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We present constraints on the f(R) gravity model using a sample of 1,005 galaxy clusters in
the redshift range 0.25 — 1.78 that have been selected through the thermal Sunyaev-Zel’dovich
effect (tSZE) from South Pole Telescope (SPT) data and subjected to optical and near-infrared
confirmation with the Multi-component Matched Filter (MCMF) algorithm. We employ weak grav-
itational lensing mass calibration from the Dark Energy Survey (DES) Year 3 data for 688 clusters
at z < 0.95 and from the Hubble Space Telescope (HST) for 39 clusters with 0.6 < z < 1.7. Our
cluster sample is a powerful probe of f(R) gravity, because this model predicts a scale-dependent
enhancement in the growth of structure, which impacts the halo mass function (HMF) at cluster
mass scales. To account for these modified gravity effects on the HMF, our analysis employs a semi-
analytical approach calibrated with numerical simulations. Combining calibrated cluster counts
with primary cosmic microwave background (CMB) temperature and polarization anisotropy mea-
surements from the Planck 2018 release, we derive robust constraints on the f(R) parameter fro.
Our results, log,, | fro| < —5.32 at the 95% credible level, are the tightest current constraints on
f(R) gravity from cosmological scales. This upper limit rules out f(R)-like deviations from general
relativity that result in more than a ~20% enhancement of the cluster population on mass scales

Mospoe > 3 X 1014M®.

I. INTRODUCTION

One of the most challenging questions in modern cos-
mology is understanding the nature of the accelerating
expansion of the Universe [1, 2]. Various cosmological
theories have been proposed to explain this phenomenon.
Within the framework of general relativity (GR), this ac-
celeration can be explained by introducing a cosmolog-
ical constant A to the Einstein-Hilbert action, leading
to the well-known A cold dark matter (ACDM) model.
However, adding a cosmological constant to the Einstein-
Hilbert action offers little physical insight into the nature
of Dark Energy. Therefore, there is strong motivation to
consider modifications to the Einstein-Hilbert action that
give rise to modified gravity models (see e.g., reviews [3—
5]).

These modifications impact the growth of cosmic struc-
tures. Consequently, the abundance of massive galaxy
clusters, as the end products of the hierarchical growth
of cosmic structures, is sensitive to the different matter
clustering and therefore, serves as an excellent probe for
constraining modified gravity models and offering an in-
dependent test of GR.

In this work, we focus on a specific modified gravity
model that introduces a non-linear function f(R) of the
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scalar curvature R into the Einstein-Hilbert action [6].
We employ the widely studied Hu & Sawicki model for
the function f(R) [7]. Physically, this model introduces
an additional gravitational-strength fifth force, altering
structure formation in a scale-dependent manner and
enhancing structure formation on galaxy cluster scales.
The extent to which the f(R) model deviates from GR
is encoded in the single parameter frg, which has been
constrained using various observations on cosmological
scales.

Because the effects of f(R) gravity persist to very small
scales, constraints on galactic and solar-system scales are
very stringent for this model. Studies using galaxy rota-
tion curves and morphology report logq, |fro| < —6.1
and logo|frol < —7.55 at 95% credible level, respec-
tively [8, 9]. However, because these studies probe small
scales, systematics such as uncertainties in galaxy forma-
tion play a key role. This makes constraints from larger
scales that are less sensitive to galaxy formation a com-
plementary test.

The current tightest constraint from clusters comes
from a combination of ROSAT clusters, primary cosmic
microwave background (CMB) anisotropy data, Super-
novae (SNe), and baryonic acoustic oscillations (BAO),
with an upper bound of log;, | fro| < —4.79 at the 95%
credible level [10]. The recent analysis of eROSITA clus-
ters reports logy | fro| < —4.12 at the 95 % credible level
using clusters alone and marginalizing over the neutrino
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mass [11].

Stronger constraints from large scales probes are ob-
tained from a weak-lensing peak analysis, which used
data from the Canada-France-Hawaii-Telescope Lensing
Survey (CFHTLenS), and are given by logyq|fro| <
—5.16 [12]. Similar constraints come from the
cross-correlation of galaxies with CMB lensing and
galaxy weak-lensing, CMB, SNe, and BAO, reporting
logyg | fro| < —4.61 and log;, | fro| < —4.5 at the 95%
credible level respectively [13, 14].

In the analysis presented here, we focus on the weak
lensing informed galaxy cluster abundance to constrain
f(R) gravity. We are motivated to pursue this study
partly because it has long been recognized that galaxy
cluster surveys would be powerful probes of cosmic
growth and therefore the action of gravity [15, 16] and
also because in recent years cluster surveys have been suc-
cessfully employed to study the standard ACDM model
[17-25] as well as modified gravity models [11, 26-30].

One of the most promising cluster samples currently
available has been constructed using South Pole Tele-
scope (SPT) [31] survey data and the thermal Sunyaev-
Zel’dovich effect (tSZE) [32]. The tSZE is caused by
high-energy electrons in the intra-cluster medium (ICM)
scattering off CMB photons, resulting in a spectral dis-
tortion of the CMB at the cluster position. Because the
tSZE is a direct tracer of the hot ICM, it enables the de-
tection of massive galaxy clusters. Moreover, the cluster
tSZE signature is strongly mass dependent and approxi-
mately redshift-independent and thus can be employed to
identify galaxy clusters up to the highest redshifts where
clusters of sufficient mass exist. To constrain cosmolog-
ical parameters with galaxy clusters, one has to relate
observables such as the tSZE detection significance to
the underlying halo mass at all relevant redshifts. These
observable-mass relations can be empirically calibrated
using weak gravitational lensing data and are typically
modeled as power laws in cluster mass and redshift.

In this study, we employ the sample of 1,005 galaxy
clusters detected using SPT data and confirmed using the
MCMEF algorithm [33-35] with optical and near-infrared
data from the Dark Energy Survey (DES) [36-38] and
the Wide-field Infrared Survey Explorer (WISE) [39].
To obtain mass estimates for the cluster sample, we use
weak-lensing measurements from DES and targeted ob-
servations from the Hubble Space Telescope (HST). The
f(R) analysis framework employed for the SPT clusters
with mass calibration from DES and HST is based on the
state-of-the-art method developed for the recent ACDM
analyses of this same sample [24, 40] (hereafter SB24a
and SB24b). In a recent paper, this same framework
was modified and employed to carry out validation tests
and forecasts for f(R) gravity constraints from upcoming
Stage-IIT and Stage-IV surveys [41] (hereafter SV24a).

Following SV24a, we incorporate f(R) gravity into our
analysis by modifying the halo mass function (HMF),
which is enhanced relative to GR, in a mass- and redshift-
dependent way. We implement this modification by

introducing a multiplicative factor to the GR HMF
[28, 42], dependent on the spherical collapse threshold
for halo collapse in f(R) gravity for which we use a semi-
analytical model [43, 44]. In the present analysis we cal-
ibrate this semi-analytical HMF model against the f(R)
FORGE numerical simulations to obtain a more accurate
halo mass function [45]. The simulations are not used di-
rectly to predict the HMF, because the available mass
range from the simulations is limited, whereas the HMF
from the semi-analytical model can be calculated for the
wide mass range needed in this analysis.

This paper is organized as follows. Section II presents
a summary of the SPT cluster dataset and the DES and
HST weak-lensing data. We review in Sec. III f(R) grav-
ity and the f(R) HMF model used in this work as well as
the calibration to the FORGE simulations. In Sec. IV, we
discuss our analysis method, including the observable—
mass relations, weak-lensing model, likelihood approach,
and priors. The results are presented in Sec. V, and we
conclude with a summary in Sec. VI.

Throughout this paper, U(a,b) denotes a uniform dis-
tribution between limits @ and b, and N (i, 0?) is a Gaus-
sian distribution with mean p and variance o2. We adopt
the halo mass definition Masgg., which is the mass within
a radius where the mean density is 200 times the critical
density.

II. DATA

This section gives a brief summary of the cluster and
weak-lensing data we use in this work. A detailed de-
scription of the data products is presented in SB24a.

