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I n s pi r e d b y r e c e nt a d v a n c e m e nt s of si m ul a ti n g p e ri o di c s y s t e m s o n q u a nt u m c o m p u t e r s, w e d e-
v el o p a n e w a p p r o a c h, ( S C ) 2 - A D A P T- V Q E, t o f u r t h e r a d v a n c e t h e si m ul a ti o n of t h e s e s y s t e m s.
O u r a p p r o a c h e x t e n d s t h e s c al a bl e ci r c ui t s A D A P T- V Q E f r a m e w o r k, w hi c h b uil d s a n a n s a t z f r o m
a p o ol of c o o r di n a t e-i n v a ri a nt o p e r a t o r s d e fi n e d f o r a r bi t r a ril y l a r g e, t h o u g h n o t a r bi t r a ril y s m all,
v ol u m e s. O u r m e t h o d u s e s a cl a s si c all y t r a c t a bl e “ S u r r o g a t e C o n s t r u c t e d ” m e t h o d t o r e m o v e i r-
r el e v a nt o p e r a t o r s f r o m t h e p o ol, r e d u ci n g t h e mi ni m u m si z e f o r w hi c h t h e s c al a bl e ci r c ui t s a r e
d e fi n e d. B ri n gi n g t o g e t h e r t h e s c al a bl e ci r c ui t s a n d t h e s u r r o g a t e c o n s t r u c t e d a p p r o a c h e s f o r m s t h e
c o r e of t h e ( S C ) 2 m e t h o d ol o g y. O u r a p p r o a c h all o w s f o r a wi d e r s e t of cl a s si c al c o m p u t a ti o n s, o n
s m all v ol u m e s, w hi c h c a n b e u s e d f o r a m o r e r o b u s t e x t r a p ol a ti o n p r o t o c ol. W hil e d e v el o p e d i n
t h e c o nt e x t of l a t ti c e m o d el s, t h e s u r r o g a t e c o n s t r u c ti o n p o r ti o n i s a p pli c a bl e t o a wi d e v a ri e t y of
p r o bl e m s w h e r e i nf o r m a ti o n a b o u t t h e r el a ti v e i m p o r t a n c e of o p e r a t o r s i n t h e p o ol i s a v ail a bl e. A s
a n e x a m pl e, w e u s e i t t o c o m p u t e p r o p e r ti e s of t h e S c h wi n g e r m o d el — q u a nt u m el e c t r o d y n a mi c s
f o r a si n gl e, m a s si v e f e r mi o n i n 1 + 1 di m e n si o n s — a n d s h o w t h a t o u r m e t h o d c a n b e u s e d t o
a c c u r a t el y e x t r a p ol a t e t o t h e c o nti n u u m li mi t.

I. I N T R O D U C T I O N

St at e pr e p ar ati o n i s a cr u ci al c o m p o n e nt of m a n y
q u a nt u m al g orit h m s, i n cl u di n g p h a s e e sti m ati o n a n d
ti m e e v ol uti o n, i n all ar e a s of p h y si c al si m ul ati o n fr o m
c h e mi str y, t o m at eri al s s ci e n c e, t o hi g h e n er g y a n d n u-
cl e ar p h y si c s [ 1 – 1 2]. Si g ni fi c a nt w or k h a s b e e n d o n e
o n st at e pr e p ar ati o n f or m at eri al s a n d c h e mi c al s y s-
t e m s [ 1 3 – 2 3], a n d m or e r e c e ntl y i n n u cl e ar a n d hi g h
e n er g y p h y si c s [ 2 4 – 3 3]. N ot a bl y, t h e V ari ati o n al Q u a n-
t u m Ei g e n s ol v er ( V Q E) c a n pr e p ar e gr o u n d st at e s u si n g
s h all o w d e pt h cir c uit s [ 1 4, 3 4 – 3 8], a n d i n p arti c ul ar, t h e
A d a pti v e D eri v ati v e- A s s e m bl e d Pr o bl e m T ail or e d V Q E
( A D A P T- V Q E) [ 3 9, 4 0] s h o w s gr e at pr o mi s e i n fi n di n g
g r o u n d st at e s wit h c o m p a ct cir c uit s f or a wi d e v ari et y
of pr o bl e m s. I n t hi s al g orit h m, t h e v ari ati o n al q u a nt u m
cir c uit i s it er ati v el y b uilt b y e x p o n e nti ati n g si m pl e o p-
e r at or s gr e e dil y s el e ct e d fr o m a u s er- d e fi n e d p o ol, w h er e
t h e c o e ffi ci e nt f or e a c h o p er at or i s tr e at e d a s a v ari a-
ti o n al p ar a m et er. T h e o p er at or s i n t h e p o ol d et er mi n e
t h e e x pr e s si vit y of t h e a n s at z, w hil e t h e si z e of t h e p o ol
d et er mi n e s t h e m e a s ur e m e nt o v er h e a d r e q uir e d f or i m-

∗ E ri k G u s t af s o n a n d K yl e S h e r b e r t c o nt ri b u t e d e q u all y.
† n o r m a n. m. t u b m a n @ n a s a. g o v

pl e m e nt ati o n.

