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Old neutron stars as a new probe of relic neutrinos and sterile neutrino dark matter
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We study the kinetic cooling (heating) of old neutron stars due to coherent scattering with relic
neutrinos (sterile neutrino dark matter) via Standard Model neutral-current interactions. We take
into account several important physical effects, such as gravitational clustering, coherent enhance-
ment, neutron degeneracy and Pauli blocking. We find that the anomalous cooling of nearby neutron
stars due to relic neutrino scattering might actually be observable by current and future telescopes
operating in the optical to near-infrared frequency band, such as the James Webb Space Telescope
(JWST), provided there is a large local relic overdensity that is still allowed. Similarly, the anoma-
lous heating of neutron stars due to coherent scattering with keV-scale sterile neutrino dark matter,
could also be observed by JWST or future telescopes, which would probe hitherto unexplored pa-
rameter space in the sterile neutrino mass-mixing plane.

INTRODUCTION

Cosmic Neutrino Background (CvB) is a robust pre-
diction of the standard cosmological model of the Uni-
verse [1]. However, the existence of CvB has only
been indirectly inferred from big bang nucleosynthesis
(BBN) [2], cosmic microwave background (CMB) [3],
and large-scale structure (LSS) [4] data; see Ref. [5]
for a recent review. In spite of having the largest flux
among all natural and artificial sources of neutrinos [6],
direct detection of CvB remains elusive [7-9]. This is
mainly due to its small kinetic energy today which results
in extremely small cross-section and energy/momentum
transfer in a laboratory setup [10].

One way to potentially overcome this difficulty is by
using coherent scattering [11] where the neutrino may
collectively interact with all particles within a sphere of
radius equal to the de Broglie wavelength corresponding
to the momentum transfer. Owing to their small mo-
menta, relic neutrinos can receive a huge enhancement
in their scattering cross-section in a dense astrophysi-
cal environment like a neutron star (NS), where they
can coherently interact with a gigantic number of neu-
trons even in a small volume. Since CvB behaves as a
cold, non-relativistic fluid, its interaction with neutrons
in a hot NS medium will result in an anomalous cool-
ing of the NS; see Fig. 1. This was studied long ago in
Ref. [12], which found a negligible kinetic cooling rate.
In this paper, we improve the old calculation by taking
into account gravitational clustering, coherent scattering,
neutron degeneracy and Pauli blocking effects. Although
we get orders of magnitude improvement over the results
in Ref. [12], we still find the kinetic cooling rate to be
subdominant compared to the standard cooling rate via
black-body emission of photons, which makes the kinetic
cooling effect unobservable, unless there is a large local
CvB overdensity.

FIG. 1. An artist’s rendition of the NS kinetic cooling via
CvB. Gravitationally captured relic neutrinos coherently scat-
ter off neutrons via the neutral-current interaction within a
sphere of radius A\, = 27/|q|, allowing energy transfer from
NS to CvB, thus anomalously cooling down the NS.

We next consider the possibility of anomalous NS heat-
ing due to its interaction with heavier neutrino species
with mass much larger than the NS temperature. Due
to cosmological [3, 4] and laboratory [13] upper bounds
on the absolute neutrino mass scale, the active neutrino
mass eigenstates must be at sub-eV scale, and there-
fore, cannot contribute to NS heating. However, there
could be additional sterile neutrino species which are
much heavier. In fact, keV-scale sterile neutrinos hav-
ing tiny mixing with active neutrinos can be an excel-
lent dark matter (DM) candidate [14]. Assuming this
to be the case, we find that sterile neutrino accumu-
lation inside NS can lead to the anomalous heating of
NSs (see Fig. 2), which is potentially detectable for
a local cold old NS by optical and near-infrared tele-
scopes such as the currently operating James Webb Space



Telescope (JWST) [15], near-future European Extremely
Large Telescope (ELT) [16], and far-future Thirty Meter
Telescope (TMT) [17]. Using the projected sensitivities
of these instruments in terms of NS temperatures, we de-
rive new constraints in the sterile neutrino mass-mixing
plane, which are comparable to the most stringent astro-
physical constraints from X-ray line searches.

NEUTRON STAR TEMPERATURE

NSs are born hot in supernova explosions, with inter-
nal temperature Ti,; ~ 10" K. When relatively young
(t < 10° yr), they dominantly lose energy via neutrino
emission, while at later stages (t > 10° yr) they mainly
cool via thermal surface emission of photons [18]. Ac-
cording to the minimal cooling paradigm [19-21], old
(t > 10% yr) isolated NSs exhaust all their thermal and
rotational energy, cooling down to temperatures below
O(100) K and making them impossible to observe.

