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The gravitational wave (GW) spectrum at frequencies above a kHz is a largely unexplored frontier.
We show that detectors with sensitivity to single-phonon excitations in crystal targets can search for
GWs with frequencies, THz < f < 100 THz, corresponding to the range of optical phonon energies,
meV < w < 100meV. Such detectors are already being built to search for light dark matter (DM),
and therefore sensitivity to high-frequency GWs will be achieved as a byproduct. We begin by
deriving the absorption rate of a general GW signal into single phonons. We then focus on carefully
defining the detector sensitivity to monochromatic and chirp signals, and compute the detector
sensitivity for many proposed light DM detection targets. The detector sensitivity is then compared
to the signal strength of candidate high-frequency GW sources, e.g., superradiant annihilation and
black hole inspiral, as well as other recent detector proposals in the MHz .5 f 5 100 THz frequency
range. With a judicious choice of target materials, a collection of detectors could optimistically
achieve sensitivities to monochromatic signals with hy ~ 1072 — 1072 gver THz < f < 100 THz.
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I. INTRODUCTION

The prediction of gravitational waves (GWs) by Einstein in 1916 sparked a century long search for their exastence.
The first indirect evidence came from measurements of the orbital decay of the Hulse Taylor pulsar [1], which were
found consistent with GW emission [2]. Direct evidence of the existence of GWs would follow in 2016 when GWs
from an inspiraling pair of black holes (BHs) were measured [3|. Even more recently the NANOGrav collaboration
reported evidence of a stochastic GW background [4-6]. These initial direct detections mark the beginning of “GW
astronomy” as a viable method to study the universe.

Today the search for GWs is rapidly expanding. Continued development of the aLIGO (7, 8], aVirgo [J], and
KAGRA [10-14] interferometers have improved the sensitivity to GWs in the 10Hz < f < 10° Hz frequency range,
and future ground-based interferometers, e.g., Cosmic Explorer [15, 16] and the Einstein Telescope [17-20] will further
enhance sensitivity in this frequency band. Future space-based interferometers, e.g., BBO [21-23], DECIGO [24-
26], and LISA [27, 28], will explore lower frequencies, 10-*Hz = f = 1Hz, with much longer arm lengths, while
the gap between ground-based and space based inteferometers could be covered by atom interferometers [29, 30].
Meanwhile, pulsar timing arrays (PTAs) such as the EPTA [31-33|, NANOGrav [34-37], PPTA (3%, 39|, and the
collective IPTA [40-43] have been precisely monitoring many pulsars for @(10) years, earning them sensitivity in the
10~°Hz = f = 10~® Hz frequency range. While this leaves the “uHz gap” in the 107%Hz = f = 10~*Hz frequency
range, there are proposals to bridge this gap, e.g., using asteroids in the solar system [44] or precisely ranging the
moon or orbiting satellites [45). Clearly, the future of GW detection at frequencies f < 10° Hz is promising.

At high frequencies above the ground based interferometer band, many different proposals have been put forward;
see Refs. [46, 47] for some recent reviews. Optically levitated sensors [4%] and experiments utilizing the Massbaur
effect [49] may be sensitive in the 10°Hz < f < 108 Hz range, bulk acoustic wave resonators [50-52] may be sensitive
in the 108Hz = f < 10° Hz range (with demonstrated sensitivity at f ~ 5 x 10% Hz [52]), collections of different short
arm laser interferometric experiments [53-57] can also explore the 10° Hz < f < 10° Hz range, and graviton to magnon
conversion has been shown to have potential for searching at f ~ 10'° Hz [58]. Proposals such as MAGO 2.0 [58] and
using optical clocks [60] may be sensitive to the 10° Hz = f < 10” Hz range with single experiments. Furthermore, it
has been shown that existing experiments searching for axion dark matter (DM) with, e.g., microwave cavities [61]
and LC circuits [62], are also sensitive to high-frequency GWs, allowing for synergistic searches for DM and GWs
with the same detector in the 10° Hz < f < 10'"Hz range. For frequencies above 10'° Hz, and below 10'* Hz where
light shining through wall experiments, e.g., ALPS, [63], CAST [64], and OSQAR [65] have sensitivity [66], there is
an absence of searches.

In this work we show that high-frequency GWs can be detected via conversion into single phonons in erystal targets.
Phonons are quanta of lattice vibrations, and most crystal targets have gapped phonon modes, with energies in the
1meV = w = 100 meV range, corresponding to frequencies 1012 Hz = f < 10'* Hz. Because these modes are gapped,
an incoming GW can be kinematically matched to the phonon dispersion relation, and therefore can resonantly vibrate
the ions in the lattice, creating a phonon. This is somewhat analogous to an incoming photon converting to a phonon
in a "polar” crystal, i.e., crystals with charged ions in the unit cell. If an incoming photon is kinematically matched
to a gapped phonon mode in a polar target, the photon will resonantly drive dipole oscillations, which is equivalent
to exciting the gapped phonon mode.’

! Qapped phonon modes exist in any crystal where the number of atoms in the unit cell is greater than one. They are often referred to
as “optical” phonons, since they couple to light in polar targets. However they exist in non-polar, eg., Silicon and Germanium, targets

well.



The scarcity of high-frequency GW detectors is in part due to the difficulty of generating sufficiently strong GWs
with astrophysical or cosmological sources. The generic problem of creating abundant high-frequency GWs 1s that
the rapid oscillations necessary to generate high frequencies can only be achieved with astrophysically small masses,
thereby limiting the signal strength. For example, this is precisely the difficulty in generating high-frequency GWs
from the inspiral of two BHs. As we discuss in Sec. IV, the maximum BH mass, Mpa,, which can generate GWs at
a frequency w is Mpax ~ 1073Mg (THz/w). This is a much smaller mass, corresponding to a much smaller signal,
than the O(10) M BHs LIGO is sensitive to.

However, it 1s not physically impossible to generate detectable high-frequency GWs, and studying the sensitivity of
current technology, likely built for other reasons, e.g., DM direct detection, provides excellent motivation for further
studies of high-frequency GW sources. Indeed, perhaps the most important feature of our proposed detection scheme
is that the detectors are already being built for DM direct detection experiments. Direct detection of DM by single-
phonon excitations has been shown to be a promising route to search for both scattering of low-mass (sub-MeV)
DM [67-79] and absorption of sub-eV bosonic DM [68, 69, 77, 80-82]. The TESSARACT experiment [23] plans
to utilize both AlaO3 and GaAs as targets. Therefore, similar to the repurposing of axion DM detectors as GW
detectors [47, 61|, any future DM direct detection experiment utilizing single-phonon excitations can directly be used
as a GW detector.

This paper 1= organized as follows. In Sec. II we derive the GW ahsorption rate into single phonons in two steps.
First, in Sec. IT A, we summarize the general-relativistic derivation for the forces on a lattice of point masses due to
an incoming GW. Then in Sec. 1B, using the interaction Hamiltonian generated by the GW force, we derive the
absorption rate into single-phonon excitations in both polar and non-polar targets. In Sec. 11T we begin by carefully
defining the detector sensitivity to deferministic signals, 1.e., those for which the GW strain is non-stochastic. We then
discuss the detector sensitivity for a wide variety of target materials previously considered in the context of DM direct
detection [73]. In Sec. IV we discuss the general difficulty with generating high-frequency GWs, and then consider
specific examples of potential high-frequency sources, such as superradiant annihilation IV A and BH inspiral IV B,
carcfully understanding their signal strength in the context of counting experiments. We conclude in See. V. A brief
discussion of constraints on stochastic sources comprises Appendc A.

