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This work presents a determination of the quark Collins-Soper kernel, which relates transverse-
momentum-dependent parton distributions (TMDs) at different rapidity scales, using lattice quantum
chromodynamics (QCD). This is the first lattice QCD calculation of the kernel at quark masses
corresponding to a close-to-physical value of the pion mass, with next-to-next-leading logarithmic
matching to TMDs from the corresponding lattice-calculable distributions, and includes a complete
analysis of systematic uncertainties arising from operator mixing. The kernel is extracted at transverse
momentum scales 240 MeV < gr < 1.6 GeV with a precision sufficient to begin to discriminate between
different phenomenological models in the non-perturbative region.

I. INTRODUCTION

Since the 1970s it has been understood that the in-
trinsic motion of partons inside hadrons in the direction
transverse to the hadron’s momentum plays an impor-
tant role in experimentally observed processes, begin-
ning historically with Drell-Yan scattering (DY) [1-3].
The effect of this motion on the DY cross section has
been rigorously derived in QCD in the form of a fac-
torization theorem [4-6] and thereby described in terms
of transverse-momentum-dependent parton distribution
functions (TMDs). TMDs are universal, appearing in
the factorization of cross-sections for processes includ-
ing also semi-inclusive deep inelastic scattering (SIDIS)
and di-hadron production in ete™ collisions. Constraints
on TMDs, particularly for the nucleon, have thus been
the target of experimental programs since the 2000s (see
Refs. [7, 8] for a review) and remain key targets of cur-
rent and future experiments at facilities including the
Thomas Jefferson National Accelerator Facility [9, 10],
the Large Hadron Collider [11, 12], and the Electron-Ion
Collider [13-19]. Simultaneously, significant efforts are
being made from the theoretical perspective to constrain
TMDs, including through lattice QCD calculations [20—
37].

TMDs have a functional dependence on two scales: a
virtuality scale p and a rapidity scale ¢, which is related to
the hadron momentum in a scattering process. While the
renormalization group (RG) evolution of TMDs with p is
perturbative for perturbative scales p and ¢, the evolution
with ( is inherently non-perturbative in certain regions of
parameter space, even for perturbative p. The (-evolution
of TMDs is encoded in the Collins-Soper (CS) kernel [4-6],
which can be defined as the rapidity anomalous dimension
entering the relevant RG evolution equations (up to a
conventional factor):

d
VP(bTHu’) = 2mln¢p(bT7H7$a<)a (1)
where ¢, (br, z, 1, ¢) is a TMD, chosen here as a TMD
wavefunction (TMD WF) encoding the transverse motion
of a parton p € {q, g} in a meson state [38-41]. The TMD

WF is defined in a factorization formula valid in the limit
of ultra-relativistic hadron momentum P and depends
on the fraction z of the parton’s momentum collinear
with P, as well as the parton’s momentum transverse to
P as given by its Fourier conjugate br, the transverse
displacement. The CS kernel depends on p, by and parton
type p, but is independent of x and the hadronic state.

Experimental DY and SIDIS data has been used to con-
strain phenomenological parameterizations of the quark
CS kernel [42-56]. A number of parameterizations are in
some tension in the region by 2 0.2fm (at u = 2GeV),
which may be partially understood to arise from differ-
ent approaches to modelling non-pertubative effects. In
the more recent analyses [55, 56], the tensions have been
reduced as larger sets of experimental data sensitive to
the CS kernel in the non-perturbative regime [53, 57]
were included. Further improvements are expected with
future data from the LHC [12] and the Electron-Ton Col-
lider [17, 18]. A direct way of constraining the kernel from
cross-section ratios has also been proposed and demon-
strated on synthetic data [58] and could be applied to
experimental data in the future. A more precise determi-
nation of the non-perturbative CS kernel is important in
particular for measurements of electroweak observables
such as the W¥*-boson mass [59] and especially for stud-
ies of nucleon and nuclear structure via deep inelastic
scattering [17].

Complementing phenomenological approaches, lattice
QCD offers a pathway towards first-principles constraints
of the CS kernel in the non-perturbative regime. One
approach to such calculations is provided by Large-
Momentum Effective Theory (LaMET) [60-62], in which
physical TMDs, defined by matrix elements of lightlike-
separated operators, and quasi-distributions, defined
by the matrix elements of the corresponding spacelike-
separated operators which are computable in lattice
QCD, are perturbatively matched at large hadron mo-
mentum |P| > Aqcp [41, 63-74]. For example, a
TMD WF ¢, (br, i, x, ¢) is matched to a quasi-TMD WF
qu(bT, i, x,¢) with matching coefficients computed per-
turbatively in LaMET [71, 75] up to a non-perturbative
soft factor independent of x and ¢ and power corrections



that vanish in the limit of infinite boost. To date, sev-
eral lattice QCD calculations have been carried out using
quasi-TMD WFs and other quasi-distributions to extract
the quark CS kernel [24-29, 32, 34, 37] and the soft func-
tion [26, 27, 37], as well as the full kinematic dependence
of TMDs [33, 35].

Using quasi-TMD WFs and LaMET, this work presents
the first lattice QCD calculation of the quark CS ker-
nel at valence quark masses corresponding to a close-
to-physical value of the pion mass, m, = 148.8(1) MeV,
thereby addressing the systematic uncertainty arising
from the sensitivity of the kernel to the QCD vacuum
structure [76] and reducing those arising from perturba-
tive LaAMET matching and proportional to m2/(z|P])?
and m2/((1 — x)|P|)2. Other br-dependent systematic
uncertainties associated with matching are better quan-
tified relative to previous calculations. The matching
is performed at next-to-next-to-leading order (NNLO)
and next-to-next-to-leading logarithmic (NNLL) accura-
cies for the first time in a calculation of the CS kernel,
using recent results of Refs. [77, 78]. Moreover, previ-
ously dominant [28] systematic uncertainties from the

J

Fourier transformation of quasi-TMDs are reduced in this
work, and the associated model dependence is eliminated.
Finally, renormalization-induced mixing effects for the
non-local operators associated with quasi-TMDs are fully
quantified for the first time in the RI/xMOM renormaliza-
tion scheme [79-81]. Taken together, this work achieves
sufficient control and precision to begin to discriminate
in the non-perturbative region between phenomenological
parameterizations [44, 51, 52, 55, 56] of the quark CS
kernel and provides a better understanding of perturba-
tive convergence in LaMET matching and the associated
power corrections.

II. THE COLLINS-SOPER KERNEL FROM
QUASI-TMD WAVEFUNCTIONS

The quark CS kernel can be computed in lattice QCD
from ratios of matrix elements of non-local staple-shaped

Wilson line operators in hadron states at different finite
boost momenta Pf, P§ [41, 63, 65]:

o0 dbz : z1z N
/ o= 1PV peNg (P2) S 298 ()W (b, b7, PE, 0)
1—‘/

1 oo 2m
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Yo (br,p) = Jlim - I~ 52 AS
oo Pz / Pz db i(e—1YP2b* . z z
—oo In(Pf/P5) / 271—6( $)Psb P} Nr(P§) g Z%S/(u)ng)(bT,b P30 (2)

+ MgTS(u, x, P, Py) + p.c.

Here the dependence on the lattice spacing, a, is sup-

pressed. 57}1\48(M, x, Pf, P§) denotes the perturbative
matching correction defined at the end of this section,
and p.c. denotes the associated power corrections that are
power series in 1/(br(zP?))?, A cp/(xP?)?, mj /(xP?)?,
where my, is the meson mass and P* € {Pf, P§}, and anal-
ogous forms with x replaced by 1 — x. WIEO)(bT7 b*, P*.0)
denote ratios of bare quark quasi-TMD WFs (defined
further below), such that

_ ér(b% bz7 PZ7£)
(15’7475 (bTa 0,0, 6)

As only quark quasi-TMD WFs are studied in this
work, parton labels on WFs and WF ratios are omit-
ted. Subscripts ') denote Dirac structures; in the limit
of infinite boosts P7, P — oo, quasi-TMD WFs with
T' € {v375,7475} approach v;vs. Renormalization fac-

W (bp, b%, P*,0) (3)

tors ZMS (1) are 16 x 16 matrices, detailed further below,

T

(

and the normalization factors Np(P?) correspond to

—imh
P L' = 37s,
Nr(P?) = mp - (4)
Eh<Pzi)’ = Y475,

where Ej,(P?Z) and my, are the meson energy and mass,
respectively.