In fact, most of the isolated NSs detected so far are
young radio pulsars with ¢ < 10° yr and surface tem-
perature observed at infinity 7>° between 10° and 10°
K [22]. Older NSs have only been detected indirectly
as companions in binary systems, such as millisecond
pulsars [23-25]. The coldest known NS on record, PSR
J2144-3933, located at 172 pc from Earth, has its effec-
tive surface temperature bounded at 7T3° < 42,000 K by
the Hubble Space Telescope [26]. Its spin-down age is
~ 3 x 108 yr, which implies that its temperature would
be at most a few hundred K in the minimal cooling mod-
els [19-21]. Based on Monte-Carlo orbital simulations
of the spatial distribution of galactic NSs, we expect 1-2
(100-200) such cold, old, isolated NSs lurking within 10
(50) pc [27-29]. On the observational front, the currently
operating JWST [15] and future ELT [16] and TMT [17]
are capable of detecting black-body peak temperatures of
1300-4300 K with their optical to near-infrared imaging
instruments. Therefore, it is timely to consider anoma-
lous heating/cooling of old local NSs as a new probe of
relic and sterile neutrinos.

COHERENT SCATTERING

The CvB temperature today is very small: T, =
(4/1)Y3T, ~ 1.9 K ~ 1.7 x 107* eV, where T, ~ 2.7 K
is the CMB temperature [3]. Assuming that the neu-
trino rest mass m, > T, which we know is true for at
least two of the three active neutrino mass eigenstates
in order to fit the observed mass-squared differences [30],
we can treat the CvB as a cold, non-relativistic fluid.
For a relic neutrino scattering against a neutron in old
NSs, since the momentum transfer |q| ~ Tns < 0.1 eV
(where Txs is the NS surface temperature) is very small,
the corresponding de Broglie wavelength A\, = 27/|q| ~

102 ¢cm(0.1 eV/|q]) is much larger than the size of the
nucleon, and hence, the neutrino will scatter off the entire
neutron, with a scattering cross-section (summed over
the spins) given by
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where G is the Fermi constant and E, is the neutrino
energy. This is an extremely small cross-section, but
coherent scattering can give a significant enhancement.
The cross-section for coherent elastic neutrino-nucleus
scattering (CEwNS), up to leading order in E,/my
(where my is the nucleus mass), and averaging over the
spin states, is given by (see e.g., Ref. [31])
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where Qy = A —2Z(1 — 2sin?6,,) ~ A — Z and Q4 =
A—27 are respectively the vector and axial charges of the
nucleus, given in terms of its mass and atomic numbers
A and Z respectively, and 6,, is the weak mixing angle.
Note that the CEvNS process has already been observed
by the COHERENT experiment with CsI [32], Ar [33]
and Ge [34] detectors. For an NS with mostly neutrons,
we can set A =1 and Z = 0. However, since the number
density of neutrons inside NS is huge, the coherent cross-
section will be enhanced by a factor of
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which is the number of neutrons within a sphere of ra-
dius equal to the de Broglie wavelength A, = 27/|q| ~
1072 ¢cm(0.1 eV/|q|). Note that although A, is much
smaller than the typical NS radius Rng =~ 10 km, due to
the huge neutron number density, N¢ turns out to be a
large number. A more precise calculation of N¢ is given
in the Appendix.

NS COOLING BY CvB

To calculate the energy transfer in coherent neutrino-
neutron scattering inside an NS, we model the NS as a
homogeneous sphere of radius Ryg = 10 km and mass
Mys = 1.5Mg), where My = 2 x 1033g is the solar mass.
Since very small momentum transfers are involved, we
can neglect the form factor dependence. We also as-
sume a homogeneous energy density distribution with
pn = 7 x 10* g/cm®. Neutrons form a highly degener-
ate Fermi sea inside the NS with a Fermi momentum of
D n = 450 MeV. Note that although there is some uncer-
tainty in these numbers depending on the exact equation
of state used [35], for concreteness, we have just used one



benchmark equation of state for cold non-accreting NS
with Brussels—Montreal functionals [36].

