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Searches for high frequency gravitational waves using cavities based on the Gertsenshtein effect were
recently proposed, building off existing axion dark matter experiments. In particular, the sensitivity
of axion dark matter experiments using metamaterial plasmas (tunable plasma haloscopes) to gravi-
tational waves has not been explored in detail. Here we perform a full analysis of gravitational wave
detection in plasma haloscopes, showing that the baseline design of experiments such as ALPHA
is several orders of magnitude less sensitive than previously thought. We show how simple changes
to the experiment can recover that sensitivity and lead to a powerful gravitational wave detector in
the O(10 − 50) GHz frequency range.

I. INTRODUCTION

In the last decade gravitational waves (GWs) have
become a crucial astrophysical probe, complementing
cosmic ray, electromagnetic, and neutrino observations.
Today, a series of experiments observe the GW sky and
others are planned to further advance the possibilities
of multi-messenger astronomy. Although astronomy
based on photons [1, 2] and neutrinos [3] can rely on
signals with frequencies that largely exceed the kilo-
hertz range, the focus of existing and forthcoming GW
detectors is on frequencies ranging approximately from
10−16 to 103 Hz [4–10]. At the lowest part of this range,
Cosmic Microwave Background probes can constrain
the stochastic fHz GW background radiation, arising
e.g. from inflation [11–13] (see Ref. [14] for a review).
At larger frequencies (> 10−4 Hz) black hole, neutron
star and mixed binaries are expected to contribute to
the GW sky, with a maximum frequency that can be
roughly estimated as ω ≃

√
GM/R3 ≃ kHz(M⊙/M)

(where G is the Newton constant, M is the reduced
mass of the binary, M⊙ is a solar mass and R is the in-
nermost stable circular orbit) [15]. Pulsar timing arrays
are employed to detect a signal at nHz frequencies [16],
possibly produced by supermassive black hole binaries
[17]. At yet larger frequencies, interferometers can de-
tect kHz GWs produced by inspiraling compact bina-
ries of stellar remnants (M ≃ O(1 − 100) M⊙) [5, 6].
Primordial black holes (PBHs) formed in the early Uni-
verse prior to any galaxies and stars are viable dark
matter candidates, and might even constitute 100% of
the dark matter if they are in the “asteroid-mass” range,
10−16 to 10−10 M⊙ [18]. The merging of such objects
would produce high-frequency GWs, which could pro-
vide a possible probe of asteroid-mass PBHs [19–21].

The possibility of detecting high frequency GWs

(HFGW), roughly 10−2 to 104 MHz, through graviton-
photon conversion (the inverse-Gertsenshtein effect [22,
23]) has been explored in recent years for various types
of axion haloscopes [24–36] (see also [37–39]). These
GWs would necessarily be of astrophysical origin be-
cause to be within reach of these detectors they should
be so intense that if they were of cosmological origin
their density would be ΩGWh2 ≳ 10−6, above the BBN
and CMB upper limit originating from bounds on the
effective number of neutrino species Neff [40]. Possi-
ble astrophysical sources of these GWs include merg-
ers of sub-solar mass objects (e.g. PBHs or other exotic
objects) [41], and the annihilation of bosons in clouds
produced by black hole superradiance [42] (see also
e.g. [43, 44] and references therein).

Here we explore the graviton-photon conversion
within a resonant cavity, not empty as done in Ref. [27],
but rather filled with a tunable plasma, in which case
the resonance frequencies are shifted by the plasma fre-
quency ωp. Tunable axion haloscopes consisting of wire
metamaterial were proposed as axion [45] and dark
photon [46] detectors, and prototypes are being de-
veloped by the Axion Longitudinal Plasma HAloscope
(ALPHA) Collaboration [47]. The separation of parallel
wires in these detectors allows one to change ωp and
thus the resonant frequencies of the detector. Previous
studies have estimated the sensitivity of tunable plasma
to GWs, focusing primarily on analyzing the quality
and coherence of potential sources [34] (see also [48]
for a similar discussion). In contrast, this work empha-
sizes a more precise estimate of ALPHA’s sensitivity.
We analyze the proposed ALPHA configuration, where
the tunable plasma is fully anisotropic, and explore the
case of an isotropic setup, finding that the latter is actu-
ally more sensitive to HFGWs.

The paper is structured as follows. In Section II we
start by developing the analytic formalism describing
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the interaction between a GW and a resonant detector.
We show how medium effects can be taken into account
in Section III, and present the prospects for GW detec-
tion in a plasma haloscope, such as ALPHA, in Sec-
tion IV. Section V is devoted to a summary and discus-
sion.

II. ANALYTICAL FORMALISM

In this section, we provide the theoretical ingredients
needed for our analysis. We want to describe in the
language of classical fields the interaction between a
propagating gravitational perturbation, i.e., a GW, and
a stationary electromagnetic system in the laboratory,
i.e., a plasma haloscope (PH). Our starting point is the
action for the electromagnetic potential Aµ in the pres-
ence of a current density Jν in curved space-time. Once
we consider linear perturbations of the metric, we de-
fine a new gravitationally induced current density Jν

eff
which encodes the effect of gravitational perturbations
on electromagnetic systems. In order to describe the
interaction between the GW and the PH, we need to
define the former in the Proper Detector (PD) frame.

A. Lagrangian and Proper Detector Frame

Maxwell’s equations in curved space-time can be de-
rived from the Maxwell-Einstein action

S =
∫

dx
√
−g
(
−1

4
gµνgαβFµαFνβ + gµν Aµ Jν

)
, (1)

where Fµν = ∂µ Aν − ∂ν Aµ is the electromagnetic field
tensor, gµν is the space-time metric tensor, and g =
det(gµν). In linearized gravity we write gµν = ηµν −
hµν, where ηµν = diag(−1, 1, 1, 1) and |hµν| ≪ 1 is
the dimensionless strain and represents a small grav-
itational perturbation on the flat metric, so one can ne-
glect terms that are quadratic in hµν. The action above
contains the following terms,

S ⊃
∫

dx
(
L0 +

hλσ

2
PµνλασβFµαFνβ − hαβPαµβν Aµ Jν

)
,

(2)
with

L0 = −1
4

FµνFµν + Aµ Jµ, (3)

Pµνλασβ = ηµνηλαησβ −
1
4

ηλσηµνηαβ, (4)

Pαµβν = ηαµηβν. (5)

Varying the action with respect to the field Aµ one can
obtain the inhomogeneous Maxwell’s equations

∂µFµν = −Jν − Jν
eff, (6)

where we have defined a gravitationally-induced effec-
tive current

Jν
eff = −hνα Jα +

h
2

Jν − ∂µ

(
hναFµ

α − hµαFν
α −

h
2

Fµν

)
.