S y st e m s i n m at eri al s s ci e n c e a n d n u cl e ar p h y si c s oft e n
h a v e di s cr et e tr a n sl ati o n al i n v ari a n c e (i. e. p eri o di cit y).
T h e s e s y st e m s ar e t y pi c all y v e r y c h all e n gi n g, si n c e v er y
l ar g e v ol u m e s ar e r e q uir e d t o o bt ai n p h y si c all y m e a ni n g-
f ul r e s ult s. H o w e v e r, v ari ati o n al al g orit h m s c a n i n c or-
p or at e tr a n sl ati o n al i n v ari a n c e wit h a v ari et y of str at e-
gi e s, c o m p ati bl e wit h A D A P T- V Q E. F or e x a m pl e, o n e
c o ul d a d o pt a m o m e nt u m b a si s, s u c h t h at all o p er at or s
i m pli citl y s ati sf y tr a n sl ati o n al i n v ari a n c e [ 4 1]. Alt e r n a-
ti v el y, o n e c o ul d u s e a l o c al r e al- s p a c e b a si s, a n d “til e ”
o p er at or s t o b uil d u p a n o p er at or p o ol, s u c h t h at l o c al
i nt er a cti o n s r el e v a nt i n s m all v ol u m e s ar e s y st e m ati c all y
i nt e gr at e d i nt o l ar g er v ol u m e s [ 4 2]. Fi n all y, o n e c a n e n-
f or c e tr a n sl ati o n al i n v ari a n c e i n t h e r e al- s p a c e r e pr e s e n-
t ati o n. T hi s i s t h e a p pr o a c h t a k e n b y [ 2 8, 3 1], w hi c h i n-
tr o d u c e d t h e “ S c al a bl e Cir c uit s ” A D A P T- V Q E v ari a nt,
or S C- A D A P T- V Q E.

I n S C- A D A P T- V Q E, o n e fir st s ol v e s t h e A D A P T- V Q E
pr o bl e m f or s m all v ol u m e s w hi c h ar e cl a s si c all y si m-
ul a bl e, t o o bt ai n b ot h a s e q u e n c e of (tr a n sl ati o n all y-
i n v ari a nt) o p er at or s a n d t h e o pti m al c o e ffi ci e nt s f or e a c h
o p er at or. O n e t h e n e xtr a p ol at e s t h e c o e ffi ci e nt s t o t h e
t h er m o d y n a mi c (l ar g e- v ol u m e) li mit, t o o bt ai n a cir c uit
t h at c a n b e r u n, wit h o ut a n y f urt h e r o pti mi z ati o n, o n
q u a nt u m h ar d w ar e. R ef s. [ 2 8, 3 1] a p pli e d S C- A D A P T-

ar
Xi

v:
24

08
.1

26
41

v1
  
[q

ua
nt

-p
h]
  

22
 

Au
g 

20
24

https://orcid.org/0000-0001-7217-5692
https://orcid.org/0000-0002-5258-6539
https://orcid.org/0000-0002-7276-4515
https://orcid.org/0000-0002-2006-2343
https://orcid.org/0000-0001-5589-9197
https://orcid.org/0000-0003-3033-0791
https://orcid.org/https://orcid.org/0000-0002-4306-1423
https://orcid.org/0000-0002-5832-3908
https://orcid.org/0000-0002-1939-5589
https://orcid.org/0000-0002-7862-4759
https://orcid.org/0000-0002-9577-8485
mailto:norman.m.tubman@nasa.gov


2

VQE to study the Schwinger model [43–45], a prototyp-
ical theory of gauge fields with matter, to demonstrate
a procedure of scalable circuits. Their work considered
systems of sizes up to 32 qubits as “small”, and demon-
strated circuit viability on QPUs for “large” systems with
over 100 qubits.

While the results in Refs. [28, 31] are impressive,
ADAPT-VQE will tend to select a different sequence
of operators for each different volume. This is espe-
cially true for the later operators needed to obtain high-
accuracy trial states, and this can result in ambiguities
extrapolating to large volumes. Furthermore, it is not
yet clear whether these methods can be used to explore
the regime where the lattice spacing goes to zero, an es-
sential step to ensure that a lattice theory can be used
to study the corresponding field theory in the continuum
limit. Therefore, two crucial questions remain:

1. How can the SC-ADAPT-VQE framework be mod-
ified to obtain less ambiguous extrapolations to the
thermodynamic limit?

2. Can the SC-ADAPT-VQE framework be used to
obtain accurate extrapolations to the continuum
limit?

To address the first question, we introduce Surrogate-
Constructed Scalable-Circuits ADAPT-VQE, or (SC)2-
ADAPT-VQE. This new variant modifies SC-ADAPT-
VQE in two ways: First, while one adopts the same
translationally-invariant operator pool as in Refs. [28,
31], one uses a large-volume classical surrogate such as
matrix product states (used in this work), density ma-
trix renormalization groups, or classical coupled cluster
equations to pre-screen the most relevant operators, re-
ducing the size of the pool. Second, one solves ADAPT-
VQE just once, on the largest classically emulateable
volume, and then optimizes the coefficients for the same
operator sequence on each smaller volume.