Bare quark quasi-TMD WFs in position space are given
by Euclidean equal-time correlation functions

(gf(bTabzaPzaE) = <0|05J(bTabZ707€)|h(PZ>>7 (5)

where |0) and |h(P?)) denote the QCD vacuum and a
pseudoscalar meson state, respectively. The meson is
taken to contain the isovector ud valence quark-antiquark
pair, and the operator (’)Eg(bT, b®,y,{) is depicted in Fig. 1
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FIG. 1. Diagrammatic representation of the non-local opera-
tor Ogd—(bT, b*,y, £) defined in Eq. (6). The operator comprises
a staple-shaped Wilson line of length /4 b1 connecting a quark-
antiquark pair ud separated by b = (br,b*,0) (blue). The
origin is defined at the midpoint between the quark and the
antiquark (red).

and defined as

0, by (40 b
><W_g<y+222, B) >U<y2)

- b\ T b b b
:d(y+2>2Wj<y+2,y—2,€>u< —2>,

where b = (br, b%, 0), u(y) and d(y) denote up- and down-
quark fields, respectively, Wy, (z; £) denotes a Wilson line
of length £ starting at x directed along 7, iy denotes a
unit four-vector along by, and ¢ denotes the total collinear
length of the staple-shaped Wilson line. The transforma-
tion properties of these operators and quasi-TMD WEFs
under sign changes of by and b* as well as other discrete
symmetries are presented in Appendix A. Forming ratios
in Eq. (3) cancels divergences logarithmic in a, as well as
power divergences linear in ¢/a and br/a, in the quasi-
TMD WFs [79, 80, 82]. Furthermore, forming the ratios
eliminates ¢ dependence up to discretization artifacts and
power corrections of order 1/(P?¢) and br/¢. This leads
to finite £ — oo limits of infinite collinear staple length

for the ratios WIEO)(I)T7 b*, P*,0).

3

The 16 x 16 renormalization matrices ZIMTS, (1) appearing
in Eq. (2) may be computed as

23 () -
= ClgAT?xMOM (11, s €R) Zee MO (b €r),
where
23 MM (pr, )
e [ G )T .

ZRI/XMOM(pR, fR) [F’}T

Au,+z

Here Tr denotes a spinor trace and I'V runs over the 16
Dirac matrices. Conversion from the RI/xMOM renor-
malization scheme [79-81] at the scale defined by pf; and

&R to the MS scheme at the scale p is achieved with the

conversion coefficient Cgy JxMOM (1, PR, ER) computed in

RI/xMOM
Lz
q,tz

q € {u,d}, are 4 x4 matrices in spinor space renormalizing

the corresponding Green’s functions Ag +.(p, &) defined
as

continuum perturbation theory [81] , where

Aq,:tz (p7 6)
= (0)W=x5 (£ €)[0) (9)
x (0[W<-(0;£)q(0)g(p)|0) (0|5, (p)]0)

where S;(p) denotes the momentum-space quark propa-

gator. Z}:”QIY/I:VIOM(pm ¢r) is computed from the renormal-
ization condition
RI/xMOM
ZRVNION () At (profr) = AT, (10)

in a fixed gauge, where A" is the tree-level Green’s

function corresponding to Ay 1. (pr,&r). Further details
are provided in Appendix B.

Since Cp; JxMOM has no Dirac structure, it cannot

change the mixing patterns encoded by Z[F\{;/EZMOM (PR, &R)
and their dependence on the auxiliary renormalization

scales pf; and &. Moreover, if determined for any given
ply and &f, C%?xMOM simply cancels in the ratio of

Eq. (2). However, in practice, if a calculation of ZN3 (u)
is realized as an average over multiple auxiliary scales,
conversion (in both the numerator and the denominator
in Eq. (2) before averaging) may affect the value and sys-
tematic uncertainties in the lattice QCD determination
of the CS kernel.

The matching correction (57}1\48 (1, x, Pf, P§) appearing



in Eq. (2) is perturbative and given by
67y O, @, PY, P5)

Oy (u, wPY)
CY'O(,xP) (1)

1 1
T(PE/PE)\
+ (z i‘)) ,

where N*LO denotes a fixed-order accuracy, = 1—z, the
renormalization scheme dependence is omitted for brevity,
and CY MO (u,p?), with p* € {«Pf,xP§, 2P, 2P5} de-
note the TMD WF matching coefficients. The corre-
sponding matching formula between physical and quasi-
TMD WF receives power corrections as discussed around
Eq. (2).

The C(I;IkLo(u, p?) are computed perturbatively in the
strong coupling a,(p), with C5© = 1. The NLO contri-
bution has been computed in Refs. [71, 75]; the NNLO
contribution may be inferred from the matching formula
for quasi-TMD PDFs [77, 78]. For further discussion, see
Appendix C1.

Fixed-order coefficients CgkLo(u,pz) may be re-
summed from initial scales (ug, p§) = (2p%, p®) as [68, 72]

k
Y (s, )

. 12
:Cglk 1L0(2pz,pz)eXp[—K};kLL(2pZ,/L)}’ (12)

where NFLL denotes a logarithmic accuracy and
ngLL (uo, ,u) is a resummation kernel. Since the p depen-
dence cancels in the ratio of quasi-TMD WFs (excluding
the effects of conversion to the MS scheme which may
arise in practice as discussed above), the CS kernel in
Eq. (2) is dependent on p only through perturbative cor-
rections, and the above choice of g = 2p* further isolates
the p dependence to the resummation kernel. Resum-
mations are independent of initial scale at infinite order
but differ by higher-order terms at finite order. For any
choice of ug, variations around pg provide a measure of
the associated perturbative uncertainties. The resummed
matching correction to the CS kernel is given by Egs. (11)
and (12) as

SN (@, PE, PE)
1 ( CN"'EO (297, )
=— n——
In(Pf/P3) " CN*7'LO(2p3, p3)

k k
— (X" 2pt, ) — K205, )

+(x<—>x)>,

(13)

where the logarithmic ratio is expanded perturbatively
in as(2pf) and as(2p3). For further discussion, see Ap-
pendix C2.

To partially account for the by-dependent power correc-

tions, a practical choice is to replace 575%0(#, x, PE, P§)

in Eq. (2) with a bp-unexpanded correction:

67N (b, p, 2, PE, P5)
CeN"LO (b, p, xPF)
C:;NkLO(bTa K, xpzz)

1 i
TP/ \

(14)
+ (z f))

k
:(5’)/}1\I LO(u,x,Pf,Pf)—&—...,

where the ellipsis denotes terms that are power- and
exponentially suppressed in br(xPf), br(zP5), and the
analogous terms with z replaced by Zz. C’;NkLO(bT, 1, p*)
are the bp-unexpanded TMD WF coefficients such that
C’;NkLO (br, p, p®) is equal to CgkLO(,u,pZ) in the limit
br > 1/p*. They are computed perturbatively, with
C(‘;LO = C;;O. The NLO contribution may be inferred
from the corresponding TMD PDF coefficients [66, 75].
k

C:;N LO(bTvﬂapZ) .

Eq. (12), using the same kernel Kg LL (1, po). Both

C’(‘;NkLO(bT,u, p?) and the corresponding resummed

may be resummed as in

unexpanded correction 57}1‘NkLL(bT,u,x,Pf ,P§) are
conjectured in this work to reduce the bpr-dependent
power corrections relative to the resummed matching
correction in Eq. (13) at the same accuracy, as is
investigated numerically in the following section and
in Appendix C 3; further study and a more systematic
treatment of power corrections is left to future work.

III. NUMERICAL INVESTIGATION

The quark CS kernel is computed numerically using an
ensemble of lattice gauge-field configurations produced
by the MILC collaboration [83] with 2+ 1 + 1 dynamical
quark flavors and four-volume V = L3 x T' = (48a)? x 64a
with a = 0.12 fm. The one-loop Symanzik improved gauge
action [84-87] and the highly improved staggered quark
action with sea quark masses tuned to produce a close-
to-physical pion mass [88-90] are used for gauge field
generation. Gauge field configurations are subjected to
Wilson flow with flow-time t = 1.0 [91] to enhance the
signal-to-noise ratio in numerical results, and are gauge
fixed to Landau gauge. Calculations are performed in
a mixed-action setup with the tree-level O(a)-improved
Wilson clover fermion action [92-94] used for propagator
computation, with hopping parameter x = 0.12547 and
clover term coefficient cgy, = 1.0, resulting in a pion mass
of m, = 148.8(1) MeV.

The following subsections detail the steps of the cal-
culation of the quark CS kernel, including calculations
of the bare quasi-TMD WF ratios and renormalization
matrices, the Fourier transform to bp-space, and finally



the extraction of the CS kernel from ratios of quasi-TMD
WF ratios with perturbative matching corrections.

