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1. Introduction

After the discovery of the Higgs boson a little over ten years ago [1, 2|, it is one of
the main goals of the Large Hadron Collider (LHC) as well as potential future collid-
ers [3-5] to work towards understanding the dynamics of electroweak (EW) symmetry
breaking. Besides collider experiments, gravitational wave observatories [6-11] will start
to probe the EW phase transition within the next decades. This research could provide
substantial insights into the thermal history of the Universe, which is modified in many
extensions of the Standard Model (SM) of particle physics. This, in particular, includes
extensions of the SM Higgs sector, which may lead to a first order electroweak phase
transition, which would enable the scenario of electroweak baryogenesis [12-15| or to
phenomena like vacuum trapping, inverse symmetry breaking, or EW symmetry non-
restoration (EWSNR) [16-23|. In addition to the electroweak sector, phase transitions
can also appear outside the electroweak sector in many BSM scenarios, including hidden
sectors [24-34] and high-scale models (e.g., grand-unified theories) [35-38].

For all these different areas, precise theoretical predictions are crucial to fully exploit
the available experimental data. In the context of phase transition, this in particular
means to provide an accurate prediction for the effective potential at finite temperature
using perturbation theory.

It is well known that for high temperatures large corrections occur which exacerbate
the behaviour of the perturbative expansion. To resum these large corrections, various
resummation schemes have been developed in the literature. These include schemes
employing a diagrammatic expansion — most notably the Parwani [39] and Arnold-
Espinosa [40] resummation schemes — as well as schemes which involve solving the
gap equation — the full dressing (FD) and partial dressing (PD) procedures [41-43].
Moreover, the large thermal corrections can also be resummed in an effective field theory
(EFT) framework reducing the spacetime dimensions from four to three, an approach
called dimensional reduction (DR) [44-46].

While the Parwani and Arnold-Espinosa schemes have the benefit of being easy to
implement — explaining their widespread application in the literature —, they on the
other hand suffer from several disadvantages. First, they only allow to resum the leading
thermal corrections. In many scenarios, the resummation of subleading thermal correc-
tions is, however, also important for an accurate prediction. Moreover, they intrinsically
rely on the high-temperature expansion for calculating the thermal masses and the ther-
mal counterterms (see detailed discussion below). This implies that their accuracy is
questionable in the regime where the temperature is close to the order of the relevant
masses, which is exactly the interesting region for phase transitions (see Ref. [42] for a
more detailed discussion).

Similar issues appear in the DR approach. While DR offers a conceptionally well-
defined and systematic way to resum large thermal corrections, it is technically chal-
lenging (for recent steps towards automation of the required calculation, see Ref. [47]).
Moreover, as an EFT approach, it intrinsically relies on the separation of the scales.
This means that it is difficult to go beyond the high-temperature expansion and that
each EFT is only applicable to a pre-defined hierarchy of scales. This makes DR in par-



ticular unsuited for parameter scans in BSM models for which many different hierarchies
of the masses and the temperature occur — requiring to work a different EFT for each
hierarchy of scales.

Partial dressing promises to resolve the issues of the FD and DR approaches. It
includes subleading thermal corrections and can be easily applied beyond the high-
temperature expansion making it particularly suited for studying phase transitions. It
has been applied to the singlet-extended SM [42]. Its accuracy and perturbative conver-
gence have been studied recently in Ref. [43].

In the first part of the present work, we present a detailed comparison of partial
dressing with the Arnold-Espinosa and Parwani resummation schemes. Afterwards, we
discuss the application of PD to the phenomenon of EWSNR. EWSNR occurs if the
thermal corrections to a particle mass dominate over the tree-level mass turning the
overall thermal mass squared negative. Thus, thermal corrections are by definition large
and large differences between the FD schemes have been found in the literature [20,
21]. In this paper, we extend this comparison to the two-loop level finding unphysical
predictions originating from large imaginary contributions to the effective potential. We
demonstrate that these issues do not occur if PD is used leading to a more reliable
prediction.

In the last part of this paper, we discuss the case of mixing scalar fields. So far, the
PD approach is restricted to scenarios in which only one scalar takes a non-zero value
effectively forbidding the description of models with mixing scalars. This strongly limits
the applicability of PD for phenomenological studies. We demonstrate a new method to
extend PD for scenarios with more than one non-zero scalar field.

Our paper is structured as follows. In Section 2, we review the need for thermal
resummation. Then, we discuss resummation in non-mixing one- and two-field models
in Section 3. In Section 4, we compare the FD and PD models for a toy model for
EWSNR. In Section 5, we demonstrate the application of PD to models with mixing
scalar fields. We provide conclusions in Section 6.

2. Perturbative Breakdown & Thermal Resummation

Bosonic field theories at finite temperature suffer from various issues in the infrared, prin-
cipal among them is that the usual perturbation expansion breaks down. To demonstrate
how this breakdown comes about, consider a simple ¢* theory with quartic self-coupling
A. Working in the imaginary-time formalism [48], the 1-loop correction to the bosonic
propagator corresponds to the expression

A A P
(O =3l = §T§;/ P K2t m?’ 2

where K = (wp, E) is the Euclidean four-momentum and w, = 27n7T is the bosonic
Matsubara frequency. There are two useful ways to decompose this expression. One
option would be to split Z into a zero-temperature piece Zy[m| and a finite-temperature




piece Zr[m| [49],

d*k 1 Bk 1 1
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where E? = k% + m?2. The zero-temperature Z [m] is UV-divergent, and we choose to
regularize it using dimensional regularization' and the MS-scheme with renormalization
scale pg. Meanwhile the finite-temperature piece Zp|[m| is UV-finite, but sensitive to
the IR. A more convenient decomposition to reveal this would be to split the Matsubara
sum appearing in Z[m| into a “soft” zero-mode piece with w, = 0 and a “hard” non-zero
mode piece with w, # 0,

A3k 1 A3k 1
Iim| =T ———— T _ : 2.3
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hard[m]

Working in the high-temperature limit m/T ~ A < 1, the zero-mode contribution can
be evaluated explicitly as [49]

Isoft [m] = —EmT, (24)

while the hard modes give a contribution

T m? /(1 2e2E 3) m? mb

Tnaralm] = 35— 15 (E i (fé%wzw)) * 1<2(8 )4 el (ﬁ) ‘ (2:5)

Thus we see that the correction to the zero-mode mass scales like dm2, ~ mT ~ \T?

while the mass correction for the hard modes scale like dm?, ; ~ T? in the high-T limit.

Since the latter is parametrically larger, excitations of non-zero modes in the thermal
plasma will act to screen the zero mode.

The IR problem manifests when considering higher loop “daisy diagrams", like that

shown in Fig. 1. This diagram features a zero-mode inner loop (dashed line) surrounded

by N hard outer loops (solid lines). Ignoring the overall symmetry factor, the contribu-
tion to the effective potential coming from such a diagram is

sy &k | &k Y
VN (T/( )% (k2 4 m2)N > (ATZ/ w2+/~c2+m2> ’ (26)

where the quantity in the first parenthesis comes from the N soft propagators in the
inner loop and scales as m3~2NT while that in the second parenthesis comes from the N
hard external loops and scales as ANT?V. The result is

m2

dais 3-2N Nr2N AT?
V™ (T (ANTPY) = mPT : (2.7)

'Note that for convenience we display all equations with € — 0, such that D = 4 — 2¢ — 4.
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Figure 1: A daisy diagram featuring a zero-mode inner loop (dashed) surrounded by N
hard external loops (solid).

There are two potential issues here. First comparing with the contribution from an
(N + 1)-loop daisy diagram, we see that each new hard thermal loop comes at a cost

daisy 9
_ Vi AT

= {,daisy 2

(2.8)

The issue is that this expansion parameter « is not parametrically small at all times. In
particular when the system exhibits a phase transition, the expansion parameter becomes
O(1) at the critical temperature, since here m? ~ AT?. This signals a breakdown of
the perturbative expansion; diagrams which formally appear to be higher order may
actually contribute with a magnitude equal to formally lower-order diagrams due to the
contributions from these hard thermal loops. Intuitively, this perturbative breakdown
occurs because at high temperatures, IR bosonic modes become highly occupied, leading
to an enhanced expansion parameter [50].

The second issue occurs for fields with vanishing mass, for which daisy diagrams with
N > 2 are IR divergent. Clearly this divergence is not physical, as the thermodynamic
properties of a plasma of weakly interacting massless bosons (such as photons) are
observed to be finite, and so these divergent contributions must cancel amongst one
another when all terms in the expansion are summed. This is just another way to see
that at finite temperature, the fixed-order perturbative expansion fails.

A natural solution?, then, would be to reorganize the expansion using a new parameter
in terms of which the series is convergent — thermal resummation. Consider, for exam-
ple, how one would resum the daisy diagrams of Fig. 1. Computing the contribution
from an N-loop daisy diagram while more carefully keeping track of the combinatorial

factors, we would find
- T 1 (AT2\Y [/ d \"
daisy 3
R e (T) <_dm2) m (2:9)

One can check that this correctly reproduces the scaling of Eq. (2.7) by using the fact

that m3—2N = %7? ((];i)g! % (d;:ﬁ)N m?. If we now sum over all such diagrams, we

2There are also alternative strategies to thermal resummation, such as dimensional reduction [51, 52,
which we will not review here. Another option would be to just treat the problem non-perturbatively,
using appropriate lattice techniques.



find

%) [e’s) N

DR S AT? d \T s
N 121 £~ N!'\ 4 dm?

N=0
T A2 d
T P\ T a2

Finally letting # = m? and noting that exp (C%) f(x) = f(z + ¢), we find

Z V]?/alsy _ — - (m2 + ZT2> . (2.11)
N=0

This is a rather significant result; after summing all contributions, we find an expression
where the limit m? — 0 can meaningfully be taken without running into IR divergences.
It is also significant that when m? — 0, this correction comes in at O(\*?) rather than
O()\?), as would naively be expected.

The quantity appearing in parenthesis is the thermally corrected mass

39, T) = m() + 3T, (2.12)

(2.10)

and to leading order, daisy resummation amounts to replacing instances of m? in the
effective potential with the thermally corrected version M. Of course, daisy diagrams
are not the only problematic diagrams that appear in finite temperature field theory;
there are also so-called “super-daisy” diagrams as well as other sub-leading diagrams
which demonstrate IR-sensitivity and so should be resummed. Given the questions of
which class of diagrams to resum and how to re-order the expansion, there exist several
different prescriptions for implementing thermal resummation.

Historically, the most popular methods employing a diagrammatic approach to ther-
mal resummation are the Parwani [39] and Arnold Espinosa [40] schemes. The major
conceptual difference between these methods is that in the Parwani prescription, all
modes are resummed, while in the Arnold Espinosa prescription, only the problematic
Matsubara zero-modes are resummed. On a technical level, this is equivalent to whether
the thermally corrected mass M is substituted into all terms of the effective potential
or only those non-analytic in m?, which can be shown to correspond to zero-modes.
Because the thermally corrected mass is included in different terms, when working to
fixed order in perturbation theory these methods feature different higher-order terms,
resulting in different degrees of convergence.