II. THEORETICAL FOUNDATION

The interaction of GWs with solid objects can be deseribed in multiple ways. If the wavelength of the incoming GW
is much larger than the detector, the deformation of the detector can be described using the theory of elasticity [84-26].
However, when the frequency of the GW is much larger, comparable to the @{meV — 100 meV) gapped phonons, the
low energy effective theory of elasticity is no longer appropriate. The GW wavelengths, @10 ym — mm) are smaller
than the size of bulk single crystals. While much smaller than the size of the detecting erystal, these waw are
still much larger than the interatomic spacing, @(10~!° m). Therefore, similar to how @{meV) photons couple to the
dipole moment of a unit cell in polar targets to generate phonons, the effect of an incoming GW can be intuitively
understood as a coupling to the quadrupole mass moment of the unit cell, which then generates phonons. Since the
GW interaction 1= more similar to the photon interaction, computing the number of phonons produced from GWs
proceeds more naturally by inheriting methods from particle and condensed matter physics.

The purpose of this section is to derive the absorption rate of incoming GWs into single-phonon excitations. We
begin in Sec. IT A with a review of the derivation of the force on a point mass within general relativity, and then



generalize to a lattice of point masses. Furthermore we detail the necessary assumptions needed to treat the eoffect
of the incoming GW on each point mass as a classical force. The potential energy associated with this foree 1s the
starting point of Sec. IIE, and defines the interaction Hamiltonian. For non-polar targets, the focus of Sec. IIB1,
the absorption rate then follows simply from Fermi's Golden Rule, and we derive the necessary matrix eloments. In
polar targets, Sec. IIB 2, the phonons mix with the photon, complicating the absorption rate derivation. To compute
the ahsorption rate for these targets we utilize the formalism from Refs. [82, 87, 88], which has carefully accounted
for these miving effects in the context of light DM ahsorption. We will work in natural units, h = ¢ =1, and use a
mostly positive, (—, +, +, +), metric signature.

A. General Relativistic Forces

Our goal 1= to understand how a weak GW interacts with a crystal lattice, and therefore the natural starting point
is understanding how a single mass interacts with a GW. While this is a textbook discussion [#6, 89], the general
coordinate invariance of GR renders this a delicate subject. For example, in transverse-traceless (TT) coordinates the
coordinate position of a single mass is unaffected by a passing GW. However this is simply an artifact of TT coordinates,
reminding us that coordinates have no inherent meaning in GR; physics is encoded in coordinate invariants, e.g., proper
distances. Fermi-normal (FN) coordinates equip the coordinates with physical meaning by defining the coordinates
as the proper distance to an observer.’

Following Ref. [90], the equation of motion for a test mass in FN coordinates, assuming a non-relativistic mass and
observer at the origin, 1= given by,

1
LRy M
to linear order in h, where the GW perturbation, hyy, is defined as a perturbative addition to the metric, gy, =
T + By, and 7y, is the Minkowski metric. Note that hy; in defined in TT coordinates and the right hand side of
Eq. (1) is coordinate independent to linear order in h: TT and FN coordinates are related by O(h) [90], and therefore
a coordinate transformation would transform the right hand side of Eq. (1) from @(k) — @(h) + @(h?). From Eq. (1)
we seo that a passing GW acts like a fictitious tidal force, F*,

Pﬂ=%};13$j. {2}

This result is straightforwardly generalized to a crystal lattice, L.e., each mass experiences a force, F} = m; ﬂq T} /2,
where I indexes the mass.

In addition to gravitational forces, the crystal lattice dynamics are of course influenced by the electromagnetic
forces binding the crystal. These determine the leading order, @(h"), contributions to the position and are simply
the equilibrium positions of the lons (or, equivalently, atoms in non-polar targets), = = I},D. Perturbations around
this equilibrium, uj(t), induced by the GW are then driven by the force in Eq. (2), and back to equilibrium by the
crystal harmonic “spring” forces. The equation of motion, at @(h), is then given by,

dﬂu’ my 5
my gk + 3 Viuh = by, (3)
J

? Recent literature [61, 90] has explicitly demonstrated the applicability of FN coordinates beyond the usual long wavelength approxima-
tion, A % L, where A is the OW wavelength, and L is the size of the detector, to A "% +RL which is easily satisfied for the detectors
considered here.



]

where Vi is the spring constant connecting mass I to mass J. Note that the V}'J only need to be determined to
@(h"). The perturbations themselves are ((h), and therefore, analogous to the driving GW force, a coordinate
transformation would only generate shifts from O(h) to @(h) + @(h?). Therefore the effect of a GW on a lattice
of masses is to introduce a fictitious force, Eq. (2), which can drive the phonon modes in a crystal, analogous to a

passing electromagnetic wave.

B. Absorption Rate Calculation

Since phonons are the quanta of lattice vibrations, the natural formalism to discuss single-phonon absorption rates
15 quantum mechanics. In calculating the absorption rate, the incoming GW may be treated as either a classical
GW background or an incoming graviton [91], analogous to equivalence of describing a photon classically or quantum
mechanically when considering light-matter interactions. We will choose the latter option for consistency with the
phonon description. Lattice vibrations are described as oscillations around an equilibrium position; the position of
the 7' ion in the /" unit cell of the crystal is

Xey(t) = Xgy + Ugg(£) =T + X7 + ugy(t), (4)

where J[gj is the cqu.ilihrium position, 1 is the lattice vector of the £ unit cell, x"} is the equilibrium position relative
to the center of the unit cell, and 1y (#) is the displacement of the ion away from equilibrium. When quantizing the
lattice vibrations [92], 1g;(t) can be expanded in terms of phonon raising and lowering operators:

gtk 1:;

gy (6) = ——— e T (+ el ) € (5)
where N is the number of unit cells in the lattice, my is the mass of the 7' ion, v indexes the band number, k indexes
the first Brillouin zone (1BZ) momentum vectors, w,y, 15 the phonon energy, a,y and alk are the raising and lowering
operators, respectively, which satisfy the canonical commutation relations, [au, aLk,] = Oy die; and €,qy are the
phonon polarization vectors and satisfy €5k = €.

The interaction Hamiltonian between phonons and a GW is determined by the coupling of ug; to by, which is due
to the force in Eq. (3),

6H = —% > myup haeryt (6)
£

This interaction Hamiltonian is the basis for the absorption rate calculation. At first sight one might simply wish
to apply Fermi's Golden Rule to compute the graviton induced single-phonon transition rate. However, in polar
targets, where the ions have charge, {};, the phonon mixes with the photon, and screening can occur. Therefore we
split the absorption rate in to two calculations. In Sec. [IE1 we consider non-polar materials, where ¢}; = 0, and
Fermi's Golden Rule may be straightforwardly applied. In Sec. I[IBE 2 we consider general materials, and compute the
absorption rate using the optical theorem, following the derivation in Ref. [82]. While the approach in Sec. IIB2 is
more general, and reproduces the results in Sec. ITE 1 in the limit of a non-polar material, it is also more technically

mvolved.
Before continuing it is worthwhile to introduce notation common to both sections. It will be useful to work with
the canonically-normalized GW ficld as opposed to the perturbations in the metric directly. This involves a rescaling,



hi; — V167G hyy, which transforms the interaction Hamiltonian in Eq. (6) to
6H = —V4xG Y “mjul hy (7)
£7

where hy; now has mass dimension one, and is quantized in the TT frame as,

gPX

KY(x, ) = v’_z e ‘Jw_p(mﬁah_p)e’{m? (8)

where wp = |p|, and the overall normalization is found by equating the energy density, pow = {Jr:ﬂ.i:ﬂ}fﬂ, to the
quantum mechanical Hamiltonian density, H/V = (1/V) 3, wp ﬂ';pﬂlp [93] with polarization vectors normalized
to qj EA.- — g3 Additionally we take the incoming GW to have four momentum, Q* = (w,q) = (w,wf), where
w = 27 f 15 the GW frequency and q = wii 1s the GW momentum.