A neutron star moving in the sea of relic neutrinos
gravitationally captures them within an impact parame-
ter [37]:
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where G is Newton’s gravitational constant and wv,e is
the relative velocity of the NS traveling in the comoving
frame of the Universe. We set v,) = 200 km/s by follow-
ing Ref. [38] which studies the velocity distribution of old
NSs by performing the numerical simulation. Eq. (4) can
be translated into the number of relic neutrinos captured
by a NS per unit time as

N = 7Tblznaxvrdnﬂ ) (5)

where n,, ~ 336 cm~3 is the total number density of
relic neutrinos today, including 3 flavors and both neu-
trinos and antineutrinos. Gravitational clustering could
enhance the local CvB number density around the NS,
but only by a factor of O(1) [39-42]. A gravitation-
ally captured relic neutrino gains energy while rolling
down the gravitational potential of the NS. The energy
of the relic neutrino on the NS surface is Ey surtace =
m, (1 —2GMyg/Rns)™"/? 4+ K where K° ~ 3T, is the
kinetic energy of the relic neutrino at infinite distance
from the NS. In the case of light relic neutrinos (with
m, < 0.1 eV) where their kinetic energy at the NS sur-
face, Kl/ = Ev,surface —my = 03mu < TNSa energy is
transferred from the NS to relic neutrinos in the coher-
ent scattering process, i.e., the NS undergoes anomalous
cooling. Although the amount of energy transferred in
each scattering is small, |AF| ~ Tys ~ 0.1 €V, each neu-
trino can take away a maximum energy ~ 3Tng after a
large number of coherent scatterings with the neutrons.
Note that since the neutrons are highly degenerate inside
the NS, energy transfer to neutrinos is Pauli-blocked, and
the maximum energy transfer will be of order 37Tng, much
smaller than the typical Fermi energy E¢, of the neu-
trons.

Thus, the energy loss rate of a NS due to CvB coherent
scattering is given by

LCuB = N X 3TNS min (1, @> s (6)
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where (o) is the thermally averaged neutrino-NS scat-
tering cross-section that includes the phase-space inte-
gration, coherent enhancement factor Ng, and Pauli-
suppression factor Tns/py; see Appendix for details.
Here oy, is the threshold cross-section (see e.g., Ref. [43])
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which corresponds to the cross-section that is enough for
neutrinos to obtain kinetic energy ~ 3Tng after a series
of collisions, with the average energy transfer given by
(AE); see Appendix for details. Note that the energy loss
rate is independent of the neutrino mass, as long as its
kinetic energy is much smaller than the NS temperature.
To see whether the anomalous cooling rate given by

Eq. (6) is observable or not, we have to compare it with
the standard photon cooling rate (for a fixed NS radius):

Ly = 4w RysospTxs (8)

where ogp is the Stefan-Boltzmann constant. We thus
find that the ratio of the kinetic cooling rate from CvB
to the black-body cooling rate from photon emission is
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Thus, the energy loss induced by CvB scattering is sub-
dominant compared to that due to photon emission.
The anomalous cooling effect can however be observed
if there exists a local CvB overdensity > 10°. Such large
overdensity is still allowed by KATRIN [44], but has to
be reconciled with other observational constraints and
projections [31, 45-50]. Theoretically, it is possible to
achieve such large overdensities, e.g. due to the formation
of neutrino bound states in the presence of nonstandard
neutrino interactions [51]. In any case, this will result in

a higher CvB temperature 7T}, ~ nll,/STl,yo, but as long as
it remains much smaller than the NS temperature, the
above cooling argument applies.

NS HEATING BY STERILE NEUTRINOS

For coherent scattering of heavier particle species with
the neutrons in the NS, the situation is very different.
In particular, if the energy of the incoming particle is
larger than Ts, it will deposit almost all of its energy in
the NS and get captured, thus heating the NS. However,
given the stringent upper bound on the active neutrino
mass m, < 0.1 eV (which corresponds to ~ 1000 K)
from cosmological [3, 4] as well as laboratory data [13],
it is unlikely for CvB to heat up the NS to an observable
extent. We should clarify here that even if the cosmolog-
ical upper limit on the sum of neutrino masses could in
principle be evaded in the present Universe by invoking
some non-standard cosmology or time-varying neutrino
masses [52-56], the KATRIN bound [13] is unavoidable.