In addition to these diagrammatic approaches to thermal resummation, which in com-
plicated theories quickly become impractical at higher-loop order, there is also a non-
diagrammatic method which we will refer to as gap resummation [53-55]. Rather than
computing the contributions from many higher loop diagrams, which quickly becomes
impractical in complicated theories, in gap resummation one need simply compute the



one-loop effective potential ve(;’ and then solve the gap equation for the thermally cor-
rected mass. This gap equation includes the dominant contributions from many?® higher-
order diagrams, in particular daisy diagrams to all orders in the effective potential. In
a theory with i = 1...n bosonic species {¢;}, the gap equation for the thermal mass of
species ¢ reads

M? ” M?

i W‘/eﬂ ( j)’ (213)

where masses appearing in the effective potential on the right-hand side are the thermally
corrected masses for all species in the plasma M ]2 Because the thermal mass appears
on both sides of this equation, it must generally be solved numerically. For convenience,
it is common to solve the truncated gap equation

> o

Ml?‘trunc. = aT&‘feff (m2) ) (214)

j
where now the right hand side is evaluated on the field dependent effective masses m?
When combined with the high temperature expansion, this truncated treatment only
resums the leading order hard thermal loops, and results in a solution of the form
Mi2|tmnc‘ highT m? +T? = M?, with ¢ some constant function of the couplings.

After solving the gap equation, one usually proceeds by replacing the background field
dependent masses m?(¢;) with the thermally corrected versions M?(¢;, T') in the effective
potential Veg). This prescription is called full dressing (FD), or truncated full dressing
(TFD) if one uses the thermal mass obtained by solving the truncated gap equation, and
diagrammatically it corresponds to dressing both the propagator and vertex in 1-loop
tadpole diagrams.

Interestingly at the 1-loop level, the Arnold-Espinosa and Parwani prescriptions co-
incide with special cases of truncated gap resummation. As we will soon see, the 1-loop
potential can be factorized into a zero-temperature Coleman-Weinberg (CW) piece Vow

and a finite temperature piece V. In the Parwani prescription, we replace m? — M? in

both Vow and Vp while in the Arnold-Espinosa prescription we replace m? — M? only
in the non-analytic term appearing in the thermal piece Vi, corresponding to resumming
only the Matsubara zero-modes. The former then coincides with TFD at 1-loop while
the latter corresponds to a special case of TFD.

While the FD prescription has the obvious benefit of not needing to evaluate leading
order diagrams analytically, it also faces several difficulties. Beginning at 2-loop order,
certain higher-order diagrams such as the sunset diagram are not automatically included
and need to be added by hand. More concerningly, the FD prescription has been shown
to miscount daisy and superdaisy diagrams starting at 2-loop order [56, 57|. An alterna-
tive procedure which reliably resums the dominant contributions to higher order is the
partial dressing (PD) prescription, first introduced in Ref. [41] under the name of tadpole
resummation. Rather than substituting m? — M? directly in the effective potential, the

3Notably, contributions from superdaisy diagrams and other sub-leading diagrams like the bosonic
sunset are not automatically included.



PD prescription instructs us to perform the replacement in the first derivative of the

effective potential V;, which can then be integrated to obtain V.4 as

v,
veﬁ—/dcb o

This scheme corresponds to dressing just the propagator and has been demonstrated by
explicit calculation to 4-loop order to give the right counting of daisy and superdaisy
diagrams [41]. A variant of PD resummation proposed in [42], optimized partial dressing,
has been shown to yield an even better degree of convergence.

Despite its promise as a resummation candidate, the PD prescription is not without its
challenges. PD omits a class of subleading diagrams starting at 2-loops. These are the
lollipop diagrams (obtained from the vacuum sunset diagram by attaching one external
leg to one of the vertices). Moreover, sunset-type tadpole diagrams are miscounted
(obtained from the vacuum sunset diagram by attaching one external leg to one of the
propagators). These issues can be resolved by adding the lollipop diagrams by hand and
adjusting the gap equation to fix the miscounting of the sunset diagrams (see Refs. [42,
57] as well as Appendix C).

Another more pressing issue pointed out in [42] is that it is unclear how to imple-
ment PD in multi-field scenarios where field excursions can occur along more than one
direction. Given that this is the case in a variety of beyond the Standard Model (BSM)
extensions capable of yielding a strongly first order electroweak phase transition, it is
crucial that the formalism be extended to accommodate this situation. We propose a
multi-field generalization of PD resummation which can be applied in scenarios where
the Higgs mixes with BSM scalars and then go on to compare the convergence of this
scheme with that of other resummation techniques.

(2.15)

m2—M?

3. Resummation in ¢* theory

Before getting into these technicalities, we will review the various resummation prescrip-
tions in the context of a simple ¢* theory. We begin in Section 3.1 by computing the
effective potential at 1- and 2-loop order in the context of a single field ¢* theory, to later
generalize to the multi-field case (without mixing) in Sec. 3.2. In Secs. 3.3, 3.4, 3.5.1,
and 3.5.2, we resum the effective potential using the Parwani, Arnold-Espinosa, full
dressing, and partial dressing schemes, respectively. Finally in Section 3.6 we compare
for a few benchmark points and comment on the differences.

3.1. Unresummed V,g(¢) at 1- and 2-loops
We consider a single-field ¢* theory with tree-level potential

2

) )‘4
_ APy 1
Vo—2<b+4¢ (3.1)



At 1-loop, the effective potential receives radiative and finite temperature corrections
captured by the sum-integral [58]

Vidoop = J[m] = %iln(f@ + m2) , (3.2)
K

-

where K = (w,,, k) are Euclidean 4-momenta, w,, = 27nT are bosonic Matsubara modes,
and the symbol ¥ is shorthand for Euclidean integration

Zsz TWZ/ (Z:;?f (3.3)

The mass entering into this 1-loop correction is the field-dependent effective mass

2 _ Vo

9 = 12+ 3Ap?, (3.4)

m

where ¢ here is understood to take its background field value. In many contexts, it
is convenient to decompose the bosonic J-function into a zero temperature Coleman-

Weinberg piece?
m* m? 3
o = ((3) - 2) )

and a finite temperature piece

T4 2 00 R
Vp = —J (m > , with Jg(y?) —/ dz 2° In (1 — e V&Y ) : (3.6)
0

om2 "B\ 12

such that Vi j00p = Vow + V7. In the high- and low-temperature limits, Jz(y?) admits
expansions given in Eqgs. (A.2) and (A.3) of Appendix A. We will often have cause to
work in the high-temperature regime, in which the full 1-loop correction reads:

1 1 LR m6
‘/1-100p = j[m] ~ ﬁmQTZ — EmgT — @mél + O (ﬁ) , (37)

where Lr = In (u%/T?) + 2(vg — In47) and we have ignored the field-independent con-

stant. Note that the logarithmic terms have cancelled between the Coleman-Weinberg
and finite temperature contributions, such that —ﬁm‘gT is the only term originating
2

from the Matsubara zero-mode, as evidenced by the fact that it is non-analytic in m~.
Combining with the tree level piece, the effective potential at 1-loop Ve(ﬂ%) = Vo + Vittoop
in the high-temperature expansion is

1 A 1 L mO
M _ 2,2 T2 1 2t — 3 R 4
Vi 2(u +cT) " + 4¢ o™ e + O (_TQ) , (3.8)

where we have defined ¢, = \/4.

10
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Figure 2: 2-loop corrections to the effective potential in ¢* theory, including (A) the
figure-8 diagram, (B) the sunset diagram, (C) the 1-loop mass counterterm
diagram, and (D) the 1-loop vertex counterterm diagram. Solid circles de-
note 1-loop counterterms and x’s indicate explicit field insertions. Diagram
(E) should only be added to the effective potential upon performing thermal
resummation in the Parwani scheme and features a 1-loop thermal “countert-
erm” (solid square).

At 2-loops, the corrections to the effective potential are summarized diagramatically
in Fig. 2. The figure-8 diagram (A) corresponds to the contribution

3\
A 2
‘/2—loop = Zz[m] ) (39)
where 1
K

This sum-integral is related to the J of Eq. (3.2) as Z = m %L, and so admits the
high-temperature expansion given in Eq. (A.5) of Appendix A. Using this expansion,
Vg_“loop explicitly evaluates to

Aoge, B=LrA opo BLeA o (C3)+BLRN

VA =" mT A vl - 3.11
Zloop = “ 3 M o M T g™ 102474 (3.11)
The sunset diagram (B) corresponds to the contribution
‘/2?1001) = _3A2¢2H[m7 m, m] ) (312)
where, for three arbitrary masses my, mo, ms
1
(3.13)

Ml %% (P nd)( @+ md) (P QF i)

4We work in the MS scheme with renormalization scale pr. Note that this prescription at finite
temperature does not eliminate all factors of 47 and g, as it does at zero temperature.

11



Using the high-temperature expansion of H in Eq. (A.13), the contribution VB loop 18
explicitly
3)\2 /1’2
B _ R 2 2
V2-100p =553 <ln (m2) —2In3+ 1) T¢
9N® HR 2
+ 43 (ln (m2 +Lg—2In2+2 ) mT¢ (3.14)
9N 7 3
L3+ Lg— 27 — 4y 4+ — + = | m?¢”.
+256W4( rtLr—27g—dn+ +2>m¢
Next we have diagrams (C) and (D), which feature 1-loop mass and vertex counterterms®,
respectively. The former corresponds to an expression of the form
3\ 1
c  _ 2
‘/2-loop - 3271_2# I[m]z . (315)

The leading order field-dependent contribution first comes in at O(A\%/2T*), which is
higher than the order to which we work, and so can be neglected. The vertex counterterm
diagram (D) corresponds to

27)\2 1
‘/2Dloop 3272 ¢21[m]g : (316)

The leading order finite contribution comes from the O(e) piece of Z[m] D SLgT?,

leading to
9L p\?
D _ R 2 42
2-loop — 1287T2T ¢ : (317)

The 2-loop correction to the effective potential is the sum of Eqgs. (3.11), (3.14), and
(3.17),

(C(3) +3LR)A

A (12 — 3Lg)\ 3LR\
V—oo - _ T3 AT YR 2T2 et 3T
Zoop = Tgo M 956m2 0 T gt T T 10240
3)\2 2
~ T8 2( <—§)—3LR—81H3+4)T2¢2
T
0\ 2 (3.18)
+ 50 (ln (—@) + L — 21n2—|—2) mT¢?

2

+—— L%+ Lp—275—4 +7T—2+3 m*¢* .
2564 \ R T IRT n

4

Combining with the 1-loop correction of Eq. (3.7) and the tree-level potential of Eq. (3.1)
yields the 2-loop effective potential V g in the high-temperature approximation.

®Note that due to the O(e) pieces in Z[m], not only do these diagrams feature divergent O(1/€) pieces
that cancel against the divergences in the 2-loop diagrams, but they can also give a finite contribution
to the effective potential.

12



3.2. Unresummed Vg(¢1, ¢2) at 1- and 2-loops

Interesting finite-temperature effects can arise upon the addition of a second scalar field.
Consider the tree-level potential

2 2
i I A A2 A12

Vo= 01+ ¢+ 0+ 6y + — 015 (3.19)
2 2 4 4 4

For now, we will restrict to the case where only one of the fields develops a vacuum

expectation value, such that we need not worry about mixing. In this case there will be

no off-diagonal terms in the field-dependent mass matrix, and the effective masses for

¢1 and ¢, are

A
mi = i + 3] + 03, (3.20a)
2 2 2 A1 2
The 1-loop contribution to the effective potential is
‘/i—loop = j[ml] + j[mZ] ) (321)

with the bosonic J-function defined in Eq. (3.2). In the high-temperature approxima-
tion, the effective potential at 1-loop is then

)\12

1 1 A A
Vi =t + T2 62 + = (13 + oaT?) 63 + ot + 2ot + =2 036%
1 Lgr '
- m(mi’ +m3)T — @(m‘f +my)
where we have defined the thermal mass parameters
1 1
Ccl = ﬁ((i)\l -+ )\12) , Cg = ﬂ(6)\2 + )\12) . (323)

When the mixed quartic coupling is negative, Ao < 0, one® of these thermal mass
parameters ¢; can be negative. Then at high temperatures when the thermal contribution
dominates the bare mass, one of the thermal masses

M =m? + T (3.24)

(2

may become negative — indicative of spontaneous symmetry breaking. Occasionally
in the literature (see e.g. Ref. [17]), the thermal masses are modified by inserting an
additional Boltzmann factor,

Méoltzmann,i - m'LQ + CiTze_mi/T ) (325)

which allows for a better approximation of the full thermal loop function for low tem-
peratures.