The absorption rate per incoming graviton of polarization A is given by I'y. The total absorption rate, per detector
exposure, for any kind of GW with polarization A, is given by,

Ry = [ S, (7,0 gran, ©
where pr is the target mass density, and n}y is the number density of the A*® polarization of GWs. The differential
energy density is related to the number density by dplyy = 27 fdnl,,. Assuming the incoming GW is isotropic and
independent of polarization,

dngw _ 1 dppw _ 1 1ldphw 1 1 ldpaw
dfdh  2xf dfdh  2nfdr df  2afdx2 df mﬂﬂﬁﬂc“"’m (10)

where p. = 3H3/8nG is the critical density, Hy is the Hubble constant today and Qaw(f) = (1/p:) dpaw/dlog f.
Substituting Eq. (10} in to Eq. (9), and averaging over the GW polarizations to find the total, averaged, GW absorption
rate, B, gives

1 1 p. 1
REEZRFE‘?; — Qaw () T(f) df (11)
I(f) = Z s an, (12)

where we have defined I'( f) as the polarization and angularly averaged absorption rate per GW. Therefore to compute
R in Eq. (11), we need to compute I'y, which will be the focus of Secs. IIE1 and ITE 2.

For both polar and non-polar targets, in order to compute I' the phonon energies wy, polarization eigenvectors
€k, and equilibrium ion positions x? are needed. We calculate these with first-principles methods similar to Refs. [70,
73, 74, 76, 80, 82], which we briefly summarize here. Using VASP [94-96] the ions and electrons in the lattice are
relaxed to their minimum energy configuration, which sets the equilibrium positions, and perturbing the ions away
from these minima allows calculation of the “force constants”, Vigrgyr, which define the harmonic phonon Hamiltonian,

Hpn = %ij Uey - ey +% > ey Viengy gy (13)
& EE g5
Then Vg ;5 is diagonalized with the help of phonopy [97, 98] to find the phonon eigensystem, and the final absorption
rate, R in Eq. (11}, is computed with the help of PhonoDark-abs [52].

4 This choice of normalization for the GW polarization tensors is different than, e.g., Ref. [26], which chooses to normalize as ei} e;:], =
250X



1. Non-Polar Tamgets

Since the atoms at each site in non-polar targets are electrically neutral, there is no phonon-photon mixing and
the absorption rate can be computed straightforwardly with Fermi’s Golden Rule. Specifically, we will compute the
transition rate due to the interaction Hamiltonian §H in Eq. (7) from an initial state, |[I} = |A, f,1) @ |0), containing
zero phonons and an incoming graviton, to a final state, |F} = |0} @ |, k), containing zero gravitons and one phonon
indexed by its band number v and erystal momentum vector k. This rate is given by

Ta(f,0) =27 Y [(FISH|I)|*8(w — wyi) - (14)
rk

where 4H 1= evaluated at £ = 0, since the time dependence has been factored out to provide the energy conserving
delta function as in ordinary time-dependent perturbation theory, and (I|I) = (F'|F) = 1. The phonon contribution
to the matrix element is computed using Eq. (5),

1]

E—::h:-:lc."z}h1i E—ﬂr.—xEj e thTE
(v, klugy|0) = Wf;uk =N Tk WTML: (13)
iy

where gy = ug(t = 0), k) = a.:,km}, we have defined the phonon transition matriz element, Ty, and used
the long-wavelength approcamation |k - J[?| < 1, which is true for the momentum transfers of interest here since
|k| ~ w ~ meV and |xg| ~ A ~ (keV)~L.

The graviton contribution to (F|§H|I} is then given by evaluating the matrix element of .-F':ﬂ{x'gj} = ﬂij{xgj,ﬂ'} in
Eq. (%), using the quantization of the graviton field from Eq. (8),

. IR a—y
ORI ) I, £, = 1 e e () [ 2 0 ), (16)
where |A, f,fi) = al |l:|') and in the last step we made the same long-wavelength approxamation |q - XD| < 1 as in
Eq. (15).
Substituting Eqs. (15) and (16) into (F|6H |I} gives
(F|6H|I} = 4WG -1||' em{fl etla—k)-rj m, IE;T;Pk’ (17)

£
where @ = V/N iz the volume of the unit cell. Eq. (17) can be simplified further since the phonon transition matrix
elements satisfy the “coupling to mass" [68, 69, 71, 80| sum rule, Ej my Ty = 0, when v runs over the gapped,
optical modes. Therefore, when expanding J[E'j. the term proportional to r vanishes, and using ¥, e@-%)T — N g

further simplifies Eq. (17) to®
dr G
(FISH|T) = dqu\/ — e,k(n}ij =y T (18)

Lastly, substituting Eq. (18) in to Eq. (14), we obtain

Bi'rﬂﬂ'w : '
Ta(f,0) = > (Z my s el j,,.q) (Z my Ty e j,,.q) 8w —wy), (19)
v i

where we have approximated wyq & wy, as appropriate for momentum transfers well within the 1BZ.

4 Note that the coupling to mass effect also enforces independence of the final result from the ahsclute position of the unit cell center. To
see this, imagine choosing a new center, shifted by some Ax, such that :u::';I S :I:E." + Sx. The contribution to (F|6H|I) in Eq. (18) from
Ax then vanishes due to the coupling to mass effect.



2 Polar Targets

If the ions on the lattice sites have net electric charge, then they will also couple to the photon in addition to any
incoming GW. This mixing introduces screening effects which frequently arise when studying absorption or scattering
of ight DM [68, 81, 82, 87, 82, 09, 100]. Accounting for this screening will require introducing some formalism which
has appeared in Refs. [82, 87, 88]. While technically more complex, this formalism will also apply to non-polar targets
and provide a rigorous method for smearing the delta function in Eq. (19}, in addition to being able to account for
mixing effects in polar targets.

Consider an effective Lagrangian containing the graviton and photon fields, which are mixed by selfenergies con-
taining states in the medium, e.g., phonons or electrons,

H.r-“"',#‘!‘"‘ HJ-W,P' |
£=£2+£3—1(.&w A,,)(’"‘ hd )(“) (20)

2 e 0 )\ Ay
1
Ly = —5 (0" R Buhyp — 2 0* ROy hyp + 28" hE by — 8" hiyuh) (21)
1
Ly=—3F"Fu, (22)

where L], LY are the free graviton and photon Lagrangians in vacuum, respectively, and the second term in Eq. (20)
contains the self-energies, II, which are 1PI diagrams induced by the medium [#2, 87, 88]. For example, the single-
phonon contribution to gy is given by the diagram,

“,

pn(Q) :  h "rrp——Rrme h 23)
where the internal double solid line indicates a phonon propagator, the vertex Feynman rule is determined by the
interaction Hamiltonian in Eq. (7), and we have left indicies implicit for simplicity. The single-phonon contribution
to the other self-energies, e.g., i, 1144, are analogous diagrams with the corresponding external b replaced with A.
The in-medium states are those which diagonalize the Lagrangian in Eq. (20), and can be separated into unmixed
“eraviton-like” (h) and “photon-like” (A) states, since the couplings between the graviton and photon are perturba-
tively induced via the medium. The absorption rate of an incoming vacuum graviton is then, approcxamately, given

by the absorption rate of its graviton-like counterpart, which can be computed with the optical theorem,

DA/, ) % T, ) = —Tm [I3,(, )] (24)
where IL;; (f, 1) is from the graviton-like term in the diagonalized Lagrangian, £ 2 —3%7, ﬁ.}tﬂgﬁﬁlfﬁ‘. To compute
the absorption we must diagonalize Eq. (20) to find Hiﬁ“‘-‘ ).