A. Bare quasi-TMD WF ratios

The CS kernel is computed according to Eq. (2), using
quasi-TMD WF ratios with a pion |h(P?)) = |7(P?)) cho-
sen as the hadronic state. The ratios ngo)(b;p, b*, P* ()
in Eq. (3) are extracted from fits to pion two-point cor-
relation functions. In particular, Euclidean correlation
functions both with and without staple-shaped operators
are constructed as

Spe(t,P)=a®> ™Y <XP(y)xL(0)> : (15)

and
C2pt (ta bT7 bzv Pv é)
= a® 3P (OF (br b, b (0)), (1)
y

where P = P?Z, t = y,, and pion states are created with
momentum-smeared interpolating fields

Xb (@) = U, ()75 o, (), (17)

where the quasi-local quark fields are constructed using a
Gaussian momentum smearing kernel Fx with K = £P/2
realized iteratively with ngmear = 50 smearing steps and
a smearing kernel width defined by € = 0.2 [95]. These
correlation functions have spectral representations

gpt(t P)
Z 2EM ‘ (18)

y [e—E.,,r(P)t + e Ear(P)(T-1)

and
Chye(t, bT,bZ P z)

D

n=0
% [e—EM(P)t 4 o Enn(P)(T-1)

¢nr(bT,bz P.() (19)

ey

where E,. denotes the energy of the n-th eigenstate of
the LQCD transfer matrix with quantum number of the
pion, denoted |m,), and in particular E.(P) = Ey.(P).
Staple-shaped operator matrix elements are defined as

Gur (br, b7, P*,0) = (0|0 (b, b%,0,0)|ma(P)),  (20)
where ¢p(br, b*, P*,0) = ¢or(br, b%, P?,£). The overlap
factors of the pion interpolating field between |m,) and

n* P? [GeV] l/a Nete
0 0 111,14,17,20,26,32} 79

4 0.86 (26,32 469
6 1.29 {17,20} 472
8 1.72 14,17} 523
10 2.15 {11,14} 481

TABLE I. Momenta P* = 2” n®, number of configurations
N¢tg, and operator extents E/a used in the computation of two-
point correlation functions in Eq. (19). For a given extent £/a,
geometries with all of the 16 Dirac structures, asymmetries
—¢/a < b* < {/a and transverse displacements 0 < by/a <7
along fir € {£Z, £y} are computed.

the vacuum state are defined as

(Olxe (0)|ma(P)) - (21)

In Egs. (18) and (19), T" denotes the temporal extent of the
lattice, and the ellipses denote additional contributions
where the vacuum state is replaced by finite-temperature
excited states. These contributions are suppressed by
factors of order e=2"~(T/2) or smaller in comparison with
the terms shown and are therefore neglected below.

The ground-state overlap Z2 (P) = Z5 (P) is guaran-
teed to be real-valued and positive up to discretization

artifacts!. This ensures that Z2 (P) = 4/ \Z;?(P)|2 can be
extracted from fits to Eq. (18) and therefore that both
the magnitude and phase of the complex-valued TMD
WF ¢r(bp,b*, P#,¢) can be extracted from joint fits to
Eqgs. (18) and (19). The =+ sign appearing in Eq. (19)
depends on I' as detailed in App. A and in particular is
negative for v47v5 and positive for ~y37s.

The operator geometries and number of configurations
Neig(P?) used to compute the two-point correlation func-
tions for each choice of pion momentum P? = L Tn? are
summarized in Table I. Correlation functions are com-
puted with propagators calculated from sources on a 2*
grid bisecting the lattice along each dimension for all of
the 16 Dirac structures.? The operator geometries used, il-
lustrated in Fig. 1, are such that for each by /a € {0,...7}

Z3(P) =

1 A combination of the non-singlet axial Ward identity in the isospin
limit and the partially conserved axial current relation (PCAC)
guarantee that

2mq (0] P(0) |7) = (0] 8, J#5(0) |7) = m2 fr,

where mq is the renormalized light quark mass, P(x) is a local
pseudoscalar interpolating field for an isovector pion, J*?(z) is
the corresponding axial vector current, and fr is the pion’s decay
constant [96]. The above applies to renormalized fields— for the
bare pseudoscalar interpolating field, the pion overlap factor is
therefore real and positive up to discretization artifacts from
possible mixing with higher-dimension operators. This continues
to hold for boosted pion states and if the quark fields in P(z) are
smeared with a self-adjoint smearing kernel.

2 For n® = 10 measurements were performed on slightly fewer
configurations (corresponding to at least 80% of the the Ncg(P?)



along Nir € {+&, £¢}, all possible staple asymmetries b,
are constructed with the fixed values of £/a specified, i.e.,
—{/a < b* < {/a, which are by construction restricted
to be either even or odd integers for any fixed ¢/a. This
choice is convenient as power divergences are proportional
to the total length of the Wilson line [79, 80, 82] in the
operator, so all operator geometries computed for a given
£ and br have equal power divergences across all b%, sim-
plifying renormalization. This is in contrast to the staple
geometries chosen in the work of Refs. [24, 25, 28] where
various geometries with a given by were constructed with
fixed values of (¢ + b%), leading to b*-dependent renor-
malization factors.

Correlation functions computed on each gauge-field con-
figuration are averaged over sources, forward and back-
wards propagation in time, and operator structures with
fip € {2, 9} for C3,;. The bare quasi-TMD WF ratios

WISO)(bT, b*, P#,¢) in Eq. (3) are then determined using
a multi-step fitting procedure:

1. Determination of E,(P) and Z2(P) from a simulta-
neous fit to C3; and the statistically most precise

C’gpt for a given P;

2. Determination of q;r from fits to the t-dependence of
combinations of C3,; using the results for E(P) and
Z2(P), accounting for correlations between quasi-
TMD WF ratios with different staple geometries
using bootstrap resampling;

3. Construction of WISO) (bp,b*, P#,£) from ratios of ¢r
as in Eq. (3) for each bootstrap sample.

Each of these steps is detailed in the following subsections.

1. Determination of E.(P) and Z2(P)

As the exponential t-dependencies of both C7; and
C3py are governed by Ey.(P), these correlation functions

may be fit simultaneously to extract E,,(P) and Z5 (P).
In practice, only the statistically most precise Cgpt for a
given P is used, corresponding to the two-point function
constructed with the operator geometry with the mini-
mum value of ¢/a computed, br/a =1, b* =0 (even £/a),
or an average of b*/a = +1 (odd ¢/a), and T' = y475.
For each P, the two correlation functions CF; and Cj
are jointly fit to the spectral representations of Eq. (18)
and Eq. (19) for a variety of fit ranges using correlated
x2-minimization with the fitting procedures detailed in
Refs. [25, 97] and summarized here.

Results using ¢ < tyax are used for fitting, where t,.x
is chosen to be the largest ¢ for which a given correlation

shown in Table I) for some Dirac structures that are found to make
negligible contributions to the renormalized quantities studied
here.

function has signal-to-noise ratio >1/3. Fits are per-
formed with all possible fit windows [tmin, tmax] Such that
tmin > 2 and tyax —tmin > 3, where t,i, is chosen indepen-
dently for C3; and C’gpt.i’ For each fit range, the covari-
ance matrix is estimated using bootstrap resampling [98]
with optimal linear shrinkage [99, 100]. First, fits using
one-state truncations of Eq. (18) and Eq. (19) are per-
formed. For P* > 0, VarPro methods [101, 102] are used
in which the best-fit Z5 (P?2), which enters x? linearly,
is determined using linear methods during each step of
nonlinear optimization for Ey,(P?%). For P* = 0, where
there is negligible signal-to-noise degradation, VarPro
methods lead to less efficient y2-minimization and are not
employed. Fits to two-state truncations of Eq. (18) and
Eq. (19) are then performed analogously.

The Akaike Information Criterion (AIC) [103] is used
to select whether one- or two-state fits are preferred for
each fit range. To penalize overfitting, two-state fits are
only accepted if they improve the AIC by at least 2 times
the number of degrees of freedom and if excited-state
contributions do not severely dominate over ground-state
contributions — in particular Z§ (P?2) > 0.2 Z{ (P?2)
and ¢or(br, b*, P, €) > 0.2 p1r (b, b*, P, £) is required. In
cases where two-state fits are preferred, three-state fits are
also performed but are not found to be preferred by the
AIC in any case. Further selection cuts are then applied
as described in Ref. [97]: fits are discarded for which two
nonlinear optimizers disagree on the ground state by more
than 107°, the bootstrap median and mean disagree by
more than 20, or correlated and uncorrelated fits disagree
by more than 50.

Weighted averages of all results from fits passing these
cuts are then used to determine the final results for
Z2(P?2) and E,(P?%). The same weights are used as in
Refs. [25, 97, 104], which for each fit parameter (Z and
E,) correspond to the p-value of each fit divided by the
variance of the fitted parameter. For each momentum,
at least 6 fit ranges are found to lead to fits passing the
cuts described above and are therefore included in these
weighted averages. The same weights are also used to
perform averages of the bootstrap samples of Z2(P?%)
and E,(P?z) generated using a common set of bootstrap
ensembles for each fit range, which are used below to
enable correlated determinations of ¢ (br, b*, P*, () for
different I, by, b, and /.