13
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Figure 3: 2-loop corrections to the effective potential, including (A) figure-8 diagrams,
(B) the sunset diagrams, (C) 1-loop mass counterterm diagrams, and (D) 1-
loop vertex counterterm diagrams. Blue propagators correspond to ¢, while
red correspond to ¢. Solid circles indicate 1-loop counterterms and x’s indicate
explicit field insertions. In particular, the blue, red, and purple circles of row
(D) are A1, A2, and A5 vertex counterterms, respectively. The 1-loop thermal
“counterterm” (solid square) diagrams of row (E) should be included upon
performing thermal resummation in the Parwani scheme.

The 2-loop contributions to the effective potential are summarized diagrammatically
in Fig. 3. Now in addition to figure-8, sunset, and counterterm diagrams for each species,
we must also consider mixed diagrams. The first row of figure-8 diagrams corresponds
to the expressions

3\
VVQAf‘lgmp - le[mlP ) (326&)
A
Viioop = %I [mal?, (3.26h)
A
Viloop = = Zlmi] Z[ma) (3.26¢)

which, using the high-temperature expansion of Z in Eq. (A.5), may be written explicitly
in this limit as

A (6 — Lg)
Al 1 3 R
Vatoon = g | =M T

3L
22 R_3
mi1™ + 12 myT +

(C(3) +3L%)

et R (3.27a)

6The boundedness-from-below condition on A; and Ay prevents both ¢; and ¢y from being negative.
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A (6 — Lg) 3L (C(3) +3L%)
A2 N2 3 R) 2 2 O-R m3 R). 4
Valoop = 35 l —moT™ + Tsz A2 2T+ sz . (3.27b)
A Lg
Vi = 22| = Z(ma +mo)T® 4 mymoT? — 22 (m3 + m3)T?
P 64m? 3 12
I (3) 72 (3.27¢)
R
g m)mamaT e (mi +ma) + 30 mim%} '
The second row of sunset diagrams corresponds to expressions
V 2-loop — 3)\%¢%H[m17 my, ml] ) (328&)
Ve 2-loop — 3)\g¢§7{[m2,m2,m2] (3.28Db)
/\2
V 2-loop — f¢%ﬂ[mla ma, mZ] ) (3280)
2
V 2-loop — ﬁgﬁ%%[ml, ma, m2] . (328d)

4
Note that since these expressions feature external ¢; insertions, they vanish unless ¢; has
non-zero vacuum expectation value. Suppose we take ¢; to be the field which develops

a vacuum expectation value; then Vfigop = VQBIS’)OP = 0. Using the high-temperature
expansion of H in Eq. (A.13) the remaining V;3! ) and V3 are explicitly
3\2 1
Bl _ 1 R 22
Veroon = - 32 (ln <9m1) i 1) v
9N]
+ - (I “R tLp—2n2+2) me?T (3.292)
6473 m?

2

25674

)\2 MR 1
VB4 — 12 1 - 2T2
Zloop 6472 . my + 2ms * 2 o

>\2
4 2 (m(“H ) +LR+2> my 2T
1

2

s 3
(Bt =2t =+ T4 3 i,

25673 4
Af an (3.29h)
1z E Lp+2 2T
T 28 ( " (4m2 L2 ) mady

/\%2 2 2 7 3 2 2\ 42
LR+LR_2’YE_471+_+§ (m + 2m3)¢; -

102474 4

As in the single ¢* case, the leading order, field-dependent contribution from the dia-
grams of row (C) are higher order than that to which we work, and so can be neglected.
Of the diagrams of row (D), corresponding to expressions

3 1
Vbl 3672 + \4)p% I[my]— 3.30
2—100p 128 2 ( + )¢1 [ml] € Y ( a')
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1
V52 5 ———(36)\3 + A\ )¢§I[mg]z, (3.30b)

2-loop — 1287 ToQ.2
1 1
‘/Q loop — n 9 (3(>\1 + )\2))\12 + 2)\%2) QZ% I[ ]_ (330C)
64m €
1 1
V 2-loop — 64 Y (3()\1 + )\2))\12 + 2)\% ) gb2 I[mg] (330d)
we need only consider V5! 5100p a1 v,hd loop» SINCE (2’s vanishing background value means
Ve = Visep = 0. The explicit contributions from the non-vanishing diagrams in the
high-temperature approximation are
Lr
D1 _ 2 22
L
Vi aop = 7681;2 (3(A1 + Ao) Az + 20%,)93T2 . (3.31b)

Gathering all these terms, the 2-loop contribution to the effective potential is

‘/2 loop — ‘/2 loop ‘/2 loop ‘/2 loop ‘/2 loop ‘/2 loop ‘/2 loop ‘/2 loop » (332)
and the effective potential at 2-loop order is
‘/;(f?) - V:gg) + ‘/2—loop ’ (333)

with V& in Eq. (3.22).

3.3. Parwani

The Parwani prescription [39] is a diagramatic approach to resummation in which all
modes are resummed. On a technical level, it simply amounts to replacing m? with the

high-temperature expanded thermal mass M? = m? + ¢;T? everywhere and adding to
the 2-loop effective potential the “thermal counterterm” diagrams shown in row E of
Fig. 3. This has the effect of resumming the dominant parts of ring diagrams.

To see why, consider for the moment a simpler single field ¢* theory with tree-level
potential V = “729252 + %gzﬁ‘*. As discussed in Sec. 2, resumming daisy diagrams amounts

to replacing the m? appearing in propagators with M°. Tn order to do this consistently,
we can add and subtract the thermal contribution to the mass ¢,7% = 27 in a clever
way, such that the tree-level potential becomes

Vo= %(;ﬂ + cyT?)¢* + %qs‘* - %T%Q : (3.34)
This is equivalent to the original potential, but now the idea is to treat the first two
terms as defining the unperturbed theory, and the last term as a perturbation — a
“thermal counterterm”. Now order-by-order, the ¢,7? pieces of quadratically divergent
sub-loops will cancel against new diagrams involving thermal counterterms, resulting in
a new convergent loop expansion parameter AT//M [40]. Returning to the full theory,
we see that to implement Parwani resummation we should:
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1. Replace all field dependent effective masses m? with leading order thermal masses
M = m? + ¢;T?, with ¢; given in Eq. (3.23).

2

2. Include thermal counterterm diagrams in calculating V.g.

These thermal counterm diagrams do not enter until 2-loop order, so at 1-loop the
Parwani-resummed effective potential is simply Veg’)P = Veg)‘mf 2, or explicitly

>\12

1 1 A A
Vap =5 +aT)éd + 5 (15 + T8 + o + fasé ¢2¢2 .
3.35
1 —3 ==

The 2-loop diagrams featuring “thermal counterterms” are shown in row E of Fig. 3 and
correspond to expressions

1 —
V 2-loop — _501T2I[M1] 3 (336&)
1 —
Vi, = —§CQTZI[M2] : (3.36b)
Using the high-temperature expansion of Z[m| in Eq. (A.5), these evaluate to
>\1 )\12 1 — LR —2 C(S) —4
Vioop = —M\T° + = M,T* - M 3.37
2-loop ™ (4 * 24) {8 et 256m1° 1) 7 (3.372)
)\2 )\12 1 —_— 3 LR =722 C(S) —4
V2 — 4+ — | |—=M,T MT* — ——=M,| . 3.37b
Zloop ( r o) [z 32m2" 2 256wt 2 (3:37b)

We see that these expressions have pieces which exactly cancel the IR sensitive pieces
Coming from ‘/21—4100p|m2—>M27

Mg s - gy Ao

VA
2-loop 327 327 1927

(M, + My)T?. (3.38)

Up;)n adding these contributions to Va.ep, as given in Eq. (3.32), and replacing m? —
|M; everywhere in Vs 00p, We arrive at the Parwani-resummed 2-loop effective potential

M)+ VE (ML), (3.39)

2-loop

Ve(f?P—VeffP"‘VZloop(M) Vz

loop(

As demonstrated in the discussion above, Parwani resummation intrinsically depends
on the high-temperature expansion and also only resum the leading contributions in the
high-temperature limit.

17



3.4. Arnold-Espinosa

Alternatively because only the Matsubara zero mode wy demonstrates problematic be-
havior in the IR, we could just resum these “soft” modes whilst leaving the hard non-zero
modes untouched. This is the basic premise behind the Arnold-Espinosa prescription
[40], another popular diagrammatic approach to resummation. Because it requires split-
ting calculations into soft and hard modes, it is in principle a bit more cumbersome to
implement. Consider for example the J-function defined in Eq. (3.2). Previously we
had taken the customary approach of separating this into a zero-temperature Coleman-
Weinberg piece and a finite temperature piece [55],

1 [ dk 3k
Tl =3 | e +0) =7 [ Gz meEan). 0
Jowlm] Tr(m]

where np/r(Ey, T) = 1/ (/T £ 1). A more useful decomposition for the purposes of
Arnold-Espinosa resummation would be to isolate the zero mode

T Bk, T Bk
Tl =5 [ G n 0+ ) 5;/@@31“(“’“’“ rm), (G4
TeoreIm] h s

Jhard [m]

where w,, = 27nT. Working in the high-temperature expansion, one can show that this
first zero-mode piece evaluates to

Tsoft|m] >~ —Lm:iT. (3.42)

127

Comparing against the full expression in Eq. (3.7), we note that the zero-mode con-
tribution is just the term non-analytic in m?2. This is a more generic phenomenon; it
will turn out to be the case that all terms non-analytic in m? contain zero-mode con-
tributions. This makes implementing Arnold-Espinosa resummation surprisingly simple
in practice when working in the high-temperature expansion, since the terms requiring
resummation are readily identifiable. At 1-loop there is only one such term (per scalar

field ¢;), and we resum it by replacing m? — M? The 1-loop effective potential in the
Arnold-Espinosa scheme then reads

1 1 A
V;;g,)AE :§(N% + 01T2)¢% + 5(#3 + 02T2)¢2 "’ ¢1 + ¢2 + _12¢1¢2
, L (3.43)
- — M M T — )
12%( + M) 64m 2(m1+m2)

This expression is similar to the Parwani-resummed Veg)P but differs in the higher order
terms oc m*. Explicitly, the difference between the two is

L
1 1 R
Vithe = Vaip = gpog (6 + )T +2(cimi + com3)T?] (3.44)
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Before moving on to the 2-loop effective potential, we note that often in the literature
: (1) . c ”
one speaks of resumming V_;’ by adding the daisy “ring improvement” term

1 —s3 3
We see that the result is completely identical to that of the procedure described above.
At 2-loop order, there are many more terms with non-analytic m? dependence. It will
be useful to define the Arnold-Espinosa resummed Z-function, whose high-temperature
expansion reads

Vdaisy - -

1 1 — LR 6(3) m4
T —T? - —MT — ——m?++ >
U i 1672 " 12874 T
Then from Egs. (3.26), the contributions to the resummed V5,0, coming from the figure-
8 diagrams are

(3.46)

)‘1 AT T3 LR 22 3 =229 3Lr m2M (C(3) + 3L%%) 4
‘/2100p AE — 327‘( |:—M1T 47T T "‘ 2 M T 4 2 MIT Tml )
3.47
V >\2 _M TS LR 2T2 4+ — 3 M TQ 3LR 2M T (C(B) + BL%)( 4 a)
2-loop,AE — 327'(' 2 47T o 4 2 —3271'3 mo| ,
(3.47D)

A T — Lgr
VloopAE —= [—g(M1+M2)T+M1M2T2—E(m%—kmg)TQ

Lp — — L? ¢(3)
t o (Mm3 + Mom)T + c=mim; + oo (mi +m3) |
(3.47¢)

From Eq. (3.29), the contribution from the sunset diagrams are

3)\2 /ﬂ
V 2-loop,AE — 327_?2 <1H <9MR2 +1 (ﬁ%TQ
1

9N MR TF 2 (3.48a)
+m hl —|—LR—21I12+2 M1¢1T . a
s ]\41

%
25674

2
)‘12

HR 1 22
V In| =——— + = T
o, AB = - 64n? < (M1 + 2M2> 2) !

