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Gravitational form factors of the proton from lattice QCD
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The gravitational form factors (GFFs) of a hadron encode fundamental aspects of its structure,
including its shape and size as defined from e.g., its energy density. This work presents a determi-
nation of the flavor decomposition of the GFFs of the proton from lattice QCD, in the kinematic
region 0 < —t < 2 GeV?2. The decomposition into up-, down-, strange-quark, and gluon contribu-
tions provides first-principles constraints on the role of each constituent in generating key proton
structure observables, such as its mechanical radius, mass radius, and D-term.

Achieving a quantitative description of the structure of
the proton and other hadrons in terms of their quark and
gluon constituents is a defining challenge for hadronic
physics research. The gravitational structure of the pro-
ton, encoded in its gravitational form factors (GFFs), has
come under particular investigation [1-23] since the first
extraction of one of its GFFs from experimental measure-
ments in 2018 [24]. Defined from the matrix elements of
the energy-momentum tensor (EMT) in a hadron state,
GFFs describe fundamental properties such as the mass
and spin of a state, the less well-known but equally funda-
mental D-term (or “Druck” term), and information that
can be interpreted in terms of the distributions of energy,
angular momentum, and various mechanical properties of
the system [25-28].

The proton GFFs A(t), J(t), and D(t) are defined as
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where al#b"} = (a"b” +a”b*)/2, N(p, s) is a proton state
with three-momentum p and spin eigenvalue s = :I:%,
u(p, s) is the Dirac spinor, P = (p+p')/2, A =p' — p,
t =A% and 0., = %[y, 7] where 7, are the Dirac ma-
trices. T is the renormalization-scale independent [29]
symmetric EMT of QCD [30]. It can be decomposed into
quark and gluon contributions as T = Yictag) ™,
where
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Fre is the gluon field strength tensor, ¢y is a quark
field of flavor f, and D* = 0O* + igA* is the covari-
ant derivative. The matrix elements of 7/ define the
renormalization scheme- and scale-dependent partonic
contributions to the GFFs. The corresponding forward
limits A4;(0), J;(0), and D;(0) describe the partonic de-
composition of the proton’s momentum, spin, and D-
term, respectively. Poincaré symmetry imposes the sum

rules [8, 31-34] A(0) = 1 and J(0) = 1/2, while the
value of D(0) is conserved but not constrained from
spacetime symmetries [35]. The t-dependence of the
GFFs encodes additional information about the quark
and gluon contributions to densities in the proton [25-
27, 36]. While determination of the flavor decomposition
of the proton’s momentum and spin have a long history,
reviewed in Refs. [37-39], constraints on the D-term [17—
20, 24, 40, 41] and the t-dependence [17-21, 41-43] of the
proton’s GFFs have been comparatively recent.

This work presents a flavor-decomposition of the total
GFFs of the proton, A(t), J(t), and D(t), into gluon,
up-, down-, and strange-quark contributions, achieved
through a lattice QCD calculation with quark masses
yielding a close-to-physical value of the pion mass. The
Dy44(t) and Dgy(t) GFFs are found to be consistent
with the recent experimental extractions of these quanti-
ties [24, 40], while the t-dependence of A,4(t) is consistent
with one of the two analyses of experimental data pre-
sented in Ref. [40] and in tension with the other (includ-
ing the updated analysis of Ref. [44]). The individual
up-, down-, and strange-quark GFFs are quantified for
the first time from experiment or first-principles theory.
From the GFFs, the energy and radial force densities
of the proton, and the associated mass and mechanical
radii, are computed, allowing a quantitative comparison
of these different measures of the proton’s size.

Lattice QCD calculation: The lattice QCD calcula-
tion is performed using a single ensemble of gauge field
configurations generated by the JLab/LANL/MIT/WM
groups [45], using the Liischer-Weisz gauge action [46]
and Ny = 2 + 1 flavors of clover-improved Wilson
quarks [47] with clover coefficient set to the tree-level
tadpole-improved value and constructed using stout-
smeared links [48]. The light-quark masses are tuned
to yield a pion mass of m, =~ 170 MeV, and the lat-
tice spacing and volume are a ~ 0.091 fm [49, 50] and
L3 x T = 483 x 96. The technical details of the lat-
tice QCD calculation are as for the determination of the
pion GFFs in Ref. [51] and are summarized below. Addi-
tional details, including analysis hyperparameter choices
and figures illustrating intermediate results, are included



in the supplementary material.