(7)
Here, h ≡ hµ

µ. Conceptually, this current emerges from
the effect of linear gravitational perturbations on elec-
tromagnetic systems. When the GW overlaps with the
PH, due to the coupling between the strain and the
electromagnetic field tensor, in presence of an exter-
nal magnetic field the gravitational perturbation turns
into an electromagnetic signal that acts as a driving
force on the PH. As we will see later, when the fre-
quency of the GW matches the frequency of a particu-
lar mode of the PH, this effect is resonant [27]. In the
absence of currents in the PH, i.e., setting Jµ = 0 in
Eq. (7), the mechanism through which the gravitational
signal turns into an electromagnetic signal is the Gert-
senshtein effect [22, 23].

To describe the GW during its overlap with the cavity,
we need the explicit form of the strain hµν. This tensor
has a very simple form in the transverse-traceless (TT)
frame, where it satisfies h0µ = 0, h = ηµνhµν = 0, and
∂µhµν = 0. In the TT-frame, for a GW moving along the
z axis hµν has a simple plane wave-looking form

hTT
µν =

 0 0 0 0
0 h+ h× 0
0 h× −h+ 0
0 0 0 0

 e−i(t−z)ωg , (8)

where ωg is the frequency of the GW, +/× correspond
to the polarization of the GW, and h+/× is the corre-
sponding characteristic strain. For a GW moving along
any direction described by the azimuthal and polar an-
gles (φg, θg) the strain tensor in the TT-frame is

hTT
ij = h̃TT

ij eikg ·x, (9)

h̃TT
ij =

1√
2

[
(UiUj − ViVj)h+ + (UiVj + ViUj)h×

]
, (10)

where kg = ωg(1, k̂g) is the GW four-vector, and the
unit vectors k̂g, Û, and V̂ are given by

k̂g = (sin θg cos φg, sin θg sin φg, cos θg) (11)

Û = (cos θg cos φg, cos θg sin φg,− sin θg) (12)

V̂ = (− sin φg, cos φg, 0). (13)

In the TT frame, the coordinate system is attached to a
free-falling test mass. This means that the description
of the PH fixed to Earth’s surface is complicated in this
frame. For this reason it is more appropriate to describe
hµν in what is called the proper detector (PD) frame.
This frame is defined by the rigid coordinates of the
experiment fixed to the center of mass of the PH. In the
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PD frame, hµν is [27, 28]

h00 = ω2
gF(kg · r)b · r (14)

h0i =
ω2

g

2
[
F(kg · r)− iF′(kg · r)

]
×
[
(k̂g · r)bi − (b · r)k̂g,i

]
, (15)

hij = −iω2
gF′(kg · r)

[
|r|2hTT

ij (r = 0)

+ (b · r)δij − (birj + bjri)
]
, (16)

where F′ is the derivative of F with respect to its argu-
ment, and the explicit form of F and b are

F(ξ) =
1
ξ2 (e

iξ − 1 − iξ), (17)

bj = rihTT
ij (r = 0). (18)

B. Electric Field Signal

From Eq. (6) we can write Maxwell’s equations in the
form

∇ · D = ρ f + ρeff, (19)

∇× B − Ḋ = j f + jeff, (20)

∇ · B = 0, (21)

∇× E + Ḃ = 0, (22)

where ρ f and j f are the free charges and currents and
Jµ
eff = (ρeff, jeff) defined in Eq. (7) contains all the in-

formation of the incident GW. Here Di = ϵijEj, ϵ being
the electric permittivity tensor. We will assume that
the medium is not magnetic (i.e., µ = 1). Combining
Eqs. (20) and (22) we obtain

∇×∇× E + ∂2
t D = −∂tj f − ∂tjeff. (23)

We will consider the PH to be a single moded cavity
with a dielectric medium (i.e., the plasma) inside. As
noted in Refs. [47, 49] this description holds as long as
the decay length of the plasma in the medium (

√
ϵ/ω)

is larger than the size of the cavity. In Appendix A we
provide more details on how the medium modifies the
modes of the system with respect to those of an empty
cavity for the anisotropic case, in which the PH meta-
material has wires only in one direction (the z-axis) and
the isotropic case, in which wires are along all three
perpendicular axes. Equation (23) will allow us to de-
scribe the effect of the GW on the PH modes. For this
purpose, it is customary to express the E-field inside
the PH in terms of the solenoidal (Es) and irrotational
(Ei) modes, defined by

∇ · Es = 0, (24a)
∇× Ei = 0. (24b)

In the presence of an isotropic medium, the n-th modes
satisfy the Helmholtz equations

(∇2 + ϵ ω2
s,n)Es,n = 0, (25a)

ϵ ω2
i,nEi,n = 0, (25b)

and the orthogonality conditions∫
dVEs,n(x) · E∗

s,m(x) = δn,m

∫
dV|Es,n(x)|2, (26a)∫

dVEi,n(x) · E∗
i,m(x) = δn,m

∫
dV|Ei,n(x)|2, (26b)∫

dVEs,n(x) · E∗
i,m(x) = 0, (26c)

where V is the volume of the PH. By Ohm’s law, the
current j f is proportional to the E-field inside the sys-
tem. If the latter is expanded in terms of the PH modes,
one finds

E(x, t) = ∑
n
[es,n(t)Es,n(x) + ei,n(t)Ei,n(x)] , (27)

j f (x, t) = ∑
n

[
ωs,n

Qs,n
es,n(t)Es,n(x) +

ωi,n

Qi,n
ei,n(t)Ei,n(x)

]
,

(28)

where Qn and ωn corresponds to the quality factor and
the frequency of the n-th mode, respectively. The qual-
ity factor encodes the power P lost from the system with
stored energy U per cycle, Q ≡ P/ωU. The power lost,
and in turn the quality factor, is traditionally split into
two components, the power lost to resistive damping
and the power extracted by the antenna, i.e., the power
extracted from the cavity as the signal. The former gives
the “unloaded” quality factor, which considers only re-
sistive losses, and the latter gives a combined “loaded”
quality factor which includes the signal extracted from
the system. For our purposes we will combine all losses
into a single quality factor as in Eq. (28). Note that one
can also include the losses as part of dielectric constant,
or a combination of ϵ and j f , however all of these pre-
scriptions are equivalent.