Fig. 2 shows a comparison of the fit results for F,(P*2)
with effective energy functions constructed from each

3 The final results are insensitive to changes in the smallest allowed
tmax — tmin and other numerical tolerances included in the fitting
procedure, as verified by performing analyses with a range of
alternative choices.
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FIG. 2. Effective energies defined in Eq. (22) and constructed
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of P?. The gray bands show the weighted average of E.(P*%)
from fits with all possible tmin using the number of excited
states preferred by the AIC, as described in the main text.
The colored bands show the corresponding highest-weight fit
included in the average.

correlation function as
/T
Cgl (. P)
O3/l (¢ +a, P)

I220, 0B (P) + ..,

1
alet <t +50,P= P%) = log

(22)

where the ellipsis denotes exponentially-suppressed correc-
tions from excited states and the finite temporal extent
of the lattice geometry. The momentum dependence
of the choice of N (P?) and ¢(P?) leads to a compli-
cated dependence of the statistical uncertainties of the
determination of E,(P?Z) on P?. The momentum depen-
dence of the extracted values of E,(P?2) and Z2(P?%)
is shown in Fig. 3. The continuum dispersion relation

E.(P?2) =
son. The relative differences between E,(P?*%) and the

continuum dispersion relation in order of increasing P~
are 0.03(2), 0.06(1), 0.10(1), and 0.13(1) for the four non-

Er(0)2 + |P*2]? is also shown for compari-
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FIG. 3. Fitted momentum-smeared overlap factors Z3 (P*z)
normalized by ZZ(0) (top panel) and energies E,(P?2) (bot-
tom panel, red data points) as functions of P?. The gray
dashed line represents the energy determined from the contin-
uum dispersion relation.

zero aP? values studied. The increase in these differences
with aP? is observed to be approximately linear, which
is consistent with the expected form of lattice artifacts
since the clover term has not been nonpertubatively tuned
to remove O(a) chiral symmetry breaking effects. Fur-
ther calculations at other values of the lattice spacing are
required to study these lattice artifacts in more detail.

2. Determination of bare quasi-TMD WFs <Z>[F]

The results for En.(P) and ZJ (P), detailed in the
previous section, are subsequently used to determine
¢ur (bp, b7, P, ¢) from fits of Crgpt(t?bT,bz,PZi?E) to
Eq. (19) with all operator geometries. Combinations
of C3,, Ex(P) and Z7 (P) are formed at the bootstrap
level:

RY(t, b, b7, P*,0)
= Cgpt(tv bTv bza Pzza f)
26,(P*%) (23)
Z5(P73) [eEx(P)t £ e~ Ex(P)(T—1)]
M} (Z’BF(bT7bZ3PZa‘€) + ...,

X
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FIG. 4. Examples of fits of real and imaginary parts of the
bare quasi-TMD WFs ¢r(br, b, P*, /) defined in Eq. (5) to
combinations R (¢, bz, b*, P?, £) defined in Eq. (23). The gray
bands show the weighted average of ¢r(br,b*, P*,£) from fits
with all possible tmin, as described in the main text. The
colored bands show the corresponding single highest-weight fit
included in the average. The imaginary part in the top panel
is multiplied by —1 for visual clarity.

which are fit to the appropriate spectral repre-
sentations obtained by multiplying Eq. (19) by
Rr(t,bT,bz,PZ,é)/C’Ept(t,bT,bz,Pzﬁ,é).

The same procedure described in Sec. IIT A 1 is used to
choose tax for these fits; however, for some staple-shaped
operator geometries Czrpt is consistent with zero within
the statistical precision of this work. Therefore, tyax > 9
is imposed in cases where the signal-to-noise criterion
described above would lead to a smaller t,,,«. The same
procedure described above is then used to sample over
possible values of ¢,,;,,, construct the bootstrap covariance
matrix with optimal linear shrinkage for each choice of
fit range, and determine weighted averages of the fit
parameter ¢r(br, b*, P, ¢) for each operator geometry.
Examples of the resulting fits are shown in Fig. 4.

3. Construction of bare quasi-TMD WF ratios W

Bare quasi-TMD WF ratios are obtained at the boost-
rap level from bare quasi-TMD WFs via Eq. (3) for each
I, P#, /¢, b*, and br combination considered. For the

symmetric staple geometries used here, b*/a is necessarily
odd (even) for odd (even) ¢/a. For the geometries where
¢/a and therefore b*/a are odd, b* = 0 matrix elements
are replaced by averaging over those with */a = £1.
The replacement leads to differences in the normalization
of even and odd ¢/a matrix elements at non-zero lattice
spacing; however, these differences vanish in the contin-
uum limit and can be analyzed in conjunction with other
lattice artifacts when the continuum limit is performed.
ng‘o)(bT, b®, P# {) are shown as a function of P#b* at dif-
ferent br for each I and ¢, with examples for particular
choices of P* and by, in Fig. 6a. Additional examples are
provided in Appendix D.

The statistical precision of the quasi-TMD WF ratios
diminishes with increasing br, with the smallest signal-to-
noise ratio observed for the largest computed by /a = 7 for
quasi-TMD WF ratios with the largest collinear length,
l/a = 32 at n* = 4 (P* = 0.86GeV). Signal-to-noise
ratio also decreases with increasing P?; however, the use
of smaller ¢ at larger P? with roughly constant P*¢ leads
to relatively mild signal-to-noise scaling with P* in the
quasi-TMD WF results.

Both real and imaginary parts of ngo) (br,b*, P*, () are
symmetric in P?b* within uncertainties, which is consis-
tent with expectations given the symmetric definition
of the staple-shaped operator’s origin (shown in Fig. 1)
placed at the midpoint between the quarks. For further
discussion, see Appendix A.

B. Renormalized quasi-TMD WF ratios

The renormalization factors ZlMTﬂS,’ (1) are determined

MS RI/xMOM .
from C]%§XMOM (/’L7 DR, fR) and ZAi/z (pRa €R) via

Eq. (7) for Wilson lines along +2 and the set of
renormalization scales defined by Wilson line lengths
(r/a € {2,3,4} and off-shell quark momenta pf =
2T”(O,O,nz,O), with n* € {8,10,12}. The coefficients

C%?XMOM(M, PR, ER) are computed perturbatively, with

ag(p) determined as prescribed in Ref. [105], setting
1 = 2GeV, and neglecting the running from the scale
set by p? = p. The factors Z/P\i/ZXMOM (pr,&r) are cal-
culated numerically from the RI/xMOM renormalization
condition in Eq. (10) using 32 gauge-field configurations.
Quark propagators are computed using wall sources with
fixed four-momentum pr. Means and standard errors are
estimated with bootstrap resampling with 200 bootstrap
ensembles.

Renormalization affects the determination of the CS
kernel only via mixing induced between staple-shaped

operators. The mixing is characterized by off-diagonal el-

RI/xMOM

ements of Zp.p normalized relative to their diagonal
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FIG. 5. An example of renormalization-induced mixing effects as defined by the mixing matrix M?;{XMOM (pr,&r) in Eq. (24).

components:

M?;{XMOM(PR, ¢r)

Abs( 2 M M pr )] (24)
L Zr Abs[Z RI/xMOM(pRng)]

The central values of ZII?”IE,/ XMOM(pR7 &Rr) are calculated

at ég/a = 3 and pr = 2.15GeV, and systematic un-
certainty for each pair I',T" is estimated as half the
difference between the maximum and the minimum of
Z?I{,/XMOM(pR, &r) over all values of pr and &g stud-

ied. Systematic and statistical uncertainties are added in

quadrature. Fig. ba illustrates M?;{XMOM (pr, &€r) com-
(pRa gR)a and

puted from the central values of ZIB# *MOM
Fig. 5b illustrates the auxiliary-scale dependence of dom-
RI/xMOM s €R)

inant off-diagonal contributions to My (p
for T € {v375,7475}, which are given by IV €

{7375,74757 75}-

At the level of renormalization constants as defined
by Eq. (24), mixing effects for collinear configurations
of pi and &4 are consistent with constraints on staple-
shaped operator mixing from C, P and 7 transforma-
tions [36, 107], and the dominant contributions are as
expected from lattice perturbation theory at one-loop
order [106]. While non-collinear momentum configura-
tions are not used in the determination of the kernel, an
investigation of mixing effects using such a definition of
the associated renormalization scales, summarized in Ap-
pendix B, reveals contributions to mixing in addition to
those expected in lattice perturbation theory at one-loop

order. The additional contributions may be understood
as artifacts of an off-shell renormalization scheme.
The ratios of the MS-renormalized quasi-TMD WFs,

WIM_S(Z)T, w, b%, P# £), are computed according to

Z Z¥8

WIM_S(bT7N7bZaPZ (O)(bTvaaPZ’€)7

(25)
using W(EJ)(bT,bZ, P#,¢) and er/( ) for all of the 16 I
structures; the uncertainties are combined in quadrature.
The effects of mixing on quasi-TMD WF ratios are illus-
trated in Figs. 6a and 6b.