First, the bare matrix elements of Tg“”, and of the
singlet and non-singlet quark flavor combinations of the
EMT, i.e.,

singlet: Tq“” = Tﬁ”’ + Téw =+ TS’W (3)
non-singlet: T,ﬁ‘ll’ =T T, (4)
T =T+ T - 21, (5)

are constrained from ratios of three-point and two-point
functions that are proportional to the bare matrix ele-
ments of the EMT, Eq. (1), at large Euclidean times.
The three-point function of the gluon EMT is measured
on 2511 configurations, averaged over 1024 source posi-
tions per configuration, with the gluon EMT measured
on gauge fields that have been Wilson flowed [52-54]
to taow/a? = 2, for all sink and operator momenta
with |p/[? < 10(27/L)? and |A]? < 25(2m/L)?, and
all four spin channels, s,s’ € {£1/2}. The connected
part of the quark three-point function is measured on
1381 configurations using the sequential source method,
inverting through the sink for 11 choices of source-
sink separation in the range [6a,18a], with the num-
ber of sources varying between 9 and 32 for the differ-
ent source-sink separations. The momenta measured are
p € 2n/L{(1,0,-1),(-2,-1,0),(-1,—1,-1)} and all
A with |A|? < 25(27/L)?, for a single spin channel with
s = s = 1/2. The disconnected parts are stochasti-
cally estimated on the same 1381 configurations as the
connected parts, using 2 samples of Z4 noise [55], di-
luting in spacetime using hierarchical probing [56, 57]
with 512 Hadamard vectors, and computing the spin-
color trace exactly. Measurements are made for all
Ip’|? < 10(27/L)?, |AJ]? < 25(2r/L)?%, and all four spin
channels,

Second, ratios of three- and two-point functions that
correspond to the same linear combination of GFFs—
as defined in Eq. (1), and up to an overall sign—are
averaged. The summation method [58-61] is used to
fit the Euclidean time-dependence of the averaged ra-
tios and extract the bare matrix elements. In all cases,
1000 bootstrap ensembles are used to estimate statisti-
cal uncertainties, and systematic uncertainties in fits are
propagated using model averaging with weights dictated
by the Akaike information criterion [62] (AIC) [63-65].
Since connected measurements exist for only a subset of
the matrix elements, the disconnected contributions to
the bare GFFs of T}, and T,,' are fit separately using
all available data, with the results used to obtain better
constraints for the subset for which connected parts are
available and thus to obtain the full matrix elements of

1 T, is purely connected, as the disconnected contributions cancel
in the difference.
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FIG. 1. The three GFF's of the proton, and their decompo-
sition into gluon and total quark contributions, are shown as
functions of ¢. Inset figures show the isosinglet quark GFFs
further decomposed into up-, down-, and strange-quark con-
tributions. The total GFFs are renormalization scheme- and
scale-independent, while all other GFFs are shown in the MS
scheme at u = 2 GeV. The dark bands represent dipole fits
to the data in the case of g and ¢ = u+d+ s, and linear com-
binations of the dipole fits to ¢, v1, and v2 in all other cases.
The lighter bands show analogous fits using the z-expansion.

T, and T,,. Finally, the matrix elements are divided
into 34 t-bins using k-means clustering [66], and the
GFFs are extracted by solving the resulting linear sys-
tems of equations, with the renormalization performed
non-perturbatively using the results and procedure pre-
sented in Ref. [51].



Dipole z-expansion
A; Ji D; A; Ji D;

U 0.3255(92) 0.2213(85) —0.56(17) 0.349(11) 0.238(18) —0.56(17)

d 0.1590(92) 0.0197(85) —0.57(17) 0.171(11) 0.033(18) —0.56(17)

s 0.0257(95) 0.0097(82) —0.18(17) 0.032(12) 0.014(19) —0.08(17)
u+d+s 0.510(25) 0.251(21) —1.30(49) 0.552(31) 0.286(48) —1.20(48)
g 0.501(27) 0.255(13) —2.57(84) 0.526(31) 0.234(27) —2.15(32)
Total 1.011(37) 0.506(25) —3.87(97) 1.079(44) 0.520(55) —3.35(58)

TABLE I. The flavor decomposition of the momentum fraction, spin, and D-term of the proton, obtained from dipole and
z-expansion fits to the proton GFFs, renormalized at p = 2 GeV in the MS scheme.

[T this work
BEG
~2.0 : : : :
Duran et al. method 1
Duran et al. method 2
0.4 1 %& Guo et al.
= & 5 this work
< g,
=~ 021 Ty

= —21
Q% / Duran et al. method 1
' Duran et al. method 2
—4 Guo et al.
this work
0.0 0.5 1.0 1.5 2.0
—1[GeV]?