Ay MR 2
+W (111 <4M + Lg+2 M1¢1T

1

)‘%2 MZR 2
+ 1983 In o + L+ 2 | MapiT
2

L2+ Lp—27%—4 12 3
rRT Lr—2vg —4m + +2 migi,

4

(3.48b)
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where again we are taking ¢; as the field which develops a vacuum expectation value.
Finally from Eq. (3.31), we see that the contributions from vertex counterterm diagrams
are unaffected by the resummation. The 2-loop effective potential resummed in the
Arnold-Espinosa scheme is then

V;(ff AE — V%?AE V 2-loop,AE + V 2-loop,AE + V 2-loop,AE + V 2-loop,AE + V 2-loop,AE + V 2-loop + V 2-loop *

(3.49)
As for Parwani resummation, the Arnold-Espinosa resummation scheme intrinsically
depends on the high-temperature expansion and resums only the leading contributions
in the high-temperature limit.

3.5. Gap resummation

Gap resummation offers an alternative to the diagrammatic approaches to resummation
described above, which quickly become cumbersome at higher loop order. Rather than
evaluating such diagrams analytically, in gap resummation one need merely compute Ve(é)
and then solve the so-called “gap equation” for the thermal mass. This gap equation
includes the dominant contributions from many higher-order diagrams, though admit-
tedly it does not include contributions from certain sub-leading diagrams at each order
(for example, parts of the 2-loop sunset diagram). After solving the gap equation for the
thermal mass, this is substituted into either Ve(é) in the full dressing (FD) prescription

or into 8¢Ve(ﬁl) in the partial dressing (PD) prescription. The latter is sometimes also
called tadpole resummation, and has been demonstrated to count daisy and superdaisy
diagrams more faithfully to higher order.
The first step in either procedure is solving the gap equation for the thermal mass,
82
M7 = 5 Ve (M3). (3.50)
Note that the thermal mass M? appears on both the left- and right-hand sides of this
equation, which must be solved numerically. Considering for the moment single-field ¢*
theory in the high temperature expansion — the effective potential for which given in
Eq. (3.8) — this gap equation is explicitly
g2 T2 AT _3AMT 3ALgrM? B IN2P2T B IN2L p?
4 4 1672 4w M 82
The set of gap equations in the 2-field case is even more complicated given their coupled
nature

(3.51)

igh- A 3\ A
M2UET 24 3662+ %% e T? — 4—1M1T - 8—12M2T
3A, o 2 2 2 (3.52a)
~ oL} — 7 1 LpME — T 1 (36X3 + %) 3,
igh- A 3\ A
MEET 2 30008 + CR G 4 6T — SEMT — S M T
2 Am 8w (3.52b)

3o o2 A12 M2 —

2 2
1672 B2 32 R T gon S92 (3023 + X)05
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3.5.1. Full dressing

In the full dressing (FD) prescription, the thermal masses M? obtained by solving the

gap equations are substituted directly into the effective potential, VEP = Veg)|m2 M2,
with the result

1 1 A A A
Vil =5 + e T)6% + (15 + &T)65 + Lot + o3+ =61 55
1 Lpr ’
- E(Mf’ + M)T — 647r2(Mf + Mj).

When one uses the high-temperature expanded truncated thermal masses, this is iden-
tical to the 1-loop effective potential in the Parwani scheme Ve(é,)P, given in Eq. (3.35).
More generally when using the full solutions of the gap equation, however, they differ.

3.5.2. Partial dressing

One issue with the FD prescription is that it miscounts certain diagrams starting at
2-loop order |56, 57|. This shortcoming led to the introduction of the partial dressing
(PD) prescription, in which one replaces m? — M? on the level of the first derivative
of the effective potential 0,V.s and then integrates to obtain the resummed effective

potential
v (m2
v = [ as (% , (3.54)

where the M;’s are the full solution of the gap equations. The procedure can be under-
stood by thinking about Dyson resummation in zero-temperature field theory. There,
self-energy corrections are resummed into the propagator

? l
- 5
P2 —m? | p>—m?+3(p?)

(3.55)

where X(p?) is the self energy and p? is the momentum. If ¥ is not dependent on p?; all
corrections to the propagator can be absorbed into the mass via

m? — M? =m? - %. (3.56)

This resummation can also be used to absorb thermal corrections since their leading part
does not depend on the momentum (see Appendix C for a discussion of the momentum-
dependent parts). Moreover, we can identify M? as the solution of the gap equation. To
ensure proper resummation, it just needs to be ensured that this replacement is done
only for all propagators and not for vertices, which in the effective potential are, however,
expressed in terms of the mass. To avoid also dressing the vertex, the replacement is
done on the level of the tadpole for which the coupling is explicit (see below).

The PD procedure has been demonstrated to correctly count the most relevant dia-
grams up to 4-loop order [41]. To compare the two and explicitly understand why FD
leads to a miscounting while PD does not, we will consider the 1-loop tadpole diagrams
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which compute 0,V).100p (in contrast to the vacuum diagrams which compute Vi joop)-
These tadpoles can be formed from the corresponding vacuum diagrams by attaching a
zero-momentum truncated external leg to each part of the vacuum diagram. By shift-
ing m? — M? at the level of vacuum diagrams, FD is equivalent to dressing both the
propagator and 3-point vertex ¢z = d,m? of the corresponding 1-loop tadpole diagrams.
In contrast, by shifting m? — M? at the tadpole level, PD dresses only the propagator.
To see explicitly that the former dressing of both vertex and propagator leads to a
miscounting, let us return for the moment to the single-field ¢* theory. Presuming the
hierarchy \T?/m? ~ 1, AT/m < 1, and ¢*/T? < 1, the leading order gap equation is’

A2 T o AT?  3AMT  9N¢*T

4 4 AT M (3:57)
The solution gives the dressed propagator, and to O(\?) reads
high-T T2 3T N°T4 9IN2T? A3T® ON3TH
M =~ — — — ) 5
m 8m 8t 128m3 * 12872m + 1024m5  10247%m3 (3:58)

Meanwhile, the dressed 3-point vertex C} is obtained by differentiating the gap equation,
Cs = 9, M?. Working to the same order, the solution is

high-T

Cy "2 6Ag (1 (3.59)

INT oN2T3 27T\3T5 8IN3T3
8tm  64mm3  1024mm>  1024w3m3 )’

In FD, both the propagator and vertex of the tadpole are improved, and so starting from
Eq. (3.7), the contribution to the derivative of the 1-loop effective potential reads

high- T MT
OsVilop = ﬂ(6A¢) -5 st (3.60)

where the first leading order term comes from the hard thermal loop, the second term
comes from the zero mode, and we suppress higher order terms. This is in contrast to
PD, for which only the propagator is dressed, leading to

high-T 12 MT
6(1,‘/1}_)1]301) g:T ﬂ(6)\¢) — gCg + ... (361)

where ¢3 = 9y;m* = 6\¢ is the undressed 3-point vertex. Explicitly using the forms of
M and C'3 above, the zero-mode piece in either case reads

mT T3 N 3NT? N \2T° 63273
81 64mm 1672 10247mm3  102473m
AT 6337 )

MT | nigh-T
T o)

- 3.62
819275 | 819273m3 (3.62)

"The last term proportional to ¢2 is formally subleading in this equation for A2. It, however, becomes
important when taking the derivative with respect to ¢ for computing the 3-point vertex.
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MT  nigh-T (6A6) mT \T3 N 3NT? n AT 9N
—0cC E— — — _

8t ° 8t 64mm | 6472 | 10247mm3  1024m3m
AT 9A3T® )

- 3.63
81927mmb + 819273 m3 ( )

The difference between the fully dressed and partially dressed 1-loop tadpole, defined as
A =0, VER, — 05V, is then

-loop -loop»

— 3.64
6472  51273m + 409673m3 ( )

A high T (620) (9)\T2 27\2T3 27TN3T° )
By computing contributions from the relevant Feynman diagrams up to 4- loop order,
Ref. [41] finds an expression for O Vi.100p Which precisely matches that of 9,V,50, ) above,
and so A quantifies the extraneous contribution due to miscounting in the FD procedure.
These extra terms are not present for PD, which automatically includes subleading
thermal corrections of super-daisy order. This is reflected in Fig. 7, which compares the
PD procedure with FD, Parwani, and Arnold-Espinosa resummation schemes at 1- and
2-loop level.

One shortcoming of PD is that an ambiguity arises when field excursions can proceed
along multiple directions. Namely it is unclear which field to take the derivative of
Veg with respect to, since in general VJ&DJ #+ V(;D’z, where VPDZ = [d¢; 0 ngf’ e
Sec. 5.2 we propose a multi-field generalization which holds even in the case of mixing
scalar fields, making PD suitable for a wider range of applications, in particular BSM
extensions of the Higgs sector.

3.6. Numerical comparison
Single-field ¢* theory

For our numerical discussion of the single-field ¢* theory, we focus on the benchmark
point

A=1/3, p=1TeV. (3.65)

We set the renormalisation scale equal to the temperature.

We start our numerical discussion by comparing different approximations for the ther-
mal masses as a function of the temperature in Fig. 4. The thermal masses are normalized
to the full thermal mass computed by solving the gap equation.

As expected, the high-temperature expansion of the thermal mass M’ is close to the
full solution of the gap equation M? for low temperatures since the overall thermal
corrections are negligible (see blue curve and Eq. (3.24)). The small ~ 5% deviation
for temperatures close to zero is explained by loop corrections induced by the Coleman-
Weinberg potential, which are not taken into account in the high-temperature expansion.
For temperatures above 1 TeV, the ratio of the high-temperature thermal mass to the
full thermal mass increases quickly until the curve converges at ~ 1.3 for T' 2 10 TeV
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single-field ¢* theory
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Figure 4: Different approximations of the thermal masses (blue: high-temperature ther-
mal mass, MQ, see Eq. (3.24); blue dot-dashed: high-temperature thermal mass

with additional Boltzmann factor, Méoltzmmn, see Eq. (3.25); orange: tree-level
mass plus full one-loop correction, M?|unc., see Eq. (2.14)) normalized to the
thermal mass obtained by solving the gap equation M? as a function of the
temperature.

and then stays constant for higher temperatures. The constant off-shift is caused by
temperature-dependent higher-loop contributions which are generated by solving the
gap equation but not taken into account in the high-temperature thermal mass.®

If an additional Boltzmann factor is included in the equation for the high-temperature
mass (see Eq. (3.25), blue dot-dashed curve), the ratio stays close to one for a slightly
larger temperature range than without the Boltzmann factor. The overall agreement
with the full thermal mass is, however, not substantially improved.