To address the second question, we use our (SC)2-
ADAPT-VQE method to perform extrapolations to the
infinite volume (thermodynamic) limit, for a series of
systems with reduced lattice spacing. We then extrap-
olate the thermodynamic limit results for each problem
instance to the continuum limit, where the lattice spac-
ing vanishes. We demonstrate that, even in the absence
of large-volume runs on quantum hardware, the (SC)2-
ADAPT-VQE ansatz provides a robust method to calcu-
late observables in the continuum limit.

This paper is organized as follows. In Sec. II we dis-
cuss the target Hamiltonian for our studies, which is that
of the Schwinger model, Refs. [28, 31]. We elaborate
on VQE, ADAPT-VQE, and SC-ADAPT-VQE, in Sec.
III. We describe our own method, (SC)2-ADAPT-VQE,
in Sec. IV. The results from our simulations, including
extrapolations to the continuum limit for the massless
Schwinger model, are provided in Sec. V. In Sec. VI we
discuss the impact of this work, and future directions.

II. LATTICE FIELD THEORIES AND THE
SCHWINGER MODEL

Before discussing our particular system, we offer a
brief review of quantum computing for quantum field
theories. The principal method for quantum simula-
tions of field theories utilizes lattice models. In this
method, the infinite dimensional Hilbert space is par-
tially truncated by only utilizing a finite number of points
in space, while leaving the remaining degrees of free-
dom unchanged; this leaves a finite number of locally
infinite dimensional Hilbert spaces. A key requirement
for quantum simulation is mapping the infinite dimen-
sional Hilbert space to finite dimensional quantum re-
sources. Significant work has been done to progress sim-
ulations of these models across a wide range of digitiza-
tions such as discrete groups [46–58], loop-string-hadron
formulations [59–64], quantum link models [65–69], elec-
tric field truncations [28, 31, 70–87] and other novel for-
mulations [88–96]. Additional work has been done on
simulation methods for measuring observables [33, 97–
101], road maps and resource estimates for simulations
[73, 86, 102–105], proposals for simulations on hard-
ware [84, 85, 87, 106–108], multigrid methods for quan-
tum simulation[109], and state preparation techniques
[25, 28, 31, 110–114]. Finally, there has also been com-
plementary development of simulation tools and uses for
quantum computation of field theories such as classical
and classical-quantum feedback [115–122], error mitiga-
tion and correction schemes [123–131], more accurate
Hamiltonians [132–134], improved circuits [135], reduced
memory requirements [136, 137], uses for qudits [138–
140], and other techniques and benchmarks [141, 142].
We use the lattice Schwinger model as a prototype field

theory to showcase our (SC)2-ADAPT-VQE algorithm,
just as it was used by Refs. [28, 31] to showcase SC-
ADAPT-VQE. The lattice Schwinger model is a spatial
discretization of quantum electrodynamics in 1 + 1 di-
mensions, with a single species of fermion. Due to its
relative simplicity, this model from high energy physics
has been studied extensively as a test case for quantum
simulations [113, 143–152]. In fact it is closely related to
a type of Heisenberg spin chain with alternating external
magnetic fields. After integrating out the bosonic degrees
of freedom and performing a Jordan-Wigner transforma-
tion, the Hamiltonian is

Ĥ =
1

2a

Ns−2∑
j=0

(σ̂+
j σ̂

−
j+1 + σ̂+

j+1σ̂
−
j ) +

m0

2

Ns−1∑
j=0

(−1)j σ̂zj

+
ag2

8

Ns−2∑
j=0

(

j∑
k=0

(σ̂zk + (−1)k))2, (1)

where m0 is the bare mass of the fermion, g is the
bare electric charge (coupling constant) for the gauge
field [153], and Ns is the number of sites. With Kogut-
Susskind (frequently referred to as staggered) fermions,
Ns must be an even integer.
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Note that in the rest of this work, we will consider
the massless Schwinger model, in which m0 = 0. The
continuum model is exactly solvable and equivalent to a
massive free bosonic model [45]. This makes it particu-
larly appealing as a test case, as the whole spectrum of
the theory is known analytically. Notably, the first ex-
cited state has a mass of mgap = g/

√
π or conversely a

correlation length of ξ ∼
√
π/g. This gives an estimate of

how much correlation needs to be built-into the system
and how large a system is needed to correctly capture
the infinite volume system. The correlation length gives
an approximate estimate of how far interactions typically
extend. If the physical volume, here the length Ns, is too
small compared to correlation length, then there will be
noticeable self interaction effects or boundary contami-
nation. Thus a sufficiently large volume is one that is
multiple times the correlation length of the system.

