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‘We provide a formulation of potential non-relativistic quantum chromodynamics (pNRQCD) suit-
able for calculating binding energies and matrix elements of generic hadron and multi-hadron states
made of heavy quarks in SU(N.) gauge theory using quantum Monte Carlo techniques. We compute
masses of quarkonium and triply-heavy baryons in order to study the perturbative convergence of
PNRQCD and validate our numerical methods. Further, we study SU(N.) models of composite
dark matter and provide simple power series fits to our pNRQCD results that can be used to relate
dark meson and baryon masses to the fundamental parameters of these models. For many sys-
tems comprised entirely of heavy quarks, the quantum Monte Carlo methods employed here are less
computationally demanding than lattice field theory methods, although they introduce additional
perturbative approximations. The formalism presented here may therefore be particularly useful for
predicting composite dark matter properties for a wide range of N. and heavy fermion masses.
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I. INTRODUCTION

Heavy quark systems provide a theoretically clean lab-
oratory for studying quantum chromodynamics (QCD)
because of the large separation of scales between the

heavy quark mass and the confinement scale. Spurred ini-
tially by the discovery of doubly-heavy mesons J/1 [1, 2]
and T [3], the use of non-relativistic (NR) effective field
theory (EFT) to study heavy quarkonium in QCD [4-
7], analogous to the previous treatment of positronium
in NR quantum electrodynamics (NRQED) [8], has been
investigated extensively [5, 6, 9-13]. Prior to this first
principles treatment of quarkonia with EFTs derived
from QCD, studies mainly relied on potential quark mod-
els [14-19]. Such models rely on phenomenological input
whose connection with QCD parameters is obscure and
thus cannot be systematically improved.

Beyond quarkonium, there has been recent excitement
about understanding the properties of baryons and exotic
hadrons containing heavy quarks including tetraquarks,
pentaquarks, hadronic molecules, hybrid states contain-
ing explicit gluon degrees of freedom, and more [20—24].
Theoretically calculating the spectra of baryons and ex-
otic states experimentally observed so far and predicting
the presence of other states provide tests of our under-
standing of QCD in more complex systems than quarko-
nium. In particular, doubly-heavy baryons have recently
been experimentally observed [25-27], and triply-heavy
baryons, although not yet observed experimentally, have
long been of theoretical interest as probes of confining
QCD dynamics that are free from light quark degrees of
freedom requiring relativistic treatment [28].

Additionally, one can consider generic composite states
analogous to QCD, bound under a confining SU(N,)
gauge theory. Such states have received particular at-
tention recently as attractive dark matter (DM) candi-
dates [20-51]. Motivated by the stability of the pro-
ton in the Standard Model (SM), a dark sector with
non-Abelian gauge interactions can give rise to a sta-
ble, neutral dark matter candidate. Simple models of an
SU(N,.) dark sector with one heavy quark can provide
UV-complete and phenomenologically viable models of
composite DM [50, 51]. It would therefore be interesting
to probe masses, lifetimes, and self-interactions in com-
posite DM theory to make predictions for experiments.