If instead the full one-loop correction (without any high-temperature expansion) is
used to calculate the thermal mass, M?| (;une., (see orange curve and Eq. (2.14)), the low-
temperature behaviour of the full thermal mass is very well captured (since now also the
one-loop corrections from the Coleman-Weinberg potential are taken into account). At
T 2 4 TeV, where temperature-dependent higher-loop order corrections start to become
relevant, however, also this approximation fails to capture the temperature dependence
of the full thermal mass.

The real parts of the effective potential are compared in Fig. 5. For low temperatures,
the thermal corrections are small and, consequently, the different resummation methods
yield almost identical results. Only for higher temperatures of 7" 2 10 TeV, differences
between the three methods become visible.

8This can for example easily be seen by solving Eq. (3.57) for ¢ = 0 without expanding in A (as done
for Eq. (3.58)).
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Figure 5: Left: Real part of the one-loop effective potential in the one-field ¢* model
evaluated using different resummation methods. Right: Same as left, but two-
loop corrections are included for the full-dressing approaches.

In the left panel of Fig. 5, showing the real part of the effective potential evalu-
ated using various resummation methods at the one-loop level, very small differences
between Parwani and Arnold-Espinosa resummation are visible originating from sub-
leading thermal corrections which are partially included for Parwani resummation but
not for Arnold-Espinosa resummation. This discrepancy is completely gone in the right
panel of Fig. 5, for which the effective potential is evaluated at the two-loop level for
the Parwani and Arnold-Espinosa curves. As a consequence of explicitly including the
subleading thermal two-loop corrections, whose leading contribution is oc A2m?7T?2, the
curves using Parwani and Arnold-Espinosa resummation lie on top of each other. This
seemingly signals a well-behaved perturbative convergence of the subleading thermal
corrections.

The result using partial dressing lies below the Parwani and Arnold-Espinoa results for
high temperatures. Interestingly, the difference is increased when comparing the partial-
dressing result to the two-loop full-dressing results in comparison to the one-loop full-
dressing results. While in principle a difference is expected since partial dressing correctly
includes subleading thermal corrections, one would naively expect this difference to
shrink down once these subleading thermal corrections are explicitly included at the two-
loop order for the full-dressing methods. To understand why this increases the difference
between full and partial dressing, it is instructive to understand the proportionalities
of the formally leading terms missed by the full dressing method. While the formally
leading missed term is oc \>m?T? if computing the effective potential at the one-loop
level, it is oc A*mT? if computing the effective potential at the two-loop level. For
high temperatures, this three-loop term is larger than the respective two-loop term
demonstrating that including the full two-loop corrections in the full dressing approach
can worsen the result. Also explicitly including the term oc A>T might not improve
the result since for high temperatures the four-loop term oc A7°/m could be even
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Figure 6: Thermal masses of ¢; (blue) and ¢, (orange) in the two-field ¢* model. The
thermal masses are either evaluated by numerically solving the gap equations
(solid) or in the high-temperature expansion (dashed).

larger. This demonstrates the necessity of correctly resuming also subleading thermal
corrections and is in direct correspondence to the behaviour of the thermal masses at
high temperatures (see Fig. 4).

Moreover, we show in the left panel of Fig. 5 the result using full dressing (see Sec-
tion 3.5.1). As discussed in Section 3.5.2, this resummation scheme miscounts diagrams
starting at the two-loop level. This is clearly visible by the large difference to the other
resummation methods for 7" = 10 TeV.

Two-field ¢* theory

Next, we compare the different resummation methods in the two-field ¢* theory without
mixing. We focus on the benchmark point

M=X=1/3 Ao=2, pl =—-4TeV? p2=—1TeV?. (3.66)

The renormalisation scale is again set equal to the temperature.

Fig. 6 shows the thermal masses computed either by numerically solving the gap equa-
tion (solid lines) or by keeping only the leading term in the high-temperature expansion
(dashed lines). As expected, the full and high-temperature versions of the thermal
masses agree well for low temperatures since thermal effects are small in general. For
very high temperatures, small differences are visible originating from high-order correc-
tions induced by numerically solving the gap equations (see discussion of Fig. 4). We
observe the largest absolute differences for intermediary temperatures, for which the
temperature is similar to the tree-level masses. Here, thermal corrections are important
but the high-temperature expansion is not yet a good approximation.
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Figure 7: Left: Real part of the one-loop effective potential in the two-field ¢* model
without mixing evaluated using different resummation methods. Right: Same
as left, but two-loop corrections are included for the full-dressing approaches.

The real part of the effective potential is shown in Fig. 7 as a function of ¢; setting
¢, = 0, implying that there is no mixing between the fields. As for the one-field ¢*
theory, the Parwani, Arnold-Espinosa, and partial dressing approaches agree well for
low temperatures. For higher temperatures, larger differences are visible. In contrast to
the single-field case (see Fig. ), the difference between the Arnold-Espinosa and Parwani
resummation methods is increasing from the one- (left panel of Fig. 7) to the two-loop
level (right panel of Fig. 7). This signals that the dominant difference between the two
approaches in the given scenario is not of two-loop order but induced by higher-order
effects. This is due to the comparably large numerical values for the \’s as well as the
larger number of fields which enhance the significance of higher-order corrections. This
again shows the importance of resuming also subleading effects as achieved in the partial
dressing approach.

4. Toy model for symmetry non-restoration

Next, we discuss the phenomenon of EWSNR. EWSNR refers to situations in which
the EW symmetry is not only broken at low temperatures but also not restored at high
temperatures (or the restoration is delayed up to very high energies). This is particularly
interesting from the point of resuming thermal corrections. In order for EWSNR to
occur, the thermal corrections need to dominate over the tree-level mass turning the
squared thermal mass negative and thereby ensuring that the EW symmetry is broken.

We base our discussion on a toy model for symmetry non-restoration which was pre-
sented in Ref. [17]. Its potential is given by

1 1 1
VO(g,x,5) = 5/@*52 + §Mi doxi+ §M?¢¢2
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1 4 1 4 1 4 1 2 2 1 2 Q2
+ 700"+ A Z Xi + PAsSt Ao ZX + hasd®S%, (4.)

where S and y; are vectors of dimension Ng and V,,. The index 7 is a generation index
which runs from 1 to Ngen,. We will only evaluate the potential at zero field values for
S and the x;. Therefore, all x; have the same mass m, and we will drop the sum over ¢
and instead use N, = N, Ngen. The parameters are chosen such that only ¢ develops a
non-zero vacuum expectation value. Therefore, we are only interested in the ¢ direction
and set x; and S to zero for the evaluation of the effective potential.

In the high-temperature limit, the thermal masses are given

__ 1 1
M, =m? +T%, =m? + T [E(NX +2)M+ 55 ¢/\¢X} : (4.2a)
M;Boltzmann = m?ﬁ + T20¢ =
1 1 1
- mi +1° {E(‘Mﬁ +2)As + 21 gy T ﬂNs/\(ﬁse_ms/T} , (4.2b)
_ 1 1
Mg,BoltZInann = m?g + TQCS - m?g + T2 |:E (NS + 2))\S€_mS/T + ﬂ ¢>\¢S:| . (4.20)

This also defines the coefficients {c,, cs, ¢4}, which are used later. Since the parameters
are chosen such that my ~ m, < mg, the thermal contributions of S are multiplied by
the Boltzmann factor e ™s/T to better approximate the full thermal loop function for
T < mg (see also Eq. (3.25)).

To achieve symmetry non-restoration, A4, is chosen to be negative such that the
thermal mass of ¢ becomes negative. For T" ~ mg, the thermal contribution of S
compensates for the negative contribution of the y; resulting in the eventual symmetry
restoration at T' 2 mg.

Since the stability of the potential at the tree level requires

A¢Ax
Ngen ’

Aoy > —2 (4.3)

a large number of generations is required to ensure symmetry non-restoration,? while
still satisfying perturbative unitarity bounds.

4.1. One-loop effective potential

The one-loop effective potential is given by

VW(6,x,S) = T(my) + N J (my) + NeJ (mys) . (4.4)

9In more realistic models, the negative BSM contributions to for instance the thermal mass of the
Higgs boson must also overcome the positive contributions of other SM particles.
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The counterterm contributions are
1
V(LCT)(qba Xi = 07 S = O) 2 (1) 2¢ + 5(1))\¢¢ (45)

We choose to renormalize A\, in the MS scheme. For the renormalization of fig, we
include a finite piece to the counterm

(1), .2 82 Olks) 1 2 2 M%
o Ho |, ———qb 8(;52 = 647r2NS>\¢S¢ Hs 1_lnﬂ_2 ) (4.6)

¢=xi=S=0,T=0 R

where the superscript O(u%) denotes that only the leading contribution proportional to
1% is considered. This counterterm is chosen to absorb the very large zero-temperature
loop corrections to my from S (due to pg > |ue|) into the definition of fi4.

2. Two-loop effective potential

The genuine two-loop corrections to the potential are given by
VEEN (6 x; = 0,5 =0) = % [MoZ(my)? + NsAsZ(ms)? + Ny I(my,)?]
+ 7| (N2 = NoJAST(ms)? + Ny (Vy, = DAT(m,
+ NoAssZ(me)L(ms) + NyAsxZ(mg)L(my)| . (4.7)
The counterterm contributions at the two-loop level are

1 1
VD) (4 v, = 0,8 = 0) = 55(2) 1207 + 15(2)A¢¢4

+

»-Bl*—‘l\DIOJl\Dli—‘

1 1

5(1)@I(m¢) +54 W T(my) + §Ns5(1)/i§z(ms)
WNH* T (my) + — (5 NNos#*L(ms)
/\¢x¢ “I(my), (4.8)

where here we already set x; = S = 0. The first line contains the needed two-loop
counterterm; the two last lines represent the subloop renormalization. We checked an-
alytically that all UV divergencies and €' pieces of the loop integrals (with € being the
UV regulator) cancel.

The thermal mass counterterms, relevant for Parwani and Arnold-Espinosa approaches,
give additional two-loop contributions:

1
y ek (g x, §) = =17 (coZ(m3) + Ny Z(m}) + NsesZ(mg)) . (4.9)
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Figure 8: Thermal masses of ¢ (blue) and x; (orange) in the symmetry non-restoration
toy model of Ref. [17]. The thermal masses are either evaluated by numeri-
cally solving the gap equations (solid) or in the high-temperature expansion
(dashed).

We checked explicitly that, in the high-temperature expansion, all O(T?) terms cancel.
This cross-check was performed separately for Parwani and Arnold/Espinosa resumma-
tion in the limits mg < T and mg > T. The two-loop counterterm for ji4 is again
chosen such that the very large zero-temperature loop corrections to my from S are
absorbed into the definition of ju4.

4.3. Numerical comparison
For our numerical comparison, we choose the benchmark point already used in Ref. [17]:
Ngen =12, N,, =4, Ng=12,

py = —0.01 TeV?, 2 =0.01 TeV?, p& =400 TeV?,
Ao =0.1TeV? A\, =05, Ag=1, Ay =01, A\pg=1. (4.10)

This benchmark is chosen to realize symmetry non-restoration for 7' < 10 TeV. At
higher temperatures, the S field eventually ensures symmetry restoration.

Thermal masses

We start with a comparison of the thermal masses My and M, in Fig. 8. For the scalar
¢, the thermal mass calculated by solving the gap equation M; is negative only for
small temperatures (7' < 7 TeV). If instead the high-temperature expansion is used
(see Eq. (4.2)), the squared thermal mass stays negative until much higher masses (7" ~
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19 TeV). This difference has two origins: 1) the thermal loop functions appearing in the
gap equation is not expanded in the high-temperature limit; 2) solving the gap equation
numerically effectively includes higher-order corrections (see discussions in Section 3.6).
For the scalars y, the differences between the thermal mass obtained by solving the gap
equation and the high-temperature expansion of Eq. (4.2) is even more pronounced due
to the relatively large number of fields IV, = 48 coupled to each other.