III. EXISTING METHODS

The VQE [14] is a state preparation algorithm that
begins with some initial state |ψref⟩ which is trivial to
initialize on a quantum computer, and then constructs

an optimal trial state |ψ⟩ = Û(θ⃗)|ψref⟩, where Û is a
unitary operator encoded by a quantum circuit parame-

terized by angles θ⃗. A classical optimization is used to
find the ideal choice of angles that minimize some objec-
tive function. For example, to prepare the ground state
of a physical system the objective function can be the
expectation value of the energy. In this paper we assume
the latter whenever we refer to optimization. To be spe-
cific, our objective function is Eψ ≡ ⟨ψ|H|ψ⟩, using the
Hamiltonian of Eq. (1). We note that, especially for one-
dimensional systems with finite entanglement entropy,
an alternative objective function for designing scalable
quantum circuits could be the overlap with the ground
state of a classical surrogate, such as an MPS [154]. In
this case one would use the fidelity of the target state,
which might speed up the preparation of excited quan-
tum states.

ADAPT-VQE [39] is an algorithm that iteratively ex-
tends and updates the unitary

Û (k)(θ⃗(k)) =
k∏
j=1

e−iθ
(k)
j Ôij , (2)

where each element θ
(k)
j of the parameter vector θ⃗(k) is

the coefficient corresponding to the operator Ôij drawn

from a predefined pool {Ôi}. Note that Û (k) encodes the
entire circuit up to iteration k, where each θj is equiva-
lent to a time over which the trial state is evolved under a
Hamiltonian Ôij . In each iteration of ADAPT-VQE, the

unitary Û is extended with a new Ôik+1
∈ {Ôi} using a

“greedy” procedure, selecting that Ôi which confers the
largest gradient |∂Eψ/∂θk+1|θ⃗(k) of the objective function

at the current optimized trial state. After appending the

new operator, the variational parameters θ
(k+1)
j in the

circuit are reoptimized, initializing the values θj≤k with
the optimized value from the previous iteration, and ini-
tializing θk+1 to zero. Operators are appended and op-
timizations repeatedly, until the gradients corresponding
to every candidate operator fall below some user-defined
threshold ϵ, such that

ϵ >

∣∣∣∣ ∂Eψ∂θk+1

∣∣∣∣
θ⃗
(k)
converged

, (3)

for all choices Ôik+1
∈ {Ôi}. Note that the ADAPT-VQE

convergence criterion, ϵ, is independent of, and typically
larger than, the convergence criterion used to terminate
each individual optimization.

For small molecules mapped to fewer than 14 qubits,
this has been shown to yield highly compact ansätze and
reach arbitrarily accurate energies [39].

While the original ADAPT-VQE algorithm used
fermionic single- and double-excitations as the pool op-
erators, there has been significant work to find optimal
pool operator choices for ADAPT-VQE. For instance,
Ref. [155] introduces the qubit-ADAPT operator pool,
which breaks Jordan-Wigner-transformed fermionic ex-
citations into individual terms, and drops Z-operators to
make them more hardware-efficient. Ref. [156] introduces
qubit-excitation based operators, another hardware-
efficient construction in which Z-operator strings are re-
moved from the Jordan-Wigner-transformed fermionic
excitations. Ref. [157] discusses symmetry-adapted op-
erators that incorporate problem symmetries such as the
conservation of spin, particle number, and the point-
group. Ref. [42] introduces operator tiling for translation-
symmetric systems, tiling problem-relevant Pauli opera-
tors chosen by ADAPT-VQE across the entire system.
Ref. [158] introduces Coupled Exchange Operators which
create linear combinations of qubit-excitation operators
acting on the same set of spin-orbitals.

Of particular interest to high energy and nuclear
physics are the Scalable-Circuits ADAPT-VQE (SC-
ADAPT-VQE) for extrapolating ansätze from small to
large systems [28, 31]. This method adopts a pool of
coordinate-invariant operators, so that circuits trained
on a series of classical ADAPT-VQE simulations at small
volumes can be scaled to those at large volumes, which
are then run on a quantum computer. This obviates the
need for running ADAPT-VQE or even VQE to obtain
optimized parameters on a large volume, since the pa-
rameters are obtained via fitting and extrapolation from
smaller systems. The operator pool for ADAPT-VQE
is arbitrary, in principle, but judicious choices for the
pool operators can improve convergence. The operator
pool used in Ref. [28] for running ADAPT-VQE on the
Schwinger model Hamiltonian in Eq. (1), which we will
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Operator Pool

Surrogate

Calculation

Cutoff

Threshold 

Truncate pool

via Eq. (7) 