C. Fourier-transformed quasi-TMD WF ratios

The Fourier transform of the MS-renormalized position-
space quasi-TMD WF ratios is realized as a Discrete
Fourier Transform (DFT), i.e

Wl—m(bT7ﬂavaz) = _NF Ze v Psz
16| <ban (26)
x WS (br, 11, b7, P?),

where b** denotes the truncation point in position space
and WIMS(Z)T, 1, b%, P?) denotes a position-space quasi-
TMD WF ratio whose real and imaginary parts have been
averaged at each P? over +b* and all values of ¢(P?)
relevant for a given b* with weights proportional to the
inverse variance of each contribution. As can be seen in
Appendix D, the values that are averaged are in all cases
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FIG. 6. Example comparison of quasi-TMD WF ratios before and after accounting for renormalization-induced mixing effects.
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FIG. 7. Examples of MS-renormalized quasi-TMD WF ratios in z-space, defined in Eq. (26), evaluated at = =
u = 2.0GeV, as a function of the truncation of the position-space data at bZ,,, for different momenta and Dirac

Further examples are shown in Fig. 39 of Appendix D.

consistent within ~ 1o. As demonstrated in Fig. 7, with
additional examples provided in Fig. 39 of Appendix D,
the values of quasi-TMD WF ratios are robust to decreas-
ing b /g from the largest computed values, remaining
constant within uncertainties for P#b2** 2 12 for all bp

TETTT ‘ ‘ ‘ ‘ ‘ —
T g br=048fm I I I I ]
RS, 3 ¢ $ b
LO. r)i ]
o YL -
It b ]
8
< 3 i) E
S .t
— 2F E
E; l; - Re O Im ]
0E . . . . . . .
6 8 10 12 14 16 18
PZ b;nax
0.5 and
structures.

and momenta studied.

Selected z-space quasi-TMD WF ratios obtained via
DFT are shown in Fig. 8 (with further examples pro-
vided in Appendix D). Consistent with their symmetry

properties in b* P? space, W%V[S (br, x, P*,{) are generally
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Appendix D.

complex distributions, with a vanishing imaginary part
as br — 0 or P* — 0, where WMS(bp, x, P*, /) is ex-
pected to be real. Finally, since the LaMET matching
coefficients to NLO are independent of Dirac structure,
WS (bp, b%, P#,0) for T' € {735,475} are expected to
agree up to power corrections. The magnitude of both
real and imaginary parts of the quasi-TMD WFEs are
reduced outside of the physical region = € [0,1] as P?
increases, which is consistent with expectations from the
factorization formula [41, 65, 66, 68, 71, 72, 75]. Since the
factorization scales are proportional to the hard parton
momenta xP? and (1 — x)P?, the power corrections are
always enhanced near the end-point regions x — 0 and
x — 1, and lead to nonvanishing tails when P? is finite.

D. Perturbative matching

The final determination of the CS kernel in this work
employs the bpr-unexpanded resummed perturbative cor-
rection at NNLL accuracy, denoted uNNLL,

5’7}1\4787 UNNLLU)T’ My Ty Plzv P2Z>

MS, uNLO
C¢ " (bT72piypf)

- w7 <1“

Cy ™" (or, 205, 88) (g7

MS, NNLL 2 MS, NNLL 2
- (K¢ (1, 2p7) — K, (1, 2p2))

which is derived from Eq. £4) by resumming the bp-

MS, uNLO(

unexpanded coefficients Cj br, o, p®) with the

kernel Kgls’NNLL(MﬂO) for pg = 2p®. The logarithmic
ratio of the uNLO coefficients is expanded in «;(2p5)
and «a,(2p%) analogously to that of the by-independent
coefficients in Eq. (C4).

In addition to uNNLL, corrections at several other
accuracies are computed to study perturbative conver-
gence: fixed-order NLO and NNLO corrections computed
according to Eq. (11), uNLO corrections computed anal-
ogously, and NLL and NNLL resummations computed
according to Eq. (13). In all comparisons beyond LO,
for example that of NNLL and NLL illustrated in Fig. 9,
the Re[07)S (i, x, Pf, P§)] exhibit qualitative agreement
between different accuracies for x € [0.3, 0.7] at each
pair (Pf, P§), with better agreement at larger momenta.

When compared analogously, the Im[é*y}zvls (u,x, PE, P§)]
exhibit worse agreement and are larger in magnitude than
the real parts. This indicates different rates of perturba-
tive convergence in real and imaginary parts of matching
corrections. The same qualitative picture is observed for
fixed-order corrections in Fig. 19 of Appendix C 1. Sensi-
tivity to bp-dependent power corrections is also different
between real and imaginary parts, as may be seen by
comparing corrections expanded and unexpanded in by,
such as the comparison of NLO and uNLO illustrated in
Fig. 10 and further examples provided in Appendix C 3.
These comparisons reveal a bp-dependent sensitivity to
power corrections which, for momenta used in this work,
is significant for by /a < 3 in the real part and across the
entire range in br/a in the imaginary part.

E. The Collins-Soper kernel

Using Eq. (2) and replacing integral Fourier trans-
forms of quasi-TMD WF ratios with the DFTs defined in
Eq. (26), the MS-renormalized quark CS kernel is deter-
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mined via the estimator
~MS
’yll\“/[ (bTaM,%Pf, PQZ)

v S, P)
In(Pf/P5) an\TS(bT,u,:r,P;)

+ 6928 (br, p, @, Pf, P5),

(28)

for each chosen perturbative accuracy in the correction
67}1\/13. The estimator coincides with the kernel up to
power corrections and discretization artifacts, whereby the
dependence on x, P7, P5, I' and the implicit dependence
on a is introduced. Examples of Re[y}!5] with LO and
uNNLL matching are illustrated in Fig. 8, with additional
examples illustrated in Figs. 44-47 of Appendix D.

The CS kernel is determined from an average of
Re[4M5(br, @, P7, P§, )] over I' € {y475,7375}, com-
puted pairs {Pf, P§}, and a range of . In particular,
x € [0.3,0.7] is taken to be the largest range of inter-
mediate = for which perturbative matching corrections
including resummation avoid significant effects from sin-
gularities near x = 0 and x = 1. Weighted averages

of Re [’S/IW(bT,x, P¢, P, pi)| are computed at the boot-

strap level with weights taken to be proportional to the
inverse variance of Re[4M5 (b, x, Pf, P§, p)]. The esti-

mator Re [,72{1?] is computed for a uniform grid of points
in « with spacing Az = 0.05; a wide range of different

choices of Az lead to indistinguishable results as long as

correlations between Re ['AylMS (br,z, PE, P§, u)] with dif-
ferent x are accounted for. Comparisons of these averaged
estimators with different choices of I', perturbative match-
ing accuracy, and momentum pairs, are shown in Figs. 12

and 13. The fitting procedure for Im [’y%/ls] is identical.

Whereas the CS kernel is a real quantity, averages of

Im [’7}1\@] at different perturbative accuracies indicate a
non-zero imaginary part as illustrated in Fig. 14. By com-
paring to the LO estimate, where the matching correction
vanishes, it is clear that matching is a dominant source
of the imaginary part. As discussed in Section IIID, the
imaginary part from the matching is attributed to bp-
dependent power corrections enhanced at small by and
mitigated by uNLO and uNNLL corrections. Consistent
with this explanation, for small b7, Im [ﬁyﬁ] at uNLO and
uNNLL are reduced relative to all other orders of match-
ing; as by increases and power corrections are suppressed,
they approach NLO and NNLL results, respectively. How-
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ever, uNLO and uNNLL accuracies still do not lead to

values of Im ﬁ}]\/{ﬁ] that are consistent with zero within

the accessible range of by P?. This suggests that power
corrections beyond those that have been accounted for
by the unexpanded matching are relevant at the level of
precision of this calculation.

Since matching corrections with smallest expected
power corrections are given by uNNLL, this accuracy is
used for the final estimate of the CS kernel. Furthermore,
considering both the larger qualitative difference between

Im [4}4F] for different accuracies and momenta, as well as
the parametrically larger estimates of bpr-dependent power

corrections compared to Re ﬁé\fiﬁ], the central value of

the CS kernel is determined from fits to Re [&2{1?’ uNNLL]

while ITm [’Ay(l]v[g] is not treated as a direct source of sys-
tematic uncertainty. Finally, scale variation in resummed
corrections around pg = 2p*, with p* € {xP?, (1 — z)P*},
is not used to estimate the associated perturbative uncer-
tainties. This choice is motivated by the range of p* used
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panel) matching.

to determine the CS kernel, and in particular because
results at scales 119/2 are sensitive to non-perturbative ef-
fects. The significance of higher-order perturbative effects
may instead be judged by comparing the final uNNLL
CS kernel determination to those obtained with other
accuracies, as shown in Fig. 13.

The final CS kernel results of this work are summarized
in Table II. These results are shown as a function of by
and compared with phenomenological determinations of
the CS kernel in Fig. 15.

IV. OUTLOOK

This work presents a numerical determination of the

quark Collins-Soper kernel 723 (br, p = 2GeV) in the
non-perturbative range of by corresponding to transverse
momentum scales 240 MeV S gt S 1.6 GeV, through a lat-
tice QCD calculation at a fixed lattice spacing and volume,
quark masses corresponding to an approximately physical
value of the pion mass m, = 148.8(1) MeV, and uNNLL
perturbative matching power corrections in LaMET. Addi-
tionally, this work presents improved estimates of system-
atic uncertainties associated with perturbative matching
from LaMET, the associated power corrections, and mix-
ing effects in staple-shaped operators using the RI/xMOM
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br [fm] 0.12 0.24 0.36 0.48 0.60 0.72 0.84
'yMS’“NNLL 0.12(12) -0.20(9) -0.43(11) -0.64(15) -0.80(15) -0.94(41) -1.24(68)
TABLE II. Quark Collins-Soper kernel 'y}z\TS(bT, u = 2GeV) as a function of br.
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renormalization scheme.