Effective potential

Next, we study the effective potential itself. Fig. 9 shows the dependence of the effective
potential on the value of ¢ for various temperature values.

In the upper left panel, we show the real part of V.4 calculated at the one-loop level
using Arnold-Espinosa and Parwani. For both Parwani resummation (solid lines) and
Arnold-Espinosa reummation (dashed lines), electroweak symmetry non-restoration is
clearly visible for 7" < 6 TeV. For higher temperatures, the thermal contribution of
the S triggers the eventual symmetry restoration. While for low temperatures both
methods yield very similar results, there is an increasing difference for higher tempera-
tures. As discussed in Section 3, this difference arises from subleading super daisy-like
contributions which are partially included in the Parwani approach.

One natural way to reduce the difference between both methods and thereby the
theoretical uncertainty is to explicitly include the full two-loop corrections as outlined
above. The results are shown in the upper right panel of Fig. 9. Remarkably, the differ-
ence between Parawani and Arnold/Espinosa resummation is not reduced if including
the full two-loop corrections but of similar size as at one-loop level. After including
the full two-loop corrections, the difference between the two resummation schemes is
of three-loop order. The fact that the difference is not decreased when going from the
one- to the two-loop level signals that also the three-loop difference is sizeable. This is
a consequence of the large multiplicity of fields and demonstrates that a resummation
of subleading super-daisy corrections is needed.

It is even more astonishing that some of the two-loop results feature unphysical kinks.
These kinks appear if one of the squared thermal masses crosses zero (see e.g. the scenario
of Fig. 8). For a negative mass squared, the loop functions develop an imaginary part.
While the imaginary parts of a negative tree-level mass squared cancel once large thermal
effects are resumed as shown in Ref. [59], an imaginary part remains if one of the squared
thermal masses becomes negative. We show this remaining imaginary part of the effective
potential (without normalizing the potential to zero a the origin) in the lower left panel
of Fig. 8. We see that imaginary parts already occur at the one-loop level. The size of the
imaginary parts is, however, enhanced at the two-loop level. This is due to a mismatch
between the figure-eight diagrams and the thermal counterterm contributions. While the
full thermal loop functions (without any high-temperature expansion) are considered for
the former contribution, the thermal counterterms appearing in the latter contribution
are by definition derived in the high-temperature expansion. This (unavoidably) different
treatment of the two contributions artificially enhances the imaginary part of the effective
potential and also induces kinks in the real part via products of two imaginary parts. In
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Figure 9: Upper left: Real part of the one-loop effective potential for the symmetry non-

restoration model of Ref. [17] evaluated using Arnold-Espinosa and Parawni
resummation. For the thermal resummation, we employ either the Parwani
(solid) or Arnold-Espinsa (dashed) methods. Upper right: Same as upper
left, but the effective potential is evaluated at the two-loop level. Lower left:
Imaginary part of the effective potential evaluated at the one- and two-loop
level using Parwani resummation. Lower right: Real part of the one-loop
effective potential evaluated using partial dressing.
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general, large imaginary parts also question the validity of the perturbative calculation
of the effective potential. As discussed in Ref. [60], the imaginary part of the effective
potential corresponds to a decay width of the localised ground state into a non-localised
ground state. Therefore, calculations based on a perturbatively calculated effective
potential should only be trusted if the imaginary part is small against the real part (see
also discussion in Appendix D).

The problems with the perturbative convergence and large imaginary parts are com-
pletely avoided if we use partial dressing. We show the corresponding result in the lower
right panel of Fig. 9. As discussed in Section 3.6, partial dressing does not only resum
daisy but also super-daisy contributions. Since no high-temperature expansion is applied
and all contributions are treated on the same footing, no large imaginary parts appear.
Consequently, no kinks appear in the result and calculations based on the pertubatively
calculated effective potential are trustworthy.

5. Resummation in multi-field ¢* theory with mixing

After discussing resummation in multi-field theories without mixing, we now turn to
the case with mixing between the scalar fields. For simplicity, we focus on a simple toy
model consisting of two real scalar fields ¢; and ¢, with tree-level potential

Mo
4
We allow both fields to potentially develop a zero-temperature vacuum expectation value.
While this significantly complicates several formal aspects of the resummation procedure,
it is nonetheless important that we allow them to mix in anticipation of concrete BSM

applications.
At the tree level, the scalar mass matrix is given by

2 2 — 13 4 3\ 9% + 222 A1201¢2
M2(¢y, — (M m12) _ My 191 T 5793 . (5.2
(91,02 (m% m3, 120102 — 113 + 3\203 + 21297 (5:2)

where the fields ¢; o take on their background values. This matrix can be diagonalized
as Ry M*Ry = M3, = diag(m?,m? ), with mass eigenvalues

2 2
i A A
Vo= -5t - %%b% + O+ 05+ o) (5.1)

1
mi = ) (mfl +miy + D) , with D = \/(m%I —m3y)? +4mi, . (5.3)
It is convenient to parameterize S in terms of the tree level mixing angle 6:

. 2
Ry = (COSQ _Sme) | sin26 = 2y (5.4)
V(

i 2 2 2 i’
sinf  cosf m2, —m2,)? + 4m?,

which can then be used to relate ¢ » to the mass eigenstates ¢
¢1> (¢+)
=R : 5.5
() = (5 55)
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The background field-dependent mass eigenstates enter into the 1-loop contribution
to the effective potential as

Vidoop = J[my] +T[m_], (5.6)

where the J function is defined in Appendix A.

5.1. High-temperature expansion and truncated full dressing

To gain some intuition, we will first consider the high-temperature limit, in which the
field-dependent part of the one-loop effective potential reads

2

Vitoop =~ 57 (m% +m?) - Tor (mi +m?) —

i (m +ml), (5.7)
where L = log (’}—%) + 2(vg — Inm) is field independent. Considering just the leading

contribution ~ 7?2, the one-loop corrected effective potential is

highT 1 A 1 A A
Vi S 5 (i aT?) o+ Fot 4 5 (i + oaT") 61+ Tob+ ooleh. (59)

where we have defined the coeflicients

1

Cl:ﬂ

1
(6)\1 + /\12) , Co = ﬂ(6>\2 -+ )\12) . (59)

Letting M2(®,T) = m?(®) + dm?(®, T) be the thermally corrected mass, the truncated
gap equation is simply

M? = @—ng) : (5.10)
% 8@512 €
which leads to the finite-temperature mass matrix
M?%  M?
2 — i1 12
MT(¢17 ¢27 T) — <M122 M222>
_ <_,M% + 01T2 + 3)\1925% + )\%Qb% )\12¢1¢2 )
A 20102 — 3 4 T2 + 3\o¢h3 + 21203
(5.11)
Diagonalizing M?3. yields the finite-temperature mass eigenstates M2 (®,T),
o _ 1,40 2 : 2 2 \2 2
as well as the finite-temperature mixing angle O(¢y, ¢, 1),
sin20 = 2M}/D. (5.13)
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With these preliminaries out of the way, we now turn to the resummation of the 1-loop
effective potential.

In the truncated full dressing (TFD) prescription, resummation amounts to simply re-
placing m? — M?|i;une. on the level of the effective potential: VP = Vg M with
© = =+ labeling the finite-temperature mass eigenstates. In the hlgh—temperatjure expan-
sion, the resummed potential reduces to the one obtained with the Parwani prescription,
namely

2 3 -3

T° (—2 —2 T /— L
TFD,Parwani
Vorr =Vto <M++M—>_E<M++M—)_64w2 (M + M ) (5.14)

or equivalently

)\12

arwani 1 1
1/ LFD.P _ 5( 12+ Csz) &+ ¢4 ( s+ 62T2) 3 + ¢2 ¢1¢2
T
T 12n (M +M_ ) 6472 (M + M ) (515)

Using the Arnold-Espinosa prescription, the thermal mass is only inserted in the T
terms.

5.2. Partial dressing

As discussed in Sections 3 and 5, truncated dressing suffers from various issues. First,
it does not resum subleading super-daisy corrections. Second, it unavoidably relies on a
high-temperature expansion of the thermal masses, which often is not justified. Third,
mismatches between the treatment of various two-loop contributions lead to unphysical
kinks in the effective potential. As we have discussed, partial dressing avoids these
issues. One shortcoming, however, is that prior to this work it was unknown how to
apply the partial dressing prescription in the case where multiple scalar fields acquire
non-zero vacuum expectation values and mix. Here, we will demonstrate how partial
dressing can be applied to the case of mixing scalar fields.

We start with the gap equations. If we go beyond the leading term in the high-
temperature expansion, the gap equations are promoted to a matrix equation

9?2 9?2
942
M2 = [( % 3¢g§¢2> Vet
0¢10¢2 b3

, (5.16)

(ma,s29)—(Mx,520)

where M. and sye = sin 20 are determined by diagonalizing M2. The second deriva-

tives #;%Veg directly correspond to the ¢;¢; two-point functions at zero momentum.

The resulting mixing angle relates the original fields ¢, 5 to the loop-corrected fields &,

(z;) = Reo (gf) : (5.17)
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These loop corrections include both zero-temperature as well as finite-temperature ef-
fects.

To solve Eq. (5.16) iteratively, it is important to express the right-hand side completely
in terms of the masses and the mixing angle. This can be done either by calculating
the second derivatives of the effective potential diagrammatically (i.e., in terms of self-
energy Feynman diagrams) or by expressing the first and second derivatives of the (field-
dependent) masses in terms of the masses and the mixing angle. For example,

om?
91

In the Feynman-diagrammatic approach, this angular dependence follows directly from
the Feynman rules. For example, the coupling of ¢, to two ®_, which appears in the ¢,
tadpole corrections, is given by

(g1, @, D) = cge(r, b1, 61) — 2cosec(Pr, b1, d2) + soc(P1, Pa, d2) =
= $1M1ch — 202 ac050 + P1A125 (5.19)

In the diagrammatic approach, it is furthermore straightforward to also add the depen-
dence on the external momentum. In this case, the matrix Ry becomes non-unitary and
can not be parameterized by a single mixing angle. We leave this for future work.

After the determination of the thermal masses and the thermal mixing angle, we
insert them into the first derivatives of the effective potential 0;V.g (tadpoles). While
for the case of vanishing mixing, we only need to consider one tadpole (the one for
the non-vanishing field), which is then integrated to obtain the effective potential, an
ambiguity arises in the case of non-vanishing mixing since in general V. TPD ! #V TPD’2
(with Vg " = [ de; 0;Vet| ).