In this work, we study the description of generic



hadronic bound states composed entirely of heavy quarks
that are well-described by the EFT of potential NRQCD
(pNRQCD) [4, 6, 8, 9, 52]. This EFT takes advantage of
the experimental evidence that heavy quark bound state
splittings are smaller than the quark mass, mg. Thus,
all dynamical scales are small relative to mg. Assuming
quark velocity is therefore small, v < 1, one can exploit
the hierarchy of scales mqg > pg ~ mqv > Eg ~ mQ02
in the system [8]. NRQCD is obtained from QCD by
integrating out the hard scale, mg, and pNRQCD is ob-
tained from integrating out the soft scale pg ~ mgu.
The inverse of the soft scale gives the typical size of the
bound state, analogous to the Bohr radius in the Hy-
drogen atom. In QCD, one has to consider the confine-
ment scale ~ Aqcp, below which non-perturbative effects
other than resummation of potential gluons must be in-
cluded. Here, we will work in the so-called weak coupling
regime [13], mqv > Aqcp, which is valid for treatment
of top and bottom bound states and starts to become
less reliable for charm-like masses and below. Both the
weak- and strong-coupling regimes can be studied us-
ing lattice QCD (LQCD), and in particular lattice calcu-
lations of NRQCD are useful for studying heavy quark
systems. The advantage of using pNRQCD to study the
weak-coupling regime is that precise results can be ob-
tained using modest computational resources: the quan-
tum Monte Carlo (QMC) calculations below use ensem-
bles of 5,000 configurations with 3/Ng degrees of freedom
representing the spatial coordinates of Ng heavy quarks
in contrast to LQCD calculations that commonly use en-
sembles of hundreds or thousands of configurations with
10® or more degrees of freedom representing the quark
and gluon fields at each lattice site.

In many previous studies of pNRQCD, the main fo-
cus was heavy quarkonia in QCD [9, 10, 13, 53, 54].
The heavy quarkonium spectrum, as well as other prop-
erties such as decay widths, were studied in detail to
N3LO. Ultrasoft effects were also considered as they
play a role beyond NNLO [11]. Additionally, pNRQCD
was extended for doubly- and triply-heavy baryons in
QCD [55]. The three-quark potential was also recently
determined for baryon states and was shown to con-
tribute at NNLO [56, 57].

In this work, we employ a pNRQCD formalism previ-
ously developed for the case of heavy quarkonia [9, 13],
in which we take the operators to be dependent on heavy
quark and antiquark fields. In particular, we generalize
this formalism to apply to arbitrary hadronic systems
comprised totally of heavy quarks. Thus, we can probe
exotic states and multi-hadron systems such as tetra-
quarks, meson-meson molecules, and the deuteron in the
heavy quark limit. Moreover, we generalize all the com-
ponents of the EFT to treat arbitrary bound systems of
heavy fermions charged under SU(N.). We determine
the operators and matching coefficients describing the
action of two- and three-quark potentials on arbitrary
hadronic states up to NNLO for general N..

Our formalism is then applicable to extract properties

of the bound states such as binding energies and matrix
elements with the use of variational Monte-Carlo (VMC)
and Green’s function Monte-Carlo (GFMC) methods
[58-60]. Both VMC and GFMC are state-of-the-art in
nuclear physics simulations, and we apply them to study
heavy-quark bound states in QCD and SU(N,) gauge
theories in general. Recently, VMC was employed to de-
termine the binding energy and mass spectra of triply-
heavy bottom and charm baryons in QCD [61, 62]. The
results are mass-scheme dependent, and in this work, we
tie our heavy quark mass to the spin-averaged mass of
the measured 1.5 state of the associated quarkonia. After
tuning the charm and bottom quark masses to reproduce
the quarkonia masses, we predict the mass spectrum of
triply-heavy bottom and charmed baryons and compare
with previous LQCD results for the same masses.

As for the dark sector, we study the spectra of heavy
dark mesons and baryons in SU(N.) gauge theory for
N. € {3,...,6} and extrapolate to large N.. We demon-
strate that QMC calculations using pNRQCD can pro-
vide predictions for composite DM observables that en-
able efficient scanning over a wide range of mass scales.
The computational simplicity of this approach is bene-
ficial for studying composite DM, in which the funda-
mental parameters of the underlying theory are not yet
known. Further, we fit our QMC pNRQCD results for
dark meson and baryon masses to power series in the
dark strong coupling constant and 1/N,. that provide an-
alytic approximations that can be used straightforwardly
in phenomenological studies of composite DM.