FIG. 2. The proton GFFs Ay(t), Dy(t), and Dyya(t) and
corresponding dipole fits from this work are compared with
the experimental results of Refs. [24] (BEG), [40] (Duran et
al.), and [44] (Guo et al.). For this comparison, the results for
Agy(t) are re-scaled such that the gluon momentum fraction is
Ag(0) = 0.414(8) [67], which is the value used as an input in
the extraction of Refs. [40] and [44]. This does not affect the
t-dependence of the GFF.

Results: The flavor decomposition of the renormal-
ized GFFs is presented in Fig. 1. To guide the eye, the
GFFs of currents g and ¢ are fit using both a multipole
ansatz with n = 2 (dipole), chosen as the integer yielding
the lowest x2 per degree of freedom for the majority of
the fits, as well as the more expressive z-expansion [68].
The GFFs are further decomposed to yield the individual
quark flavor contributions G(t) = (A(t), J(t), D(t)) from
the data and fits for currents ¢, vy, and vy, using

Gult) = 5Go(0) + 5Gu,() + 3Gu ), (6)
Gu(t) = 5G(0) + 3Gl = 3Gu (), (1
Gu(t) = 3Gy(t) ~ 3G (1) ®)

The functional forms of the fit models, along with the
resulting fit parameters, are given in the supplementary
material.

The flavor decomposition of the forward limits A(0),
J(0), and D(0) is summarized in Table I, and can be
compared with other recent lattice QCD calculations of
the decomposition of the momentum and spin fractions of
the proton in Refs. [69, 70]. The sum rules for the total
momentum fraction and spin are satisfied, and the to-
tal quark and gluon contributions to these quantities are
approximately equal. The calculated gluon momentum
fraction is, however, several standard deviations larger
than the global fit result A4(0) = 0.414(8) [67], which
can likely be attributed to remaining systematic uncer-
tainties that could not be estimated from this calcula-
tion using a single ensemble of lattice QCD gauge fields.
In particular, the continuum limit has not be taken, and
renormalization coefficients were computed on an ensem-
ble with larger lattice spacing and quark masses [51]. The
calculated result for the total D-term satisfies the chiral
perturbation theory prediction for its upper bound [71],
D(0)/m < —1.1(1) GeV ™', and is in agreement with chi-
ral models [72-78].

Figure 2 presents a comparison of the dipole fit results
with the available experimental results for D, 4, A4, and
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FIG. 3. The quark, gluon, and total contributions to the
longitudinal force (upper) and energy (lower) densities in the
Breit frame are shown as functions of the radial distance from
the center of the proton. The corresponding quark, gluon, and
total mechanical and mass radii are marked as data points on
the corresponding curves.

D, presented in Refs. [24, 40, 44]. The fits to D44 are
found to be consistent, but the uncertainties of the lat-
tice data are comparatively large at the small values of
|t| for which experimental data is available. Extractions
from new [79] and future experimental data over a larger
|t|-range, as well as better control of the uncertainties of
the lattice QCD result at low |¢|, will be necessary for
a robust comparison. For the gluon GFFs, the lattice
QCD results are found to be consistent with the ‘holo-
graphic QCD’ inspired approach [14, 15] (method 1) to
the analysis of experimental data in Ref. [40] and disfa-
vor the ‘generalized parton distribution’ (GPD) inspired
approach [80] (method 2). A more recent analysis [44] in-
cluding an update to the GPD inspired analysis method,
as well as additional experimental data [81], is in less ten-
sion with the lattice QCD results presented here. These
comparisons illustrate the continued synergy and com-
plementarity between lattice and experimental results for
these quantities.

Densities: Through the definition in terms of the
EMT, and by analogy? to mechanical systems, the t-
dependence of the GFFs also gives insight into various
densities in the proton. Specifically, the Breit-frame dis-

2 The physical significance of these analogies is debated [82-85].

tributions €;(r), p;(r), and s;(r), defined as?
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and i € {q,9,q9+g}, can be interpreted as energy, pres-
sure, and shear force distributions respectively [25-27].
The root-mean-square radii of the energy density and
the longitudinal force density

E}\(r) = pir) + 2s:(r) /3 (13)
yield the mass and mechanical radii of the proton [27],

<r2>mass - M
’ [drei(r)

3pr2Fll
<r2>mech _ fd Fz ( )

’ e Flr) (14)
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Figure 3 shows the quark, gluon, and total densities and
corresponding radii obtained analytically from the dipole
fits to the GFFs. For both densities, the gluonic radius is
found to be larger than the quark radius. For the case of
the gluon mass radius, the result is consistent with that
predicted using the ‘holographic QCD’ inspired model
in the phenomenological extraction of Ref. [40] and the
updated analysis of Ref. [44], as shown in Fig. 4. The re-
sults for the quark mechanical radius are consistent with
a recent extraction from deeply virtual Compton scat-
tering cross sections data [86]. They are also consistent
with the soliton model prediction [72, 77] that the pro-
ton mechanical radius is slightly smaller than the charge
radius [87], and with the equality of the two radii in the
non-relativistic limit shown in the bag model [1, 8].
Summary: The flavor decomposition of the proton’s
A(t), J(t), and D(¢) GFFs into their up-, down-, strange-
quark, and gluon contributions is determined for the first