A. SPT cluster catalog

The tSZE selected cluster catalogs from the SPT-SZ,
SPTpol ECS and SPTpol 500d surveys employed here
cover a total solid angle of 5,270deg? of the southern
sky [34, 35, 46, 47]. Note that the whole SPTpol 500d
survey lies within the SPT-SZ footprint, and we use only
the data from the deeper SPTpol 500d survey in the over-
lapping region. Cluster candidates of these surveys are
selected in tSZE detection significance ¢ and confirmed
using optical and infrared data, which also add redshift
information. Over the whole SPT survey region, only
clusters with z > 0.25 are included in the sample, be-
cause the impact of atmospheric and primary CMB noise
on the selection function at low redshift becomes domi-
nant.

In the SPT survey region that is not covered by DES
(1,327 deg?, ca. 27 % of the total solid angle), the cluster
candidates are confirmed by targeted observations that
also provide redshift measurements. Candidates in this



region are selected by
<70 1)
z>0.25,
which results in a sample with 110 clusters and a purity
> 95% [46, 47].

For the region covered by DES (3,567 deg?, 75% of
the SPT area) cluster candidates are optically confirmed
using the Multi-Component Matched Filter cluster con-
firmation tool [MCMF; 33, 34], and we follow the work of
Refs. [34, 35]. Moreover, measurements for cluster red-
shift z, optical richness A and optical center position are
obtained using MCMF. Because DES data are only reli-
able for redshifts z < 1.1, WISE data are used to compute
richnesses and redshifts for clusters with z > 1.1. There
is the chance that an overdensity of galaxies is a ran-
dom superposition along the line of sight of a tSZE noise
fluctuation. To exclude chance associations, we apply a
redshift dependent richness cut, j\min(z), which ensures a
> 98 % purity over the entire redshift range probed and
a cluster candidate is then confirmed if the measured
richness is larger than this threshold. Using MCMF for
cluster confirmation allows us to validate clusters with
lower tSZE detection significance while achieving a high
sample purity, and results in a cluster sample, which is
30 % larger using the MCMF tool.

Due to the different depths of the individual tSZFE sur-
veys, different selection thresholds in f are applied to ob-
tain an approximately constant purity for the combined
SPT sample. The selection criteria are

¢>4.25/4.5/5 (500d / SZ / ECS),
5\ > 5\min(z) ) (2)
z>0.25.

These selections result in a sample of 895 confirmed clus-
ters over this region.

To summarize, the total cluster sample consists of
1,005 clusters, each characterized by the observables
tSZE detection significance é and redshift z. In the SPT
area covered by DES, these clusters also have additional
measurements of richness A and cluster center position
from either DES (z < 1.1) or WISE (z > 1.1).

Figure 1 shows the 1,005 confirmed cluster sample in
the space of tSZE detection significance é and redshift
(left) as well as in optical richness A and redshift (mid-
dle). The clusters are color coded according to which of
the three SPT surveys they originate from. In addition,
the corresponding selection thresholds are shown as lines
in each observable. One can see in the C;z distribution
that while the sample extends to z ~ 1.8 the bulk of
the clusters lie at z < 1. In addition, this distribution
makes clear that the majority of the cluster lies close to
the tSZE detection thresholds of the surveys. The A
z distribution displayed in the middle panel shows that
the bulk of the clusters have relatively high richnesses
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A > 30, and that the optical selection thresholds are not
significantly impacting the completeness of the confirmed
cluster sample. Indeed, the MCMF selection thresholds
largely impact the high purity of the sample, because the
noise fluctuations present in the tSZE selected candidate
clusters are efficiently removed due to their low optical
richnesses (A < 10).

B. DES Y3 weak-lensing data

The DES was conducted in the grizY bands and cov-
ers a sky area of 5,000deg?. The DES Y3 weak lensing
shape catalog [48] utilized data from the first three years
of observations and covers approximately 4,143 deg? of
the sky after masking. 3,567 deg? of the DES region
overlaps with the SPT surveys, corresponding to 75 %
of the whole SPT survey area. The weak-lensing shape
catalog of DES Y3 is built with the METACALIBRATION
pipeline from the 7, ¢ and z bands [49, 50]. Lensing source
galaxies are selected in four tomographic redshift bins as
employed in the 3 x 2pt analysis of DES [51].

For each cluster in the overlapping region of SPT and
DES, we use the weak-lensing shear profiles within the
radial range 0.5 < r/(h™'Mpc) < 3.2(1 + Zeluster)
around the optical cluster center. The lower limit on
the radial range excludes the inner region of the cluster,
which is largely affected by feedback from active galactic
nuclei, miscentering, blending, cluster member contam-
ination and non-linear shear. The upper limit on the
radial range guarantees that only the one-halo term re-
gion is used for mass calibration [52]. We only use weak-
lensing data from DES for clusters with z < 0.95, corre-
sponding to the median redshift of the highest redshift
tomographic bin [SB24b, SB24a].

In our analysis, we account for systematic and statisti-
cal uncertainties such as cluster member contamination,
miscentering of the shear profile, shear and photo-z cal-
ibration, halo mass modeling and the impact of large-
scale structure. A detailed description of the modeling
of these uncertainties can be found in detail in SB24a,
Section V. Note that the calibration of these uncertain-
ties was performed within the ACDM paradigm, but we
expect these to not change significantly in f(R) grav-
ity [53]. In total, our analysis includes 688 cluster shear
profiles from 555,912 source galaxies with an average of
808 shear source galaxies per cluster [SB24a]. We show
for illustration the averaged matter density profile of the
DES Y3 data in the right panel of Fig. 1. The profiles
are broken into four redshift ranges of comparable signal-
to-noise. The combined dataset corresponds to a 31.2¢
detection of the matter profiles of these clusters.

1 These regions are calculated in a fiducial cosmology with Qy, =
0.3 and h = 0.7
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FIG. 1. Left: tSZE detection significance f and redshift distribution for the three SPT surveys. Dashed-colored lines show
the detection threshold for the corresponding survey in the region that overlaps with DES. The black dashed line shows the ¢
threshold for the clusters outside of the DES region (same as the cut for the SPTpol ECS survey). Middle: optical richness A
and redshift distribution of the cluster sample color coded by the three surveys. Colored lines correspond to the A detection
threshold of the given survey. The SPTpol 500d is significantly deeper than the other two surveys (yellow-green dashed line)

and thus a lower A(z) threshold is applied (solid blue line).

for DES Y3 data shown for four redshift bins in purple to yellow.
is approximately equal in each bin. The HST data are shown in blue.

Right: averaged weak-lensing inferred projected matter profiles

The redshift bins are chosen such that the signal-to-noise
Over the radial range used for weak-lensing mass

calibration, the DES Y3 data have a signal-to-noise of 31.2 and the HST data have 9.7.

C. HST weak-lensing data

DES lensing data are only reliable for z < 0.95 and
therefore, we complement the weak-lensing dataset with
HST data to obtain weak-lensing information for the
mass calibration at high redshift. We use the HST-
39 dataset [54-56] to obtain weak-lensing shear profiles.
This dataset contains 39 clusters of our tSZE selected
sample in the redshift range 0.6 —1.7. More details about
the dataset and the analysis can be found in Refs. [54-59].
The averaged matter density profile from the 39 clusters
from HST is shown in Fig. 1 in the right panel in blue.
These data correspond to a 9.7 ¢ detection of the matter
profiles of these halos.

III. f(R) MODIFIED GRAVITY

f(R) gravity modifies GR by introducing an arbitrary
function f(R) of the Ricci scalar R into the Einstein-
Hilbert action [6]

S = / d*zy/—g
where g denotes the determinant of the metric tensor,
G is the gravitational constant and L,, is the matter
Lagrangian density. Note that we use natural units where

¢ =h=1andif f(R) = —2A we recover GR plus a
cosmological constant, hence a ACDM cosmology. The

[R+f( )

167G +£’"] ’ ®)

field equation obtained from this modified action takes
the form

G;u/ + fRRHV_ <£ - DfR) Guv
— V.V, fr = 87GT,, .

(4)

Here G, is the Einstein tensor, R, is the Ricci ten-
sor, T}, represents the energy-momentum tensor and
fr = df(R)/dR is an additional scalar degree of free-
dom, which indicates the strength of the modifications
to GR.