Gaunge freedom allows for immediate simplification in both the photon and graviton sectors, reducing the degrees
of freedom from 10 and 4 to 6 and 3 for the graviton and photon field, respectively. We are focused on computing
the absorption rate of an incoming vacuum graviton. Since any polarization miving introduced by the medium is
gravitationally suppressed, we can reduce the graviton system to just the two vacuum graviton modes. Projecting
the graviton field into the reduced polarization basis as hy; = ef'jhl, the Lagrangian in Eq. (20) simplifies to

1 (0% —1m3,) N —Hi’f .
L=— f 25
2 (h" AF’) ( —Hf;.’r? (ﬂﬂﬂﬂﬂ" _ &Jap‘) _ Hf’lﬂ; Ay (25)
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where A, A index the usual +, x graviton polarizations, and self-energies with polarization indices indicate projection
onto the polarization vectors, e.g., II}, = ef&ﬂ}fﬂ‘rfei}j,.

Moving to the photon sector, DM absorption calculations are typically performed in the Lorenz gange, 8, 4% = 0.
However, subtleties arise in computing the Feynman diagrams in Eq. (23) for graviton kinematics, Q* = 0, since the
standard choice of the longitudinal polarization vector, & = {w?wﬂ}f\f—_@% 1s singular. Therefore we work in the
Coloumb gauge, 84, = 0, where the polarization vectors are &f = (1,0,0,0), ¢; = (0,fi4), and fi; are two vectors
orthonormal to fi. Projecting the photon field into these polarizations, 4, = ejtfl,z.,T the Lagrangian in Eq. (25)

becomes,

) (8% +1p,) 8 1, me has
£=—5(m 4 4,) I3, —w? + 11, ny, Ay (26)
ngy ng, —0%°7 +1%% ) \As

where we have explicitly separated the longitudinal photon mode Aj, from the transverse modes A, where o indexes
transverse polarizations, +, and polarization indices represent projections onto polarizations. Projection on to the
longitudinal mode is equivalent to projection on to #i' by the Ward identity, Q,IT%", = 0: I, = O, = A'TlY,#!,
0%, =19 4 = A'TY e, and 1% =119, = efI1] 7).

The Lagrangian in Eq. (26) can now be perturbatively diagonalized since the off-diagonal components mixing h
and A are O(V/G), and therefore II. is given by,

I~ Iy, — % [ARY] 0 T80 (27)
pear _ [ +1IE g, @8)
7\ mg, Q% +ngy)’

where o, o' € {L, £} index all the photon polarizations, and the inverse in Eq. (27) represents the matrix inverse.
Note that for an isotropic medium with II5; =117, =0, A 44 is diagonal, and the inverse in Eq. (27) is trivial. The
absorption rate is therefore given by

1 _ ’
[y = _;Im [Hﬁh — 10343 [ﬂAl]auf Hi’?] ) =

To compute the self-energies in Eq. (29) we follow Ref. [22]. As mentioned earlier, these self-energies will generally
receive contributions from both the phonons and electrons in the target. However, since our focus is on single-phonon
cxcitations, some simplifications can be made. Notice that the dependence of the absorption rate, T'y, on Iy 1s
only through the imaginary part. Imaginary contributions to self-energies correspond to physical degrees of freedom
going on-shell, and therefore below the electronic band gap, Im [[Ixs] will only receive a contribution from phonon
excitations. Furthermore, we expect the electronic contribution to Iy 4 to be sub-dominant, since any GW-electron
coupling will be suppressed by me/m; ~ 10~ relative to the GW-ion coupling. Therefore when computing both ITyp
and Ilp4 we include only the phonon contribution. Calculation of I14 4 is identical to that described in Ref. [82], and
will include both electron and phonon contributions.

The single-phonon contribution to the self-energies can be written as [22]

v 1

D (w ’
Maar(f,1) = iy 22 (Z Tw.;-T;uq) (Z Tw.;-T;uq) : (30)
I

Do,

D) = i

(31)
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where Ilge implicitly carries the Lorentz indices of the fields  and ', D), is the phonon propagator, and Fg 5 is
a form factor encapsulating the coupling of the j*® ion to the field & (and also carries an implicit Lorentz index).
The photon form factor is simply the charge of a given ion, and the graviton form factor can be read off from the
interaction Hamiltonian in Eq. (7),

ay = ewQy &%, (32)
ik = —VIrGwtmy o) 5, (33)

where (}; = Np 3 — Ne g, and Npge) 5 are the number of protons (electrons) at site j. Substituting Eqs. (32) and (33)
into Eq. (30) gives

i - . D!,.- w 1 i i ’
% (f,8) = —idnG 'y é ) (Z my Ty T;:,q) (Z my Ty T;:,q) : (34)
b 7 i)
I (,8) = iVERGew® Y 242 ( m I;':‘T;,,q) (Z Q;T;g) : (35)
b I 1

which can then be straightforwardly substituted into Eq. (29) to compute the absorption rate. Note that if the miving
is removed by setting IIpq = Il4p = 0 (which can be accomplished by setting ¢}y = 0 as for a non-polar target),
and the phonon is assumed to be a perfect resonance, v — 0, then we recover the absorption rate previously derived
from Fermi's Golden Rule in Sec. [TE 1. The main effect of the mixing contribution to Eq.(29) is to slightly shift the
resonance locations from their value in the limit of no mixdng, 1.e., wy,.

III. SENSITIVITY TO GRAVITATIONAL WAVES

With the calculation of the GW absorption rate in Sec. II, we can now determine the experimental sensitivity. In
the context of DM direct detection, the sensitivity is governed by the number of phonons produced, Npn, over the
observation time, T. Requiring that Npp > 3 is then directly converted to a 95% C.L. limit on the DM coupling
parameters, assuming negligible backgrounds. While Npp will still be the figure of merit here, the question of ex-
perimental sensitivity becomes more subtle for GW searches since the incoming GWs need not be coherent over T,
nor have a monochromatic frequency spectrum. These two features are dramatically different than the signal due
to absorption of non-relativistic DM, which occurs at frequencies equal to the DM mass and persists over the whole
observation time. Due to the relativistic kinematics of the incoming GW, a closer analogy would be to a signal
produced by a thermal cosmic axion background [101], or from DM produced in the Sun [102, 103]. Here, computing
the number of phonons produced becomes intimately tied to the parameterization of the signal. Therefore for ease
of comparison it is useful to create classes of signals with similar parameterizations. The sources of high-frequency
GWs in this frequency range we focus on, for reasons discussed further in Sec. IV, may be referred to as deterministic
signals, characterized by a known signal profile which may be parameterized as,®

h(t) = ho(f) M =@ (36)

% Deterministic signals may also contain information about direction from which they were emitted. This goes beyond our isotropic
assumption in Eq. (10), and we leave further discussion for future work.
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Stochastic sources, characterized by their power spectral density, are considered in App. A. In Eq. (36), fa(t) 15 the
instantanecous signal frequency at time ¢, and hg(t) 1= the signal amplitude at time ¢. Assuming that f, and hy are
slowly-varying functions of time, the GW energy density for deterministic signals is

paw (t) = g5 F2(0) h3() = plw(f2) (1), (37)

where we have defined, plyw (f) = (7/8)f%/G. The GW energy density parameter Qgw for deterministic signals is
then given by

