γνT

AψR] = −[ψLψR][ψR(y)ψL] (C11)

This yields to the form of the interaction of eq.(15), to
leading order in 1/Nc,

S′ = g2
0

∫
xy

[ψL(x)ψR(y)]DF (x− y)[ψR(y)ψL(x)], (C12)

If we now take the δ-function limit of DF eq.(16) we have

DF (x− y) → 1
M2

0
δ4(x− y), (C13)

and our interaction becomes the 4-fermion NJL interac-
tion of eq.(A1):

S′ = g2
0

M2
0

∫
x

[ψL(x)ψR(x)][ψR(x)ψL(x)], (C14)

The ingredients of the Fierz rearrangement used here for
Dirac matrices and color can be found in the Appendix
of ref.([32]).

Appendix D: Notes on Scattering States

1. Bilocal Scattering States

For subcritical coupling the SKG eigenvalue, µ2, is pos-
itive and the large r solution becomes u(r) ∼ a exp(iµr)+
b exp(−iµr). This is a steady state sum of incoming and
out going waves and represent the formation and decay
of a resonance. This is an open scattering state descrip-
tion by a bilocal field of the resonance in the barycentric
frame, Φ′(X, r) = χ(X)u(r)/r.

In the weak coupling limit, g0 << g0c, resonances ap-
pear in scattering states, centered at positive invariant
(mass)2, µ2 = µ2 = k2 − g2

0M
2
0 with cos(µR0) = 0.

The full spatial solution for Φ′(X, r) will then be a wave-
function with an an extended tail for large r, consisting
of incoming production and outgoing decay modes. As
we increase the coupling µ2 decreases and approaches the
scale invariant critical value.

A scattering state is non-compact in r⃗ and technically
non-normalizable due to the external spherical scattering
waves. For a narrow resonance we can define an effective
finite radius, r ∼ R0, of the bound state as a cut-off.
For example, we might imagine something like a BEH
boson composed of massless top quarks in the symmetric
phase of the standard model, with a large positive µ2.
Such an object would therefore be a resonance in the
tt scattering amplitude with a width Γ ∝ µ. The decay
width can be estimated by computing the classical power
in the outgoing wave divided by µ.

As a simple example consider a rectangular (mass)2

potential well,
V0(2r) = −g2M2

0 θ(R0 − r) (D1)

We focus upon s-wave scattering and write the large r
the form

χ = e−iµt, ϕ(r) = u(r)
r
, u(r) = sin(kr + δ) (D2)

where δ is the phase shift.
For the attractive well µ2 = k′2 + V0 = k2, k′2 =

µ2 + g2
0M

2
0 , with interior solution,

ϕint(r) = A sin(k′r)
r

k′2 + V0 = µ2 (D3)

and exterior solution,

ϕint(r) = A sin(kr + δ)
r

k2 = µ2 (D4)

Matching:
k′ cot(k′R0) = k cot(kR0 + δ) (D5)

hence,

tan δ = k tan(k′R0) − k′ tan(kR0)
k′ + k tan(kR0) tan(k′R0) (D6)

For small kR0 << 1 we have the scattering length,

a0 ≈ − tan δ0

k
≈ − δ

k
= −R0

(
tan k′R0

k′R0
− 1

)
(D7)
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Total crossection, ∼ 4π sin2(δ)/k2.
We can solve for A

|A|2 =
(

1 +
(
g2

0M
2
0

µ2

)
cos2(R0

√
µ2 + g2M2

0 )
)−1

(D8)

Resonances occur for maxima of |A|2, these are approxi-
mately the vanishing of cos(k′R0) or k′R0 = (n+ 1/2)π.
We have k′2 − g2

0M
2
0 = µ2.

We can approximate the resonance by the lump con-
tained within the potential, which we normalize to unity
as per our formalism for ϕ(r) This can then be use to
compute Yukawa coupling gY . We then have the decay
width of a scalar particle of mass µ into chiral fermions.
This yields,

Γ = g2
Y Nc

16π µ (D9)

2. General Notes and Kinematics

For free particles of 4-momenta piµ we see that Φ de-
scribes a scattering state,

Φ(x, y) = exp(iPµX
µ + iQµr

µ) (D10)
where,

Pµ = p1µ + p2µ Qµ = p1µ − p2µ (D11)
For massive particles, p2

1 = p2
2 = µ2, and Φ then satisfies(

∂2

∂Xµ∂Xµ
+ ∂2

∂rµ∂rµ
+4µ2

)
Φ′(X, r) = 0 (D12)

and the constraint is then,
∂2

∂Xµ∂rµ
Φ′(X, r) = 0 → PµQ

µ = 0 (D13)

and in the rest frame, Pµ = (2µ, 0, 0, 0), hence PµQ
µ = 0

implies Q = (0, 2q⃗). Hence Φ(X, r⃗) is independent of r0

and the evolution of the system is described by the single
time variable, X0.