It is true that KATRIN only constrains the effective elec-
tron neutrino mass [13], while the corresponding bounds
on muon and tau neutrino masses [57] are much weaker:
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where U stands for the PMNS mixing matrix and m;
are the three light neutrino mass eigenvalues. However,
after taking into account the observed neutrino oscilla-
tion data [30], there is no way one could make any of
the mass eigenvalues m,; larger than the KATRIN upper
limit given in Eq. (10), thus rendering the weaker upper
limits in Egs. (11) and (12) practically irrelevant.

On the other hand, the anomalous heating of NS could
be induced by some heavier beyond the Standard Model
(BSM) particles, such as DM. The dark kinetic heating
of NS has been extensively studied before for 2> GeV-
scale DM [35, 43, 58-67]; see Ref. [68] for a review. Here
we examine for the first time the NS kinetic heating ef-
fect for a keV-scale sterile neutrino DM; see Fig. 2. Ster-
ile neutrinos are well-motivated BSM particles, originally
introduced to explain the non-zero neutrino mass by the
seesaw mechanism [69-72]. In the minimal scenario, the
sterile neutrinos can only interact with the SM sector via
their mixing with the active neutrinos. Depending on the
smallness of this mixing angle 6, sterile neutrinos can
be cosmologically stable and can serve as a warm/cold
DM [14, 73]. We assume this to be 100% of the DM,
with the energy density given by the local DM density
in the galactic halo, p,, ~ 0.3 GeV/cm?® [74]. The DM
density can be much larger closer to the galactic center;
however, since the kinetic heating effect we are interested
in can be detectable only for nearby NSs (within a few pc
from Earth), the larger DM density at the galactic center
does not help us.

The sterile neutrinos can undergo coherent scattering
off neutrons in the NS in the same way as the active neu-
trinos, but now with cross-sections suppressed by sin? 6.
For keV-scale sterile neutrinos, their kinetic energy is
larger than Tns, and therefore, in each collision, they will
lose a significant fraction of their energy to the NS, and
the remaining energy will be transferred to the converted
active neutrino. We checked that the mean free path of
the produced active neutrino is short enough to transfer
almost all of the kinetic energy to the NS, provided the
sterile neutrino mass is below MeV-scale. Therefore, we
can calculate the total energy gain rate of the NS just
as a product of the number of captured sterile neutri-
nos in unit time and the energy transferred to a NS by

FIG. 2. An artist’s rendition of the NS kinetic heating via
sterile neutrino DM.

each sterile neutrino. Discussion of energy gain without
this approximation can be found, e.g., in Ref. [62]. We
find the energy gain of a neutron star per unit time is as
follows:

Ly, = N(E,. sustace — 3Txs) min <1, <U>> . (13)
Oth

where N is given by Eq. (4) with n, replaced by n,, =
Pv./My,, (o) is the thermally averaged scattering cross-
section given in the Appendix scaled by sin®6, and
E,, surface = My, (1 — QGMNS/RNS)71/2 is the energy of
the sterile neutrino on the NS surface, assuming that
its kinetic energy at infinity is negligible. The threshold
cross-section in this case will be slightly modified from
Eq. (7):

2
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The active neutrinos being produced from the sterile neu-
trino interactions (see Fig. 2) will deposit most their ki-
netic energy to the NS, but as long as m,, is smaller than
0.17Tns, they can still escape the gravitational potential
of the NS and do not form a Fermi sphere inside.

Including the effect of gravitational redshift, the ef-
fective NS surface temperature induced by the kinetic
heating is given by

2G M,
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This gives the modified surface temperature observed at
infinity: Too = (Tﬁs—l—Tfeaﬁng)l/‘l. In Fig. 3, we show dif-
ferent contours of T, in the sterile neutrino mass-mixing
plane. The benchmark of 1750 K is motivated by the fact
that the corresponding black-body spectrum from an NS
located 10 pc from Earth yields a spectral flux density
of fy ~ 0.5 Jy at wavelength A ~ 2 pm, which should

be detectable by JWST [15]. The 1000 K benchmark is
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FIG. 3. Projected limits (solid curves) on sterile neutrino mass and mixing from NS kinetic heating observations at different
temperatures. The shaded regions are excluded, while the dashed lines show future sensitivities of complementary probes. See

text for details.

at the very edge of the detection threshold for JWST,
but within reach of future telescopes like ELT and TMT.
The 500 K benchmark may lie at the detection thresh-
old for future telescopes, while the 100 K benchmark is
very difficult to achieve and is shown here for illustration
purpose only.