Pqu (f)
Pe

Qaw(f.t) = Fha(E)8(F — fo). (38)

Note that while Qgw(f) 1s typically used in the context of stochastic GW signals, its use here can be understood as
just a rewriting of the differential encrgy density, dpow /df, given by Eq. (10); pow in Eq. (37) is related to Qgw
in Eq. (38) by paw = [(dpow/df)df = pe [Qaw(f)dIn f. The expected number of phonons produced during T is
found by integrating the rate in Eq. (11), and multiplying by the detector mass, M,

o ]

While Eq. (39) is the underlying quantity which determines the sensitivity, comparing the response to different
deterministic signals, for example those with different time dependence, is subtle. Ideally, the signal strength and
detector sensitivity would be completely decoupled, such that if the signal strength is greater than the detector
sensitivity, then the signal may be scen. This decomposition is most clear in the context of monochromatic signals,
for which f; is constant, and the amplitude is slowly varying. For these signals, we can define,

R3(E)T(F) 8(f — fa(2)).- (39)

T
h; = % L h(t) dt, (40)
g _ dx f
hie(f) =3 57 (41)

where hy characterizes the signal strength and hge characterizes the detector sensitivity. This allows Eq. (39) to be
written as

hi
Npn = 3m. (42)
Therefore when A2 = h3_ (f.) the number of phonons produced is greater than 3, and limits on the signal can be sot
at the 95% C.L.

There is redundancy in our definitions of h; and hge(f), since only their relative magnitude is important, and
therefore great care should be taken to compare the sensitivity of different experiments which may differ in definitions
of h; and hge. The definitions chosen here are useful because they do not only apply to detection via single-phonon
excitations. For any direct detection experiment where the primary observable is some number of excitations, and
the interaction of a GW with that excitation is I'( f), Eq. (41) can be used to define the detector sensitivity.

Anather type of deterministic signal is a chirp signal, where f. = df./dt is known. For these signals the time
dependence in hg(t) can be traded for frequency dependence by solving for f = f:(t). Defining the signal strength in

this case as

2 _ f ;2 _Tf 42
ho(f) =;—Thu{f} = 7 half), (43)
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where 7y = fa/ fe is the signal coherence time, the number of phonons produced from this signal type is can then be
calculated, using dt = df /f, as

o [ B
Nph‘gf R " “y

where hye has the same definition as Eq. (41), and the frequency integral is performed over fo(0) < f < f:(T). We
see that if h; = hgey over an e-fold in f, then the number of phonons generated will be larger than 3.

With Eq. (41), the detector sensitivity, hg.,, can now be computed in a general target material. In this section
we focus on nine targets that have been previously studied in the context of DM direct detection. GaAs and AlaOg
are being utilized in the TESSARACT experiment [83], specifically designed to search for DM-induced single-phonon
excitations, and Si is used in SuperCDMS CPD [104] which is sensitive to secondary athermal phonons produced
from a DM-induced event. 5i and Ge have been used in other experiments, e.g., CDEX [105], DAMIC [106-110],
EDELWEISS [111-113], SENSEI [114-116], and SuperCDMS [117-119], searching for DM-induced electronic excita-
tions and muclear recoils. Nal (DAMA/LIBRA [120], KIMS [121], ANAIS [122], SABRE [123], DM-Ice [124]), Csl
(KIMS [125]), and CaWO,4 (CRESST [126-128]) have also been used as target material in nuclear recoil experiments.
In addition to these we include two more speculative targets: 5109, shown to have strong phonon responses to ab-
sorption and scattering of dark photon DM [73, 74, 76, 80, 82, and diamond, which has been independently proposed
to search for electronic excitations and nuclear recoils [72, 120].

While it is likely not all of these targets will be employed as single-phonon detectors, comparing the projected
sensitivity for a variety of targets illustrates how they can complement each other. The number of gapped phonon
modes, and their energy spectrum, varies across targets. For example, Csl has a single resonance at w ~ 10meV,
diamond has one at w ~ 175 meV, and CaW0y has many resonances between 8 meV and 110meV. The total number
of gapped modes is 3n — 3, where n is the number of atoms in the unit cell, and the energy of the lowest gapped
mode correlates with the speed of sound, which varies across materials. The GW sensitivity will be peaked near these
resonance frequencies, and therefore a judicious choice of targets is necessary to cover the broadest possible frequency
range. See Ref. [73] for the phonon band structures for the targets considered here. Additionally, in contrast to the
search for dark photon DM [68, 69, 77, 82|, or axion DM in a background magnetic field [20, 21| the targets do not
have to be polar, i.e., contain oppositely charged 1ons in the unit cell. This allows for targets like diamond, Si, and
Ge to be used to search for GWs even though they are not useful in searching for specific benchmark sub-eV DM
models, which instead must rely on multiphonon processes [77] at ({meV) frequencies.

Understanding and mitigating backgrounds is crucial to the success of any direct detection experiment utilizing
single-phonon excitations. The dominant irreducible background is from coherent solar neutrino scattering; the
cosmic neutrino background is negligible. Solar neutrinos are expected to produce a background of phonons at a
rate of B ~ 1072 /meV /kg - yr between 1meV = w S 100meV [130, 131). Other backgrounds are expected to be
important, and in fact dominate current low threshold direct detection technology. Examples of such backgrounds
are those induced by cosmic high energy particles [132], and from radiogenic sources in the detector or shielding [131],
the latter generating a background of phonons at a rate of B ~ 1 — 10/meV /kg - yr with current levels of radio-purity.
Improved shielding, active signal vetoing, and more radio-pure samples will be essential to reduce these backgrounds.
Vibrational noise 1s unlikely to be important sinece any source frequency is far from the phonon resonances of interest
here, and thermal noise will be Boltzmann suppressed.

In Fig. 1 we compare the detector sensitivity, hge, of the nine target materials assuming a kg - yr exposure and
hackgrounds at the irreducible level, = 1/kg - yr, which are negligible. The phonon line widths are taken to be
7w = 1072w, values which have been shown to reproduce the dielectric function reasonably well [82]. In addition
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FIG. 1. Detector sensitivities, fge, Eq. (41), for experiments utilizing gapped, single-phonon excitations in a variety of crystal
targets, assuming negligible backgrounds and a kg - yr exposure. The frequency, and munber, of resonances are properties of
the specific target. All line widths, ., Eq. (31), are taken to be lﬂ_gu.lp, where wy is the phonon frequency. The projected
sensitivity is cut off away from the peak resonances for visual simplicity, and to emphasize that the simplistic modelling of
e discussed previously is unlikely to hold far from the resonances. Note that 5i, Ge, and Diamond are non-polar, whereas
the rest of the targets are polar. In addition to the detector sensitivity we show the signal strength, hs, for three sources of
high-frequency GWs, all assuming sources r = 1 AU away and T = 1yr. Gray lines represent idealized, benchmark sources,
computed with Eq. (46), which emit GWs with power Fow, and are coherent over the observation time, i.e., monochromatic
sources with hs = ho in Eq. (40). The red line, labelled “Superradiant Annihilation”, is a monochromatic signal, from the
annihilation of two bosons n a superradiant produced population around low-mass [ M 5 l[I'_TM@]l BHs. The signal strength
is computed with Eq. (53), assuming the BH mass is maximal at each frequency; see Sec. IV A for more details. The blue lines,
labelled “Black Hole Inspiral”, are chirp signals from the inspiral of two low-mass (M < 107% M) BHs. The light blue dashed
lines correspond to h, in Eq. (55) for fixed BH mass, M. The solid line represents the high-frequency boundary of possible BH
inspiral signal strengths; at each f, we choose the BH mass M in Eq. (55) whose fisco(M) = f.

to comparing the sensitivity of different targets, we also compare hge to the signal strength, h;, for the sources
diseussed in Sec. IV, all assumed to be r = 1 AU away. Gray lines are shown as benchmark lines and correspond to
idealized, monochromatic sources which emit GW radiation from a single source isotropically with power Fow over
the obeervation time. The sensitivity could be further improved by inecreasing the detector volume, hgey o< 1,:"1.-""1_"', as
well as finding targets with smaller phonon linewidths, ., since at the phonon peak, ke is proportional to /.