A reasonable solution Wouid be to replace the derivative with a gradient V; — V Vg
and the integral over ¢ with a line integral to the position in field space (¢7, ¢5) where
we intend to evaluate the potential [d¢ — [,d5. We therefore propose the following
multi-field generalization

= [6A1sin* 0(¢1, 2) + Mz cos” O(d1, ¢2)] d1 + A2 sin26(¢r, d2) ¢o . (5.18)

TPD
v / 45 V| oo ineo (5.20)

where VVeg = élg‘:ff + (/Bg%f and the curve C connects the origin to (¢7,¢3). As a
consequence of Green’s theorem and the fact that the curl of a gradient is zero, the
exact form of C does not matter. For simplicity, we choose C to be a straight line, which
we parameterize as §(t) = (¢it, ¢5t) with ¢ € [0,1]. The expression for the effective

potential becomes
(67t 03 t))

av(l)
VPP — / dt
; <¢1 96,

correctly captures the ¢;-dependent part of the effective potential but not the ¢o-dependent

8V
+ &,
(z)* t, ¢* 2 a¢2

, (5.21)
(M:t7826)

TPD,1
10‘/eff 5

part. In contrast, Ve?fPDQ correctly captures the ¢o-dependent part of the effective potential but not
the ¢1-dependent part.
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where the unresummed effective potential appearing on the right-hand side is V;g) =
Vo + Vitloop, With Vj in Eq. (5.1) and Vi jeep in Eq. (5.7).
In the high-temperature expansion, the first derivative with respect to ¢, is

Ve A
Sor| = HEorE ol + S26i0h
hish-T (5.22)
T2 Tmy Lm2\ dm? N T? Tm_ Lm%\ dm?
24 8 3272 ) do, 24 8w 3272 ) degy
where 2
d:r;i = [6)\1 SiIl2 0 + >\12 COS2 9] ¢1 + >\12 sin 29¢2 . (523)
1

A similar expression holds for OV.g/0¢, with 1 <+ 2. Next we should replace any
instances of m% and 6 with the thermal quantities M2 and ©. Finally, we evaluate at
(it 5t), multiply by @7 o respectively, take the sum, and integrate over 0 < ¢ <1, in
accordance with Eq. (5.21).

Due to neglecting the momentum dependence of the self-energy insertions (see Sec-
tion 3.5.2), partial dressing fails to correctly reproduce two-loop sunset diagrams since
it can not account for the case of overlapping loop momenta. While for the non-mixing
case, one can easily correct for this by multiplying the Z,-contribution to the gap equa-
tions by a factor 2/3, the correction is more subtle in the case of mixing scalar fields.
We discuss this in detail in Appendix C. As already known for the non-mixing case in
the literature, we also find this correction to be numerically of minor importance for the
case of mixing scalars.

5.3. Numerical comparison

For our numerical comparison, we choose the following parameter point:
M=X=1/3, \a=2, u2=—-4TeV? pu2=—1TeV>. (5.24)

These parameters are chosen such that both fields can develop a non-zero vacuum ex-
pectation value.

Thermal masses

We start by investigating the thermal masses as a function of the temperature (see
Fig. 10) for ¢y = ¢ = 1 TeV. While for low temperatures, the solutions of the gap
equation agree well with the thermal masses in the high-temperature masses, a sizeable
difference arises for temperatures close to the zero-temperature masses (' ~ 5 TeV).
For larger temperatures, the differences shrink again even though a visible difference
remains. This behaviour is very similar to the results obtained in the EWSNR toy
model (see Section 4).
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Figure 10: Thermal masses of ¢; and ¢, in the two-field ¢? theory as a function of the
temperature calculated by solving the gap equations (solid) and the high-
temperature expansion (dashed).

Potential

Next, we investigate the real part of the effective potential itself in Fig. 11. For low
temperatures (see upper left panel), partial dressing and Arnold-Espinosa/Parwani re-
summation yield very similar results regardless of the values for ¢; and ¢,. This is
expected since for low temperatures, the difference in the thermal masses and also
the thermal corrections to the effective potential are small. For higher temperatures
comparable to the zero-temperature masses of ¢; and ¢9, visible differences between
Arnold-Espinosa/Parwani resummation and partial dressing arise. In this regime, the
high-temperature expansion for the calculation of the thermal masses is not a good
approximation (see discussion above). Moreover, partial dressing includes the resum-
mation of subleading thermal corrections, which give a sizeable contribution at the con-
sidered parameter point. This is evident from the fact that the two different Parwani
and Arnold-Espinosa resummation show visible differences indicating the importance of
subleading thermal corrections. For even larger temperatures (see bottom panel), the
differences between the various resummation methods are further increased. While the
thermal masses are in slightly better agreement, the subleading thermal corrections have
a bigger impact resulting in an overall larger difference between the three resummation
methods.

We finally note again that partial dressing fails to correctly reproduce two-loop sunset
contributions. As investigated in detail in Appendix C, the numerical impact of this
effect is significantly smaller than the difference between partial dressing and Arnold-
Espinosa/Parwani resummation.
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Figure 11: Real part of the effective potential in the two-field ¢* theory with mixing as a
function of ¢, for different values of ¢5. The temperature is chosen to be 2 TeV
(upper left), 5 GeV (upper right), and 10 GeV (bottom). Three different re-
summation methods are compared: partial dressing (solid), Arnold-Espinosa
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(dashed), and Parwani (dotted).
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6. Conclusions

Accurate predictions for phase transitions are very important for the investigation of a
wide range of physics phenomena. This necessitates a precise calculation of the effective
potential at finite temperatures implying the need to resum large thermal corrections.

In the present work, we reviewed various resummation methods focusing on partial
dressing as well as Arnold-Espinosa and Parwani resummation. Using a scalar toy model,
we discussed at the one- and two-loop level that partial dressing is advantageous since
it does not rely on the high-temperature expansion and also resums subleading thermal
corrections.

As the next, we investigated EWSNR, for which large thermal corrections are ex-
pected, implying the need to include subleading corrections. While these are automat-
ically included if using partial dressing, higher-loop corrections have to be explicitly
calculated if using Arnold-Espinosa or Parwani resummation. We, moreover, demon-
strated that the inclusion of two-loop corrections in the Arnold-Espinosa or Parwani
approaches leads to unphysical kinks in the prediction for the effective potential. These
kinks originate from the occurrence of large imaginary contributions to the effective
potential caused by negative mass squares. While these contributions largely cancel in
the partial dressing approach, the cancellation is incomplete in the Arnold-Espinosa or
Parwani resummation approaches due to the inherent high-temperature expansion in
parts of the calculation.

The discussion of EWSNR concentrates on the case in which only one of the fields takes
a non-zero value thereby implying the absence of mixing between the scalar fields. In
the next step, we focused on the case of mixing scalar fields and showed how to promote
the gap equation to a matrix equation and how to perform a path integration in the
multi-dimensional field space. This allowed us to consistently implement partial dressing
even for mixing fields, largely extending the applicability of this technique to a broader
class of problems. Of special interest are many BSM extensions of the SM Higgs sector
which are relevant for electroweak baryogenesis and the production of gravitational wave
signals.
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A. Thermal loop functions

In this Appendix, we collect the various thermal loop functions used in this paper. We
start with the bosonic thermal loop function appearing in the one-loop effective potential,

which is given by
Je(y?) = / dzr 2* In (1 —e VvV af:2+y2> . (A1)
0

In the limits of small and large argument, this admits expansions

Jp(y? < 1) ~ —W—4 + 7T—23/2 I iy”‘ log(y?/ap) + O(y°) (A2)
45 ' 12 6 32 ’
1
Tp(y* > 1)~ =) EQQKQ(?J”) , (A.3)
n=1

where ag = 16m2e3/2727% and K, is the modified Bessel function of the second kind.
In addition to the J integral, we also need the one-loop vacuum integrals with up to
three vertices. The one-vertex integral is defined by

I[m] = Ty[m] = Z: m | (A4)

Its high-temperature expansion is given by

4
Z[m| ~ iT2 — imT Lr m? ¢(3) m

_ R 2 2 T A.
120  4n 1672 12874 T2 (A.5)

Note that we have included the O(T?) constant as well as kept terms up to O(1/7%),
since these lead to field-dependent contributions in Vi ., ~ Z[m]* of O(T°). There
are also terms O(1/e) and O(e) in this expansion, which we omit for simplicity but
which will nevertheless give a finite contribution to Vi, ~ Z[m]?. See Ref. [40] for the
complete expression.

The vacuum integral with two propagators is defined via

Tolmi, m) = i ! ! (A.6)

K2 +m?2 K24+ m3"
K

If both masses are different, we can write Z, in terms of Z integrals

Zmy] — Zm,] .

I = AT
2[m17 m?] m% _ m% ( )
The high-temperature expansion follows immediately,
1 T
IQ[ml, mg] ~ —_— . (AS)

= Army + may
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We define the three-propagator vacuum integral via

1 1 1
I3[m17m2am3] = i K2 _i_m% K2 + m% K2 +m§ ’
K

(A.9)

If all masses (or a subset) are different, we can write it in terms of Z and Z, functions

B I[ml] . I[mQ]
Tl ma, ) = N T ) (g — ) (g — )

T[ms]
T =) mi =) (4.10)
I[ml] I[mg] IQ [ml, ml]
B TR R L e B

In addition to the one-loop integrals, also the two-loop bosonic sunset diagram appears.
For three arbitrary masses — my, ms, mg —, it is defined by

1
M= i% (P2 ) (@ + md)(P+ QF +m3)

(A.12)

The high-temperature expansion of the bosonic sunset is rather involved and has been
evaluated in Ref. [61],

T2 IR 1
~ —— |1 9
H[ma, ma, ms 1672 {n (m1 + me +m3> " 2}

T K
1 9 9 9 T 3
— | L Lp—2v% —4 —+ = .
25674 L;smz < R + LR YE N + 4 + 9 + )

with 73 ~ —0.0728 the first Stieltjes constant.
We also need the bosonic sunset integral with one additional propagator, which we
denote by H,

~ 1
Hmy, ma, ms, my] = %% P+ m2) (P2 +md) (O + m2) (P + QP +md) (A.14)

If my # mo, it can be related to the normal sunset integral via

~ 1
H[m17m27m37m4] = 5 5 (H[m27m37m4] - H[m17m37m4]> <A15)
my —my

For m; = ma, it can be derived by a derivative of the normal sunset integral

~ 0
H[mlamlam37m4] == QH[mlvm3’m4] (A16)

om3
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The high-temperature expansion of H is then given by

~ T2 1 my+ ms3 + My

= 1 . A7
H[m17m27m37m4] 167'('2 m% _m% n (m2+m3+m4 ) ( )
~ T2 1 1
’H[ml,ml,mg,m4] = (A18)

3271'2%17711 + ms + my

B. Three-loop cross-check of partial dressing with
mixing fields
In this Appendix, we explicitly cross-check up to the three-loop level that partial dressing
correctly takes into account all self-energy-like loop insertions in the presence of mixing
(i.e., daisy-chain corrections).
To better separate the loop corrections from tree-level mixing, we work in a special

basis. First, we expand the fields around the point (gzgl, ggg) at which we want to evaluate
the effective potential,

b= bi+ (B.1)

where ¢; are the new dynamical degrees of freedom, which are eventually set to zero.
We then rotate to tree-level mass eigenstates,

o1 I
) =R, , B.2
(¢2 ha (B.2)
The resulting potential has the form
1 1
V(hl, hg) = §m1h% + §m2h§
1 3, 1 2 1 2 1 3
+ 6./4111]7/1 -+ §A112h1h2 + 514122]7/1]12 -+ 614222}12
1 1 1
+ ﬂ)\nllhiL + 6)\1112h?h2 + Z>\1122h%h§
1 1
+ —Aiapohihi + — Aasaohy (B.3)

6 24

where the parameters A;j; and \;;i; are given in terms of the original parameters A; 129,

(¢1, $s), and the mixing angle . Even though no tree-level mixing exists in this basis,
mixing is reintroduced at the loop level via self-energy corrections.