3 The quark and gluon contributions to the pressure and energy
densities additionally depend on the GFF ¢;(t), which appears
in the decomposition of the matrix elements of TZ‘W due to the
quark and gluon EMT terms not being individually conserved.
This contribution, which is not constrained in this work, vanishes
for the total densities since ¢q(t) + ¢¢(t)=0.
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FIG. 4. Comparison of different proton radii. In addition
to the results obtained in this work, the charge radius from
Ref. [87] (PDG), the gluonic mass radii from Ref. [40] (Duran
et al.) and Ref. [44] (Guo et al.), and the quark mechani-
cal radii from Ref. [86] (BEG) are shown. While the latter
only includes the light quark contributions, they are compared
directly as the strange quark contribution is found to be neg-
ligible for this quantity. The uncertainty of the charge radius
is too small to be visible.

time for a kinematic range 0 < —t < 2 GeVg, using a
first-principles lattice QCD calculation. The results re-
veal that, while the contributions of quarks and gluons to
the proton’s momentum, spin, and D-term are approxi-
mately equal, the gluon contributions act to extend the
radial size of the proton over that defined by the quark
contributions as quantified through the mass and me-
chanical radii encoded in the t-dependence of the GFFs.

The lattice QCD results for the D,yq(t) and Dgy(t)
GFFs are consistent with the recent experimental re-
sults of Refs. [24, 40], but D,44(t) is constrained over
a greater kinematic range. For A4(t), however, the com-
parison of first-principles theory with the experimental
results of Ref. [40] provides important additional con-
straints that distinguish between different analyses of the
experimental data. Moreover, the results for the separate
up-, down-, and strange-quark GFFs presented here are
the first constraints on these quantities from first prin-
ciples theory or from experiment. This work thus sets
important benchmarks on these fundamental aspects of
proton structure for future measurements at Thomas Jef-
ferson National Accelerator Facility [88-90] and at a fu-
ture Electron-Ion Collider [91].
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FURTHER DETAILS OF LATTICE QCD CALCULATION

The momentum-projected two-point correlation function of the proton for spin channel s — s’ is defined as

C2(p, tsix0,t0) = Y e POt [T (x (%, s + o)X (%0, t0))], (15)

where the interpolating operator y(z) is

x(x) = € [ (2)Crs ()] vi(z) (16)

with a, b, ¢ being color indices and C' the charge conjugation matrix, and the spin-projection matrices are

I, — ( Pr(l+%7) Prr:(r +i7y)) (17)
oo P+7Z('Ya: - Z’Yy) P—i—(l - '7$'7y) s's ’

with Py = %(1 + 7¢) being the positive-energy projector. C’ff,t is computed on quark sources smeared by gauge-
invariant Gaussian smearing up to radius 4.5a, defined using spatially stout-smeared [48] link fields, for 1024 source
positions on each of 2511 configurations. The 1024 sources are arranged in two 43 x 8 grids offset by (6,6,6,6) lattice
units, with an overall random offset for each configuration. The two-point functions are projected to all momenta
satisfying |p|? < 10(27/L)2. To extract the proton energies, the two-point functions are averaged over all momenta
of equivalent magnitude, all sources, and the two diagonal spin channels; the results are fit to the functional form

C™(p, ty) ~ Z |lev,,|26—E,gts7 (18)
n=0

where n = 0 is the ground state. The momentum-averaged correlator for each distinct |p| is analyzed independently.
The parameters Eg are determined by model averaging [63] over the results of fits to models with 2 and 3 states, and
various ranges ts min < ts < tsmax(|P|). All £ min € [1,15] are used, and ¢; max(|P|) is taken to be the last point before
the noise-to-signal ratio exceeds 5%, ranging between 27 for p? = 0 to 21 for p? = 10. The energies are parameterized
as a tower of positive gaps A", fitted with a log-space prior log A™ ~ log[0.5(1)] for each. Wide, uninformative priors
are used for the ZJ. Uncertainties are propagated by bootstrapping as described in the main text, which is reconciled
with model averaging as described in Ref. [20].