With these equations, and assuming that the irrota-
tional and solenoidal modes are not degenerate in fre-
quency, we have all the ingredients we need to solve the
main Eq. (23). We can do a Fourier transform in time,
but leave explicit the spatial dependence, to get

∇×∇× E − ω2D = iωj f + iωjeff. (29)

By expanding into solenoidal and irrotational modes
we can then solve for the E-fields that are excited using
the Helmholtz equations. For an isotropic medium with
ϵij = ϵδij we find[

ϵω2
s,n − ϵω2 − iω

ωs,n

Qs,n

]
es,n =

iω
∫

dVjeff · E∗
s,n∫

dV|Es,n|2
, (30a)

−
[

ϵω2 + iω
ωi,n

Qi,n

]
ei,n =

iω
∫

dVjeff · E∗
i,n∫

dV|Ei,n|2
, (30b)



4

where we have neglected spatial dispersion, i.e. a spa-
tial dependence in ϵ. In practice, there is always some
amount of spatial dispersion [50, 51], but our main fo-
cus will be on modes for which the spatial derivatives
are much smaller than the time derivatives (i.e. ω ≫ k).
In this case the modification to ϵ due to spatial disper-
sion will be small and so safely neglected at the level
of our analysis. Writing jeff ≡ jeff(x)e−iωgt allows us to
write the signal E-field induced by a GW at frequency
ωg as

E(x, t) = −iωge−iωgt

× ∑
n

 ηs,nEs,n(x)
ϵ(ω2

g − ω2
s,n) + iωg

ωs,n
Qs,n

+
ηi,nEi,n(x)

ϵω2
g + iωg

ωi,n
Qi,n


(31)

where we have defined the overlap integral as

ηα,n =

∫
dVjeff(x) · E∗

α,n(x)∫
dV|Eα,n(x)|2

, (32)

and α = s, i indicates either solenoidal or irrotational
modes. For maximally anisotropic media we only need
to worry about the solenoidal modes, though the gen-
eral case is mathematically more complex. Fortunately,
for isotropic or maximally anisotropic media we can
still use Eq. (31), as discussed in Appendix B. From here
on we will suppress the subscripts on η, as in practice
we will be considering situations where there is only
a single mode being excited at a given frequency in a
single configuration.

We observe that, in principle, there are two types of
resonances for the solenoidal and irrotational modes,
in contrast to the case of an empty cavity where only
the solenoidal modes resonate [27]. The former oc-
curs when ω2

g = ω2
s,n, while the latter happens when

the real part of ϵ vanishes. Although it might seem
from Eq. (31) that the solenoidal modes would also res-
onate at ϵ = 0, this condition is never met as long as a
single-cavity mode formalism is applicable. This is be-
cause the Helmholtz equation for the solenoidal modes,
Eq. (25a), requires ϵ > 0.

III. MEDIUM EFFECTS

Before analyzing the resonant conditions in Eq. (31)
and computing the signal power from the GW and PH
interaction, we need to revise the mode frequencies in
the presence of the dielectric medium and we need to
study in detail the integral in Eq. (32).

A. Mode Frequencies

Plasma haloscopes fall into a more general cate-
gory of meta-materials, or more specifically, wire meta-
materials [52–57]. While the explicit form of ϵ depends

FIG. 1. Coordinates of the GW in the frame of the PH. The
external B-field is aligned with the axis of the PH, and the
GW passes through in the direction defined by the polar and
azimuthal angles θg, φg.

on the exact meta-material, for simplicity we will ne-
glect spatial dispersion and assume that the permittiv-
ity of the system can be modeled as in a Drude metal,

ϵ(ω) = 1 −
ω2

p

ω2 , (33)

where the plasma frequency for a rectangular wire ar-
ray with side lengths a and b is given by [50]

ω2
p =

2π/s2

log
( s

2πr

)
+ F(u)

, (34)

where s =
√

ab, u = a/b and

F(u) = −1
2

log u +
∞

∑
n=1

(
coth(πnu)− 1

n

)
+

πu
6

, (35)

allowing for ωp/2π ∼ GHz when s ∼ cm spacing.
Here we have neglected losses as, in the single moded
regime, they can be included in the overall quality fac-
tor.

When the plasma is inside a cavity and a single mode
calculation is appropriate, we can read off the mode
frequencies by inserting Eq. (33) into Eq. (31) while ne-
glecting the imaginary component of ϵ.

For the solenoidal modes in an isotropic medium we
have

ω2
s,n = ω2

p + k2
s,n , (36)

where ks,n is the wavenumber associated with the cavity
mode (it is the frequency of an empty cavity) and can
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be obtained from k2
s,nEs,n ≡ −∇2Es,n. If the medium

is anisotropic with a plasma frequency only in the z
direction, we instead would get

ω2
n =

1
2
(ω2

p + k2
n +

√
(k2

n + ω2
p)

2 − 4k2
z,nω2

p), (37)

where here k2
nEz,n ≡ −∇2Ez,n and kz,n can be obtained

from k2
z,nEz,n ≡ −∂2

z Ez,n. As the irrotational modes are
non-dynamical for anisotropic media we only need to
worry about the solenoidal modes and so suppressed
the subscript s.