In the rest frame we have,
Q2 = (p1 − p2)2 = −(p⃗1 − p⃗2)2 = −4q⃗ 2 (D14)

Hence, from eqs.(D12,D13)
∂2

∂Xµ∂Xµ
Φ(X, r⃗) = 4(µ2 + q⃗ 2)Φ(X, r⃗) (D15)

Therefore, Φ has continuum of invariant “masses” m2
q⃗ 2 =

4(µ2 + q⃗ 2) This is an “unparticle,” as in [30].
We factorize Φ = χ(X)ϕ(r) and the factor field ϕ(r)

then satisfies the static SKG equation which generates
the eigenvalue 4(µ2 + q⃗ 2),

−∇2
r⃗ϕ(r⃗) + 4µ2ϕ(r⃗) = 4(µ2 + q⃗ 2)ϕ(r⃗) (D16)

and the solutions of the factorized field ϕ(r) are static,
box normalized, plane waves,

ϕ(r⃗) = 1√
V

exp(2iq⃗ · r⃗) (D17)

χ(X) then satisfies the KG equation with X0 = t and
X⃗ = 0,

∂2
t χ(t) + 4(µ2 + q⃗ 2)χ(t) = 0 t = X0 (D18)

3. More on the Removal of Relative Time

With secondary Lagrange multiplier constraints added
to the action, we can define a timelike unit vector, ωµ,

η1

∣∣∣iΦ† ∂

∂Xµ
Φ − PµΦ†Φ

∣∣∣2
+ η2

∣∣∣ωµ

√
P ρPρ − Pµ

∣∣∣2
(D19)

We then define

Z0 = δ(Mωµr
µ). (D20)

The δ-function removes
∫
dr0 in the rest frame but main-

tains manifest Lorentz invariance.
The normalizer, Z0, is needed for composite fields.

Fields are not directly observable, but their charges and
current are. For the composite fields, which may describe
bound states, we need charges that match those of the
constituents and, e.g., that count the number of bound
states in a given quantum state. Z0 normalizes these
charges, seen made more precisely below where we dis-
cuss the charges and currents in the bilocal field theory,
(see Appendix B , for the discussion in the case of scalar
field bilocal theory in [20]). Note that Z0 appears only
in the kinetic terms, where the currents arise, and is not
part of the interaction.

4. Comments on the Induced Yukawa Interaction

It is useful to consider the kinematics of the induced
Yukawa interaction.

In the rest frame, suppose we have the decay of a res-
onant state of mass µ to a pair of free massless fermions.
Then χ(X0) ∼ eiµX0 , and fermions with ψL(X+r) ∼
exp(ip1(X+r)) and ψR(X−r) ∼ exp(ip2(X−r)). The in-
tegral over X yields energy and momentum conservation
as usual:

µ = p10 + p20; 0 = p⃗1 + p⃗2; hence, p10 = p20 (D21)

We then have the integral over r0 in eq.(40),∫
d4r e2ip⃗1·r⃗D(2r)ϕ(r⃗) = −1

2

∫
d3r e2ip⃗1·r⃗V0(2r⃗)ϕ(r⃗) (D22)

Here we see that momentum conservation implies p10 =
p20, hence ei(p10−p20)r0 = 1, which allows us to integrate
out r0 over D(2r) with the static ϕ(r⃗) as before. The
remaining integral over 2r⃗ is the Fourier transform of
V0(2r⃗)ϕ(r⃗) with the 3-momentum difference p⃗1−p⃗2 = 2p⃗1
flowing through the extended vertex. If the mass scale
associated with V0(2r⃗)ϕ(r⃗) is large, i.e. M2

0 >> µ2, then
we can reliably replace this with,∫

d3r e2ip⃗1·r⃗V0(2r⃗)ϕ(r⃗) ∼
∫
d3r V0(2r⃗)ϕ(r⃗) + O

(
p⃗1

2

M2
0

)
(D23)

An interesting feature is that the decay amplitude of
a resonance depends only upon the part of the wave-
function localized within the potential.
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On the other hand we can suppose that the field χ has
developed a VEV ⟨χ⟩ = f0 (which is the case with super-
critical coupling as we discuss below). Then the internal
wave-function, ϕ(r⃗), is a localized solution of the SKG
equation. In this case the free fermion mass is sponta-
neously generated by the Yukawa coupling to the VEV.

In this case we have fermions of zero 3-momentum,
an incoming fermion, ∼ exp(ip1(X + r)) and outgoing
fermion ∼ exp(−ip2(X−r)). Now the d4X integral yields
p0

1 = p0
2 = µ, where µ is the induced fermion mass, and∫
d4r e2iµr0

D(2r)ϕ(r⃗) = −1
2

∫
d3r V ′

0 (2r⃗, µ)ϕ(r⃗) (D24)

where now the potential is slightly distorted,

V ′
0 (2r⃗, µ) = −M ′e−2M′|r⃗|

8π|r⃗| M ′2 = M2
0 − µ2 (D25)

Assuming µ << M0 we have, V ′
0(2r⃗, µ) ≈ V0(2r⃗) +

O(µ2/M2
0 ).

Appendix E: Summary of Notation

Barycentric coordinates:

X = 1
2(x+ y) ρ = (x− y) r = 1

2(x− y)

∂x = 1
2(∂X + ∂r) ∂y = 1

2(∂X − ∂r) (E1)

Integrals:

∫
u...v

=
∫
d4u..d4v;

∫
x⃗...y⃗

=
∫
d3x..d3y∫

u...v;x⃗...y⃗

=
∫
d4u..d4v d3x...d3y;

∫
d4xd4y = J

∫
d4Xd4r

Jacobian, J = (2)4:
∫
d4xd4y

(
|∂xϕ|2 + |∂yϕ|2 − µ2|ϕ|2

)
= J

∫
d4Xd4r

(
1
2 |∂Xϕ|2 + 1

2 |∂rϕ|2 − µ2|ϕ|2
)

(E2)
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