ADAPT-VQE on Largest

Tractable Volume

Ansatz

Circuit parameters

Reduced Pool 

Add largest gradient operator to ansatz

{  i}

Measure gradients

V         Vtarget

VQE on

smaller  volumes

Extrapolate to 

larger volumes

FIG. 1. Flow chart describing the (SC)2-ADAPT-VQE work flow. Blue components indicate the workflow with (SC-)ADAPT-
VQE [28, 31] while orange components those added with (SC)2-ADAPT-VQE. The surrogate calculations along with a cutoff
threshold, ∆ come together to give a rigorous definition of a truncated operator pool. The reduced pool is utilized in an
ADAPT-VQE calculation at the largest volume that can be simulated on a classical computer. This ansatz is then optimized

on smaller volumes. If so desired, the resulting parameters {θ⃗i} can then be extrapolated to larger volumes on a quantum
computer. The thin black arrows illustrate that the classical adaptive part of ADAPT-VQE iteratively constructs a quantum
circuit, using operators sampled from the truncated pool.

refer to as the full singles pool, includes

ÔVmh(d) =

Ns−1−d∑
n=0

(−1)nÔ(d)
n , (4a)

ÔSmh(m, d) =
(
Ô(d)
m + Ô

(d)
Ns−m−1−d

)
, (4b)

where

Ô(d)
n ≡ i

2

(
σ̂+
n Ẑ

d
nσ̂

−
n+d − h.c.

)
; (4c)

Ẑdn ≡
⊗

q Ẑq denotes a string operator of length d − 2

acting on all sites q between σ+
n and σ−

n+d. The sub-

script with Ômh stands for the combined effect of mass
and hopping terms [28]. The superscripts V or S in-
dicate that the operator is a volume (bulk) or surface
(boundary) term, respectively. These terms respect the
time reversal symmetry of the ground state of the model,
and represent the insertion of a single meson of length
d. While Eq. (4a) does so uniformly throughout the sys-
tem, Eq. (4b) only does so at a distance m from the open
boundaries. The latter is expected to be useful, as bound-
ary effects will be critical regardless of the values of g
and m0. Of importance here is that the operator pool
construction leads to a different set of operators being
available at each volume. When the ADAPT-VQE tra-
jectory includes all new pool operators appearing at each
volume, robustly extrapolating the sequence of operators
becomes non-trivial.

The insertion of single meson is like the singles term
in a unitary coupled cluster (UCC) ansatz. When in-
cluding all permissible d and m for a given system size

Ns in Eqs. (4), henceforth we refer to this as the full
singles pool. This method can be extended to include
an ansatz which inserts two mesons which do not over-
lap, or double terms [14, 159] which are of the form

iâ†j âj+dâ
†
kâk+d′ − h.c.. For the parameters we studied,

however, we found that the contribution of such two me-
son operators was negligible. It is not clear if this is true
in general, especially for models that possess many inter-
nal degrees of freedom. One notable example is that of
multiple flavors of quarks in quantum chromodynamics.

IV. (SC)2-ADAPT-VQE

Our algorithm, which we term Surrogate-Constructed
Scalable-Circuits ADAPT-VQE, or (SC)2-ADAPT-VQE,
uses a classically tractable surrogate theory to select a
subset of relevant operators in the ADAPT-VQE opera-
tor pool, independent of volume. This procedure defines
a new, truncated pool, and a minimum volume for which
any ADAPT-VQE circuit built from the truncated pool is
well-defined. Therefore, we construct an ansatz just once,
by running a classical ADAPT-VQE simulation with the
truncated pool on the largest tractable volume. To gen-
erate a series of circuits from which to extrapolate to an
even larger volume simulable with a quantum computer,
we run classical VQE simulations with a consistent ansatz
on each smaller volume, down to the minimum volume
defined by the truncated pool. The high level flow chart
for this algorithm is illustrated in Fig. 1.
The surrogate theory can widely vary, but it should be
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FIG. 2. Scaling of the transition matrix element operator,
Ri, versus the order the operator first uniquely appears in
ADAPT-VQE applied to the massless Schwinger model, us-
ing the pool in Eq. 4 on lattices with Ns = 16 and various
couplings g as specified in the legend. Operators that appear
later suggest that they are less relevant to the state prepara-
tion. We see that it indeed does strongly correlate with Ri.

accurate, reasonably scalable, systematically improvable,
and calculable efficiently at the classical level. Examples
of such surrogate theories could include coupled cluster
calculations, matrix product states, sparse wavefunction
simulators, and Markov chain Monte Carlo. The first
step of (SC)2-ADAPT-VQE uses a surrogate theory to
measure the overlap operator

Mj ≡ |⟨ψref |Ôj |ψsur⟩|2. (5)