While a complete quantification of systematic uncer-
tainties would require performing lattice QCD calcula-
tions at multiple lattice spacings and at larger boosts or
higher-order perturbative matching, the precision and
control over systematic uncertainties achieved in this
work is sufficient to preliminarily compare the CS kernel
determination with phenomenological parameterizations
of the kernel fit to experimental data. In Fig. 15 the
final determination is compared with the following pa-
rameterizations: Scimemi and Vladimirov (SV19) [51],
Bachetta et al. (Pavial9) [52], the MAP Collaboration
(MAPTMD22) [55], Moos et al. (ART23) [56], as well as
an older parameterization based on the work of Brock,
Landry, Nadolsky and Yuan (BLNY) [44] and employed
in recent code packages for resummation calculations rel-
evant to precision electroweak measurements [110, 111].
Within quantified uncertainties, the data agrees with all

bT [fm]

FIG. 15. CS kernel with uNNLL matching in br space (green
squares) compared to phenomenological parameterizations of
experimental data in Refs. [44, 51, 52, 55, 56] labelled BLNY,
SV19, Pavial9, MAP22, and ART23, respectively, as well as
perturbative results from Refs. [108, 109] labelled N*LO.

models in the range 0.12fm < by < 0.24fm, with all
but BLNY for 0.24fm < by < 0.6fm, and with SV19,
MAPTMD22 and ART23 for by 2 0.6 fm. Finally, for
br > 0.6 fm, the results are consistent with a constant,
as suggested for the large-by behavior in Ref. [112]. Dis-
cretization artifacts and power corrections, both enhanced
at small by, will be studied in more detail in future work.
More refined comparisons would also take into account
the differences in the number of quark flavors and their
masses between the lattice QCD determination and the
global analyses, which lead to perturbative corrections

described in Ref. [113].



The first-principles QCD calculations achieved in this
work provide new constraints on the quark CS kernel,
with better control of the associated systematic uncertain-
ties. The results are complementary to those achieved
experimentally and, once the continuum limit is taken,
can be rigorously compared to phenomenological parame-
terizations of the CS kernel from current global analyses.
Moreover, in future analyses, lattice QCD constraints
could be used to constrain the parameterizations in joint
fits with experimental data.
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Appendix A: Constraints on quasi-TMD WF from
discrete Lorentz transormations

The properties of quasi-TMD WFs under charge con-
jugation C, a product of reflections Ry = R1R2 in the
transverse directions, and time reversal 7T, follow from
the properties of the relevant staple-shaped operators
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Ol (br,b*,y,£,a) defined in Eq. (6). These operators
transform as

COL (bp, by, 0)C!

= QYT M (py by, 0), (A1)
RyOL(br, by, O RS
= OMRTMETN p bt Ry(y), ), (A2)
TOL (b, b%,y, )T
= OMTTMT (b, b7, T(y), £), (A3)

where RT(y) = (_ylv _y27y37y4)7 T(y) = (y, _y4)a and
the Dirac representation matrices Mo, Mg, and Mp are
defined by

Mc = y2v4, (Ad)
Mg = (7175)(7275) = Y271, (A5)
MT = Y475. (AG)

For further discussion of discrete transformations of staple-
shaped operators, see Ref. [107].

These operator transformation properties constrain the
unsubtracted bare quasi-TMD WFs ¢t (br, b*, P*,£). Us-
ing Eq. (Al) in the isospin limit, charge conjugation
invariance of pion states, and u < d exchange symmetry
in the isospin limit gives

dar‘(bT7bZ>PZ7€)
= <O|C_1C(’)5d—(bT7bZ,O,ﬁ)C_1C|7T(PZ)>

= éMCFTMEI(_bT,—bZ7PZ7,€). (A7)
Next considering transverse reflections, pion states are
pseudoscalar and are therefore invariant under the product
of reflections Ry. Eq. (A2) can therefore be used to obtain

or(br,b*, P*, 1)
= (0|R7'"R7 O ;(br,b*,0, R Re|m(P?))

= (;SMRFMEl(_bT’bZ, P’z7£)7 (AS)

which provides the I'-dependent signs with which cor-
relation functions can be averaged over different staple
orientations. Combining these results gives

¢r(br,b*, P*,0)

= ¢MRMCFTM51M§1(Z’Ta —b*, P*, 1), (A9)
which establishes the symmetry properties of
or(br,b*, P# £) under sign changes of b*. In par-
ticular, it follows from Eq. (A9) that ¢.,., (br,b*, P*,{)
and @, (by, b%, P#,{) are both symmetric in b

Finally, Eq. (A3) and the T-odd transformations of



pion interpolating operators XL(O) can be used to obtain

¢F(bT, bza PZ’E)
= (0|7 *TOL;(br,b7,0,0)T ' T |7 (P?))

= _ngTPM;I(bTabzvpzvé)7 (AlO)
which provides the I'-dependent signs with which correla-
tion functions can be averaged over forward and backward
propagation in time.

Discrete transformation properties for renormalization
factors can be derived analogously and ensure that renor-
malized quasi-TMD WFs share the same transformation
properties as the bare quasi-TMD WFs with the corre-
sponding I.

Appendix B: RI/xMOM renormalization scheme

As discussed in Section II, the renormalization condi-
tion of Eq. (10) includes a Green’s function containing a
Wilson line and gives all the mixing effects of the staple-
shaped operator in the RI/xMOM scheme. This simpli-
fies renormalization compared to other RI-type schemes,
which involve Green’s functions of the operator itself and
depend on the geometry of the Wilson-line staple. En-
coding all the mixing effects in Eq. (10) is possible by
interpreting the Wilson lines in QCD as originating from
propagators of free auxiliary fields ¢, (z) [79-81],

8¢, (€) = (Gula + €7)Ca (1)),
= 0() Won(z + &) .

where (, (z) denote auxiliary fields of scalar particles mov-
ing along straight space-like directions n* and carrying
color charge in the fundamental representation [79, 80].
That is, the QCD action is augmented by ¢, (z) in a way
that returns the original action when the field is integrated
out and Eq. (B1) holds.

The staple-shaped operator in Eq. (6), non-local in
QCD due to Wilson lines, may be recast in terms of local
fields in the extended theory:

(B1)

OEJ(bT7 bzv y)

_ b\ T b
= Qd,fé (y+ ) *sz,nT <y+€z+ T)
2/)2 2 (B2)

X CnT,z (y + €Z - béT)Qu,z <y - Z) >C7
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where C,, v () = (, ()¢ () denote cusp operators, and
Qqn() = (u(2)g(z) denote composite spin-1/2 fields.
The renormalization constant of the operator is thereby
factorized into Z¢, . Zq, .. Zq and Z¢, , renormalizing
Char, Qq.n, quark, and ( fields, respectively, as well as
a factor of e 9mU+b7) where dm denotes the mass of &
fields induced by loop effects [79, 80, 82].

In practice, the corresponding renormalization condi-
tions can be solved in QCD by integrating out the aux-
iliary fields. For example, while the Green’s function in
Eq. (9) may be written as

Aq,:tz (p7 5)

= [Ser. (=1 C2(=8)| Qq.7:2(0) la(») S ()],
it is still expressed in its original form when solving the
renormalization condition in Eq. (10) numerically, and

Eq. (B3) is only used to identify the corresponding renor-
malization factor as

(B3)

RI/xMOM
ZAq(:VQQ/ (PR, &R)

RI/xMOM
ZQQ,/::W/ (Pr,¢€R)

[Zq(pr))]1/2[ 23 MOM (gg )12

B (B4)

where «, o are spin indices. The remaining renormal-
ization conditions in RI/xMOM are approached similarly.
Altogether, using Eq. (B2), the renormalization factor of
the staple-shaped operator may then be computed via the
renormalization factors in the auxiliary-field description.

Moreover, when computing the CS kernel via Eq. (2),
renormalization factors with no spin structure cancel in
the ratio—it is therefore sufficient to find any combi-
nation of them that fully encodes the mixing effects.
er\iql)/jMOM in Eq. (B4), as determined by solving Eq. (10),

is one such combination.

For collinear configurations of pf; and & defined by

RI/xMOM
z = pr - &r/(Ipr]IER]) = £1, ZAi/z,w/ (pr,&r) may be

converted to MS via the conversion coefficient computed
analytically in Landau gauge in continuum perturbation
theory [81],
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FIG. 16. As in Fig. 5a in the main text, for a set of renormalization scales defined by z = pr - {r/(|pr||€r]|) and &r/a € {2, 3}.