Figure 5 shows the effective speed of light ¢ computed from the energies obtained as described above, and the
dispersion relation E, = y/m? + |[cp|?. The 2% deviation of the results from ¢ = 1 is small compared to the
uncertainties of the GFFs, and therefore energies obtained from the dispersion relation using the fit to the nucleon
mass am = 0.4169 are used for the remainder of the analysis.
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1.001
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FIG. 5. The values of ¢ obtained from the dispersion relation Ep = /m? + |cp|? using the ground state energies extracted
from fits to nucleon two-point correlation functions.



ts 6 7 8 9 10 11 12 13 14 16 18
N, 9 16 16 16 16 16 16 16 32 32 32

TABLE II. Number of sources N, for which the connected quark contributions to the three-point function, Eq. (30), are
computed for each sink time ts.

The quark and gluon symmetric EMT contributions in Euclidean space can be defined as
- - —
Ty (@) = 5 (2) D {1y oy (@), (19)

L o () Fag ()] (20)

Tg,w(x) =2Tr | Fup(z)Fyp(z) — 1

where, up to discretization effects, the Euclidean gluon field strength tensor can be expressed as

Fuw(#) = 5= (Quo(@) = QL () (21)
with (), defined in terms of the link fields as
Q@) =Un(@)U, (& + U} (@ + 9)US (@) + U (@)U} (@ — o = DU (= Uz — 1)

+UN (x = U (x = o= 0)Up(& = oo = D)U, (z = 2) + Ul (z = 2)Up (& — D)U, (w — o — 2)U}

o

(22)
and where gg is the bare coupling for a tadpole-improved Luscher-Weisz gauge action with tadpole parameter ug,
9o = (23)

The symmetric covariant derivative can be expressed as

— 1
Du=5(Du-Du), (24)

where
BEv(@) = 5 (Uul)ole+ ) — Ul — ila — ) (25)
$@)DE = 3 (Da+ DUYE) — ¥ — Ul — ) (26)

On an isotropic hypercubic lattice, the traceless diagonal and off-diagonal components of the EMT transform under
two different irreducible representations (irreps) of the hypercubic group, 7'1(3) and 7'956) [107, 108]. The choice of basis
for each irrep that is used in this work is

. 1, . . . . . 1 . - . 1 - .
T ) = = (T} Toy — 133 — T, T 3 =—(T11 —T¢ T 3 = —=(133 — T, 2
@ =5 (T +Tor = Tz = Taa), Tos) ﬂ< 11— Tn), T e \/5( 33 — Tu4), (27)
. 1 . . 1 . . 1
T @ = —=(Tia+To1), T ) = —=(T13+T51) , T (6) = —=(T1a + T41),
73,1 \/i 2 73,3 2
1 1 1 (28)
o) = E(T% +T32), T (0) = E(TQ4 + Tu2), Tw= f2(T34 + Tu3),
which can be transformed to Minkowski space via
Euclidean — Minkowski : T44 — TQ(), T4j — 72"120]‘, Tjk — *lev (29)

The three-point functions needed to extract the matrix elements of operator ng, where R € {71(3), Téﬁ)}7 { denotes
the vector in the basis of the irreps defined in Eqgs. (27) and (28), and i € {q, g,v1,v2}, are defined as

C?’]g/;ssl (p/, ts; A, T; X0, to) = Z €_ip/.(x_x0)€iA.(y_xo)tr [<FS’SX(X7 ts + tO)TiRﬁX(Xm t0)>] . (30)
x,y



In the limit where (t; — tp) — oo and (ts — 7) — oo, the three-point functions approach the desired matrix elements
as:
(ta—7) 00 o= B (ts—t0) ;= (Ep—Ep) (T—to0)

* oG T
o L EL (N )| Tire IN(p,#)) . (31)

3pt /g .
Ci'RZss/ (p ’ tS’ Aa T;Xo, tO)

where p = p’ — A. Three-point functions for the disconnected quark and gluon contributions are constructed by
correlating the operator measurements with the grid of 1024 two-point functions described above. The connected
quark contributions are measured for a subset of source-sink separations, with different numbers of sources for each
as tabulated in Table II. These measurements are averaged over all source positions and 1000 bootstrap ensembles
are formed. At the bootstrap level, the following ratios of three- and two-point functions are constructed:

Rinee (0 1a: A7) = CiRtan (P31 8,7) [O (st = T)CF (0, ) Cali (B, 7)
iRAUss s bsy ; Cflpst/(p’,ts) CQ/ptl(p t, _T)Cth( )C2pt( )
(tor)soo 1T [Dwrs(pf +m) (N(D',8)| Time [N (p, 5)) (p + m)]

fero0 4\/EpEp (Ep +m)(Ep + m) .