The dominant decay channel of sterile neutrinos with
mass smaller than twice of electron mass is v, — va1g¥3
whose decay width is given by [75, 76]

i( m, )5 sin? 0
77 \50 keV 1.1 x 10-7
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where 7y = 13.8 Gyr [3] is the age of the Universe. This
is shown in Fig. 3 by the diagonal brown dashed line la-
beled ‘T = 7y’. The NS heating curves run close to the
7 = 7y line on the upper part of Fig. 3, because to the
right of this line, the sterile neutrino decays depletes its
abundance rapidly and there are not enough of them to
interact with the NS. In the lower part of the Figure, the
sensitivities are independent of mass, because we have
fixed the DM energy density p,,,, which implies that the
number density n,, goes inversely as m,,,. The total en-
ergy transfer is proportional to n,_ m,_ which is therefore
independent of m,,_.

There is another radiative decay mode vy — 1,7,
which is suppressed by a factor of 27«/87 with respect to

the 3v decay mode [75]; however, since this is a 2-body
decay with a single photon in the final state having en-
ergy at half the sterile neutrino mass, monochromatic X-
ray [77, 78] /v-ray [79] line searches put a stringent con-
straint using this channel, as shown by the purple-shaded
region labeled ‘Astrophysics’. Future X-ray missions like
ATHENA [80] and eROSITA [81] will further improve
these bounds, as shown by the dashed blue curves. The
‘Astrophysics’ constraint at lower masses also includes
the supernova cooling [82]. Similarly, cosmological ob-
servations including ANg, BAO and Hy exclude the
green-shaded region labeled ‘Cosmology’ [83, 84]. There
also exist constraints from Lyman-« [85, 86] and Milky
Way subhalos [87, 88] and satellite galaxies [89], all of
which rule out sterile neutrino DM below a few keV. We
show here the latest DES bound of 6.5 keV [89], but
although stronger than the theoretical Tremaine-Gunn
bound obtained from phase-space considerations [90], it
depends on the sterile neutrino DM production mecha-
nism [91, 92], and can in principle be modified in pres-
ence of additional interactions [93, 94]; therefore, we
do not shade the region labeled ‘DES’. For the same
reason, we do not show the DM over/underproduction
bounds, which very much depend on the specific produc-
tion mechanism considered [94]. Finally, for sterile neu-
trino mixing with electron flavor, there exist constraints
from beta-decay spectrum in different nuclei [95, 96], as
shown by the cyan-shaded region labeled ‘Beta Decay’.



Future beta-decay experiments like TRISTAN [97] and
HUNTER [98] can improve these bounds significantly, as
shown by the corresponding dashed curves. From Fig. 3,
it is clear that NS kinetic heating observations could put
new meaningful constraints on the sterile neutrino DM
scenario, which would be complementary to the existing
astrophysical, cosmological, and laboratory probes.

DISCUSSION

The future detectability of the kinetic cooling (heat-
ing) effect studied here relies on the crucial assumption
that there is no other active cooling/heating mechanism
in play so that we can identify the anomalous cooling
(heating) as solely due to the coherent scattering of relic
neutrinos (sterile neutrino dark matter). In practice, NSs
cooling passively since their birth may as well be affected
by some other late-time reheating mechanism, either of
astrophysical origin [99], such as magnetic field decay,
rotochemical heating, vortex creep heating, and crust-
cracking, or of BSM physics origin [68], such as accretion
of heavier DM and baryon-number violating (di)nucleon
decays. These additional heating mechanisms could ob-
fuscate our results; however, dedicated future observa-
tional campaigns to measure thermal luminosities of old
NSs might resolve some of these ambiguities [100].

In addition, our results could be affected by theoret-
ical uncertainty in the composition of and dynamics in
the NS core. Many theoretical models expect the emer-
gence of exotic phases of matter such as hyperon [101]
and color superconducting phases [102]. Strong inter-
action in the matter with a density above the saturation
density is abstruse. Moreover, an improved calculation of
the coherence effect using dynamic structure functions is
desirable, since we are dealing with an interacting quan-
tum many-body system [103]. We leave these directions
for future work.
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Appendix: Coherent scattering of neutrinos inside a neutron star

In this section, we give a detailed analytic evaluation of the neutrino coherent cross-section inside the NS via neutral-
current interactions. The mass basis of neutrinos is used throughout this section and we assume Dirac neutrinos.