In Fig. 2 we compare the sensitivity of smmgle-phonon detectors to other high-frequency GW detectors in the
MHz = f = 100THz frequency range. The curve labelled “Phonons” is simply an outline of the sensitivities in
Fig. 1. The detectors are compared in their ability to detect monochromatic GWs, coherent over all their observation
times, with (time-independent] amplitude hg. Constraints from recasting limits from current experimental data
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FIG. 2. Comparing the sensitivity of high-frequency GW detectors in the MHz < f = 100 THz range. The comparison between
detectors is only meaningful for monochromatic signals with constant amplitude, Le., those of the form h(t) ~ ho e*™%* where
ho is a constant. For these signals, if the ho produced from a source is greater than the detector sensitivity, then it may be
detected. The gray lines correspond to example, benchmark, sources isotropically emitting GWs with power Fgw, at frequency
f, and at a distance of r = 1Al ho is computed using Eq. (46). The solid red line labelled “Phonons” is an outline of
the specific target sensitivities shown in Fig. 1, which assume T' = 1yr. The sensitivity of different microwave cavities from
Ref. [61] (ADMX [133-135], CAPP [136], HAYSTAC [127], ORGAN [138], and SQMS [61]) is shown in teal. The sensitivity of
the MAGO 2.0 proposal from Ref. [50] are shown in green. The sensitivities of DMRadio-GUT [139] and DMRadio-m® [140],
assuming a figure-8 pickup loop, have been combined, labelled “DMRadic”, from Ref. [62] and are shown in orange. The
sensitivity of atomic clocks are from Ref. [60] and shown in purple.

(ADMX [133-135], CAPP [136], HAYSTAC [137], ORGAN [138]) were taken directly from Ref. [61]. Projections
for other experiments have been rescaled assuming a run time, T' = 1yr. This changes the projections for a future
detector built in the SQMS Center at Fermilab [61], MAGO 2.0 [59], DMRadio (a combination of projections from
DMRadio-GUT [139] and DMRadio-m® [140] from Ref. [62] assuming figure-8 pickup loop), and the “realistic” setup
for the atomic clock experiment from Ref. [60] by (1) factors relative to their respective references. The sensitivity of
other axion haloscopes, ABRACADABRA [141-143), ADMX SLIC [144], BASE [145], SHAFT [146], WISPLC [147],
can be found in Ref. [62], and are too weak to appear in Fig. 2.

IV. SOURCES

The universe naturally provides a vanety of GW sources. The Standard Model predicts GW production over a
range of frequencies, from the inspiral of supermassive black hole binaries [148-152] at f ~ nHz, to populations of
gravitons frozen in from the early universe at f ~ THz [153-157|. Additionally, many theories beyond the Standard
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FIG. 3. Comparison of the signal strength, h;, from the inspiral of BHs with equal mass M (“Black Hole Inspiral”, blue,
Sec. IV B), and superradiant annihilation of bosons surrounding a BH of mass M (“Superradiant Annihilation”, red, Sec. IV A)
at different GW frequencies, w. All lines assume the source is v = 1 AU away and T = 1yr. The superradiant annihilation
signal is computed with Eq. (53). The turnover occurs when the superradiant annihilation timescale, Eq. (51), is equal to the
observation time, T, and the cutoff is from requiring GMw < 0.8, corresponding to the point where numerical simulations
indicate a brealdown of our analytic approximations. The BH inspiral signal is shown at the different points in its frequency
evolution and computed with Eq. (55). The cutoff oceurs for BH masses too large to emit GWs at w, Le., their wygoo < w.

Model also predict GW production from inflation [158-163], inflaton anmnihilation into gravitons [164-166], phase
transitions [167-177|, preheating [178, 179], topological defects [180-182], noisy turbulent motion [183-187] and equi-
libriated gravitons [188, 189); see Refs. [190-192] for reviews.

However, if these GWs are present before big-bang nucleosynthesis (BBN), they would contribute significantly to
the radiation density of the universe, which is strongly constrained at that time [193]. The total amount of GW
radiation present at BBN is restricted to be less than ~ 2 x 107% [46, 193] of the total energy density in the universe.
This severely limits the amplitude of these GWa today, especially at the lngh frequencies we are concerned with here.
The characteristic strain of these cosmological, stochastic GW is given by [46, 194],

he(f) = ;’i_f:g ne}w;m o 10-38 (T?) (nmﬂ)%, (45)

which, while not an exact “apples to apples” comparison (see App. A for more details), is many orders of magnitude
smaller than the detector sensitivities shown in Fig. 2. To emphasize how un-detectable this 1s, note that the detector
sensitivity in Eq. (41) scales as L=3/2 where L is the length scale of the detector. A detector would need to be
scaled to L ~ 100 km, while still maintaining zero background, to reach h, ~ 1073 from its sensitivity of 1024 at
L ~ 10 em. Therefore it will be challenging for detectors based on single-phonon sensitivity to detect these stochastic,

early-universe GWs.
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GWs may also be produced on astrophysical seales, 1.e., by processes occurring in the Milky Way. Independent of
how the GWs are generated, the GW amplitude by from any source emitting GWs isotropically with power Poy at
frequency w and a distance v away is given by,

_ [RCPaw . s Pow \¥[lmeV) [8kpe
to =/ =10 () (Fo) () o

Achieving a detectable strain at galactic distances requires an extraordinary amount of power. Saild ancther way, if in
one year the entire mass-energy of the Milky Way (~ 10'2 M) were converted to meV-frequency GWs at the galactic
center (r = 8kpc), the amplitude would be only shightly above the detector sensitivity.

Therefore it appears the only reasonable source of GWs must come from a source at sub-kpe scales. Normalizing
Eq. (46) to AU distance scales, the required Pow 15 much smaller,

1
_ Fow 7 f1meVY [1AU
24
ho~10 (IU_EM@fFI) ( w )( r ) “n

This signal strength i1s shown as a gray line in Fig. 2, and iz more emblematic of the benchmark signals that very
high-frequency GW experiments may be sensitive to.®

We now consider two specific realizations of these deterministic signals: superradiant annihilation of bosons sur-
rounding a BH (Sec. IV A), and BH inspiral (Sec. IV B). Their signal strengths, b, are shown in Fig. 3 as a function
of the BH mass.