The equation of motion for fg is derived from the trace
of the field equation in the quasistatic and weak-field
limit

V25 fn — %(51% _ 87 Gop) (5)

where dx = = — T is the perturbation of the quantity z

with respect to the cosmic mean. Additionally, from the

time-time component of the field equation, Eq (4), we
derive the modified Poisson equation in f(R) gravity:

V2p — 16;TG

5p— SOR, (6)

with ® the Newtonian potential which is defined via 2® =
8900/g00. Combining Egs. (5) and (6) shows how the
Poisson equation and thus the structure growth depends
on the strength of the f(R) gravity model

1
V20 = 47Gop — §v25 fr- (7)



Compared to GR the Poisson equation includes a term
proportional to the Laplacian of  fr and thus depends
directly on the strength of the model.

The modified Poisson equation, Eq. (6), shows that
the strength of the gravitational force depends on the
environment. In low curvature regions, R < 87Gdp,
and consequently the f(R) Poisson equation reduces to
a modified Poisson equation with gravitational forces en-
hanced by a factor of 4/3 compared to GR. In high cur-
vature environments, the Ricci scalar R is approximately
8mGdp and thus Eq. (6) corresponds to the unmodified
GR Poisson equation, i.e. in high-density regions f(R)
gravity falls back to GR. This property of driving fr — 0
in high-density regions is the so-called chameleon screen-
ing mechanism [60], which makes f(R) gravity consistent
with Solar systems tests [7, 61]. The two limits show
that structure growth in f(R) gravity is environment-
dependent in contrast to GR.

In this paper, we adopt the widely used and studied
Hu & Sawicki model [7]

— (8)

with m2 = QmHg, H, the Hubble constant and the free
parameters n, c1, c2. In the high curvature regime we
have cé/ "R/m? > 1 and Eq. (8) is approximately given
by

n+1
mzﬁ o fRORo
ca nR»

F(R) ~ — (9)

Here Ry is the present background curvature and frg :=
fr(Rp), which is the parameter that quantifies the
strength of this f(R) gravity model.

To have a modified gravity scenario that is active at
late times and large scales, when the acceleration of the
Universe happens, and that does not spoil the successful
description of early Universe observables such as BBN
and CMB the function f(R) has to satisfy fr < 0, i.e.
it is a decreasing function of R. Therefore, the approxi-
mation above is correct up to order ~ (fro)?, and since
the constraints from our cluster sample are better than
|frol ~ 107%, the approximation in Eq. (9) is entirely
sufficient. We work with log, | fro|for numerical conve-
nience, and, given that the theory gives no strong prior on
the scale of fro, we impose a uniform prior on log,, | frol-

To obtain an expansion history consistent with ACDM
in the limit | fro| — 0, the parameters ¢; and ¢, are given
by

S =6 (10)

We further adopt n = 1 for the Hu & Sawicki model;
see Ref. [62] for an approach to approximately rescale
constraints from n = 1 to other values of n.

A. The halo mass function in f(R) gravity

As we constrain f(R) gravity with the help of cluster
abundance datasets we need a model for the distribution
of halo mass and redshift within this theory, in other
words the (differential) halo mass function. In this work
we adopt a two-component model [28, 42] for which the
first component is the HMF in GR, and the second fac-
tor models the enhancement of the f(R) gravity, which
accounts for the scale-dependent clustering due to the
scale-dependent structure growth described in Sec. III:

dn  dn
dinM ~— dlnM

X R. (11)
GR

For the GR HMF, we use the halo mass function from
Ref. [63]

dn Pm dlno?
= —— 12
dindt |y, = 2007 s (12)
with the multiplicity function of the form
AN _ &
flo)r =4 (b) e, (13)

where 4, a, b and ¢ are parameters calibrated using N-
body simulations [see 63, table 2] and o = o(M) is the
variance of the overdensity field on a mass scale M in the
corresponding GR cosmology.

The enhancement factor R is calculated from the ratio
of the Sheth-Tormen HMF [64] in f(R) gravity to GR,
i.e.

d7n|
dInM IST, f(R)

dn

R =
dinM |ST, GR

(14)

This HMF can account for the scale-dependent cluster-
ing through the spherical collapse threshold .. In this
work, we calculate the spherical collapse threshold it
from the spherical collapse model of Refs. [43, 44]. With
this, the Sheth-Tormen HMF is given by

dn
dinM

dInderit ldlncr2
dinM 2dlnM |~

(15)

Pm
= s |
st M

Here v = it /o is the peak height and f(v)sr refers to
the Sheth-Tormen multiplicity function [64],

av?

2w

av?

1+ (a?)Ple "2,  (16)

f(v)st=A

with A, a, p are free parameters for which we adopt the
parameters of Ref. [65].

The change in the clustering and thus in the HMF
is completely captured by the scale-dependent spherical
collapse threshold d..iy and therefore, we use an effective
variance o derived from the corresponding GR cosmol-
ogy [44, 66]. Moreover, when including massive neutri-
nos, the HMF shape is closer to universal if the halo



mass and variance are calculated neglecting the neutrino
component [67, 68], i.e. using the baryon and cold dark
matter power spectrum instead of the total matter power
spectrum for the variance. Since there is a degeneracy be-
tween massive neutrinos and log,, | fro| (at least for high
values of ¥m, and log;, |fro|) [see e.g. 69-71] we use
the approach of Ref. [67, 68] to account for the non-zero
total neutrino mass.

The derivation of d.,i; with the spherical collapse model
requires solving a computationally expensive system of
coupled differential equations for each value of mass, red-
shift and cosmology [43, 44]. To speed up the calcula-
tions we use emulators to predict the values of d.; and
ddcrit/dInM. The emulators adopted in this analysis are
presented in SV24a.

Figure 2 shows the f(R) HMF on top and the ratio
R on the bottom for different values of log, | fro| and
redshift. In f(R) gravity, the HMF is larger compared
to GR as expected from the enhanced structure growth.
The shape and strength of the enhancement depend on
the value of logy|fro| with a larger enhancement for
stronger f(R) models. Furthermore, the enhancement
becomes smaller at higher redshifts, because modified
gravity falls back to GR in the early universe. A large
enhancement of the most massive halos is only seen for
the strongest model with log,, | fro| = —4.5 and at lower
redshifts, because even the most massive halos are only
partially screened in this scenario. In the other cases, the
potential ¥ of the high mass halos becomes compatible
with fr and the fifth force is screened in these massive
halos, reducing the modified gravity effect on the halo
abundance.

B. HMF Calibration using FORGE simulations

The model for the HMF presented above follows a
semi-analytical approach where the f(R) gravity is in-
corporated via the spherical collapse threshold d..; cal-
culated from spherical collapse theory in f(R) gravity.
Besides semi-analytical models, the HMF can also be de-
rived from simulations. Therefore, we make a compari-
son with f(R) simulations to validate the semi-analytical
model and to check for any kind of discrepancy.

In this work, we use the state-of-the-art FORGE N-
body simulations which encompass 49 f(R) gravity cos-
mologies (nodes) [45]. The simulations sample the cos-
mological parameters €2, h, SSR = agR\/Qm/O.S, and
logo | fro| (hereafter FORGE parameters) with a latin
hypercube, while the other cosmological parameters are
fixed to ny, = 0.9652 Qp, = 0.049199, Q, = 0 and
OQp =1—Qy [45]. Each FORGE f(R) gravity node has
a ACDM counterpart. The parameter ranges explored in
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FIG. 2. The f(R) HMF, Eq. (11), (top) and the ratio R
of the f(R) and the GR Sheth-Tormen HMF, Eq. (15), (bot-
tom) for different values of log,, |fro| (different colors) and
three redshifts (different lifestyles) corresponding to the mini-
mum, mean and maximum redshift of the SPT cluster sample.
The deviation from GR depends on the strength of the f(R)
gravity and redshift, whereby weaker f(R) models and higher
redshifts show less enhancement in the HMF relative to GR.

the FORGE simulations are

0.11 < Om < 0.54,
0.61 < h <081,
0.6 < SER < 0.9, (17)

—6.17 < logyg | fro| < —4.51.
The ranges in Q,, and S¢F translate to a range in o¢F
of 0.49 < o§® < 1.31.