B.1. Feynman-diagrammatic approach

Working in the tree-level mass eigenstate basis, we can calculate the daisy-chain-like loop
corrections to the h; tadpoles explicitly using a Feynman-diagrammatic (FD) approach.
They are given by

1
T}%)) =5 [A111Z(my) + Ara2Z(my)] (B.4)
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Figure 12: Daisy-chain-like self-energy corrections to the h; tadpole. One self energy is
inserted in the upper row; two, in the lower row.

at the one-loop order,
1
Té‘%) = —5 [AluEgll)ZQ(ml, m1> + Algzzgé)z_g(mg, mg) + 2A1122§12)12(m1, mg) (B5)

at the two-loop order (see upper row of Fig. 12), and by

1 2
T}«Egg = 5{14111 |:Z§21)I2(m17m1) + (Eﬁ)) Zs(mq, my, my)

m)°
+ <Z12) Zs(ma, my, ma)
2
+ A2 [Z%)Iz(mz, ms) + (Zé}}) Zs(ma, ma, ma)
)
+ <212 > IS(mla ma, m2)
-+ 214112 {2522)1'2(7711, mg) + Egll)Eglz)Ig(ml, my, mg)

+ 2512)2512)1-3<m17 ma, m2):| } (B6)
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at the three-loop order (see upper and lower row of Fig. 12). Here, we neglected the
momentum dependence of the (renormalized) self energies, !

Ny = Si(p* = 0) . (B.7)

The superscripts are used to denote the loop order of the respective self-energy.

B.2. Partial dressing

For partial dressing, the first step is to determine the loop-corrected masses M; 2 and
the mixing angle [ relating the loop-corrected mass eigenstates (called Hj o in the fol-
lowing) to the tree-level mass eigenstates h; 5. These can be obtained by solving the gap
equations,

1
M12,2 =35 (m% — Y+ m; — Yo F \/(m% — 31 —m3+ Ya9)? + 42?2> , (B.8)

23
Soq = 12 (B.9)
\/(m% — 1 —m3 + Yg9)? + 439

where here we again neglect the momentum dependence of the (renormalized) self ener-
gies,

Furthermore, we also do not take the intrinsic dependence of the self energies on the
masses and the mixing angle into account. This dependence generates super-daisy con-
tributions, which we do not consider in the discussion here.

The one-loop tadpole diagrams with inserted loop-corrected mass and mixing angle
are then given by

1
Tip = 5 Anmn s ZO) + Ay, T(Mo)] = (B.11)
1
= 5(0314111 + S20.A112 + 82A122)I(M1)
1
+ 5(0(2)[14122 — SQQAHQ + SiAlH)I(MQ) . (B12)

In the last step, we rewrote the trilinear (hy, H;, H;) couplings in terms of the original
A;ji, couplings.

Expanding the expressions for the loop-corrected masses and mixing angle (see
Egs. (B.8) and (B.9) up to the two-loop level, we obtain,

2
(=)
Mf:mf—zg?—zﬁu—wju..., (B.13)

11Gee discussion in Appendix C.
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2
(=)
M§:m§—2§§>—2§§)+m—+..., (B.14)

1 1 1
e B )

2 2 2 2 2 2\2
my —mp My —Mmy (mi —m3)

o= +.... (B.15)
Since there is no mixing at the tree level, the mixing angle « is zero at the tree level.

Inserting these loop expansions into Eq. (B.11), we recover Egs. (B.4) to (B.6) after
applying the recursion relations in Eqgs. (A.7) and (A.10). This explicitly confirms that
self-energy insertions are correctly resumed up to the three-loop level. This cross-check
can easily be extended to higher-loop order.

C. Partial dressing and overlapping momenta

As already noted in Refs. [41, 42|, partial dressing miscounts two-loop sunset diagrams.
For N non-mixing scalar fields, this type of diagram is proportional to A3¢?N ;:—Z and
miscounted by a factor 3/2.

The reason for this miscounting is that partial dressing ignores the momentum de-
pendence of the self-energy insertions. While there is no momentum dependence for
diagrams involving quartic scalar couplings, this is not true for diagrams with triple
scalar couplings forming a sunset diagram. For this type of diagram, the momenta of
the loop integrals overlap resulting in the miscounting. In the non-mixing case, this
miscounting can be fixed easily by inserting a factor of 2/3 into the solution of the gap
equation,

3 3

1
M? =m?+ \T? — —)\TM —
mety A 1672

9 T 9
AM?L — ¢ EV&MJF@AW +..., (C1)

where ( = 2/3.
In the presence of mixing scalar fields, this fix is slightly more complicated. The
general sunset contribution to the h; tadpole (see Fig. 13) is given by (working again in
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the tree-level mass eigenstate basis)

1 - .
oD sunset. = 7 {Afnﬂ(ml’mbmla ma) + ApH(my, ma, ma, mo)

+ 2A%12ﬁ(m1, my,my, mg):|
1 ~ ~
+ 1A122 |:A§22H(m27 ma, Ma, m2) + A%lQH(m27 mao,mq, ml)

+ 2A%227-Nl(m2, mo, My, mz):|

1 ~ -
+ 514112 {A111A112H(m1, ma, my,my) + Aroa AosaH(my, ma, ma, ms)

~ high-T
+ 24110 A129H (Mg, ma, my, mz)] >~

T? T?
+ A A2
ml(ml + 2m2) 1114512

1 1 T2 1
~ 23 I A, A2
A87r2 {6 12 + o M2 my(2my + my)
1 T2 1 T2
—Aygo A2+ = Agp A?
+ — m3 + o122 ma(2mq + my)

T2 T2 3m1
2411, A2 1
ma(my + 2my) + 24 m?2 — m3 . 2my + meo

T? 2my +m
+ 414%12/1122 3 In ! 2

m2 —m3  my + 2my

T2 my + 2m2
5 5 In
miy — ms 3ma

+ A3y,

+ 2A112A1220A299 (C.2)

Using partial dressing, this contribution is generated by one self-energy insertion into the
one-loop tadpole (see upper row of Fig. 12). More specifically, it is generated by the Z,
contributions to the self-energies.!? Since the momentum dependence of the self-energy
insertions is neglected, the sunset-type contribution is given by

I% contr.

1
Tl%),sunset =5 [A11112(m1, my) Y11 4 ArgaZo(ma, me) oy + 2A112To(my, ma)Xio =
1
- ZAlll [A%H(IQ(ml’ ml))2 + A?22I2(m1, my)To(msy, mo)
+ 2A%121—2<m17 mq)Zy(ma, mz)]

1
+ ZA122 [Aggz(%(mz, m2))2 + A%lQ-’Z’.Z(mZa ma)Za(my, my)

+ 214%2212(7”27 m2)12(m17 m2)]

12The Z contributions generate the daisy-chain-like corrections (see discussion above).
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1
+ 514112 [A111A112I2(m17 mg)Zg(ml, ml)

+ A129 AT (my, ma)Lo(ma, ms)

high-T
+ 2A112A120T5(my, ma) Io(my, mo) =
1 [1 7 1 T2 T2
~ | CA - A AL ——— A A —————
4872 {4 Hm? + g2, + A "2 (my + my)
1 7 1 T2 T2
Z Ay AL, — + A2 A A — =
+4 122 QQQm% +4 112 122m1m2 + 122m2(m1+m2)
T2 T2
) PR ¢ — I By [ —
+ A1z 112m1(m1+m2) + A112A4122 222m2(m1+m2)
2
4A%2 A C.3
+ 112 122(m1+m2)2 + ( )

It is clear that only for those contributions for which all internal masses are equal,
the correction factor 2/3 is valid. For the general case with multiple masses, each
contribution has to be adjusted individually. One possibility to achieve this is to replace
the Z, loop functions in the self-energies by ratios of H and Z, functions. For example,
we can replace

1
- = 5 [A%HIQ (ml, ml) + A%221-2 (mg, mg) + 214%1212(7’)7,17 mg):| <C4)

E11

1

To-contr. - 212(’[7’]/1’ ml) A%ll,}—l(mly my,my, ml) + A%QQH(mly mi, ma, TTLQ)

i11

+ 2A%12ﬁ(m1, mq, My, m2> . <C5)

The analogous replacements have to be done for ¥;5 and ¥os.

We investigate the numerical impact of this correction in Fig. 14. Choosing the same
benchmark point as in Section 5.3, we compare the partial dressing result with (dashed)
and without (solid) correcting the sunset contribution. We find the difference between
the two results to be comparably smaller (i.e., significantly smaller than the difference
between partial dressing and Arnold-Espinosa/Parwani resummation). For low temper-
atures and low field values, the difference is hardly visible, while for higher temperatures
and field values a small difference occurs. Correcting the sunset contributions shifts the
effective potential upwards slightly reducing the difference to Arnold-Espinosa/Parwani
resummation (see Fig. 11).

48



two mixing field ¢ theory, T =5 TeV

two mixing field ¢* theory, T = 2 TeV 50
® ¢, =0TeV ——PD ® ¢, =0TeV ——PD
20F ® ¢2=1TeV ===PD (lollipops corrected) 40t ® ¢y =1TeV =--=PD (lollipops corrected) /
o ¢y, =2TeV

o ¢y =2TeV

Re(Veg) [TeVY]

Re(Vigr) [TeVY]

Figure 14: Same as Fig. 11 but the partial dressing results without (solid) and with

— 105 i 3 3 i
o1 [TeV]
150 two mixing field ¢* theory, T = 10 TeV
® ¢, =0TeV ——PD Y,
® ¢y =1TeV ===PD (lollipops corrected)
1250 o 4 —amev 7

(bl [TEV]

corrected sunset diagrams (dashed) are shown.
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D. Cosmological constraint on the imaginary part of
effective potential

As we have seen, the perturbatively calculated finite temperature effective potential
may occasionally develop an imaginary component for some range of field values and
temperatures. One may wonder at the physical interpretation of this feature, and to what
extent an effective potential with a large imaginary part can be trusted as a calculational
tool.

It is first worth noting that the object V.g which we have been referring to as the
effective potential does not necessarily coincide with the physical effective potential,
defined formally in terms of the Legendre transform of the generating functional of
connected Green’s functions W[.J]. This physical quantity must be everywhere convex
and when evaluated on the classical ¢. must be real. In contrast, our perturbatively
calculated Vqg can generically be both non-convex and complex for some range of field
values, particularly those associated with spontaneous symmetry breaking or symmetry
non-restoration behavior.

Nevertheless, this non-convex, complex V. can still be physically meaningful. As
demonstrated by Weinberg in Ref. [60], the perturbatively calculated Vg approximates
a function whose real part corresponds to the energy density and whose imaginary part
corresponds to the decay rate per unit volume V' of the vacuum,

E
ReVog o v =p, (D.1)
ImV, I (D.2)
meﬁ‘O(V. .

A large imaginary component for the effective potential then indicates a large decay rate.
Here, the decay refers to the decay of the localised quantum state, used to perturbatively
evaluate the effective potential, to the true vacuum state. Only on time scales sufficiently
short relative to this decay rate can the perturbatively calculated V.g be reliably used
to describe the system.

With this in mind, we turn to ask how large the imaginary part of the perturbatively
calculated Vg can be, subject to constraints from cosmology. The Friedmann equation
for a flat Universe has the schematic form

p
H? o« — D.3
x (D3)
where H is the Hubble parameter and Mp, is the Planck mass. If we now naively
demand®® that the lifetime 7 of the vacuum is larger than the age of the Universe in our

Hubble patch,

1 1
— — D4
TO(F>>H ( )

13We especially thank Seth Koren for suggesting this condition.
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we arrive at the speculative condition

p? . (ReVeg)?
M Mgy

ImVye < H* o (D.5)

where we have set V oc H=3. The violation of this condition would in principle signal
a breakdown of the perturbative calculation of the effective potential. This appears
too restrictive for the typical effective potential calculations for which ReV.g oc T%. We,
however, remark that this condition is sensitive to the absolute size of the vacuum energy,
which is related to one of the main open questions in physics.
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