In general, for a neutrino-nucleus coherent scattering, assuming that the coherence length is larger than the size of
the nucleus, the squared amplitude of a coherent scattering between the (anti)neutrino (with energy E, much lower
than the rest mass my) and a single nucleus (with the mass number A and the atomic number Z), averaging over
target nucleus spins, and summing over the final state helicities, is given by [31, 105, 106]

(I () =
(I 2P

2
= LT o3,

Gk
16
G

Tas TSP,
(16)

16

where s is the helicity of the incoming (anti)neutrino mass eigenstate i, and the traces Tog, T ag, and Ty P are expressed

as follows:

T8 =Ty {’ya (%/ + mui) 'yB (1 — 75) u(k,r)a(k,r) (1 + 75)}
4 (=g (s =, S) - K+ B R = my, SP) + KR — my S%) — ilhy — M SR (1)
741/3 =Tr [vav (k,r)o (k, )+ (1 — 75) (%/ — mul) (1 + 75)}
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=4 [— Bk +my,S) K + Kk +m,, S+ KP(k* +m,, S*) +i(k, + my,S,)k,e*P7] (18)
TP =Te [v* (f + mx)7* (Qv — Qar®) (p+mx) (Qv +Qa°)]
=4QV + QW) (=g (p-p) + p™p” + p°p'*) = 8iQuQap,p,e®?P7 + 4m% QY — Q%)g™”. (19)

where k, k', p, and p’ are the momenta of incoming neutrino, outgoing neutrino, incoming nucleus X, and outgoing
nucleus X, respectively. Here r specifies the spin state of the incoming neutrino. The outer products of spinors are
given by

wlh,r) (k) = S0+ m)(1+5°8), (20)
o (k)0 (k) = 5 (k= m)(1+778), (21)
where S can be chosen as

With this choice, r can be interpreted as the helicity of the incoming neutrino. Relic neutrinos are ultra-relativistic at
decoupling, and the helicity r of all relic neutrinos coincides with their chirality, which is —1 in the SM, at decoupling
time. Since the relic neutrinos propagate through the Universe nearly freely, we can safely assume that their helicity
has not been flipped since the time of decoupling.

In Eq. (19), Qv = A —2Z(1 — 2sin®0,,) and Q4 = A — 27 are the vectorial and axial charges of the nucleus
respectively, and Oy is the Weinberg angle, with sin®#6,, ~ 1 /4. The coherent cross-section thus acquires a large
enhancement o< (A — Z)?, which depends on the number of neutrons in the target nucleus [11].

Evaluation of the traces (17)-(19) is done using FeynCalc [107]:

(M (WR)]7) = 8GRk - k= )

=2G% (—-m2, —m%k +s) (—2my, (S-p) —mZ, —m%k +5s), (23)
(M (#R)]") = 863 )+ 10 5) 1)
=2G% (— 12, m% + s+ t) (—2m,,1. (S-p)— m?,i —m% + s+ t) , (24)

where s,t, and u are the usual Mandelstam variables defined as

s=(k+p)?=K+p)°, (25)
=(k—k)?=0"-p)> (26)
u=(k-p)?=(F -p? (27)

In Eqgs. (23-24), one of the Mandelstam variables u is eliminated by using the relation s + ¢+ u = 2m2 + 2m%.. Since
P, the three-momentum of neutrons, is isotropic in the momentum space, only the zeroth component of any product
of two four-momenta involving p survives. The momentum of neutrons in the final state p’ is almost isotropic, and
we can also approximate A - p’ ~ A%'C involving any dot product of p’.

The thermally averaged cross-section of the interaction v(k*,s) + X (p*,r) — v(k'*,q') + X (p'*,r’) of a particle X
in the NS with incoming neutrinos with a helicity s is given by

gx [ d°p 1 a3k d3p/
)=k /(27r Fx 4\/k )2 m2mX/2Ef(27r) /2}3;((277)3

x No (IMP) (1= fo(E)) (L £ fx(BX)) @) 6@ (ky +pu — k), = 1],) - (28)