Ref. [53] presents an emulator for the f(R) HMF that
is based upon the FORGE simulations. In this work,
the authors trained a neural network to directly pre-
dict the enhancement factor of the HMF due to f(R)
gravity for each mass, redshift and set of FORGE pa-
rameters. However, by design, the resulting halo mass
function is only valid within the mass, redshift and cos-
mological parameter range used in the neural network
training set. To make predictions outside the mass range
available within the FORGE simulations, we calibrate
the semi-analytical HMF model, which is valid up to halo
masses of 1016 h=1 My, with the HMF retrieved from the
FORGE simulations.

To calibrate the semi-analytical HMF model with the



FORGE simulations we use the high-resolution sim-
ulations with 10243 dark matter particles in a box
with length L = 500h~!Mpc and a mass resolu-
tion of 9.5 x 109(,/0.3) h=* M. We extract halo
catalogs from all f(R) simulations as well as from
their corresponding ACDM nodes at redshifts z =
0.00,0.25,0.5,0.75,1.00,1.25,1.50, 1.75, and 2.00, using
a bin width of 0.1 in log,y M within the mass range
108 =1 Mg < Magpe < 5 x 1015 h=1 M. To ensure no
empty bins at the high-mass end, we combine the last
high-mass bins into one (large) bin such that it contains
at least 20 halos 2. We compute covariance matrices for
each halo catalog using 53 jackknife samples to account
for noise due to sample variance and shot noise.

We characterize the difference between the semi-
analytical model and the simulation by comparing the en-
hancement in the HMF, R, from the simulations and the
semi-analytical HMF model. This has the advantage that
the cosmic variance in the simulations partially cancels
in this ratio. With the halo catalogs from f(R) gravity
and ACDM FORGE simulations, we can calculate the en-
hancement in the cluster counts, Rrorag, for each node
and redshift. The enhancement from the semi-analytical
model, Rsam, is also calculated for each FORGE cos-
mology and redshift.

The top panels of Fig. 3 show the ratios between the
enhancements in each mass bin, i.e. Rrorcr/Rsam, for
four of the nine different redshifts with error bars de-
rived from the jackknife covariance of the simulations.
There is a bias between the semi-analytical HMF and
the FORGE simulations, which varies with mass, red-
shift and the FORGE parameters. In Fig. 3 the ratio is
color-coded based on the value of log,, | fro| and the dis-
crepancy is larger with higher values of log,, | fro|. Note
that also the other cosmological parameters can drive
the difference between the semi-analytical HMF and the
simulations. Therefore, we assume that the bias depends
on all FORGE parameters. Overall the semi-analytical
HMF model predicts more clusters than the FORGE sim-
ulations, and the agreement is better for weaker f(R)
models, i.e. smaller values of logy, | frol-

Based on the top panels of Fig. 3 we model the ra-
tio and thus the correction to the semi-analytical HMF
with a broken linear function in log;, M with a pivot
scale log;, My, and smooth transition with strength &
between the two linear functions at given logarithmic
mass log;, M1. To be precise, for log;, M smaller than
log,, M, the ratio is modeled with a linear function in
log,o M with slope a and intercept b. For log,, M larger
than log;, M;, the same ratio is modeled by a different
linear function with slope as = a + Aa and intercept
fixed by continuity at the transition mass M;. We then
smooth the transition between the two linear relations
by a power-law interpolation controlled by a parameter
k. For fixed pivot mass, transition mass and smoothing

2 with this approach the size of the last bin can vary because the
only requirement is that the last bin contains at least 20 halos.

strength, the fitting function for the correction has three
free parameters and is given by

c(M,p,z) =a(p, z)(log;g M — logyo Mpiv) + b(p, 2)
In(1 + e k(log1g M—logig Ml))

k
+ Aa(p, z)(log;g M — log,o M1).

+ Aa(p, 2) (18)

Here p represents the vector containing the FORGE
parameters, a(p, z), Aa(p, z), b(p,z) are the fitting pa-
rameters of the correction for which we assume a de-
pendence on the FORGE parameters and redshift. We
decided to fit for the parameter Aa(p,z) instead of
az(p,z) = a(p, z) + Aa(p, z) because it showed a bet-
ter behavior during fitting.

The parameters of the broken linear function are ob-
tained by fitting the correction function, Eq. (18), to
the ratio between the enhancements, Rrorcr/RsaM,
where we fix the parameters k = 2, log;, M; = 14.5 and
log g Mpivy = 13. With this correction, we achieve good
agreement with the simulations within the error bars as
shown in the bottom panels of Figure 3.

Because we assume that the fitting parameters depend
on cosmology and redshift we have to predict these pa-
rameters for an arbitrary cosmology and redshift to use
the calibrated HMF in our analysis. To do so we build
emulators based on Gaussian process regression to pre-
dict the three fitting parameters as a function of the
FORGE parameters and redshift.

With the emulators, we can calculate the correction to
the HMF for an arbitrary cosmology (within the param-
eter ranges Eq. (17)), and our calibrated semi-analytical
HMF is given by

dn  dn
dinM ~— dlnM GR

xexR, (19)

where R is the enhancement factor in the semi-analytical
halo mass function from Eq. (14) and c is the correction
function, Eq. (18), calibrated with the FORGE simula-
tions. As we model the correction function ¢(M,p, 2)
with a broken linear function, the enhancement of the
HMF, ¢ R, may be reduced to values below one, i.e. the
f(R) HMF is suppressed rather than enhanced. Because
the semi-analytical model always predicts an enhance-
ment and also the FORGE simulations show no sign of
suppression apart from noise at the high-mass end, we
enforce ¢ R > 1 for the mass range considered in this
work. Specifically, we set ¢ R = 1 for all masses above
the mass where the corrected HMF factor drops below
unity.

Using the 49 FORGE simulations at 9 different
redshifts we calibrate the semi-analytical HMF model
presented in Sec. III A; however, there are limitations
to this approach that we have to address. First, due
to the relatively small box size of 500 h~! Mpc the halo
catalogs contain only halos with M < 4 x 10*® A= M
depending on cosmology and redshift. Thus the cor-
rection function is only calibrated in the mass range



o 2 =0.25 i z=0.5 2=1.0 \ z=1.75

g s i —4.6
5
R

4

]

& —-5.0

()

=

8 —
=] @]
= o3

S
\
o © Jos]
X o

%’ < —5.5—
g3
2l

ks Rastans o

Q

(]

=

1) —6.0

(5]

T

14 15 13 14 15

13

14 15 13 14 15

1ogo(Mz00c/(h™" Mg)) log,o(Maooc/(h™" Mg)) log,(Maooc/ (R~ Ms)) log,o(Maooc/(h™" M)

FIG. 3. Comparison of the enhancement in the HMF from the FORGE simulations, Rrorcg, and the semi-analytical HMF
model, Rsam for different redshifts, color-coded by the log,, | fro| values. Grey dashed lines are plotted at 10 % deviation to
guide the eye. The upper four plots show the comparison of the FORGE simulations to the semi-analytical model, Eq. (11),
without a correction. The four plots at the bottom show the comparison to the corrected semi-analytical HMF, Eq. (19),
leading to a better agreement between the two HMF enhancements. Error bars are derived from the jackknife covariance of

the FORGE simulations.

that is available from the simulations. However, the
semi-analytical prediction gives an overall shape of
the f(R) HMF. Moreover, the halo mass function is
exponentially suppressed at high masses and therefore
a correction in this regime has negligible impact on
our cosmological analysis. The second limitation is the
available range for log,q |fro| values. FORGE samples
logo | fro| in the range —6.17 < log, fro < —4.51, so
we can only predict the parameters of the correction
function in this range. Therefore, we adopt a hard upper
limit prior of log,q|fro| = —4.51 in our analysis. We
extend our analysis to logyq|fro| = —7 based on the
fact that the f(R) HMF approaches the GR HMF for
logyg | fro| = —o0 and thus a, Aa — 0 and b — 1. Thus,
we interpolate the parameters between log,, fro = —6.17
and log,q fro = —7 under the assumption that a model
with log,o fro = —7 is indistinguishable from GR with
the SPT dataset. Moreover, the correction from the
simulation is smaller as we approach GR. We will show
in our analysis that the upper bound has no impact on
the fro posterior, as the data strongly disfavor values
of logo fro > —4.51. Given these limitations on the
calibration, we present both the results derived when
using the semi-analytical HMF model and when using
the FORGE-informed calibrated semi-analytical HMF
model.