A. Superradiant Annihilation

Superradiance is the process where a rotating BH of mass M creates a high oceupancy bosonic cloud of particles
by losing mass and angular momentum [195-198]. The bosons that are produced occupy bound states around the
BH, which are analogous to bound states in a hydrogen atom since the gravitational potential is approxdmately 1 /7
far enough from the BH. The production rate of bosons in a given bound state depends on the number of bosons
present, and is therefore exponentially enhanced until the BH is spinning too slowly for superradiance to occur. The
maximum number of superradiantly produced bosons in the “n = 2, £ = m = 1" mode, to borrow the notation of
atomic physics, is,

2 2

Ng = Aa, (%) ~ 10" x Aa, (M%) . (48)
where My = 1.22 x 10 GeV, and Aa, is the difference in the BH spin parameter, a, = J (GM?)~!,
the BH angular momentum, before and after superradiance occurs. These superradiantly produced bosons may then
annihilate in to monochromatic GWs at frequencies w = 2u, where p is the mass of the boson.” For superradiance to
occur, the BH must be spinning fast enough, mQyg > p, where Qg is the angular velocity of the BH at the horizon.
This is known as the “superradiance condition” and, when written in terms of the BH mass, requires GMw < 1 for
the £ = 1 mode. Therefore there 15 a maximum BH mass which can emit GWs at frequencies w by superradiant
annihilation, M = Mglj'u.r ~ 10-" Mg (meV /w).

where J 1s

& Note that if compact objects of mass M constitute all of the local DM  then the typical separation is
(poma,/M)~Y2 w0 100AU ::MJI"ID_IEME,}UE, for ppy = 04GeV jem®. While the distance scale is much closer to AU scale of

interest, the required masses are too small to generate meaningful GW signals.
7 Level transitions also produce 3Ws, although at a subdominant rate to annihilation, and therefore we focus on the annihilation process

here.
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Computing the annihilation rate of two bosons in any state 15 a difficult problem because the gravitational “fine
structure constant”, o = GMp, can be non-perturbatively large. Therefore while analytic solutions exast for o < 1,
one must resort to numerical relativity simulations [199-202] for & = 1/2, near the edge of the superradiance condition.
These simulations indicate that the maximum annihilation signal occurs for 0.25 < o < 0.5 [200, 201], depending
on the spin of the boson and the initial a, of the BH. For simplicity we adopt a semi-analytic approach to model
the annihilation rate similar to Ref. [196], using the scaling relations from the perturbative regime, with an overall
coefficient set by the numerical simulations, and restrict o < 0.4. With this parameterization the annihilation rate of
two bosons in the n = 2, ¥ = m = 1 state 1= given hy

3 =4 12
B s { Mg 10 M w 315
Lar,ann = Cr My (20) (?) I (10—? M@) (ch) , (49)

and where the overall coefficient, Cp = 1071% is found from the numerical simulations in Ref. [200]. The total
annihilation rate is further enhanced by the number of bosons in the cloud,

1070 M & 5 w18
Rsr, ann = NE} I'sr, ann ™ vr ﬂﬂf (lﬂ_-r M@) (mv) 1 (50)

where the N2 factor is due to the fact that the GW is emitted via an annihilation process. This generates Pow =
whsr ann of power in outgoing GWs. The annihilation process continues until all the bosons have annihilated to GWs.
The timescale for this to happen 1= also set by Eq. (50,

N, a1 10T MM fmeV)
Tsr,ann = Rﬁr,.’mn ~ 10 Fﬁﬂ,, ( M - . (51)

The amplitude of the GWs emitted by superradiant annihilation is given by [196]

[ 8G 1
hgr,ann{t} = %Rﬁr, ann m 3 {52}

which can then be substituted in to the definition of the signal strength, h;, for monochromatic signals given in
Eq. (40). The signal strength has parametrically different behavior depending on whether the signal lasts over the

entire observation time:

3G oy AU M \*f w7
%Rﬁr,ann ~ 10 Aa, (T) (lﬂ_-r M@) (mev) Tsr,ann & T

pEmann _ 1 (53)
8 Ter, ann _as AUN sy 2 M meV Yy T
\/%Rﬁr, ann\/ T ~ 10 W Aay T (T) 107 M@ o Tar,ann S T.

Eq. (53) 18 shown in Fig. 3 (“Superradiant Annihilation™) as a function of BH mass, for different choices of signal
frequency, assuming T = 1yr. The maximum BH mass is set by M}... The turnover for each curve occurs when
Tar,ann ~ 1. BH masses above the turnover have Ty ann <€ T, and those below have 7o ann 3 T. Lastly, we note
that while it may seem beneficial to increase the annihilation rate, I'sy ann in Eq. (49), to increase h; and GW power
output, the timescale over which these GWs are emitted decreases, which hinders the signal. In fact, these competing
effects exactly compensate each other. If the Iy ann 1s increased enough to drive 7o ann < T, then by only depends
on the combination e annTer, ann = Nsr and becomes independent of s ann. Therefore the peak h,, which occurs at
large M when Ter ann < T, 15 independent of I'sy_ ann.
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B. Black Hole Inspiral

In addition to superradiant annihilation discussed in Sec. IV A, high-frequency GWs may also be produced from
the inspiral of compact objects such as BHs, boson and fermion stars [203-206], gravitino stars [207], gravistars [208],
and DM blobs [208]. For simplicity we will examine the most straightforward scenario, the GW emission from the
mspiral of two BHs with equal mass, M, in a perfectly circular orbit [86]. To lose energy to GWs the orbital radius
must decrease, drawing the BHs closer and thus inereasing the frequency of the GWs produced. The minimum radius
for which we can describe the inspiral as an adiabatically-changing circular orbit s, Rigon = 12GM, where ISCO
stands for “Innermost Stable Circular Orbit” (ISCO). Before the BHs reach the ISCO the GW frequency is given by,
w ~ 10meV (10-°My /M) (Risco/R)**. Requiring that R > Risco bounds Mw to be small. Therefore to reach a
given ISCO frequency the BH mass must be less than MEM ~ 10-% M (meV /wisco), where “bhi” is shorthand for
Black Hole Inspiral. Similar to the superradiant annihilation signal discussed in Sec. IV A, generating high-frequency
signals comes at the cost of smaller masses.

A crucial difference between the superradiant annihilation signal and BH inspiral is that while superradiant
annihilation is monochromatic, the GW frequency from BH inspiral is changing. This signal is therefore a
chirp signal according to the classification discussed previously. The timescale of frequency change 1z given by,
B f/f o~ 107 yr (10° Mg /M)* (meV/w)**, which, while relatively fast compared to the observation
time, is still large enough compared to the phonon lifetime (assuming wy, /v, ~ 100) to justify treating the signal
as deterministic. Moreover, since T_Fhi < T the minimum frequency, wpin = w(t = 0) will be much less than
Wmnax = Wisco, allowing us to approximate the signal bandwidth as 0 = w = wisco.

Within this bandwidth the GW amplitude is [26],

B 2 i
i 2 MAT w (T AU M Toow i
hhhl _ o W — 1[]—1'? o 54
0 rMp] (Mp]) (Mp]) T IU_EME, (rm:‘u‘) ! (54)

which, while scemingly large, is penalized in its overall signal strength (hg in Eq. (43)) by its small frequency coherence
time, Ty. The signal strength is given by

N AU P M\ fmeV)F
BB — g [ L pBM o 107% (=) (Z 55
’ T " r (T) 10-8 Mg, w ) (55)
and shown in Fig. 3 (labelled “Black Hole Inspiral”) as a function of BH mass for different choices of w assuming
T =1yr.