Here <|M|2> is the scattering amplitude averaged over the helicity states of the incoming neutrino and summed over
the helicity states of outgoing particles. gy is the number of degrees of freedom of X, ny its number density, r,q’, 7’
are indices that specify spin states, k#, p*, k’#, and p’* are four-momenta, and N¢ is the coherent enhancement factor
[cf. Eq. (3)]. f, and fx are the distribution functions for the neutrino and X, respectively. The factor of 1+ fx (FY)
describes the Bose enhancement or the Pauli blocking effect depending if a particle X is a boson or a fermion. Since
neutron stars mostly contain neutrons, we will consider X as neutrons in the rest of our calculation, with g, = 2.
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We will perform the integral in Eq. (28) analytically as much as possible following Refs. [64, 108]. The integration
over p’ removes the three-dimensional delta function:

O A3k’ 1
©) = | o emyem

[ L, () )

Here we have treated the neutrinos inside the NS as a non-degenerate system and let the factor of 1— f,(E!) — 1. This
is certainly valid for light relic neutrinos which eventually escape the NS, as well as for the active neutrinos produced
from heavy sterile neutrino interactions in the NS. In addition, we substitute the relation 4./(k - p)? —mZm2 =
(2E,)(2E,)|vrel| and move |vye| to the outside the integral by replacing it with its averaged value:

d’p 4y/(k - p)* —mZm3
J (27r)3f"(E”) (2E,)(2E,)
d3p

(Vrel) (By) =

(30)

To proceed further, we write d®p = pE,,dFE,, d(cos 0,,) d¢,, by defining 6,, as an angle between p and q = k—k’ = p'—p
and ¢,, as that between k — (k- q)q and p — (p - Q)q where q = q/|q| is an unit vector parallel to q. Letting AFE be
the energy transfer AE = E! — F,, = F,, — E!,, we obtain

 Gn 3K 1
= o o) / @n? (25,)(2E,) " ©

1617r2 /E%dE”f”(En)(l —fn(Eil))/dcén/

1

X dcost, (|M|*) (s,t)AES (E, + E,, — E,, — E},). (31)
1

We then next integrate over cos8,,. The delta function fixes the value of cosf,:

(AE)? + 2E,AE — ¢2
2g\/E%2 —m?2 .

As a function of ¢, AE, and cos @, the energy of incoming neutron FE,, is expressed as:

cosb, = (32)

_ “2AE [¢* — (AE)?] £ \/4(AE)2 (2 — (AE)?)? —4[(AE)? — g2 cos? 0,] ([¢%2 — (AE)2)* + 4¢2m2 cos? 0,,)
" 4[(AE)? — ¢% cos? 0, ’
(33)

which has a minimum at cosf,, = +1:

2 ¢* — (AE)?

Mt

2 2
B _% . ( AE) . (x/q2 —(AE)? m, AE ) | (34)

and diverges to infinity at cos? 6, = (AE)?/¢*>. The integration over cos#®, leaves a factor of pq/E!, because E!, =
VE2 + ¢ + 2pq cos 0,,. Therefore,

3 31/ 00
() 9n /(d k / &K AE }/ dEnfn(En)(lffn(E;l))/d¢n<|M‘2>(S,t)' (35)

T 647, vy J (7)) @n) CELELq g

To find a formula of the center-of-mass energy s = m2 + m2 + 2E,E,, — 2k - p as a function of ¢,,q, AE, we choose
the z-axis parallel to the vector q. In this coordinate system,

qa=(0,0,q), (36)
k= (ksinén,o,kcosén), (37)
p = (psin 6, cos ¢, psin b,, sin ¢, p cos b,,), (38)
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where 6, is the angle between k and q. Since

k-q (AE)? —¢* - 2E,AE

kcosO, = i - _ o , )
. 2 _ 2

peost, =24 _ 4 (AE) 2EnAE7 »
|q| 2q

we obtain

s=m2+m?+2E,E, -2k -p
(¢> — (AE)? — 2E,AE)((AE)? — ¢*> — 2E,AE)
2¢>

2 _ 2 _ 2 2 _ 2 2
_ z\/Eg - - (LB 2200 \/E2 g - (L OO BB o6, )

=mZ+m2 +2E,E, —

The ¢,, integral can be evaluated analytically and results in a function of ¢, F,, E,, q, and AE:
[ d6n (IMP) (5,0) = A(t. Bu o0, AB). (42)

We next evaluate the integration over E,:

In d3k / A3k AFE 1 /°° ,
= — 1 —
(o) 64 n, (orar) / N RCE Nc B q s dE, fu(En)(1 — fu(E))A(L Ey, By, q, AE),

In d*k / d3K’ AE 1
= N, -B(t,E,,q,AE). 43
647r2nn<vrel>/(27r)3 G T E gD P 6 AP) (43)