(32)

The above expression is a linear combination of the GFFs, with known kinematical coefficients. Within each irrep,
all ratios for choices (6,p’, A, s,s") that yield identical coefficients up to an overall minus sign are averaged, yielding
averaged ratios R;g.(t;ts,7), where ¢ denotes the unique set of coefficients and ¢ the squared momentum transfer
associated with it. The averaged ratios yield the matrix elements of interest as
(a 7_)_>OO

Rﬂ?,c(t tsvT) T) MEch( ) (33)
where ME;z.(t) is the rescaled matrix element to be extracted by fitting the Euclidean time dependence of the ratios.
This is done using the summation method, wherein one sums over the operator insertion time 7 to form summed
ratios [58-60]

ts—Tcut ( . 7‘)~>oo
Ech(t ts, 7-cut Z Rz’Rc t its, 7-) e (ts — Teut + l)MEiRc(t) + AiRc(t; 7-cut)a (34)

where A;re(t; Teut) is a ts-independent constant. ME;r.(t) is then extracted by fitting the slope of Yirc(t;ts, Teus)
with respect to t,.

For the connected data, summed ratios are constructed and fit for all 7., € [2,6]. Linear summation fits are
performed for all ranges tsmin < ts < 18, where ts min € [6,14] and t; = 18 is the largest available in the dataset.
The resulting pool of fits are model-averaged to obtain the final estimate of the matrix element. For the disconnected
data, summation fits are performed for 7.y > 2 to all ¢, ranges extending over 5 or more timeslices in the window
[ts,min, ts,max), Where ts min = 6 for 71(3) and tg min = 10 for 73 (6) , which yield the highest p-values for most of the ¢-bins
in the bare GFF fits of both singlet and non-singlet dlsconnected quark contributions. The maximum sink time is set
t0 ts max = 20, after which the c-bin ratios become consistent with non-Gaussian noise. For the gluon contribution, in
order to avoid the effect of contact terms due to the gradient flow, cuts are made such that 7., > 4 and i, > 9 for
the summation fits, while the rest of the fitting details are the same as for the disconnected quark data. Examples of
averaged ratios and corresponding summation method fits for all different contributions are shown in Figs. 6 and 7.

The matrix elements of the singlet u+ d+ s and non-singlet u 4 d — 2s currents contain both a connected and a dis-
connected contribution. However, data for the connected contribution are only available for a subset of the kinematics
compared to the disconnected contribution, as three-point functions were computed for only three sink momenta and
one spin orientation via the sequential source method, inverting through the sink. Discarding a considerable fraction
of the disconnected contribution measurements is undesirable, since constraining it is already challenging due to poor
signal-to-noise. Instead, the bare disconnected singlet and non-singlet contributions to the GFFs are first fit, by
separating the complete set of rescaled matrix elements obtained by the summation fits into 34 momentum ¢-bins (the
same t-bins used for the renormalized GFF's presented in the main text), and inverting the system of equations

KA ATRE + Ky /57 + KR, DI = MEiry (35)

for each t-bin. Here, bold symbols are vectors in the space of ¢-bins, K are the kinematic coefficients multiplying the
GFFs in the expansion of the rescaled matrix element, as defined by Eqs. (32) and (1), and i € {g9°°, v§s°}. The



resulting bare GFFs are shown in Fig. 8. These are then used to obtain predictions for the disconnected contributions
to the smaller subset of matrix elements for which the connected measurements are available.

In order to investigate how well the summation fits describe the data cumulatively, “effective matrix elements” are
defined as functions of ¢ by

MES (t:ts) = 0, Sire(t; ts) = Sire(t; ts + 0ts) — Sire(tits)] (36)

1
5,
with dt, = 1 for all the gluon and quark disconnected data, and for the majority of the quark connected data*. The
Tews dependence of the summed ratios is fixed to the minimum value used for the specific contribution, as described
above, and is not explicitly shown. The effective matrix elements, which are formed directly from the data, are
grouped into the same ¢-bins used for extraction of the GFFs. One can then obtain “effective” bare GFFs ASL,(t,),
JE (ts), and DS (t,) for each flavor i, irrep R, momentum bin ¢, and sink time ¢, by fitting the overconstrained

(]
system of linear equations,

K ARy () + Ky Jim (6) + KR, Dy (ts) = MEGR (¢) | (37)

where K;%t, K'{a and K7Du are as in Eq. (35). Figs. 9, 10, and 11 show examples of the bare effective GFFs for all the
different contributions and several different ¢-bins.