In the analysis presented below, we account for the im-
pact of remaining uncertainties in the HMF by following
the approach of Ref. [72] and introducing uncertainties

in the amplitude and the logarithmic mass trend of the
HMF, i.e. the HMF with uncertainties given by

reon i) o

where ¢ is the uncertainty in the amplitude and s is
the uncertainty in the trend with logarithmic mass and

we marginalize over the ¢ and s in our analysis (see
Sec. IVD)

dn _ dn
dlnM ~— dlnM

Mso0c
1014 h*lM@

IV. ANALYSIS METHOD

The method we employ in this work is based on the
state-of-the-art weak lensing informed cluster cosmolog-
ical analysis of the SPT sample [SB24a]. The method
was also used and validated in the recent f(R) gravity
forecast [SV24a] for SPT-3G [73] and CMB-S4 [74] clus-
ter samples with next-generation weak-lensing data like
those expected to come from the Euclid mission [75, 76]
or the Vera C. Rubin Observatory [77, 78].

A. Observable—mass relations

In tSZE cluster surveys, galaxy clusters are identified
and selected by observables such as the tSZE detection
significance and richness and observable—mass relations
link these observables to the halo mass [e.g., 79, 80].



Through gravitational weak lensing calibration of these
relations, we can relate the observed cluster sample to the
HMF, which describes the abundance of halos depend-
ing on cosmology, mass, and redshift. In this analysis,
we employ observable-mass relations that are empirically
calibrated with weak-lensing data [e.g. 24, 81-86]. This
section outlines the observable-mass relation for tSZE
detection significance and optical/NIR richness.

1. tSZE (-mass relation

As in previous SPT studies, we first relate the observed
tSZE detection significance é to the intrinsic detection
significance ¢ to account for noise in the data. The rela-
tion between ¢ and ¢ is given by [87]

P(E|0) :N( 23, 1) . (21)

The distribution accounts for the Gaussian noise present
in the survey maps, with a correction factor of 3 due
to the noise resulting from the matched-filter search for
peaks in three dimensions. The mean intrinsic tSZE de-
tection significance ( is then modeled by

M>s00c
In¢) =1 In 200
(€)= In o+ Cu n(3x1014h1M@)

el (E%%) |

(22)

where (y, (as and (, are the parameters corresponding to
the normalization, mass and redshift trend of the scaling
relation and E(z) = H(z)/Hy. Adiitionally, we assume
a lognormal intrinsic scatter in ¢ with width oy, ¢.
Because the SPT surveys vary in depth, and we want
to employ one (—mass relation for all surveys, the nor-
malization (p and the redshift trend (. are rescaled for
each field [35, 46, 47], i.e. Co,ﬁeld = ’YﬁeldCO and Cz,ﬁeld =
(.+constant. In the case of the SPTpol ECS survey fields
the normalization is difficult to calibrate and thus the pa-
rameter ygcs is allowed to vary in the analysis [SB24a].
For the redshift trend (, the variation of the rescaling
parameter ¢ across fields is negligible in the SPT-SZ and
SPTpol surveys. Therefore, we rescale (, for each survey
where the SPT-SZ survey is taken as the reference [35]:

(s, sPT-8Z = (a5
(s, SPTpol ECs = Gz — 0.09, (23)
Cz, SPTpol 500d = &z + 0.26.

2. Cluster richness A\—mass relation

As for the tSZE detection significance, the observed
richness A is related to the intrinsic richness A by a Gaus-
sian distribution of the form

PAN) = N\, V). (24)
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This relationship accounts for Poisson sampling noise.
Note that the Gaussian approximation of a Poisson dis-
tribution approximately holds for A = 10, which is below
the richness cut we apply to our sample. Similar to the
(—mass scaling relation we assume for the mean intrinsic
richness a power law, in mass and (1 + redshift):

M200c

3 x 10 h=1 Mg
4 In <11f62) .

The parameters Ay, Aps and A, govern the normalization,

mass and redshift trend, respectively. The cluster intrin-

sic richness varies around this relation by a log-normal

distribution with a width o, ».

As mentioned in Sec. ITA we use richness measure-
ments from DES for clusters with z < 1.1 and data from
WISE for high-redshift clusters. As matching two dis-
tinct types of richness measurements is challenging, we
use two separate A-mass relations for the DES and WISE

data [SB24b], hereafter denoted by subscripts DES and
WISE respectively.

(InA) =InAo+ Ay 1n (
(25)

B. Weak-lensing model in f(R) gravity

With the above described observable—mass relations,
we can model the cluster sample in the (—\—z space by
transforming the halo mass function into the halo ob-
servable function and using it to predict cosmological
parameters. However, there are no informative priors on
the parameters of the ( and A scaling relations and their
scatters. To empirically calibrate these relations and the
corresponding scatters we rely on weak-lensing data. It
has been shown that weak-lensing measurements are a ro-
bust way to measure halo masses with well-characterized
and controllable biases [SB24b, SB24a].

In this analysis, we assume that any f(R)-gravity mod-
ification of the mapping from cluster potential to lensing
signal can be neglected, as in previous works [11, 41].
First, the f(R) effect on the lensing signal for a given
fixed mass distribution is given by a rescaling of the GR
signal by a factor of (1 + |fro|)~! [88, 89], which is neg-
ligible for the values of |fro| we consider in this work.
Second, while the cluster observables and halo profiles do
undergo modifications in f(R) gravity, these effects are
small [53, 90, 91]. Any changes to the cluster observables
f and \ will be accounted by the empirical calibration
of the observable mass relations. Changes to the halo
profiles are more concerning, because they could impact
the weak lensing inferred cluster masses. Accounting
for these effects self-consistently within the weak lensing
model described below would require a study of the halo
shapes using f(R) numerical simulations and measure-
ment of any changes in the inferred weak-lensing masses.
Because we know these effects are smaller than the cur-
rent uncertainties on the weak lensing model, which are



dominated by uncertainties in the hydrodynamical ef-
fects and on photometric redshift systematics, we adopt
the GR-based calibration of the weak lensing model pre-
sented in SB24a and described below.

1. DES weak-lensing model

The model we adopt for DES weak-lensing data was
studied and described in detail in SB24a and works ref-
erenced therein. Here we provide a summary of the
method. The weak-lensing observable is the reduced tan-
gential shear profile, which is related to the underlying
projected halo mass distribution ¥ by

AX(r, M ol
(r, Mw,) Critl . (26)
1 — Z(T, MWL) E

crit

ge(r, Mw1,) =

Here AX(r) = (3(< 7)) — X(r) is the surface density con-
trast and Ec_rilt is the lensing efficiency or inverse critical
surface mass density, given by

;ilt = ZLZ—S% x max [0, Djs] , (27)
where c is the speed of light and D, D), D are the an-
gular diameter distances between the observer and the
source, the observer and the lens, and the source and the
lens, respectively. We model ¥ by the line of sight in-
tegral of a Navarro-Frenk-White profile (NFW) [92, 93]
and we refer to the associated mass as the weak-lensing
mass, Mwr,. We account for possible miscentering of
the selected cluster center by assuming a constant den-
sity within the cluster miscentering radius Rp,, i.e.
Y(R) = X(Rmin) for R < Ry (see SB24a section IVC
for more details). Cluster member contamination fq(r)
is corrected by a factor (1 — fi(r)) to the reduced tan-
gential shear profile [SB24a].

Given that the cluster profiles are not perfectly de-
scribed by an NFW profile, the computed weak-lensing
mass My, is a biased and noisy estimator of the true
cluster mass Magge [94, 95]. To account for the bias we
use a scaling relation between My, and Mg with a
mean relation of [52]

M M2o0c
<ln< ]\}ZL>> :]nMWLO(z)-‘rMWLMln( ]\?00 ) . (28)

Here In Myyr,, is the logarithmic mass bias normalization
and Mwr,,, is the mass trend in this bias at a pivot mass
My =2 x 10** h=' M. We assume a log-normal scatter
of the true relations with a width described by

Maooc
Inopwr? = lnglanLo(Z) +012nWLMln( ;400 > , (29)
0

where In o7, yy,, is the normalization and of, v, =~ is the
mass trend of the scatter.

The parameters of the above mean scaling relation and
scatter are calibrated from simulations by extracting the
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TABLE 1. Normalization and uncertainties of the am-
plitude and scatter of the weak-lensing-mass-to-halo-mass
relation derived from the simulations at redshifts z €
{0.252,0.470,0.783,0.963}.