For the irrotational modes, the resonant frequencies
are simply given by zeros of the real part of the permit-
tivity. In deriving Eqs. (30a) and (30b) we assumed no
spatial dispersion. In this limit all irrotational modes
have the same frequency ω = ωp, which would lead
to high levels of mode mixing. Mixed modes are very
difficult to use for new physics searches as they have
non-trivial combinations of the modes that form them.
Without detailed characterization at every frequency
one cannot know how such modes couple to gravity
and they cannot be used for measurement. As we dis-
cussed earlier, in practice, wired systems include some
spatial dispersion, so ϵ(ω) → ϵ(ω, k), which can allow
for the irrotational mode to be separated enough for
their categorization and use for detection. As we are
mostly concerned with modes with ω ≫ k even a rela-
tively large spatial dispersion will have a small effect on
the modes, primarily leading to just a small shift in the
resonant frequency without changing the spatial prop-
erties of the mode (i.e., the overlap integral). Because of
this we will use Eq. (30b) and assume that the mode fre-
quencies are separated by at least the line width ω/Q,
allowing for a single mode to be selected.

B. Overlap Integral

Following the discussion in Ref. [27], from Eq. (32)
we define the dimensionless coupling ηλ

α,n =

|ηα,n|/(B0ω2
gV5/6hλ), where the index λ = (+,×) rep-

resent the polarizations of the GW, and the currents ĵλ
are obtained from

jeff(x) = B0ω2
gV1/3[h+ ĵ+(x) + h× ĵ×(x)]. (38)

The coupling η is an important parameter that deter-
mines the strength with which the GW excites a partic-
ular mode of the PH. From Eq. (31), we see that when
the frequency of the GW matches the frequency of the
n-th mode, the signal E-field is maximized. However,
if the coupling η vanishes for that particular mode, the
signal power in the PH is null. Though it is not imme-
diately clear from its definition, the coupling η depends
on the direction of propagation of the GW as well as its
frequency. To describe this, we first define the coordi-
nate system as shown in Fig. 1. The external B-field is

FIG. 2. Dimensionless coupling η as a function of the GW
polar angle θg for the mode TM010 (top), and the mode TM012
with an anisotropic (center) and an isotropic (bottom) plasma.
Here, kmnp corresponds to the frequencies of the empty cav-
ity, where the indices mnp match those of the particular mode
in each panel. The GW frequency is equal to that of the cor-
responding mode. The results in all panels correspond to a
GW with h× polarization, while the h+ polarization provides
negligible coupling.
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FIG. 3. Contours of the η coupling as a function of the GW angles for the mode TE111 in a cylindrical cavity. The evident
azimuthal variation comes from the φ dependence of the mode. As the frequency increases, the coupling increases as well as
one can see by comparing the contours in the left panel (low frequency ωg = k111, small couplings η = 0.02) with those of the
right panel (high frequency ωg = 5k111, large couplings η = 0.1). For this particular example we show the h+ polarization only,
but we verified that h× provides similar results.

FIG. 4. Similar to Fig. 3 but for the irrotational mode Ei,111 in a cubic cavity. Likewise, both polarizations h+,× provide similar
results.

fixed along the axis of the PH, which in turn is defined
to be along the z-axis. Finally, the angles (φg, θg) define
the direction of the GW.

We now compute the η coupling for three solenoidal:
TM010, TM012, TE111, and one irrotational: Ei,111 modes.
The notation and properties of these modes is explained
in detail in Appendices A and A 2. These modes are
chosen simply because they are the lowest frequency
of each type of mode in the PH with non-negligible
coupling to GWs, with the addition of the TM012 mode
which has been advocated as having a particularly high
coupling [27, 34]. The fundamental frequencies of the
solenoidal modes for the case of an empty cavity, are
denoted by k010, k012, and k111, respectively. In the case
of the irrotational mode, for an empty cavity the fre-
quency is zero, i.e., the mode is non-dynamical. How-
ever, we can still express the frequency in units of the
wavenumber ki,111. In all cases, we assume that the fre-
quency of the incoming GW matches that of the partic-
ular mode of interest. As discussed earlier, the presence
of the plasma allows us to scan over frequencies above

that of an empty cavity by increasing ωp. To analyze
the coupling η at high frequencies, we define the coef-
ficient x = ωmode/kmode and quantify the behavior of η
as a function of x.

• Transverse Magnetic Mode TM010:

Figure 2 (top) shows the η coupling for the TM010
mode as a function of the GW polar angle θg. The az-
imuthal symmetry of the system and of that the mode
makes η independent of φg. As discussed earlier, the
anisotropic case refers to a PH with wires only in the
z direction, corresponding to the baseline setup for the
ALPHA experiment [45, 47]. Only the × polarization of
the GW contributes to η; we verified that the + polar-
ization results in a highly suppressed coupling. From
the figure we see how the η coupling tends to zero when
the GW propagates parallel or anti-parallel to the B-
field and reaches its maximum at a polar angle of 90◦.

We note that the TM010 mode behaves the same
whether the PH is isotropic or anisotropic. This is
because this mode has electric field components only
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TM012
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10-4

0.001
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TM010
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TE111

FIG. 5. Dimensionless coupling η as a function of frequency for an anisotropic (left) and isotropic (right) plasma. We plot
the TM010, TM012 and TE111 modes, though the TE111 is only shown for isotropic media as for the anisotropic case it simply
matches the empty cavity. Here, kmnp corresponds to the frequencies of the empty cavity, where the indices mnp match those of
the particular mode plotted. The GW frequency is equal to that of the corresponding mode. The results in all panels correspond
to a GW with h× polarization, while the h+ polarization provides negligible coupling. Both angles θg, ϕg of the GW angles are
fixed to 45 degrees.

along the z axis. Since the anisotropic medium has
wires only along the z axis, making the PH isotropic
does not affect the field of the mode.

The dashed-purple lines in Fig. 2 represent the case
of an empty cavity, where x = 1. For this particular
mode, as we increase the frequency of the mode and
that of the GW (recall that ωg = ωmode), the GW cou-
ples less efficiently to the mode. Depending on the an-
gle, increasing the mode frequency ω010 by a factor of
20 above k010 (solid-red line) can decrease η by about
two orders of magnitude.

• Transverse Magnetic Mode TM012:

Fig. 2 shows the η coupling for the TM012 mode in
the case of an anisotropic PH (center). Similar to the
TM010 mode, the TM012 mode exhibits azimuthal sym-
metry and a negligible coupling when the GW propa-
gates along the axis of the PH, with maximal coupling
occurring at a polar angle of 90 degrees. In this figure,
we have only considered the × polarization of the GW,
as the + polarization exhibits negligible coupling. As
the frequency of the mode increases, the TM012 mode
decouples, even faster than the TM010 mode.