In this equation Ôj is the Hermitian operator that gener-
ates the rotations in Eq. (2), and |ψsur⟩ is an approxima-
tion of the ground state that might be determined classi-
cally. This can be done in several ways: in 1 + 1 dimen-
sions, using the density matrix renormalization group,
or for higher dimensions, with projected pair entangled
states. Lastly, |ψref⟩ is an initial state that is easy to
prepare. Here we use the strong coupling limit for the
Schwinger model (g → ∞), |ψref⟩ = |0101.....01⟩. In
chemistry problems one might use the Hartree-Fock state
for |ψref⟩. The values Mj are calculated only once for a
choice of couplings (g, m0) before any ADAPT-VQE cal-
culations are run. In particular it is worth noting that
the states themselves |ψsur⟩ and |ψref⟩ do not need to be
calculated explicitly, only the transition matrix element
Mj .
This operator is similar to a transition matrix element

as it is the square of the linear term in the Maclaurin

series approximation of ⟨ψref |e−iθÔj |ψsur⟩, up to an over-
all constant. This choice of operator is reasonably well
founded as it forms an approximation for the leading or-
der contribution to a Maclaurin series expansion of the
target operator. This transition matrix element is calcu-
lated classically. Next we impose a cut-off ∆ such that
we only keep operators Ôj that satisfy

Rj ≡
|Mj |

max(|Mj|)
≥ ∆. (6)

While the fixed choice of the cut-off, ∆, is arbitrary, it
allows for a consistent algorithmic construction of the op-
erator pool, by removing possible biases at a given choice
in parameter space. As ∆ is taken to smaller values the
size of the operator pool increases.
The operators chosen in standard ADAPT-VQE, and

the scaling of Rj , are correlated, as illustrated in Fig. 2.
We find that the MPS amplitudes behave in a reasonably
correlated manner with respect to the order of their first
appearance in the ADAPT-VQE ansatz.
One source of instability in SC-ADAPT-VQE is the

relatively large volume needed to obtain a consistent op-
erator sequence in each run of ADAPT-VQE. This is il-
lustrated for g = 1.0 and m0 = 0 in Fig. 3 for both the
truncated (∆ > 10−5) and full singles (∆ = 0) operator
pool. The figure uses shaded boxes to indicate different
operators in the circuit: the grey operators correspond
to the volume operators, ÔVmh(d), while the blue and or-
ange regions correspond to the surface or boundary oper-
ators, ÔSmh(m, d). While operators with an early depth,
i.e. the first through eighth, stabilize by Ns = 12, at this
point the later operators have not stabilized. This implies
that for progressively deeper (more accurate) ansätze,
one needs progressively larger classical calculations to
find a quantum circuit with an appropriately large vol-
ume. Crucially, we observe that the presence of differ-
ent operators later on, which are needed for ADAPT to
converge, still results in erratic behavior for the param-
eters ofof those early operators. Using the ansatz for
10 ≤ Ns ≤ 16, we show mild non-monotonicity for the
optimization angles for the first three operators in Fig.
4. With (SC)2-ADAPT-VQE, we immediately start with
the largest volume at which we can simulate classically,
which we fix at Ns = 16. We use this ansatz to set the
operator ordering, and then, where feasible, use the same
circuit structure at smaller volumes. Doing so, we find
that the optimized parameters exhibit increased mono-
tonicity. One feature of note is that given the various
operators ÔVmh(d) are themselves Trotterized, it is possi-
ble for ADAPT-VQE to select the same operator multi-
ple times which might not typically happen in non-lattice
systems.
An obvious limitation of (SC)2-ADAPT-VQE is the

capabilities of the surrogate theory. This has to be kept
in mind particularly for critical systems, or when tak-
ing the continuum limit, as then the correlation length
of the system, in units of the lattice spacing, diverges.
This places limits on the range of parameters directly ac-
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FIG. 3. Ansatz order for the full singles pool (left) and the truncated pool (right), using ADAPT-VQE with g = 1.0 and
m0 = 0.0. These simulations used the gradient convergence criterion of ϵ = 10−3, Eq. (3). The operators are defined in Eq. (4),
while the legend to the right is the full singles pool for Ns = 16. Bold-face in the legend indicates that the operator was selected
by ADAPT-VQE using the full singles pool for at least one volume. The magenta highlighting indicates which operators were
chosen for the truncated pool with ∆ = 10−5. The different colors denote different types of operators that appear in the ansatz.
Volume operators are shaded from grey to black as their length increases. Orange denotes surface operators that touch the
edge of the lattice, while blue operators are one lattice site from the edge. Notice that there is a striking regularity of the
operators which persist as Ns increases for the surrogate truncated pool, versus that of the full singles pool. This demonstrates
the utility of our truncation method.

cessible from a given surrogate. Alternatively, it places
constraints on the type of surrogates that should be used.

V. RESULTS

While constructing a gauge theory on a lattice is a
useful computational tool, eventually we are interested
in the continuum limit. Since the product of the lattice
spacing times the gauge coupling, ag, is dimensionless,
at fixed lattice spacing a we can approach the continuum
limit by taking g → 0. In doing so, the ratio of m0/g is

held fixed, with different values corresponding to distinct
theories.