Parameter 20 21 2 23

In My, (%) —0.042 —0.040 —0.033 —0.082
Aqln Mwr,(z)  —0.006  —0.014  —0.052  —0.112
Asln My, (2) 0.008 0.015 0.017  —0.010
In o7, wi, (2) —3.115  —3.074 —2.846  —1.945
Aln oty wr, (2) 0.044 0.048 0.060 0.101

weak-lensing inferred mass from hydrodynamical simu-
lations and calculating the corresponding cluster mass
from the matched N-body simulation at different red-
shifts [52]. The calibration results in a mean value and
uncertainty obtained from the posterior for each of the
above parameters.

In this model, the logarithmic mass bias normal-
ization, In Mwr,, and the normalization of the scat-
ter, In UanLO, are functions of redshift and calibrated
from the simulations at four redshift values: z €
{0.252,0.470,0.783,0.963}. Therefore, we model the two
parameters in the analysis as

p =N (D, (Ap)*) = p(2) + Ap(z) N'(0,1), (30)

where p(z) is the mean value and Ap(z) is the uncertainty
of the corresponding parameter p(z) at redshift z. We in-
terpolate linearly to obtain the values for these parame-
ters at any intermediate redshift. To accurately describe
the uncertainty of the logarithmic mass bias In M, (2),
the uncertainty in this parameter, Aln My, (2), is mod-
eled as a linear combination of two redshift-dependent
functions [SB24a]:

Aln MWLO (Z) = Alhl MWLO (Z) + Agln MWLO (Z) (31)

The values of the bias and scatter normalization param-
eters, Eqgs. (28) and (29), as well as their uncertainties
at the simulation redshifts used in this work are sum-
marized in Tab. I. The uncertainties of these parameters
include various elements such as uncertainties from bary-
onic effects, photo-z calibration, miscentering and shear
calibration [52]. The total uncertainty is primarily influ-
enced by uncertainties in baryonic effects at low redshifts,
while at high redshifts, the uncertainty in photo-z cali-
bration becomes dominant. Overall uncertainty from the
weak-lensing model remains small across the calibrated
redshift range, contributing to approximately 1% of the
total uncertainty (see Figure 10 in SB24a).

2. HST weak-lensing model

A similar model is applied to the HST-39 dataset. The
shear profiles from HST are modeled by the line of sight
integral of an NFW profile with a concentration from



Ref. [96]. From the NFW a weak-lensing mass My, is
calculated and related to the true halo mass with a mean
relation [54].

<ln MWL> =1In MWLO + In Msgoc - (32)

The true relation scatters around the mean by a Gaussian
distribution with width oy, wr,. The scatter oy, wr ac-
counts for all sources of uncertainties in the Mw1,—Magoc
relation. Here each cluster has its own bias and scatter
and associated uncertainties by calibrating Eq. (32) for
each cluster individually. We refer the reader to the orig-
inal works for a more detailed explanation of the cluster
lensing model employed in the HST dataset [54-56, 59].

C. Multivariate observable—mass relation

To account for possible correlation among the three
observables, unbiased tSZE detection significance (, in-
trinsic richness A\ and weak-lensing mass My, we em-
ploy the multivariant observable—mass relation from the
work of SB24a. For this, the lognormal scatters of the
observables, o1, ¢, o and o, wi, are combined into a
covariance matrix of the form

PSZ,WLOIn ¢Oln WL PSZ,A0In ¢0ln A

Oln WL PWL,AOIn WLOIn A
PWL,AOIn WLO1n A 01211A

(33)

where psz x, psz,wi and pwr, » are the correlation coef-
ficients between ¢ and Mwr, ¢ and A, and A and Mwr,
respectively. The joint multi-observable-mass relation is
then given by a multivariate Gaussian with correlation
matrix X

JlIl<
Y = | pSz,WLOI ¢Oln WL
PSZ,A\01In ¢T1ln X

})(lng%%L |ALz,p)::

(In¢)(M, z, p)
N( (In M1 ) (M, 2, p) ,z) .
(In\)(M, z,p)

D. Likelihood and priors

The analysis relies on Bayesian statistics and we ob-
tain cosmological and scaling relation parameters p us-
ing a cluster population model. The likelihood model
employed in this analysis is based on the recent ACDM
SPTxDES+HST analysis of SB24b, SB24a and was ver-
ified for an f(R) cosmology in our forecast work [SV24a].
Following SB24a and SB24b, we approximate the multi-
observable cluster abundance likelihood with a Poisso-
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nian distribution:

e’} 3
InL(p Zl / dﬁw
d¢dhdz

Amin GiyZi

Zmax A d3
/ ) o
z (m]n dC d>\ dZ (35)

min mln
_d'N(p)
d¢ dX dged=
+ Z n

Cz ugt 1524
|\ 4°N(p)
f)\mln dA dC dAdz

where both sums run over all clusters 7. The differential
cluster numbers 301];; in the above likelihood are the dif-
ferential halo observable function (HOF) and is given in

the f—;\—z space by

-+ const. ,

Girzi

d’N(p)
dCdAdz L/dQ /y1CM4dAd<f“GC)(AM) ”
d*N(M, z,p) d*V (2, p)

and in the é,;\,gt -z by

d*N(p
Ao, dM d¢ dX\ d M,
dCdAdgg&

(gthwL,p)P(ClC)P(MA) (37)
P(C, )\, MWL|M7 Z,p)

dM dV dz d€)
. . d2N(M,z,p)
Here () is the survey solid angle, the factors szp
and EV(zp) are the HMF and the differential volume el-

dzdQ,

ement for the corresponding cosmology whereas P(C[¢)
and P(A|\) relate the observed quantity to the intrin-
sic one given by Eqs. (21) and (24) respectively. More-
over, P(¢,\M,z,p) and P((, A\, MwL|M, z,p) are ob-
tained from the multivariant observable—mass relation
Eq. (34), and P(g¢|Mwr,p) is given by the product of
Gaussian probabilities in each radial bin ¢ of the tangen-
tial shear profiles g; with the shape noise Ag; ;

P(Qt|MWL,P) = H (\/ﬂAgm)_l

exp [1 (gt,i
2

Note that the first two terms of the total Poisson likeli-
hood, Eq. (35), are independent of the weak-lensing data
and thus are associated with the Poisson likelihood of
the cluster sample in the (—z space with the condition
A > Amin(2). The last term in Eq. (35) includes the in-
formation of the mass calibration from the weak-lensing
data and is therefore often called the mass-calibration
likelihood. The likelihood is implemented in the CosSMO-
SIS framework as a Python module [97] and we use the

(38)

- gt,i(MWLyp))Q
Agt,i '



nested sampling algorithm NAUTILUS to run the MCMC
chains [98].

Given the large number of cosmological and nuisance
parameters considered in the analysis, we combine the
SPT cluster data set with the primary CMB data from
Planck (Planck 2018 TT,TE,EE+lowE) [99] to break pa-
rameter degeneracies and recover meaningful constraints
on f(R) gravity. This combination of data is sound,
because the standard cosmological analysis from SB24b
showed no statistically significant tension between the
SPT-clustersx WL dataset and the Planck data.

We emphasize that primary CMB data like those from
Planck 2018 place only weak constraints on f(R) grav-
ity of the order of logyg|fro| < —3 [13, 100], and thus
the constraints in logyq |fro| are primarily coming from
the SPT cluster sample. However, CMB data are es-
sential to constrain the remaining cosmological parame-
ters such as Q,,h%. The Planck 2018 likelihood is imple-
mented in COosMOSIS, and because one can assume that
the cluster likelihood and the Planck 2018 likelihood are
independent, we multiply the two likelihoods in a joint
analysis. We account for the effect of f(R) gravity in the
Planck 2018 likelihood by using the f(R) power spectrum
computed with MGCAMB [101-104].