Unlike the TM010 mode, the TM012 mode has electric
field components along all three axes. For this reason,
changing the medium from anisotropic to isotropic can
alter the system in a non-trivial way. This behavior is
illustrated in Fig. 2 (bottom). Note that the coupling
does not vanish at higher frequencies; on the contrary,
for certain angles, the coupling appears to increase until
it reaches a plateau. In this case the TM012 and Ei,111
modes give very similar results.

• Transverse Electric Mode TE111:

This mode does not exhibit azimuthal symmetry. For
this reason, we show in Fig. 3 contours of the η coupling
as a function of the angles (φg, θg). The signal is peri-
odic, with a period of 90◦ in both angular directions.
The figure displays the coupling corresponding to the
‘+’ GW polarization. The ‘×’ polarization yields similar
numerical values for the coupling but has a different
angular dependence. In Fig. 3, there appears to be a
‘hot spot’ where the coupling is maximal, correspond-
ing to the angles (φg, θg) ∼ (45◦, 45◦) degrees. At this
angular point, the coupling increases from η ∼ 0.075
(dashed-green line, left panel) to η ∼ 0.147 (solid-blue
line, right panel) as the frequency rises from the empty
cavity case ωg = k111 to a frequency five times higher
ωg = 5k111.

• Irrotational Mode Ei,111:

This mode behaves quite similarly to the TE111 mode
in that it does not exhibit azimuthal symmetry and
that its coupling increases as the frequency increases
(Fig. 4). This is for the case of an isotropic PH. The ‘hot
spot’ seems to appear for the angular values (φg, θg) ∼
(25◦, 90◦). As the frequency increases by a factor of five
the coupling at the ‘hot spot’ increases by about a factor
of three (compare the dashed-green line in the left panel
with the solid-blue line in the right panel). Although
the coupling increases with frequency, we can see in the
figure how the coupling for this mode is about one or-
der of magnitude below that of solenoidal modes stud-
ied above. In spite of this small coupling, it is interest-
ing to see how irrotational modes can be indeed excited,
and can in principle generate a signal from GW. As
the modes are only dynamical in a medium, we should
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note that ki,111 is not the frequency of the empty cavity,
which is zero, but simply a wavenumber.

The high-frequency behavior of our modes of inter-
est is shown in Fig. 5. By studying these four modes
TM010, TM012, TE111, and Ei,111, we can identify the fol-
lowing pattern: The coupling between the GW and the
PH tends to decrease with increasing frequency in the
case of anisotropic systems (Fig. 5, left). This suggests
that, in its current configuration, ALPHA will lose sen-
sitivity at higher frequencies. However, by considering
an isotropic setup, the coupling can actually increase as
the frequency rises (Fig. 5, right). This nontrivial be-
havior was not accounted for in previous studies that
attempted to estimate the projected sensitivity of PH in
their potential use as GW detectors. Although the mode
TM010 seems to be an exception to this rule, this is just
an artifact of our choice to fix the B-field along the axis
of the system. If we were to consider a misalignment
between the B-field and the PH axis, the mode TM010
would have x, y components, and those would couple
to the GW with an increasing strength at higher fre-
quencies. It is also worth noting that the mode TE111
does not have an anisotropic case. This is also due to
our choice to fix B along the PH axis. Because TE modes
only have E-field components perpendicular to the PH
axis, in the fully anisotropic case they behave exactly as
in a empty cavity with a fixed frequency.

At a first glance, the different scaling between the
isotropic and anisotropic modes seems extreme, how-
ever it can be understood by looking at the non plane
wave structure in the PD frame. For an example, we
can look at Jeff for the case where the B-field is in the
z direction. For simplicity, we take the incoming wave
to arrive from the x-axis and take the cross polariza-
tion (i.e., h = h×), though this choice does not have any
qualitative difference. In this case, Jeff is given by

Jeff = B0h×

(
−

z(xωg − 2i)c1

2
√

2x3ωg
,− yzc2√

2x4ωg
,

c3√
2x

)
, (39)

where

c1 =
(

x2ω2
g + eixωg(−2 + 2ixωg) + 2

)
,

c2 =
(

x3ω3
g − ix2ω2

g + 2xωg + eixωg(4xωg + 6i)− 6i
)

,

c3 = 1 + eixωg(−1 + ixωg).

At high ratios of ωg/kmnp (large plasma frequencies),
our device is much larger than the Compton wave-
length. For x, y, z ≫ 1/ωg we can simplify the current
to

Jeff ≃ B0h×

(
zω2

g

2
√

2
,−

yzω2
g√

2x
,

iωgeixωg

√
2

)
. (40)

While the x and y components grow linearly with the
size of the detector, the z component is oscillatory;
when the overlap integral with a slowly varying mode

10-5 10-4
10-25
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10-22

10-21

TM010

TM012 Isotropic

TM012 Anisotropic

FIG. 6. Here we show the sensitivity of ALPHA to GWs, as-
suming a constant GW of linewidth 10−4ω with both angles
θg, ϕg fixed to 45 degrees. We take the experimental parame-
ters from Ref. [47] assuming a cylindrical haloscope of 35 cm
radius and 75 cm length inside a 13 T magnet. We assume that
the experiment scans the range of 20 − 185 µeV (5 − 45 GHz)
with a quantum limited amplifier over two years. In blue
we show the TM012 mode in an isotropic media, with the
anisotropic case shown in green. In between these the TM010
mode is shown in lilac.

is calculated the z component will tend to average to
zero. For a steady η one must then rely on the trans-
verse components Ex,y. As shown in Appendix A, for
TM modes with wires only in the z direction the E-
fields in the x, y directions are suppressed by a factor of
O(k2

mnp/ω2
g), which corresponds to a factor of ϵ. Con-

versely, for an isotropic medium the modes higher than
TM010 have transverse E-fields on the same order as Ez.

From this we can see that the geometry for the
planned ALPHA experiment leads to η decoupling at
high frequencies (i.e., large plasma frequencies) regard-
less of the chosen mode. This can be mitigated by either
making the medium isotropic (or at least, having a non-
trivial x or y component) or by aligning the E-field in a
different direction. While the latter is mechanically eas-
ier, it would remove the sensitivity to axion dark matter,
which is the main goal of the experiment.