MS
[Cj:z] RI/XMOM (Ma p%a ff{)

= 7TrAQiz (N7p§7 f{;{)

12
as(pr)Cr 3 1siny
=14 RIEE A 9jpg2 42 - 222
o (( B2ty
1 1
i-L Lcosy 1
20 2y 4
+O(a§(pR))v

where y = pgr - &g, Cr = 4/3 and Si(y) = fyoo Sint(t) dt and

Ci(y) = — [° %@)dt are the sine and cosine trigono-
y

metric integrals, respectively. The dependence on pu

vanishes in Landau gauge at NLO. The conversion co-

efficient for Z?;{XMOM(pR,gR, a) in Eq. (7) is given by

[C-:]

MSx

MS —
CRI/XMOM - RI/xMOM [C+Z] RI/xMOM"

As mentioned in Section III B, the mixing effects in-

duced by ZII}IE{XMOM (pr,&r) on pi and &f receive addi-

tional contributions not expected in lattice perturbation
theory at one-loop order for non-collinear configurations
of piy and &f [125]. These mixing effects are illustrated
Fig. 16. When pg - (&g = 0, additional mixing contribu-
tions appear at 10%-level. When pj has components both
collinear with and perpendicular to &g, the number of
mixing contributions is larger, but the magnitude of each
is reduced. Since RI/xMOM is an off-shell momentum
scheme, contributions to mixing other than those induced
by the staple-shaped operator renormalization itself are
possible and may be relevant to explain the additional
contributions [67, 126, 127]. Notably, the additional con-
tributions are significantly smaller than those observed
in the RI'/MOM scheme in previous works [24].

Appendix C: Matching corrections

The quasi-TMD WF factorization formula from the
discussion of power corrections in Section IT is given by [41,
71, 75]

éi(mabTauvpz)

= H*(x, P*,
Sr(bTa :u’) (:E M)
22 = Pz\2
X exp Lll (ln (230? ) +In (2:5? ) )'yq(bT, u)}

X ¢i(x7bTa,u7<) +p.c, (Cl)
where matching holds independently of the suppressed
flavor indices, Dirac structure indices, and the renormal-
ization scheme label up to power corrections, denoted

Zcosy—(Zcosi—FZsm )Cl( )+201( ))

_ Csiny— (281]{1% - %cos—) Cl( ) +28i(y )))
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y vy (B5)

4 The reduced soft factor S,(br, ) [41] ensures that
the infrared physics is the same as that of the physical
TMD WE. The + label denotes the +Z displacement of
the transverse Wilson line relative to the quarks in the
staple-shaped operator used to define the quasi-TMD WF.
Only the 42 displacement is shown in Fig. 1 and used
in the determination of the CS kernel, and the =+ label
is omitted throughout the main text; the label is made
explicit for completeness in the following discussion of the
matching correction. The matching kernel H* (x, P*, )
is given by [128]

HE (2, P*, 1) = C2 (1,2 P)CE (1, 7P%) (C2)
where the coefficients C;t can be derived from the match-
ing of a heavy-to-light current in the heavy-quark effective
theory to soft-collinear effective theory [128].

1. Fixed-order matching corrections

A fixed-order matching correction in Eq. (11) requires
matching coefficients Cy (1, p*) computed in a perturba-
tive expansion

C:t HJ i (")
K

—1+Za

n=1

(1,p%),  (C3)

where as(p) = as(p)/4m and ag(p) is determined by
running from o (o = 2 GeV) as detailed in Appendix C 2.
At NNLO, the logarithmic ratio of these coefficients in

4 Note that the CS evolution part in the matching formula differs
from that in Refs. [41, 71, 75] by a suppressed imaginary part
in the exponential, which depends on the soft factor subtraction.
The imaginary part is suppressed here because it does not affect
the extraction of the CS kernel.
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the matching correction is expanded as

oy N0 (2, PE L PY)
1
In(P; /75
x {asw (€20 (u.2P}) — CE D, P5)
Q) (1 o
U (e O, 2P P [0 ()

—2(C B (p,wPp) — €5 (2 P5))

+ (z ¢ m)}.

(C4)
While taking a naive logarithmic ratio of NNLO matching
coefficients,

oy O (@, PE, PF)
_ 1
~ n(P{/P5)
L+ ay()C V(e PF) + a2 (W05 (.2 Py)

1+ as(m)Cy Y (2 Pg) + ()O3 ® (2 P5)
(C5)

X In
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differs from the correction in Eq. (C4) only by higher-
order terms, in the kinematic regime of this study the
discrepancy is significant, as illustrated in Fig. 17. Consis-
tent with the scaling of power corrections, 6y~NNFO—T and
SyNNLO-IL converge at larger momenta, but the rates of
convergence and the sign and magnitude of z-dependent
corrections differ between real and imaginary parts. The
same conclusions apply to the NLO matching corrections,
for which terms of order a?(u) are dropped in Eq. (C4)
and Eq. (C5). As discussed further in Appendix C 2 and il-
lustrated in Fig. 18, corrections §yN-O~I and gyNNLO-II
are in a better agreement with results expected from the
RG equations of C;t (1, p?). For this reason, the fixed-
order results with a naive logarithmic ratio are not used
in the determination of the CS kernel.

NLO—-II NNLO-II

The difference between vy and 07y , illus-
trated in Fig. 19, indicates expected convergence in the
real component of the matching correction at moderate
x. However, matching corrections converge poorly in the
imaginary component. This is in agreement with NLO
results in Ref. [32] and may be explained by a larger
sensitivity of Im(dv,(u, z, Pf, P5)) to power corrections
at small by, as discussed further in Appendix C 3.

The matching coefficients needed for the NNLO match-
ing correction are given explicitly below, with Crp = 4/3,
Ca = 3, ny =4, and ((n) denoting the Riemann zeta
function. At NLO, Cél)(u,pz) has been calculated [71, 75]
to be

1 5
Ci,(l) 2 = O - L:I: 2 L:t 9_ 2 6
o () =Cp =5 (L3)" + 12 | (C6)
where
_222i' 2z2
Lt =1n (p)2 ZO:ln(pz) +tir.  (C7)
H 1Y

The NNLO coefficients C’;t’(z)(u,pz) for quasi-TMD WFs
can be extracted from the corresponding results for quasi-
TMD parton distribution functions (quasi-TMD PDFs),
for which a factorization analogous to that in Eq. (C1)
holds [65, 66, 68, 72]. The matching kernel for quasi-TMD
PDFs has been calculated at NLO [63, 65, 66, 77] and
recently at NNLO [77, 78]. The real part of the coefficient
C;t (1, %) is equal to the square root of the matching
kernel for the quasi-TMD PDF with the identification

of ¢, = (2p*)%2. Obtained in this Wauy7 Ci’(l)(u,pz) is
consistent with Eq. (C6), and C (,u p*) is given by
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2. Resummation of momentum logarithms

The resummation of the matching coefficients discussed
in Section II is enabled by their RG evolution equa-
tions [68, 72],

dIn CE(p, p?)
Vi (s p™) = ——2—

dln (C9)
= Teusplas ()|LE +7,[as(p)],
dln CF (u, p*
) = T Ur)
"oy P (C10)
= 2/2 . M_N,I (Fcusp [045(//)} + ’Y% [OéS(sz)])7

where ﬁf (u,p?) and ’yé[(u, p?) are the virtuality and mo-
mentum anomalous dimensions of C;t(u, p?), respectively,

Yu(as(1)) and 73 (as(2p?)) denote initial values in the
solutions to the RG equations, and

dyE(p,p®)  dvE(u,p?
Leusp(as(p)) = glnpz = gin,u )

(C11)

is the cusp anomalous dimension.

The anomalous dimension ’yg (1, p*) in Eq. (C10) may
be used to approximate the matching correction in Eq. (11)
in the limit of Pf — P§. As illustrated in Fig. 18, this
approximation is used to select a fixed-order expansion of
the matching correction in Eq. (C4) over that in Eq. (C5).
Finally, the relation

O C (1, p*)

o (C12)

V& (1 p%) = =7;E (1, %) + Blas)

may be used to cross-check explicit perturbative results
for v& (11, p*) and 'yff(u, p?) detailed further below.

In terms of the anomalous dimensions, the resummation
kernel Ky (po(p, p?), 1) in Eq. (12) is given by

Kill (2pz ) //[/)

R B ; (C13)
=2Kr(2p*, ) — K, (2p°, 1) F n(2p°, 1)
for (pg, no) = (p*,2p*) and
K31 (207, 1) = 2K (2p%, p) — K+ (20°, 1) (C14)
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for (p§, o) = (p/2, 1), where

as() o
K w \H05 H :/ —S'Y Qs ),
Y ( ) as(uo) ﬂ(as) H( )

O‘s(ﬁ“’) da
K = Ho, W :/ —S’Yi Qs ),
g0 = ]y Bla 0

O‘S(M) da
K , :/ —= T «
F(NO /‘) e (110) 5(015) cusp( s)
Qg d !/
></ —af ,
as(po) ﬂ(as)
as(fe) das

nr(po, ) = /as(uo) mrcusp(as)»

and Blas(p)] = dglsn(z) is the QCD S-function.

(C15)

(C16)

(C17)

(C18)

The resummed matching coefficients corresponding to



K;) and K;I are given according to Eq. (13) by

g (u,, P, P5)
B 1 (1 Cy(2zPf,xPf)
In(Pf/P3) Cy(2zP§,xPj)
— (K3 (2xPf, ) — K} (22 P5 , )

+(r<—>£)),

(C19)

where the logarithmic ratio of initial-scale matching co-
efficients is expanded in as(u) as in Eq. (C4) for the
fixed-order case, and

5y (1, Pf, Ps)

1
=——— (KL(2zP? 1) — KL (22 P?
e (Kb @ePE ) = K207 )

+(a:<—>x)>.