V. CONCLUSION

Single-phonon excitations, with energies in the Q{1 — 100) meV range, have been shown to be exceptionally sensitive
to light DM [67-71, 73, 74, 76, 77, 80-82]. Here we show that this sensitivity extends to high-frequency GWs in the
102 Hz = f < 10'*Hz range. In Sec. IT we derived the forces acting on a lattice of point masses due to an incoming
GW, and then used this to derive the GW-single phonon interaction Hamiltonian given in Eq. (6). We then used
this interaction to derive the absorption rate in non-polar, Sec. IIB1, and polar, Sec. IIB2, crystal targets. An
important difference between signals generated by absorption of ight DM and GWs 1s that the GW signal may not
be monochromatic or coherent over the observation time. This introduces subtleties in characterizing the detector
sensitivity relative to the signal strength. In Sec. I1T we define the detector sensitivity, hge, and signal strength, b, for
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the deterministic (as opposed to stochastic) signals of interest here. Most of the discussion readily generalizes to other
direct detection experiments, making the definitions of hy., and kb, useful outside the context of just single-phonon
cxcitations. We then computed the GW absorption rate into single-phonon excitations from first principles in nine
targets: GadAs, AlsOg, 5109, 51, Ge, Diamond, Nal, CsI, CaWO,, which have been well studied as targets in DM
direct detection experiments. In Fig. 1 we show the corresponding detector sensitivity for each individual target, and
in Fig. 2 we compare the detector sensitivities to other high-frequency GW experiments in the 108 Hz < f < 10" Hz
frequency range. The diversity of targets highlights how a combination of targets may be used to provide broadband
coverage in GW frequency space.

In Sec. IV we studied potential sources of these high-frequency GWs. GWs from the early universe are far too
weak to be detectable with single-phonon detection, and an extraordinary amount of power must be emitted in GWs
at Okpe) distances to be measurable. Therefore it seems any viable source must be within the local solar system, at
O(AU) distances. As examples of sources, we studied superradiant annihilation, Sec. IV A and BH inspiral, Sec. IVE,
and llustrated their relative signal strength in Fig. 3. In addition to these specific examples, in Figs. 1 and 2 we show
the signal strength corresponding to any source emitting monochromatic, coherent, GWs with power Pgw. These
serve as useful benchmarks sinece they provide both a physically motivated comparison between experiments, and a
target for future studies of high-frequency GW sources.

While our focus has been on single-phonon excitations in erystal targets, there are other ways GWs may interact
with phonons. For single-phonon excitations, the lowest accessible frequency is set by the energy of the lowest gapped
mode. However gapless, acoustic phonon modes have even smaller energies. These can be utilized in multi-phonon
processes in both crystal (210, and liquid [211, 212] targets where the incoming GW is kinematically matched to two
phonons. It may also be interesting to utilize photon read out strategies as studied in Ref. [213]. Furthermore, future
research studying the details of different GW signals are important for differentiation from a DM induced signal.

The introduction of external electromagnetic fields may also be advantageous. The same inverse Gertsenshtein
offect which the axion DM experiments are utilizing may also be an avenue to excite phonons in crystal targets or
optomechanical experiments (214, 215|. Indeed, if an incoming GW converts to an electromagnetic field, that electro-
magnetic field can then excite optical phonon modes in polar materials, analogous to axion absorption on phonons
in magnetized media [80, 81]. However in the crystal targets of interest here, the rate scems to be parameterically
suppressed. The effective coupling parameter 15 hg By, where By is the external magnetic field. When compared to
the axdion DM coupling, g4, +/PomBo/m,, this corresponds to hy ~ g4y /Pom/ Mg ~ 10-22 Fayy/ {I['J_l2 GDV_III at
w 7 my = 10 meV, leading to much worse detector sensitivity than shown here.

We have shown that DM direct detection experiments utilizing single-phonon excitations can be powerful probes
of high-frequency GWs in the THz < f < 100 THz frequency range. More broadly this suggests a connection
between DM direct detection and high-frequency GW detection beyond axion experiments. This is important since
the understanding of high-frequency GW sources 1s still emerging, and therefore multi-purpose DM-GW oxperiments
present the best opportunity to explore the high frequency frontier. Furthermore, demonstrating sensitivity with
multi-purpose DM-GW experiments motivates further research of GW sources which populate the high frequency
landscape.
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FIG. 4. Overview of the constraints on the dimensionless strain, h., of stochastic GWs with frequency, MHz < f < 10PHz.
The solid red line labelled “Phonons™ is an outline of the detector sensitivities, hgy.., shown in Fig. 1, assuming a kg - yr
exposure and negligible backgrounds. Experimental constraints are shown in shaded regions, while projections are shown as
dashed lines. Constraints from the Holometer experiment (light blue) are from Ref. [55], and those from bulk acoustic wave
experiments (brown, labelled “BAW™) are from Ref. [52]. Constraints recast from the “light shining through wall” experiments
ALPS 1 [62] and OSQAR 2 [65] (purple) are from Ref. [66], and projections for future versions of IAXO utilizing HET and
SPD detectors [155] (light red, labelled “IAXOygr,spp”) are from Ref. [155]. Projections for the MAGO 2.0 experiment are
from Ref. [50] (teal). Projections utilizing systems of Rydberg atoms (blue) are from Ref. [216]. Projections using a global
network of electromagnetic cavities {dark orange, labelled “GravNet") are from Ref. [217]. Constraints from the EDGES [218]
and ARCADE 2 [219] telescopes searching for the Gertsenshtein effect on CMB photons during the dark ages (dotted dark
blue) are from Ref. [220], and assume optimistically large cosmic magnetic field strengths that saturate current CMB bounds.
The dark green lines labelled “Telescopes™ correspond to constraints from many telescopes searching for photons converted by
conservative (solid) and optimistic (dotted) values of the magnetic field in the intergalactic medium [221). Additional telescopic
constraints due to the Gertsenshtein effect in a variety of astrophvsical magnetic fields, which generally lie within the range of
the dotted and solid green lines, can be found in Refs. [221-223]. The gray shaded region labelled “AN.s" indicates the region
bounded by a combination of BEN and CMB measurements on AN g [46, 193]
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Appendix A: Sensitivity to Stochastic Gravitational Waves

Having already discussed potential sources of stochastie high-frequency GWs in Sec. IV, here we focus on computing
the projected constraints, and compare them to other proposals and existing constraints in Fig. 4. Stochastic GWs
may be parameterized by either their energy density parameter, Qgw(f), or dimensionless, characteristic strain, h,,
related by Eq. (45). Assuming that Qow(f) is independent of time, after multiplying Eq. (11) by the detector mass
and observation time, the number of phonons produced can be written in terms of the detector sensitivity, hgeel f)
from Eq. (41), as,

2
Nph =3 x 4] ;%Zf{}:' dln f. (A1)
Therefore, similar to the number of phonons produced from a chirp signal, Eq. (44), if he(f)? 2 hje(f) over an e-fold
in frequency, the stochastic signal will generate (1) phonons. In Fig. 4 we compare an outline of the hyey shown in
Fig. 1, labelled “Phonons”, assuming a kg - yr exposure and negligible backgrounds, to a variety of other experiments.
See the caption of Fig. 4 for specific references.

In addition to the lines labelled “*EDGES/ARCADE”, which are looking cosmic microwave background (CMB)
photons perturbed by the Gertsenshtein effect during the dark ages [220], and the line labelled “Telescopes™, which
corresponds to constraints from a collection of telescopes on photons produced by the Gertsenshtein effect in the
intergalactic medium [221], there are other constraints from telescopes. For example, Ref. [221] also considers photons
converting in the Earth’s magnetic field, and in the galactic magnetic field, Ref. [222] considers excess photons
converted from magnetic fields within pulsars, and Ref. [223] considers photon conversion in planetary magnetospheres.
However the constraints not shown generally fall within the range of the dotted and solid green line (“Telescopes™)
shown in Fig. 4, and are therefore omitted to avoid clutter. Furthermore, contrary to Fig. 2, constraints from other
references are not rescaled, and taken directly from their respective source.
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