IV. PROJECTIONS

Several sources have been considered to be the origin
of high-frequency GWs. The sources can be described
as either stemming from Early-Universe phenomena,
which would result in a diffuse background, or from
local events. As already mentioned in the introduction,
the GW sources a PH could test are local.

As pointed out in a seminal paper by Wein-
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berg [58], any plasma can produce gravitons through
bremsstrahlung (see also Ref. [59] for additional pro-
cesses). Therefore, even without accounting for novel
physics, the Early-Universe plasma is expected to have
copiously sourced GWs, whose amplitude today de-
pends on the reheating temperature [60–63]. Addi-
tional contributions might come from reheating itself
(see e.g. [64–66]), phase transitions (see e.g. [67–69])
and from topological defects [70, 71] such as cosmic
strings [72, 73] or domain walls (see e.g. Figure 4 in
Ref. [74]). The amplitude of GWs generated by these
mechanisms is strongly constrained by Neff measure-
ments, so that any direct detection chance seems daunt-
ing at best. Some probes rely on GW-photon conver-
sions over either large distances along the line of sight,
e.g. from the Rayleigh-Jeans tail of the CMB [75] or
from the diffuse photon flux converting in Earth, galac-
tic, and extragalactic magnetic field [76, 77], or on GW-
photon conversion in the large fields of neutron-star
magnetospheres [78–80]. Unfortunately, these propos-
als fail to reach below the Neff constraints, and have the
additional drawback of missing the opportunity of de-
tecting local sources.

The background to searches of nearby exotic events
is given by the unavoidable GW flux produced by stars,
the closest being of course the Sun [58, 81–83]. How-
ever, physics beyond the standard model can outshine
such background in GWs. A possible source of high-
frequency signals is the annihilation of axions produced
through superradiance [42, 43] which undergo a + a →
GW processes, the latter being possible by the presence
of the BH which guarantees energy-momentum conser-
vation. The most exciting prospect for the frequencies
covered by a PH like ALPHA is probably the detection
of PBHs [19, 20, 27] (see also Ref. [21] for a recent reap-
praisal accounting for an extended PBH mass function)
or compact object [41] mergers, the latter being e.g. Q-
balls, boson stars, oscillatons, or oscillons [44], depend-
ing on the production mechanism. PBHs (or other com-
pact objects) could have formed binaries, e.g., if pro-
duced close to each other in the Early Universe [84], or
through dynamical capture in dense halos [85, 86]. Tan-
talizingly, PBHs can constitute 100% of the dark matter
for masses between 10−16 to 10−10 M⊙ [18], and the
GWs emitted in their merger could be an important
probe of their existence.

While an exact sensitivity depends strongly on the
assumed GW source, to allow for a comparison we
consider a time constant GW signal of width 10−4ω
and take the experimental parameters from Ref. [47].
This consists of a plasma haloscope with radius 35 cm
and length 75 cm with noise at the standard quantum
limit inside a 13 T magnetic field. The experiment will
scan between 5 and 45 GHz over a two year timeframe.
To estimate the sensitivity we use Dicke’s radiometery

equation for the signal to noise ratio S/N,

S
N

=
P

Tsys

√
∆t

∆νB
, (41)

where Tsys is the system temperature (given by ω at the
standard quantum limit), ∆t is the measurement time
and ∆νB is the signal bandwidth. Assuming a bench-
mark S/N = 3 and the above experimental parameters,
we see the sensitivity to GW for ALPHA in Fig. 6.

While an isotropic medium gives the clear best sen-
sitivity with a higher order mode such as the TM012
mode, the gain once one has integrated over a large
frequency range is not as much as one might expect.
Conversly, unlike what was suggested in Ref. [34] for
an anisotropic medium the sensitivity is actually worse
for the TM012 mode than the base TM010 mode, and
about two orders of magnitude lower than suggested
by Ref. [34].

V. CONCLUSIONS

The high-frequency range constitutes perhaps the last
frontier of gravitational wave astronomy. While the
chances of detecting a diffuse background seem cur-
rently faint, efforts based on the inverse Gertsenshtein
effect could bring lucky observations of local events.
Similarly to other axion detection schemes, such as cav-
ities [27], low-mass axion haloscopes [28], and dielectric
haloscopes [36], the plasma haloscopes are also in prin-
ciple sensitive to high-frequency gravitational waves.

While the gravitational wave sensitivity of plasma
haloscopes was briefly studied in Ref. [34], several key
aspects were neglected, leading to an overestimation of
the sensitivity of an anisotropic plasma. In particular,
the overlap integrals were taken to be the same as for
an empty cavity, instead of depending strongly on the
plasma frequency. As we have shown, for anisotropic
wire media the overlap integral goes to zero for large
frequencies, leading to a two order of magnitude de-
crease in sensitivity to gravitational waves.

To avoid this shortcoming, we explored the behav-
ior of isotropic media. Unlike in the anisotropic case,
both solenoidal and irrotational dynamical modes are
allowed. Further, as large E-fields are supported in
all three directions the non-plane wave components of
gravitational waves allow for a nearly constant overlap
integral regardless of frequency.

Going forward, there are several directions that can
be explored. Currently, the ALPHA experiment is de-
signed around anisotropic media, and so loses sensitiv-
ity to gravitational waves, particularly at high frequen-
cies. Tuneable designs with three dimensional wire ar-
rays would recapture this sensitivity without impacting
the search for axions. Further, the details of a gravita-
tional wave signal depend strongly on the properties of
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the source. Detailed analysis techniques must be cre-
ated to ensure that a signal is found regardless of the
type of source. With these optimizations plasma halo-
scopes will be a powerful probe of high frequency grav-
itational waves.
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Appendix A: Cavity Modes in Media

While the modes of a cylindrical cavity are well
known, it is less common to include a medium such
a plasma inside the cavity. To begin with, inside the
cavity one can write down Maxwell’s equations in the
absence of free charges and currents

∇ · D = 0, (A1a)
∇×H − Ḋ = 0, (A1b)

∇ · B = 0 , (A1c)
∇× E + Ḃ = 0. (A1d)