GFF MODEL FIT PARAMETERS

The renormalized GFFs presented in Fig. 1 include fits using the n-pole model
@
Fn t) = 1 s AN
W= T
with a and A being free parameters. All choices 1 < n < 4 yield consistent results. The dipole model, n = 2,

was chosen for the results presented in the main text based on the x?/d.o.f. Results are also presented using the
z-expansion [68]

(38)

F.(t) = Y anl=(0)]%, (39)

where oy, are free parameters, and

\/tcut —t— \/tcut - tO

z(t) = )
( ) \/tcut -t + \/tcut - t(]

(40)

where

to = teut (1 — 1+ 2 GeV)2/tewr) (41)

and ey = 4m72r. Fits were performed with kpax varied between 2 and 4, and the smallest 2 /d.o.f is obtained in
fits with knax = 2, which is used for the results in the main text. Table III presents the resulting parameters of the
dipole and z-expansion fits to A(t), J(t), and D(t), which are used to produce the bands in Fig. 1, along with the
corresponding x? per degree of freedom of each fit.

SINGLE-IRREP RENORMALIZED GFFS

The results presented in the main text are the result of a simultaneous fit to both irreps using the procedure and
renormalization coefficients of Ref. [51]. The renormalized results for the two irreps must agree in the continuum limit,
but can have different discretization artifacts. Since a continuum extrapolation is not performed, Fig. 12 presents the
renormalized GFFs obtained by fitting the two irreps separately. Although some tension is observed between the two
irreps for some of the GFFs, particularly for J,(t), the p-values of the combined-irrep fits are comparable to those
for the single-irrep fits. In future work, it will be important to repeat this calculation at different lattice spacings in
order to better quantify the discretization artifacts.

4 5t is set to 2 for the larger sink times of the connected data, since ts = 15 and ts = 17 were not computed.



t=—0.0 GeV? t=—0.483 GeV? t=—0.873 GeV? t=—1.529 GeV? t=—1.985 GeV?
K=(0.349,0.0,0.00 K=(0.223,-0.031,-0.01) K=(0.22,-0.056,-0.034) K=(0.22,-0.098,0.085) K=(0.238,-0.134,0.125)
0.10
Jidii
< 0.05 - o
; A YR T Y {
s R 4 B } ; 3k s e ] i =5
0.7fm t+ 1.3fm EET "{-Fffff"]'irfi??i.
0.00 0.9 fm 1.5 fm L !
1.1 fm 1.6 fm
AT
3 EFFFFIIEAIEFRFINT I B .
1‘0.0_ "Ff‘;';;rr?!~‘;'j;!'fb'r.{,
g 0.2 1 ! ]
= kb 1]
O ek L
3 ! L L Y
£ 00+ ” | ;H'ff”*i-:?”“ﬂ,{- r*}’{".}f}-ﬂ
0.1 1
S |
%
 ATAY | |
3 , TREE TINANIEETE R v Lot d bt ot Rt
¥ 004 !H H .1“,“.}3;, ;;?HU”}; }1;{;?”{..{.;;&”“.
0.5 A |
RLLLINY
% } ¥ } 1 T ] ; ‘}. 1 1 f L
t 1 prag ! i - i d
0.0+ - = e e sasnszazaiiildg s i
-03 00 03 -03 00 03 -03 00 03 -03 00 03 -03 00 03
7—1,/2 [fm] 7 —1,/2 [fm] T—1,/2 [fm] 7—1,/2 [fm] 7—1,/2 [fm]
FIG. 6. Examples of averaged ratios, defined following Eq. (32), for 7'1(3). Each column represents a single ratio, with the

corresponding ¢ value and (K A K7, KP ) coefficients shown as column titles. The rows represent the bare u — d, the connected
part of u + d, the disconnected part of u + d + s, the disconnected part of u + d — 2s, and the gluon contributions to the ratio.
The overlaid bands show fits to the corresponding ratios obtained via the summation method as described in the text.



t=—0.067 GeV?

K=1(0.185,-0.003,-0.0) K=(0.066,-0.006,0.024)

t=—0.464 GeV?

t=—1.046 GeV?
K=1(0.024,-0.003,0.0)

1= —1.45GeV?
K=(0.187,0.191,-0.0)

t=—2.003 GeV?
K=(0.017,0.017,0.006)

0.05 - Fagly
3 : »dE O B I A
ki TR, ¥
I'rr ¢+ )
= - Is { i. | - lki} 1 Jl' i
0.00 07fm | 1.3fm H FRERrTT ””E'FH
09fm = 1.5fm
1.1 fm 1.6 fm
0.10
EYTLLIAEY
= 0051 i FEEIITHS
~ " RENS R
Frekddgl . | L
£ 0.00- S2dddd piprekria ‘”‘Hﬂfi'
0.2 A
S
%
1 Fakbhd®pi i b j | - SEESTYYI NI AN
P e R a n S R RN RS S s = S M R Sk S R RN CE S S 28 & R
L { t I i
0.05 ~
8
%
| ;;U,;';i' A ' ;}
TL_o.oo— frrlrry ] e e RS L RSN A$}93§;qf
3 L ]
0.2 1
Wikt ,
= 1aRERE A Ll PRRRRRR e b obbos
O_O—f :1.!.5“,’?60 sty L >4 t S ppovins § !
-03 00 03 -03 00 03 -03 00 03 -03 00 03 -03 00 03
r—1,/2 [fm] r—1,/2 [fm] r—1,/2 [fm] r—1,/2 [fm] r—1,/2 [fm]