Next, we choose the spherical coordinates for k’-space and choose the angle 8/, as the angle between k and k’. Using
the relations

t=—¢*+ (AE)?, (44)
AE =E, — /K2 +m2, (45)
q¢® = k* + k* — 2kk cos 0., (46)

we perform coordinate transformations from &’ and 6/, to AE and t. We thus obtain

oy=—In 1 1 /d (AE) AE/dth . (47)

10247% 1y, (0re1) K, JAEE ¢ ¢

To get the equation above, we used d(AE) = —k'dk'/E),, 2qdqg = —2kk’' d(cos b)), and dt = —2¢gdg. The region of
integration is determined so that | cos#/,| < 1. From Eq. (44), we find

t=2 [EV(AE — E,) +m? + k\/(E, — AE)2 — m2 cos 9;} . (48)

Therefore, the lower /upper bound of the integral ¢_/t, is

t, =2 [E,,(AE—EV) +m2 + k/(E, — AE)? —mg}. (49)
In summary, the cross-section averaged over the thermal distribution of neutrons is given by

In v B(t EV,AE)
- d(AE)AE N .
() = 1004 1 (ove) BE, / / TN R (50)

We note that the cross-section (o) shows neutrino mass-independent behavior in the regime Tng < K surface << M
where the v — n cross-section scales as o o< E2 while the coherent enhancement factor and a fraction 7 of neutrons




13

involving a scattering behave as No o« p, 3 and r ~ |q| /Pfn X Dy respectively, canceling out the m,-dependence of
the cross-section.
Similarly, the average energy transfer is given by
an/m’ % f NC|M‘2AEfn(En)(1 - fU(EI/J))(]‘ - fn(E;L))(QW)45(4) (k,u +Pu— kit - p;t)
(AE) = 3 NG
D org 35, J NelMPfu(Bn) (1 = £ (E))) (1 = fu(E}))(2m)40W (K + pyu — k), — p),)

where the integral is over the three-momenta p, p’, k’:

/ E/ 2E3?57r)3/ 2chylil2€;r)3 / 2EZ?Z2);T)3' (52)

As mentioned in the main text, the incoming neutrino coherently interacts with many neutrons, which lie inside a
sphere with a radius equal to the de Broglie wavelength of the momentum transfer, and the corresponding enhancement
factor is given by Eq. (3). However, this equation gives inaccurate results when the mean free path A is shorter than
the de Broglie wavelength. Therefore, we estimate the coherent enhancement factor by assuming particles inside a
sphere with a radius A rather than )\, = 27/|q| interact with neutrino at the same time, that is, No = 47\®n,,/3,
where A is determined in a self-consistent way as follows: First, we divide N¢ by a factor of 2 as nearly half of the
sphere will be vacant in the scattering with neutrons on the surface of NS. The interaction rate, i.e. the number of
collisions that each neutrino experiences per unit time, is given by

d3 d3E a3y’ 7
r= 3 o/ 2En(§7r)3/ 2E,’,(27r)3/ QE,Q(SWP4?”3””|M‘2f"(En>(1‘f”(E'v))(l‘fn(EW

1ot
q,T

x (2m)*6W (K + pu — k), — 1)) - (53)

One can see the consistency of this relation with the definition of the mean free path A = 1/n, (o) by using the
relation 44/ (k - p)?2 —m2m2 = (2E,)(2E,)|vrel| and T' = (vye1) /A where vy is the relative velocity between neutrinos
and neutrons. With Eq. (53), we define the self-consistent mean free path A as:

1 1 1 d3p a3k’ a3y’ 4rn 9
— _ 1— !
M (V) quw 2Ey/2En(27r)3/QEL(QW)B/QE;L(QW)S 3 M fr(En)(1 = fu(E}))

X (1= fu(E)(2m)* 0 (K + pp — k), — p),) - (54)

We checked that self-consistency of the mean free path needs to be considered only when relic neutrinos are very light
m, < 0.1 eV. For heavier neutrinos, it suffices to compute the enhancement factor by just using the momentum
transfer, No = 4mn,, /3 x (27/|q|)® x 1/2.

We find that (AFE) is nearly independent of NS temperature except when neutrons are more energetic than incoming
relic neutrinos. (AFE) increases linearly with neutrino masses, while it falls to negative values once K, drops below
3Tns. This roughly defines the boundary between kinetic heating versus cooling of the NS.