In general we wish to consider plasmas that have
wires in either all three directions, or only in one di-
rection aligned with the axis of the cylinder. The latter
would give a maximally anisotropic medium exhibit-
ing a plasma frequency only for E-fields polarized in
the direction along the cylinder’s axis. These cases are
summarized in an electric permittivity tensor

D = ϵE =

ϵt 0 0
0 ϵt 0
0 0 ϵz

 E (A2)

where the transverse dielectric components are labled ϵt
and the axial component ϵz. We will consider the lim-
its where ϵt = ϵz(ϵt = 1) for the isotropic (anisotropic)
cases. For simplicity we will consider a non-magnetic

material with µ = 1. The symmetry of the system al-
lows us to break up the E-fields into the transverse t
and z components

B = Bt + Bzẑ ; E = Et + Ezẑ. (A3)

We can expand the E-fields into harmonic components,
assuming that the E-fields oscillate with angular fre-
quency ω. We take the fields to be functions of ω, x⃗,
essentially Fourier transforming only the temporal pa-
rameters, to get

(∇t +
∂

∂z
ẑ)×(Bt + Bzẑ) = −iω (ϵtEt + ϵzEzẑ) , (A4a)

(∇t +
∂

∂z
ẑ)×(Et + Ezẑ) = iω(Bt + Bzẑ). (A4b)

Decomposing these equations into the z-direction
and the transverse directions (the transverse curl of the
transverse vectors is necessarily in the z direction)

ẑ · ∇t × Bt = −iωϵzEz, (A5a)
ẑ · ∇t × Et = iωBz, (A5b)

ẑ × ∂Bt

∂z
+∇tBz × ẑ = −iωϵtEt, (A5c)

ẑ × ∂Et

∂z
+∇tEz × ẑ = iωBt. (A5d)

Taking the E-field z dependence to be of the form
cos kzz or sin kzz, we get closed forms for Bt and Et;

Et =
1

ϵtω2 − k2
z

(
∇t

∂Ez

∂z
+ iω∇tBz × ẑ

)
, (A6a)

Bt =
1

ϵtω2 − k2
z

(
∇t

∂Bz

∂z
− iωϵt∇tEz × ẑ

)
.(A6b)

Thus the transverse E-fields depend only on Ez and Bz,
corresponding to the TM and TE modes respectively.

1. Solenoidal modes

For the axial components we can solve the following
differential equations for Bessel functions

ϵt

ϵtω2 − k2
z
∇2

t Ez + ϵzEz = 0 . (A7a)

1
ϵtω2 − k2

z
∇2

t Bz + Bz = 0. (A7b)

In cylindrical coordinates they become

ϵt

ϵtω2 − k2
z

(
r2 ∂2Ez

∂2r
+ r

∂Ez

∂r
+

∂2Ez

∂2ϕ

)
+ r2ϵzEz = 0.

(A8a)

1
ϵtω2 − k2

z

(
r2 ∂2Bz

∂2r
+ r

∂Bz

∂r
+

∂2Bz

∂2ϕ

)
+ r2Bz = 0.

(A8b)
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We can now write down the full mode structure for
the TM and TE modes. We label the modes with sub-

scripts m, n, p to denote the number of spatial variations
in each direction. For the TMmnp mode we get

E±
r = −

[(
A+ sin mϕ
A− cos mϕ

)]
kz

ϵtω2 − k2
z

sin(kzz)J′m
( rxmn

R

) xmn

R
, (A9a)

E±
ϕ = −

[(
A+ cos mϕ
−A− sin mϕ

)]
kz

ϵtω2 − k2
z

sin(kzz)
m
r

Jm

( rxmn

R

)
, (A9b)

E±
z =

[(
A+ sin mϕ
A− cos mϕ

)]
Jm

( rxmn

R

)
cos(kzz), (A9c)

where Jm are the Bessel functions, J′m are the deriva-
tives with respect to their argument, and ϕ is the az-
imuthal angle of cylindrical coordinates. Following the
notation of Ref. [27] we use normalisation constants for
the ± modes A± and define xmn as the nth zero of Jm.
We use R for the radius of the cavity. Note that the
plasma changes the frequency at which these zeros oc-

cur, but not the overall shape of the Bessel functions.
Whether or not the plasma is isotropic changes the rel-
ative weighting of the transverse components: for an
isotropic plasma ϵtω

2 = ω2
mnp, where ωmnp is the fre-

quency of the corresponding mode of an empty cavity.
In contrast, if ϵt = 1 and ϵz ≪ 1 then ω ≫ kz, sup-
pressing the transverse electric fields. The TE modes
similarly can be written down as

E±
r =

[
A+ cos mϕ

−A− sin mϕ

]
sin (kzz)

iω
ϵtω2 − k2

z

m
r

Jm

(
rx′mn

R

)
, (A10a)

E±
ϕ = −

[
A+ sin mϕ

A− cos mϕ

]
iω

ϵtω2 − k2
z

sin (kzz) J′m

(
rx′mn

R

)
x′mn
R

, (A10b)

E±
z = 0, (A10c)

where x′mn is the nth zero of J′m. For the anisotropic
case we recover the modes of an empty cavity, as the Ez
component is trivial.

2. Irrotational Modes

Maxwell’s equations do not directly give the spatial
structure of the irrotational modes, simply giving the
resonant condition Re(ϵ) = 0. However, inside some
volume V within a surface S the irrotational modes can
be derived from the scalar potential, defined as the or-
thogonal basis of solutions of the Helmholtz equation
vanishing on the boundary [87],

(∇2 + k2
n) ϕn|in V = 0 (A11a)

ϕn|at S = 0. (A11b)

Considering a cubic cavity of length L and a coor-
dinate system centered at the center of mass of the
cavity the solutions to these equations are simply si-
nusoidal functions of the type sin (kx[x − L/2]), where

kx = nπ/L, n = 1, 2, 3... Thus the general solution is

ϕℓmn = A sin
(
ℓπ

L

[
x − L

2

])
×

sin
(

mπ

L

[
y − L

2

])
sin
(

nπ

L

[
z − L

2

])
, (A12)

where A is a normalization constant. Finally, the space
profile of the irrotational modes is given simply by

kℓmnEi,ℓmn(x) = ∇ϕℓmn, (A13)

where kℓmn is usually called a normalization factor and
gives the wavenumber of the mode. Note that even for
the lowest mode the E-field is non-trivial in all direc-
tions. Because of this, for an anisotropic medium where
the dielectric constant is one in the x, y directions a dy-
namical irrotational mode is not supported.