FIG. 7. As in Fig. 6, but for irrep 7{%.




u+d+s u+d-2s

0.21 {{; ] § @ § P

Y —

h}ﬁ

Noo r}“" rthim L’Hm H - %@%mﬁmm%@mm 3
o] F}‘h)ﬁmm*wmi pol | Bhiantueme somfoossese o

|

0.0 0.5 1.0 1.5 2.0 0.0 05 1.0 15 2.0
—t[GeV?] —1[GeV?]

FIG. 8. Bare disconnected quark GFFs for each of the two irreps studied.



—1=0.16 GeV? —1=0.39 GeV? —1=1.43 GeV?

1 I

£_021H
2': | o E E; 5 E 1] H E“J
MEXEL: I { il i
= 001 : : }
E"TO-Z'E T $ + | B & * i | T1a
S = m
: $ T NS AT I
o 0.0 i 1]

0.5

eff, conn
bare D,
o
()
1

m-@-*-?;— -U------;] a-ﬁ-%—%—#} = -Ei-d---fl E-E-m-ﬁ-ﬁ-$-$-$- —

10 15 10 15 10 15
tg Is Is

(a)

|
e
W

—1=0.39 Ge V2 —t=1.43 GeV?
= 0501 ]
S~ m
53 "Beqn_ §d $
F0.25 1 T i
<°;f : gao T % EIJ
£ 0.001 ! &
0.4 I
é‘i—o.z- LR +” E; I:I: [
P é gl ; * bg
= 0.0 I ]
g 0higeecs & o . E = E i * Ik i E—E_E_E_E_%%_@_+____
I T IS SRR
S -1 i T
o
= [
- 10 15 10 15 10 15
tg Iy Is
(b)
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the u + d contribution, computed from Eq. (37) using summed ratios with 7cut = 2. The bands are not fits to the data shown
but correspond to bare GFFs obtained by fitting the bare matrix elements used to compute the results from the main text.
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contribution, computed from Eq. (37) using summed ratios with 7cut = 2. The bands are not fits to the data shown but
correspond to bare GFF's obtained by fitting the bare matrix elements used to compute the results from the main text.
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elements used to compute the results from the main text.

dipole z-expansion
e A x?/d.o.f o a1 Qs x?/d.of
A g 0.501(27) 1.262(18) 15 0.271(14) —0.648(35) —0.089(78) 15
q 0.510(25) 1.477(44) 0.8 0.314(13) —0.591(39) —0.06(13) 0.8
o 0.1665(56) 1.997(80) 0.7 0.1249(41) —0.141(11) —0.029(38) 0.4
V2 0.433(13) 1.524(35) 0.7 0.2768(78) —0.493(22) —0.156(77) 0.6
J g 0.255(13) 1.399(49) 1.1 0.1539(54) —0.301(24) —0.26(11) 1.0
q 0.251(21) 1.62(13) 0.6 0.1658(85) —0.290(42) —0.01(23) 0.6
v1 0.2016(86) 1.698(70) 0.3 0.1399(49) —0.219(15) —0.150(68) 0.3
V2 0.222(13) 1.65(10) 0.5 0.1492(61) —0.250(26) —0.07(13) 0.5
Di g —2.57(84) 0.538(65) 1.2 —0.303(28) 2.20(30) —5.2(11) 1.1
q —1.30(49) 0.81(14) 0.5 —0.378(43) 1.49(45) —1.1(17) 0.6
vy 0.009(23) 1.7(50) 0.4 0.0068(83) —0.003(54) —0.08(24) 0.4
v2 —0.77(15) 0.932(98) 0.9 —0.272(22) 1.06(18) —1.37(70) 0.9

TABLE III. Fit parameters of the dipole and z-expansion parametrizations of the ¢-dependence of the proton GFFs, A;(t),
Ji(t), and D;(¢), renormalized in the MS scheme at scale u = 2 GeV.
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FIG. 12. The renormalized isosinglet quark and gluon combined-irrep GFFs presented in the main text (blue points) shown
(orange points) or T§6) (green points) separately. The overlaid
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