(C20)

Fig. 20 compares matching corrections in the two schemes
at NNLL in the kinematic regime used in this work to
determine the CS kernel. The differences between the re-
summations decrease at larger momenta, consistent with
the decreasing as. Since the ratios calculated from the lat-
tice are renormalization group invariant and independent
of the MS scale u, the natural choice of the initial scales
should be proportional to the hard parton momentum
in the quasi-TMD WFs, e.g., (pg, po) = (p%, 2p®). There-
fore, in this work the resummed matching corrections are
determined in scheme II.

To obtain the resummed matching corrections, all
functions comprising K4 are computed perturbatively

in as(p),

Blas(w)] = —2ay(n Za"“ )Bn,  (C21)
T cuspas (1 Z at( (C22)
= Z alt (w)vs (C23)
n=0
=S gt (c21)
n=0

A resummation of C;t(u, p?) from ij(uo, p§) of a given
accuracy corresponds to a consistent set of loop orders
chosen for C’;t (10, pg) and the functions above, with a4 ()
run from as(up = 2 GeV) as detailed further below. Ex-
amples for NLL and NNLL resummations are provided
in Table III. Explicitly, the following perturbative results
are used for the NLL and NNLL resummations. The

Accuracy Kr K, K, 7 Cy
NLL 2 1 1 1 0
NNLL 3 2 2 2 1

TABLE III. Loop orders of each term comprising the resummed
matching coefficient defined in Eq. (12) at a given accuracy.
The loop orders of the beta function S[as(14)] and the coupling
as(u) are equal to the loop order of the term they are used in.
All the functions are defined in Appendix C 2.

B-function is given by

4
Bo = EOA — 37Fny, (C25)
4 2

B = 3703 - (3OCA + 4CF> Tan, (026)

2857
B2 = 1 =5

205 1415
+ (20127 - TCFCA CA) Tpng  (C27)

44 158
== T2 2
+<9CF+27CA> FNy,

where Tp = 1/2. The cusp anomalous dimension I'¢ysp,
computed to four-loop order [129-134], is given by

Iy =2CF, (C28)

R T PO YA

e [ (21380 )
+CATan< 42178 +4g7;2 0 (3)) (C30)

55 16, 5 o
The non-cusp anomalous dimensions are given in terms of
A4 and 7¢F = ~C FiryC*. Like the matching coefficients
discussed in Appendix C 1, they can be extracted from the

recently calculated NNLO matching kernel of the quasi
TMD PDFs [77, 78] and are given by

vy = —2CF, (C31)
14
v = Cp {CF (—4 + 5772 — 244(3))
554 11n?
22 2
roa (-5 - ) e

80 w2
HEACTRECY IR



and
V§E =2Cp FinTo, (C33)
7O = Cp {CF <4 — %H + 24c(3)>
950 1172
+Ca | =+ —22¢(3
A ( o+ B o )) o3

152 22
(23]
Fim [ + Bo(2Rel5'] — To)] ,

respectively, where the imaginary part is inferred from
the logarithm LE in Eq. (C7) of the fixed-order result.

The corresponding perturbative expressions of resum-
mation kernels for the NNLL resummation are [135]

K3 (o, )

_ % ﬁ_@) B } (C35)
= o [lnr+a8(u) (’Y(’f 5o (r=1),
KN (o, 1)
0 79_51) _ } (C36)
=g et (2 - 2 - ).
KN (o, )
=—F0{1 (1—1—lnr>
453 as(p) r
R A B
+(FO BO) (1 r+ln'r)+2601n r
2 .2
+as(p) {(%‘éi) (1 2r —Hnr) (C37)
51&_5%) -
+<ﬁoro 72 (I—r+rlnr)
(- 5r) =)
Lo Bol'g 2 ’
and
nNNLL(Movﬂ)
T DY, ] (O
~"Mag, [lnr—i—as(u) (Fo 50>(T 1>}7

where r = a4(10)/as(p) and the running coupling at p is
given at NNLO order by

1 X B1
- Py
) anGu) T ¥

(C39)
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where X = 1+ Boas(p) In(pd/p?), and as(po = 2 GeV) ~
0.293 is determined as prescribed in Ref. [9]. N3LO terms
require as(p) at NNLO, and NNLO terms at NLO. Finally,
for the NNLL resummation, the logarithmic ratio of initial-
scale coefficients in Eq. (C19) is expanded as in Eq. (C4)
to NLO.

3. Estimate of br-dependent corrections

The validity of the factorization formula in Eq. (C1)
requires that P*bp > 1 and (1 — «)P?byr > 1. Within
the kinematic range of P* and by used in this work, such
conditions are not sufficiently satisfied, especially at small
br, and considerable power corrections are expected.

Nonetheless, a factorization should exist for some
range T € [Tmin, Tmax| for all values of by, as long as
xP?,2P* > Aqcp. If P?br > 1, a factorization into
TMDs applies; if P*by < 1, then it is reduced to a
collinear factorization. One may conjecture a factoriza-
tion formula that interpolates between collinear and TMD
factorizations, written schematically at finite P* as

éi(xa bTa,u?PZ>

1 _
=/ dy H}"™*(x,y; %, §;2P*, P by, 1)
0 (C40)

22 7 Pz\2
o[} )
X ¢(y7bTuu‘7C)a

where the matching kernel has a large P?br expansion
for P?by 2 1,

Hﬁi(mvy;jvg;mpzaipzab'faﬂ)
P?bp>>1 . I
5 OF (p aP?)C (1, 2P7)5(x — )
+ [6CE (br, aP*)CF (b, 7P7)
+a = )]z —y)
+ 6H(1;/[7Si(x3yai.7gv xpzvifpzvbT)7

(C41)

where (5035E (br,zP?) and 5H};/ISi(x,y;5£,§; xP?,zP?,by)
denote power- or exponentially-suppressed terms such
as 1/(xP%br) and 1/(xP?*br) or exp(—xzP?br) and
exp(—ZP%br).

For the purposes of estimating the significance of the
finite-by correction, the contribution 6 HY*S* to the above
matching kernel is neglected and its study is left to future
work. The matching kernel then reduces to

Hglisi(mvy;jvg;mpzajpzab'faﬂ)

P¥>bt .
Ly CF (b PO (b pozP?) (G4

X 5((£ - y)v
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FIG. 21. NLO matching coefficient with (solid) and without

(dashed) expansion at large P*br and z = 0.5 and p = 2 GeV.

where the (p*br)-unexpanded coefficient C’;tu(bT, w,p*) =
Cj (1, %) + 5Cj(bT, p®) has a perturbative expansion
analogous to that of C;t(u, p?) in Eq. (C3). and has been
calculated at NLO in Refs. [66, 75].

Explicitly, the NLO contribution C;tu(l)
given by

(bT7 /’(‘apz) is

C§U(1) (bTv s pz)

_ 1L e [(p7br)?
_Cp{ﬁ[prTGM( .

3 ((psz)Q

1)
2
11
> S\ % % )]
_ _712bT:u“ %—'
b2 12

1—ePhr g
+in {QEi( pbr) — —In 4— + 1} }
2

Cptbr
(C43)
= [Cdt Q is the exponen-
I p

NJw
[Nt NI
ONlw

_Pihr

| l\)\»—t

[\.’J m\»—-

where by = 2e772 | Ei(z)
tial integral function, and G}';" (z ?,1 a:) is the Meijer
G-function. The unexpanded coefficient C’ju(bT, w, xP?)
and the corresponding perturbative correction to the CS
kernel &y(‘;NLO (br,z, Pf, P§, ) are shown as a function
of z in Figs. 21 and 22, respectively. The estimated cor-
rections are consistent with the different rates of conver-
gence observed in real and imaginary parts for fixed-order
and resummed corrections in Figs. 9 and 19, respectively.
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In the real part, the corrections become negligible for
br 2 0.4fm, except for the pair of smallest momenta used
in this work. In the imaginary part, the corrections are
large for the entire kinematic range of this study.

Appendix D: Additional examples for Section III

This section collates examples of intermediate analy-
sis steps in the numerical calculation of the CS kernel,
supplementing Section III.

Supplementing Fig. 6, additional examples of the MS-
renormalized quasi-TMD WFs WS (by, p, 2, P*,£) are
illustrated in Figs. 23-38.

Supplementing Figs. 7 and 8, additional examples of the
Fourier-transformed MS-renormalized quasi-TMD WF
ratios WMS(by, i, w, P?) are provided in Fig. 39 and
Figs. 40-43, respectively.

Supplementing Fig. 11, additional examples of real
parts of CS kernel estimators Re[AMS(bT,:c, P, Pf,,u)]
are provided in Figs. 46 and 47 with LO matching, and
in Figs. 44 and 45 with uNNLL matching.
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