Appendix B: Anisotropic Media

In the main text, we wrote down the overlap integral
assuming an isotropic medium. While the anisotropic
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case was addressed in Ref. [34], there are some sub-
tleties regarding mode normalization, propagated from
a small error in Ref. [47]. As Ref. [47] was primary con-
cerned with the TM010 mode, which only has a z com-
ponent, rather than normalizing the modes via Eq. (26a)
they used

∫
dVEz,n(x)E∗

z,m(x) = Vδn,m. (B1)

Aside from an overall factor due to a different choice of
amplitude, this condition only considers the z compo-
nents of the fields. To consider a general set of modes
this condition does not guarantee that those modes are
orthogonal. Unfortunately, this normalization condi-
tion was also used in Ref. [34], and leads to errors when,
for example, ϵ = 1. Here we will consider the max-
imally anisotropic case, with ϵt = 1 and ϵz ≡ ϵ. As
the irrotational modes are non-dynamical in this case,
we will suppress the s, i subscript in this section and
will only refer to solenoidal modes. Similarly, we will
neglect the TE modes, as they are the same as for an

empty cavity.
From Eq. (29) we can split the fields into the trans-

verse (noted with t) and axial (denoted with z) compo-
nents,

−∇2E − ω2(Et + ϵEz) = iωj f + iωjeff. (B2)

To proceed, we can use the free Helmholtz equations
for each mode which give the dispersion relations

∇2Ez,n + ϵω2
nEz,n =0, (B3a)

∇2Et,n + ω2
nEt,n =0, (B3b)

and expand E into modes given by

E = ∑
n

enEn(x). (B4)

Together these equations allow us to write

∑
n

en(ω
2
n − ω2) [Et,n + ϵEz,n] = iωj f + iωjeff. (B5)

In the isotropic case, it would be easy to project out onto a given mode using Eq. (26a), giving the usual overlap
integral. In Ref. [34], this equation was rewritten so that only Ez appears, at the cost of additional terms on the
right hand side involving jeff and using Eq. (B1). Regardless to proceed one must make an approximation. This
can be quantified by noting that Eq. (26a) implies that∫

dVEt,n · E∗
t,m = δn,m

∫
dV|En|2 −

∫
dVEz,n · E∗

z,m, (B6)

which can be combined with Eq. (28) to give

∑
n

en(ω
2
n − ω2)

[
δn,m + (ϵ − 1)

∫
dVEz,n · E∗

z,m∫
dV|Em|2

]
− iω

ωn

Qn
enδn,m =

iω
∫

dVjeff · E∗
m∫

dV|Em|2
. (B7)

This expression simplifies in two limits. The first is
the trivial one, where ϵ = 1, which recaptures the ex-
pressions of Ref. [27], a case for which the equations in
Ref. [34] do not hold. The second is when ϵ ≪ 1. As
discussed in Appendix A, Et,n = O(ϵEz,n) so Eq. (B1) is
correct up to O(ϵ2) terms. In either case we can write

E(x, t) ≃ −iωge−iωgt ∑
n

ηnEn(x)
ϵ(ω2

g − ω2
n) + iωg

ωn
Qn

(B8)

which is true exactly for ϵ = 1 and approximately for
ϵ ≪ 1. The latter condition holds by design for almost
every case considered in this paper. If ϵ ∼ 1, then there
is little point to including a wire array, as the volume
is almost the same as an equivalent frequency empty
cavity. In this case we would have introduced more
complexity for little gain. To show that our calculations
are almost always in the region of validity, in Fig. 7 we
show the ϵ required for a given frequency for the TM012
mode over the 5 − 45 GHz range considered in Fig. 6.

We see that ϵ ≪ 1 for all but the lowest frequencies, and
so this approximation should not have a notable impact
on the projected sensitivity.

Appendix C: Signal Power

Once explicit expressions for the generated E-field are
found, the final ingredient to compute the reach of PH
is to obtain the signal readout. The energy stored in an
isotropic medium with temporal dispersion is given by

U =
1
4

∫ (
∂(ϵω)

∂ω
|E|2 + |B|2

)
dV ≃ 1

2

∫
|E|2dV. (C1)

Note that the latter approximation holds even for ϵ ̸= 1,
as the B-fields come from the spatial derivatives of the
E-fields and so are smaller by a factor of

√
ϵ. For

the Drude model of ϵ, the energy added by the mag-
netic field is opposite to the correction coming from
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FIG. 7. Dielectric constant ϵ required for the TM012 mode with
resonant frequency ω012 in an anisotropic medium. We take
the cavity to be cylindrical with a 35 cm radius and 75 cm
length. We assume that the experiment scans the range of
(5 − 45 GHz) as shown in Fig. 6.

∂(ϵω)/∂ω, totaling to a factor of 1/2. To find the losses
in the medium we can treat the resistive current in
Eq. (28) as the imaginary component of the effective
dielectric constant ϵ′′ ≡ ϵ′′z = ϵ′′t , where ϵ′′ ≡ ωn/ωQn,
using1 [88]

P =
ϵ′′

2

∫
ω |E|2 dV. (C2)

Substituting E with its mode expansion (Eq. (27)) and
making use of the mode orthogonality conditions, we

find

P =
ϵ′′

2 ∑
n

ω
[
|ẽs,n(t)|2 + |ẽi,n(t)|2

]
(C3)

where

|ẽs,n|2 = |es,n|2
∫

dV|Es,n(x)|2 (C4a)

|ẽi,n|2 = |ei,n|2
∫

dV|Es,n(x)|2; (C4b)

the mode amplitudes of the solenoidal and irrotational
modes are obtained from Eqs. (30a) and (30b), respec-
tively. Assuming the GW to hit a resonance, ω = ωn,
we find

P = ω
ϵ′′

2
|ẽres(t)|2. (C5)

Combining this result with Eq. (31), we see for a grav-
itational wave exciting a single resonance, the on reso-
nance power is given by

P =
1
2

Qω3
gV5/3

cav (ηλhλB0)
2, (C6)

as in Ref. [27].
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