In this section we show how results using (SC)2-
ADAPT-VQE can be used to reliably extrapolate to the
continuum limit for the massless theory. While usually
this is the most challenging case, for the special case of
the Schwinger model the model is solvable analytically,
with the spectrum only a single free, massive boson. As
a fiducial quantity, we compute the expectation value of
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FIG. 4. Optimized coefficients θj for the first (top), sec-
ond (middle), and third (operator) selected by ADAPT-VQE
applied to the massless Schwinger model with ag = 1.0. For
the SC-ADAPT-VQE curve (solid), ADAPT-VQE was solved
at each volume using the pool in Eq. 4, up to a gradient
convergence criterion of ϵ = 10−3. For the (SC)2-ADAPT-
VQE curve (dashed), ADAPT-VQE was solved at a volume
of Ns = 16 up to the same ϵ and using the same pool, but
truncated according to Eq. 6 with ∆ = 10−5. The result-
ing circuit was re-optimized for volumes Ns < 16. All runs
of ADAPT-VQE selected the same first three operators, ir-
respective of volume (OVmh(1) for θ1, OVmh(3) for θ2, OVmh(5)
for θ3). However, the SC-ADAPT-VQE runs at different vol-
umes selected different operators later on in the ansatz. This
produced an extreme non-monotonicity in the optimized co-
efficients, and so an ambiguous extrapolation to the limit of
infinite volume. The (SC)2-ADAPT-VQE protocol resolves
this problem.

the chiral condensate,

⟨ψ̄ψ⟩ = 1

2Ns

Ns−1∑
j=0

(−1)j⟨σ̂zj ⟩. (7)

This expectation value is trivially nonzero when there is
a fermion mass. However, it remains non-zero even if
m0 → 0. There, spontaneous dimerization of the system
occurs dynamically, with the analytical continuum limit
given by[160]

⟨ψ̄ψ⟩0 = − g

2π3/2
eγE (m0 = 0) (8)

with γE = 0.5772 the Euler constant.

TABLE I. Characteristic numbers for (SC)2-ADAPT-VQE
applied to the massless Schwinger model, using pools con-
structed from Eqs. 4 and 6 with different values of ∆. The
“Depth” columns identify the number of operators selected
by ADAPT-VQE at a volume of Ns = 16 up to a gradient
convergence criterion of ϵ = 10−3. The “Min Ns” columns
identify the minimum volumes for which all operators in the
pool are defined. Without truncation (i.e. using ∆ = 0),
there is no well-defined minimum Ns.

Full singles
(∆ = 0)

Truncated
(∆ = 10−5)

Heavily truncated
(∆ = 10−3)

ag Depth Depth Min Ns Depth Min Ns

1.0 34 27 10 22 6
0.9 32 27 10 23 6
0.8 35 27 10 22 6
0.7 31 32 12 32 8
0.6 33 36 12 30 8
0.5 37 36 14 32 10

We choose to compute ⟨ψ̄ψ⟩ rather than just the energy
(which serves as the objective function in our ADAPT-
VQE calculations), as it receives contributions from off-
diagonal elements in the energy eigenbasis, and so pro-
vides a better measure of accuracy.

Before proceeding to the continuum limit, it is impor-
tant to investigate aspects of the operator pool trunca-
tion at finite volumes and non-zero lattice spacings. Fig.
5 shows the relative error of the chiral condensate at
m0 = 0 and g = 0.7, of distinct ADAPT-VQE trial states
constructed independently for each volume, using three
fiducial values of the threshold ∆ for Rj : ∆ = 0, 10−5,
and 10−3, which we denote as the full singles, truncated,
and heavily truncated operator pools, respectively. For
sufficiently small volumes there is no significant difference
between the three truncations. By a volume of Ns = 14,
though, significant discrepancies arise, and it is clear that
there are “truncation” artifacts that become noticeably
important. The deviations grow weakly towards larger
volumes where certain operators transition from being
irrelevant to important. These cases will become more
prevalent when the gradient truncation threshold ϵ is de-
creased, and volume artifacts begin to stabilize.

We are now in a position to investigate how truncating
the operator pool affects calculations in the thermody-
namic and continuum limits. In Fig. 6, we perform the
(SC)2-ADAPT-VQE procedure (solving ADAPT-VQE
at just one volume for each coupling parameter) for the
truncated and heavily truncated pools to obtain esti-
mates of the chiral condensate in the thermodynamic
limit. As a control, we compare against the SC-ADAPT-
VQE procedure (solving ADAPT-VQE for each volume)
with the full singles pool. Note that for these results, we
extrapolate the observable directly, rather than the op-
erator coefficients, to sidestep the instabilities observed
in Fig. 4.

Using the thermodynamic limit values for each cou-
pling parameter, we then perform another extrapolation
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∣∣
of chiral condensates obtained from (SC)2-ADAPT-VQE ap-
plied to the massless lattice Schwinger model with ag = 0.7
using Eq. (8). ADAPT-VQE was solved at each volume up to
a gradient convergence criterion of ϵ = 10−3. Each curve used
a distinct pool, constructed from Eqs. (4) and (6) with ∆ = 0
(full singles), 10−5 (truncated), and 10−3 (heavily truncated).
Chiral condensates for each optimized circuit were measured,
and their relative error was calculated with respect to DMRG
calculations of matching volume, with a maximal bond di-
mension of 400.

to the continuum limit. For g = 1, from Eq. (8) the re-
sult in the continuum limit is ⟨ψ̄ψ⟩0 = −0.159929. Using
(SC)2-ADAPT-VQE with a truncated pool, the result we
find after taking ag → 0, indicated by the blue asterisk
in Fig. 6, agrees well with this result. This demonstrates
that while certain marginal operators may appear in the
full ADAPT-VQE pool, that at least for the value of
the chiral condensate, in practice their effect is minimal.
This robustness encourages using (SC)2-ADAPT-VQE to
reach the continuum limit in this and other field theories.

