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3. Results
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8/3/2023Dominic Fallico | Searching Applications of Benford’s Law to Investigate Beam Jitter3



Motivation and Objective

• Explore Applications of Benford’s Law to predict jitter and 

noise in the beam distribution

• Apply Benford’s Law on beam measurement data of PIP2IT 

beamline. 
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Benford’s Law

Origin - Simon Newcomb and worn logarithmic tables → 𝑃10 = log10 1 +
1

𝑑

Frank Benford rediscovers in 1938 and extends it to → 𝑃𝑑 = log𝑏 1 +
1

𝑑

Benford tests it himself

8/3/2023Dominic Fallico | Searching Applications of Benford’s Law to Investigate Beam Jitter5



Benford Applications

• Minimal interest except for Knuth in 1968 programming.

• More recent, prominent applications include validity testing:

– COVID data

– Fraud Detection & Auditing

– Election Data

– Statistical Physics?

• Non-Examples:

– Height

– IQ scores

– Car prices

– Phone Numbers
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Benford Criteria

Something conforms to Benford’s Law if:

– 𝑃𝑑 ≈ log10 1 +
1

𝑑

– Orders of magnitude

– Scale invariance

– Data describes the same object

– No artificial max/min imposed on data

– Number cannot be assigned (e.g. phone numbers)
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➢ Python Programming
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distribution 

3. Results

4. Conclusion



Python
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Benford Deviation

𝛿 = ෍

𝑑=1

9
𝐹 𝑑 − 𝑃 𝑑

𝑃 𝑑

2

→ 𝑃 𝑑 = ideal proportion

→ 𝐹 𝑑 = observed proportion

Calculating Benford Deviation: Methods
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**Chi-Square

𝜒2 =෍

1

𝑛
𝑂𝑛 − 𝐸𝑛

2

𝐸𝑛

→ 𝑂𝑛 = observed frequency

→ 𝐸𝑛 = expected frequency

Mean Absolute Deviation

𝑀𝐴𝐷 =
1

9
∙෍

𝑖=1

9

|𝑝𝑖 − 𝑏𝑖|

→ 𝑝𝑖 = observed proportions

→ 𝑏𝑖 = expected proportions

**Not best metric for Benford’s Law 𝑀𝐴𝐷 Conformity  

0 − 0.006 Close

0.006 − 0.012 Acceptable

0.012 − 0.015 Marginal

> 0.015 Non-conformity

𝛿 = 0 − 0.03 considered “good”

𝛿 = 0.6 − 0.7 shows “preference to 

small digits”



Popular Number Sets Raw Data
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Popular Number Sets Against Benford 

8/3/2023Dominic Fallico | Searching Applications of Benford’s Law to Investigate Beam Jitter12



Popular Number Sets Against Benford (again)
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PIP2-IT
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• PIP2-IT Goals – address risks for PIP-II linac, test front-end of PIP-II

• Facility was completed & successfully commissioned in 2021

• Starts with ion source, turns Hydrogen gas → beam of H− ions

• RFQ accelerates beam to MEBT where beam is manipulated.

• Two super conducting cryomodules accelerate beam up to 25 MeV.

• Remaining are beam measurement, diagnostics, and dump station



PIP2-IT Medium Energy Beam Transport (MEBT)
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• Beam Horizontal and Vertical positions are measured

using Beam Position Monitor (BPMs)

• BPMs are located at center of each Quadrupole Doublet and 

triplet. 

• BPM data were used to quantify eam position jitters.



Jitter and Noise

The variation in timing or arrival of particles or beams at specific 

points within the accelerator system. Arises from accelerator 

defects, external disturbances, fluctuations in the power supply. 

Affect efficiency of accelerator performance, thus affecting 

measurement accuracy and experimental outcomes. 

If we want to take more data, it has to be accurate! 
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- Beam Position measured almost 

12,000 times in all nine BPMs.

- Position varies in both planes

- Origin of jitters unknown, 

methods to resolve 

unsuccessful.

- Ultimately impacts were 

negligible. 

Beam Position Data 
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Testing Benford on Normal Distributions
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Red Blue

𝝁 0 0

𝝈 3000 30000

𝑵 11000 11000

𝛿 ≈ 0.739 ≈ 0.743

𝝌𝟐 ≈ 519.258 ≈ 539.031

𝑀𝐴𝐷 0.0222 0.0222



PIP2-IT BPM Data: First two BPMs 
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PIP2-IT BPM Data: All BPMs
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Horizontal Vertical

𝝁 22.5 -252.52

𝝈 130.92 890.35

𝑵 107946 107946

𝛿 ≈ 0.825 ≈ 1.285

𝝌𝟐 ≈ 8887.41 ≈ 22383.23

𝑀𝐴𝐷 0.0289 0.0372



Findings/Results

Using MAD, for all nine BPMs, 0/18 distributions exhibited even 

marginal Benford conformity.

Using 𝛿, about 4/18 showed “preference to leading digits” but no 

conformity. 

Poor conformity – why?
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Conclusions

Noise→ Randomness → Benford Deviation

Experimental noise is persistent, even at low temps

Ambiguity in metrics

Benford’s law is somewhat trivial and postdictive, not predictive
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Where to go from here?

Other test methods

– Kolmogorov-Smirnov Test yielded similar results for 

Examine other details:

– Outliers 

– Skewness 

– Orders of magnitude

Analyze additional beam data
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Take Home

Immersed in the Fermilab culture

– Mentored by and interact with top scientists

Cross-disciplinary 

Math, Stats, Python, Particle Accelerators, & Beam Dynamics

Every teacher’s favorite question
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PIP2-IT SRF Phase
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HWR CM & SSR1 CM are first two in PIP-II

Niobium insulated cavities, cooled to 2° K 

RF doubles from HWR to SSR1



Top Right – PIP2IT Facility
Top Left – RFQ at PIP2IT
Bottom Left – PIP2IT Chopper
Bottom Right – SSR1 at PIP2IT
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More Pictures
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