In this analysis, we vary 23 nuisance parameters and
eight cosmological parameters. All parameters with their
priors are listed in Table II. For the standard cosmo-
logical parameters, we adopt uniform priors with ranges
that are based on the Planck 2018 posteriors, since these
parameters will be best constrained by the Planck 2018
dataset. For the f(R) gravity parameter log;, |fro| we
apply a uniform prior (-7, —3). Note that the GR limit
at |fro| = 0 cannot be reached when using a logarithmic
prior and thus would introduce an infinitely large param-
eter volume below our lower bound when we calculate the
upper limit of the f(R) parameter. To avoid the sensitiv-
ity of the upper limit of the f(R) parameter on the choice
of the lower prior boundary, we transform the parameter
space from logarithmic to linear. In this linear space, the
parameter volume between 0 and 10~7 is negligible. We
account for the uncertainty in the weak-lensing model as
described in Sec. IV B 1 by Gaussian priors on these pa-
rameters. To ensure a positive-definite covariance matrix
of the multivariate observable-mass relation we assume
priors on the correlation coefficients of ¢/(—0.5,0.5). No
informative priors are applied for the tSZE and richness
observable-mass relation parameters, and we adopt suf-
ficiently wide uniform priors for these parameters. To
account for systematic uncertainties in the HMF, we use
Gaussian priors on the amplitude and slope of the HMF
as defined in Eq. (20).

V. RESULTS

In this section, we present our constraints on the f(R)
gravity model derived from the analysis of DES and
HST weak lensing calibrated SPT clusters combined with
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TABLE II. Parameters and priors of our f(R) gravity analy-
sis of the DES and HST weak-lensing informed SPT cluster
sample and Planck 2018. The prior on Q,h? corresponds to a
prior on the sum of neutrino masses ¥m, ~ U(0,0.6) eV.

Parameter  Description Prior

DES Y3 cluster lensing

Ailn Mwr, scaling of bias see Table 1

Asln Mwr, scaling of bias see Table I
AMwr,, mass slope of bias N(1.029, 0.0062)
Alnod, wr, scaling of scatter see Table I

Ao, WLy mass slope of scatter N(—0.226,0.040%)
HST cluster lensing

Aln Mwr,, scaling of bias cluster by cluster
AoIn W1 scaling of scatter cluster by cluster
tSZE—mass parameters

Ino amplitude

Cm mass slope

(s redshift evolution o

Oln¢ intrinsic scatter >0

YECS depth of SPTpol ECS

DES richness—mass parameters (used for z < 1.1)

In Ao, DES amplitude

AM, DES mass slope

Az, DES redshift evolution

Oln\, DES intrinsic scatter

WISE richness—mass parameters (used for z>1.1)

In Ao, wise amplitude

AM, WISE mass slope

s, WISE redshift evolution e

Oln), WISE intrinsic scatter >0

Correlation coefficients

PSZ, WL tSZE—weak-lensing U(-0.5,0.5)

PSZ A tSZE-richness U(-0.5,0.5)
PWL,A weak-lensing-richness U(-0.5,0.5

HMF uncertainty

q bias uncertainty N(1,0.2%)

s slope uncertainty N(0,0.1%)
Cosmology

Om matter density U(0.27,0.36)
Qh? neutrino density 4(0,0.00644)
Qp,h? baryon density 14(0.02191,0.02281)
h Hubble parameter 14(0.643,0.702)
In10'° A, amplitude of P(k) U(2.89,3.1)

N scalar spectral index u(o. 9517 0.9781)
T depth of reionization Z/I(O 02,0. 08)
logyg |frol  f(R) gravity parameter U(—7

Planck 2018 data. For our baseline analysis, we employ
the FORGE-calibrated HMF model, because it is consid-
ered to be more accurate due to its empirical calibration
with the FORGE numerical simulations. For comparison,
we also include results obtained using the uncorrected
semi-analytical HMF model. Note that all reported up-
per limits are provided at the 95% credible level and
uncertainties at 68 % credibility.



A. Comparison to ACDM results

We first compare our results to those from the ACDM
analysis of SB24b. Because we report a tight upper limit
on log;, | fro| (see next section) and thus the deviation
from a ACDM cosmology is relatively small, we expect
consistent results between the two analyses for all stan-
dard cosmological parameters. Figure 4 shows the pos-
terior distribution of the cosmological parameters from
both analyses. Overall, the standard cosmological pa-
rameters are in good agreement with the ACDM results.
The only discernible parameter shifts are observed in
Q,h? and ng, which are both primarily constrained by
the Planck 2018 data. However, the shift of the two pa-
rameters is within the 68 % credible contours and within
the statistical uncertainties. An explanation for the shift
can be given by the fact that Quh? and ns as well as
logyg | fro| change the power spectrum on small scales,
and in opposite directions.

A complete comparison of all parameters from the
f(R) and ACDM analysis can be found in Appendix A,
Fig. 6. We summarize in Tab. III the constraints on the
(—mass and A—mass relation parameters, as well as on the
correlation coefficients for the f(R) and ACDM analyses.
The results are in good agreement with ACDM, indicat-
ing no significant deviations in the observable-mass re-
lations under the f(R) gravity model. Compared to the
ACDM constraints, we obtain slightly weaker constraints
for most of the observable—mass relation parameters (see
the third column of Tab. IIT). The largest increase in the
uncertainties is observed in the (-—mass relation param-
eters, the amplitude mass trend of the A-mass relation
for the DES richness, and the scatter of the A-mass re-
lation for the WISE richness. An overall increase in the
uncertainties is expected due to the additional degrees of
freedom introduced by the f(R) gravity model.

We observe a 1.5¢0 shift in the correlation parame-
ter between the tSZE detection significance and rich-
ness, pszx, compared to the ACDM results, which is
attributed to different models for the scatter in richness
assumed in the two analyses: in the ACDM analysis,
a lognormal richness scatter with width A=1/2 was used,
which resulted in a negative correlation between the tSZE
detection significance and richness. In this f(R) analy-
sis, we use a Gaussian approximation of Poisson noise
(see Eq (24)) and report a vanishing correlation between
the two quantities. When using the same richness scatter
model as in the ACDM analysis, we obtain the same re-
sults for this parameter. The same is true for the scatter
parameter of the WISE richness o1y, wisk-

B. f(R) gravity constraints

Our f(R) analysis of the combination of weak-lensing
mass calibrated SPT clusters and the Planck 2018 dataset
results in the current tightest constraints available from
clusters and CMB data and other probes of the large-

14

TABLE III. Constraints on the observable—mass relation pa-
rameters, the scatter correlation coefficients and cosmological
parameters for the f(R) and ACDM analyses in the second
and third column respectively. The last column shows the
relative increase of the parameter uncertainties in the f(R)
analysis with respect to ACDM. Note that all reported upper
limits are provided at the 95% credible level and uncertain-
ties at 68 % credibility.

Parameter f(R) ACDM increase in the
uncertainties

tSZE—mass parameters

Inop 0.69 £ 0.09 0.69 £ 0.06 50 %

Cmr 1.73 £0.05 1.73+£0.04 25 %

Cx 0.73+£0.13 0.74+0.11 18 %

Olnc¢ 0.22 +0.06 0.21 £ 0.05 20 %

YECS 1.05 £ 0.03 1.05 4+ 0.03

DES richness—mass parameters (used for z < 1.1)

In Ao, DES 3.73£0.06 3.73+£0.05 20 %

AM, DES 1.23 +£0.05 1.25 +0.04 25 %

Az, DES 0.13+£0.13 0.15+£0.12 9%

Oln), DES 0.21 +£0.04 0.18+0.04

WISE richness—mass parameters (used for z > 1.1)

In Ao, wise  4.30 £0.21 4.33+£0.21 .