VI. OUTLOOK

We have developed an algorithm, (SC)2-ADAPT-
VQE, which addresses certain ambiguities in the SC-
ADAPT-VQE algorithm of Ref. [28]. This method uti-
lizes classically scalable resources to efficiently identify
an operator pool which is well-defined on any number of
qubits above a minimum volume. This allows a single
classical execution of ADAPT-VQE to generate a fixed
ansatz which can be optimized via VQE for smaller vol-
umes, providing a robust sequence of parameters that can
be extrapolated to large volumes executable on quantum
hardware. We also note the reduced operator pool can re-
duce the overall sampling budget by a factor linear in the
size of the system. We have not examined our extensions
to the algorithm at scale on a quantum computer because
the noise on present day devices prohibitively accumu-
lates for the long circuit depths we consider. Neverthe-

0.0 0.2 0.4 0.6 0.8 1.0
ag

0.16

0.18

0.20

0.22

|
/g

|

Continuum
Full…singles
Truncated
Heavily…
…truncated

FIG. 6. Chiral condensates obtained from (SC)2-ADAPT-
VQE applied to the massless lattice Schwinger model, with an
extrapolation to the continuum limit. Each curve used a dis-
tinct pool, constructed from Eqs. 4 and 6 with ∆ = 0 (full sin-
gles), 10−5 (truncated), and 10−3 (heavily truncated). In the
truncated and heavily truncated curves, ADAPT-VQE was
solved for each parameter value ag at a volume of Ns = 16 up
to a gradient convergence criterion of ϵ = 10−3, and the result-
ing circuits were re-optimized for volumes Ns < 16, down to
the minimum volumes given in Table I. Because there is no de-
fined minimum volume for the full singles pool, ADAPT-VQE
was solved independently for each volume 4 ≤ Ns ≤ 16. Chi-
ral condensates for each optimized circuit were measured, and
extrapolated to the thermodynamic (Ns → ∞) limit, yielding
the points seen in the plot. The errorbars with the symbols
derive from systematic errors occurring from the infinite vol-
ume extrapolations. The shaded areas show an extrapolation
to the continuum limit (a → 0) as the confidence interval of
the underlying polynomial fit. The asterisk at ag = 0 repre-
sents the exact analytic result, Eq. (8) for g = 1. This demon-
strates that the truncation of the operator pool has minimal
effect on the final continuum limits.

less, this improvement to the algorithm greatly stabilizes
extrapolating to larger, scalable circuits. This is crucial
for looking at theories with long correlation lengths, es-
pecially as arises in approaching the continuum limit. In
particular when we want to expand to larger systems, the
choice of ∆ can depend on the process, observable, and
model or theory. Therefore, it will be important to de-
velop other theory-specific heuristics that might improve
upon or replace the choice procedure of the cutoff.

We have demonstrated that (SC)2-ADAPT-VQE can
be used to approach the continuum limit of relativistic
field theories, using the Schwinger model as an example.
This makes it a promising method for state preparation
of near-term quantum simulations of a variety of low-
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dimensional models, including the multi-flavor Schwinger
model [45], QCD2 [161], and even bosonic models such
as λϕ4 [162] and the Abelian-Higgs model [163]. A par-
ticularly interesting prospect would be useful to apply
this method to QZD, a Z(3) gauge theory coupled to
three flavors of fermions [164]. This model has both con-
fined fermions and bosons, analogous to the baryons and
mesons of QCD. Like QCD, cold, dense QZD has a severe
sign problem. Using (SC)2-ADAPT-VQE to study QZD
will be of use both to investigate the Fermi sea of the the-
ory, as well as to understand how (SC)2-ADAPT-VQE
behaves in the presence of more complicated excitations.

The increase in correlation length of the system as the
continuum is approached is only a specific example of
a system going through a second-order phase transition.
As such, (SC)2-ADAPT-VQE also poses itself as an ideal
algorithm to address the issue of ground state prepara-
tion of critical systems, close to and away from quantum
phase transitions. This includes many models in con-
densed matter physics, such as the Hubbard model.

In ADAPT-VQE simulations of molecular systems uti-
lizing Gaussian basis sets, one could easily utilize por-
tions of the (SC)2-ADAPT-VQE algorithm for the oper-
ator pool selection component. In particular this method
should be able to reduce the number of possible opera-
tors for an UCC type ansatz, which is useful in electronic
systems.
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