AM, WISE 1.0+£0.1 0.96 £ 0.09 10%

Az, WISE —2.0£0.6 —2.0+0.6 -

Oln)\, WISE 0.14 £ 0.07 0.12 £ 0.05 40%

Correlation coefficients

PSZ, WL < 0.22 < 0.17 30%

PSZA 0.03 £0.35 < 0.08 e

PWL,A —0.05 £ 0.31 —0.10+0.24 30 %

Cosmology

Qm 0.318 £0.011  0.315£0.011 e

Q. h? <0.2 <0.18 10%

Qph? 0.0223 + 0.0002 0.0224 4+ 0.0002 ..

h 0.671 +£0.009  0.674 £ 0.008 13%

In10"A,  3.042+£0.015  3.043+£0.015

Ns 0.962 +0.004  0.966 £+ 0.004

log, | frol < —5.32 . .

ogh 0.809 +0.015  0.807 & 0.013 16 %

scale structure. With our baseline analysis using the
FORGE-calibrated HMF, we obtain an upper bound on
the f(R) parameter:

logyo | fro| < —5.32 (95 % credible level) . (39)

This result is consistent with a ACDM cosmology and
excludes all f(R) parameter space that does not lead to
substantial screening of halos. When applying the semi-
analytical HMF model, we achieve a 3% tighter upper
bound on logy, | frol:

logio | fro|l < —5.46 (95 % credible level) . (40)

The slightly stronger constraint from the semi-analytical
HMF model can be explained by the larger enhancement
in the halo mass function compared to the FORGE sim-
ulations, see Sec. III B. Therefore, one expects a greater
sensitivity to logyq|fro|, which leads to tighter con-
straints on the f(R) parameter. The remaining cosmo-
logical parameter posteriors are found to be consistent
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FIG. 4. Posterior distribution of the cosmological parameters for our f(R) analysis (gray and red) and the ACDM analysis
from SB24b (blue) of the DES and HST weak-lensing mass calibrated SPT clusters combined with Planck 2018 CMB data.
Because the two f(R) HMF models give similar results, the gray contours from the semi-analytical HMF (see Sec. IITA) are
hidden by the red ones from the FORGE calibrated HMF (see Sec. III B). As expected, the results from the analysis show

consistent results in the non-f(R) cosmological parameters.

with those in the ACDM analysis. This is because we use
Planck 2018 data in our analysis, which tightly constrains
the ACDM cosmological parameters and thus eliminates
potential degeneracies. Moreover, degeneracies between
logyo | fro| and other cosmological parameters that have
previously been found are more pronounced for higher

values of logyq | fro|, which are excluded by our dataset
(30, 70, 105].

For comparison, the best previous constraints on f(R)
gravity from clusters are presented in Ref. [28]. The au-
thors obtained logy|fro| < —4.79 using clusters from
ROSAT and the Massive Cluster Survey, combined with



primary CMB, SN, and BAO data. Our analysis im-
proves upon this result by a factor of 3.4 in fry with-
out using any information from SNe or BAO. The im-
proved constraints are due to the large cluster sample
and the weak lensing mass calibration dataset that we
use in this analysis, with 1,005 clusters compared to 224
clusters in the analysis of Ref. [28]. Recent results from
the eROSITA cluster analysis reported an upper limit of
logyg | frol < —4.12, considering the neutrino mass as a
free parameter [11]. Although this constraint is signifi-
cantly weaker than ours, it is important to note that their
analysis was based on clusters alone. eROSITA can place
meaningful constraints from the clusters alone, because of
the larger weak-lensing calibrated cluster sample of 5, 259
clusters and lower redshift range for which the effect of
f(R) gravity is larger. On the other hand, they em-
ployed a different HMF based on the model of Ref. [30],
which predicts a slightly smaller enhancement of the f(R)
HMF. For a fairer comparison with the eROSITA re-
sults, we also perform our analysis using the HMF of
Ref. [30] but still including Planck 2018 data. We obtain
logyg | frol < —5.11 (95 % credible level), which is an or-
der of magnitude better than the results from Ref. [11]
and 62 % weaker in fro than our baseline result. These
different results show that a reliable f(R) HMF model
is needed to obtain accurate constraints on this modified
gravity model. Note that different work apply different
prior on logyo | fro| which affects this parameter’s upper
limit due to the infinite volume below the lower prior.
Therefore, a comparison is always affected by the prior
choice when using a uniform prior in log,, | frol-

The strongest constraints from large-scale probes of
f(R) gravity are derived from weak-lensing peak abun-
dance using weak-lensing data from CFHTLenS [12].
In this study, the authors found an upper bound of
logyg | frol < —5.16 (95 % credible level) with priors from
the Planck 15 analysis on €, and As. This result is
comparable, but slightly weaker than the constraints pre-
sented here.

Other recent cosmological constraints on f(R) grav-
ity have been derived from the cross-correlation of
galaxies from BOSS combined with primary CMB and
lensing data, yielding log,q|fro| < —4.61 [13] and
a combination of galaxy weak-lensing shear from the
Canada—France-Hawaii Telescope Lensing Survey, CMB,
SN and BAO was used to obtain log,q | fro| < —4.50 [12].
Figure 5 shows the comparison of the constraints from the
different cosmological probes discussed in this section.

Modified gravity models such as f(R) gravity gener-
ally enhance structure formation and thus lead to larger
values of og. Therefore, they do not provide a solution
to the Ss tension. Additionally, galaxy clusters are not
sensitive to Hy, so our analysis does not offer any insights
into the H tension.
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FIG. 5. Comparison of log; | fro| constraints from SPTclus-
ters + CMB with the FORGE calibrated HMF (top bar) and
the semi-analytical HMF model (second bar) with other re-
cent results on cosmological scales. All limits are given at the
95 % credible level.

VI. SUMMARY

This work presents constraints on f(R) gravity derived
from the DES and HST weak lensing informed SPT clus-
ter abundance combined with primary CMB data from
Planck 2018. We use a sample of 1,005 galaxy clusters
selected from the SPT-SZ, SPTpolECS, and SPT500d
[34, 35, 46, 47] surveys with redshifts z > 0.25. 688 of
these clusters have weak-lensing information from DES
[SB24b, SB24a] and 39 from HST [54, 55, 59]. Our anal-
ysis framework is based on the methodology established
by SB24a and in the recent f(R) gravity forecast for up-
coming Stage-IIT and -IV surveys [SV24a].

f(R) gravity alters gravity and leads, compared to GR,
to a scale-dependent enhancement of structure formation
and thus modifies the HMF. This enhancement in the
abundance of massive galaxy clusters makes cluster sam-
ples, such as those from the SPT surveys, powerful probes
for testing modified gravitational models like f(R) grav-
ity.

To capture the effects of f(R) gravity on the HMF,
we employ a semi-analytical approach for calculating the
mass-dependent spherical collapse threshold dcyi; [44].
The f(R) HMF is then given by the GR HMF scaled
by an enhancement factor, which includes the mass-
dependent spherical collapse threshold. We emphasize
that this model is designed to also capture the nontrivial
screening effects in this modified gravity model, which
play a major role at small modified gravity amplitudes
that our cluster sample is able to probe. We compare
the predictions of the HMF from this semi-analytical ap-
proach with those from the FORGE simulations [45], and
we find a discrepancy between the two that depends on
cosmology, redshift and cluster mass. We use the simu-
lations to calibrate the semi-analytical model to obtain
a more robust HMF, while still allowing for an analysis
within a broader parameter range than the simulations
allow.

In this analysis, we neglect the f(R) gravity effects on
the gravitational lensing potential, which are subdomi-



nant compared to the weak-lensing mass calibration un-
certainties derived from GR simulations [52]. Further-
more, modifications to the observable-mass relations and
the halo profiles are minimal, keeping the weak-lensing
parameters similar to those in GR within their uncertain-
ties [53, 90, 91].

We achieve consistent results in all parameters com-
pared to the ACDM analysis presented in SB24b. This
is reassuring and expected, since our constraints on
logyg | frol do not indicate a preference for a deviation
from the ACDM cosmology.

We report an upper bound of logyq|fro| < —5.32
at the 95% credible level with the HMF calibrated by
the FORGE simulations. A slightly tighter constraint
of logyg | fro| < —5.46 is obtained when using the semi-
analytical HMF. The difference in the constraints shows
the necessity for a reliable f(R) HMF to place accurate
constraints on f(R) gravity. The constraints reported
here are the tightest constraints on f(R) gravity from
clusters and on cosmological scales published to date.

Upcoming Stage-III and Stage-IV surveys, such as
SPT-3G [73] and CMB-S4 [74] or the Simons Observa-
tory [106], will provide significantly larger cluster sam-
ples, which cover a broader redshift range [107]. In com-
bination with next-gravitational lensing data like from
the Euclid [75, 76] satellite or the Vera C. Rubin observa-
tory [77, 78], these cluster data sets will lead to improved
constraints on f(R) gravity [SV24a]
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Appendix A: Full triangle plot

Figure 6 shows the posterior distribution for all pa-
rameters varied in the analysis, both for the f(R) and
ACDM cases of the same data SB24b.
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