The remainder of this work is organized as follows. Sec-
tion IT introduces pNRQCD in a formulation suitable for
studying multi-hadron systems. Section III reviews QMC
methods that can be used to compute matrix elements of
the Hamiltonian and other operators. In Section IV, we
describe and justify the choice of initial trial wavefunc-
tions used as inputs for VMC and GFMC calculations
of heavy quarkonium and triply-heavy baryons. Results
of these calculations for heavy mesons and baryons in
QCD are described in Section V, and results for SU(N.,)
dark mesons and baryons are described in Section VI.
We discuss some prospects for future investigations in
Section VII.

II. PNRQCD FOR MULTI-HADRON SYSTEMS

SU(N.) gauge theory with ny light fermions and ny,
heavy fermions is a straightforward generalization of
QCD at the perturbative level. In this section, this the-
ory will be referred to as QCD with “quark” and “gluon”
degrees of freedom; however, all the formalism we present
is relevant for the more general case of SU(N,.) gauge
theory discussed for dark hadrons in Sec. VI.



A. pNRQCD formalism

The QCD Lagrange density is given by
£QCD = £g + El + £h7 (1)

where the gluon, light quark, and heavy quark terms are

£y(2) = =5 (G (26 ()], 2

2) =Y G (@i + mylgs (@), 3)
f=1
= Z@h(w
h=1

where G, = [Dy,D,] = G{.,T* is the gluon field-
strength tensor, D, = 0, + igsA;T" is the gauge-
covariant derivative, A7, is the gluon field, g is the strong
coupling, m; and my, are light and heavy quark masses
respectively, and the T are generators of su(3) normal-
ized as tr[T°T"] = $6°°. Light quarks with m; < Aqcp
contribute to the RG evolution of as(u) = g(u)?/(4n)
and will be approximated as massless below. Heavy
quarks with my > Aqcp have negligible effects on the
RG evolution of a; for u < my, and in systems where
heavy quarks are nonrelativistic EFT methods can be
used to expand observables in power series of Aqcp/my,.
The MS renormalization scheme is used throughout this
work for simplicity. In the MS scheme, effective inter-
actions between heavy quarks only depend on njy and
np through the number of flavors with mass less than p
in the RG evolution of as(1) and in the values of other
EFT couplings, defining this number to be n; leads to
a decoupling of heavy quarks from one another, and we,
therefore, omit heavy flavor indices and denote the heavy
quark mass by mqg below.

NRQCD is the EFT employed to study systems of two
or more heavy quarks. The Lagrangian is determined
by integrating out degrees of freedom with the energy of
the order of the heavy-quark masses [4, 8, 63, 64]. The
Lagrangian operators are determined by QCD symme-
tries and are organized as a power series in inverse quark
mass, mq, with mg > Aqep. The NRQCD Lagrangian
including light quarks reads [8, 12],

)i +mqlQn (), (4)

Larqep = Ly + Ly + Lyy + Loy + Ly + Lo+ Ly, (5)

where ¢ and x. = —iogox* are the Pauli spinors that
annihilate a quark and create an antiquark, respectively,
which are related to the QCD heavy quark field by

Q) =VZ (). (6)

e'metx(x)

in the Dirac basis in which 4 = diag(1,1, -1, —1); for
further discussion see Ref. [13]. In Eq. (5), the NRQCD

NRQCD NRQCD
LYRQ L,

gauge and light quark terms and are

identical to their QCD counterparts £, and £; in Eq. (4)
up to O(1/mg)) corrections. Interaction terms with light
degrees of freedom are suppressed by O(as/ mé) and are
given in Ref. [5]. The effects of these heavy-light inter-
actions on heavy-heavy interactions are suppressed by
the square of this factor and are therefore O(aZ/mg)
and neglected below; however, these interactions could
be relevant for studies of heavy-light systems. The heavy
quark one-body term is given by

D? D* o-B
Ly =1/JT 1Dg + c2 +ca—= +crgs
2mgq 8my, 2mgq

[D-E] . o-(DxE-ExD)
+ ¢pys 5 + 1Cs9s P} 'l/),
SmQ 8mQ

(7)

where co = ¢4 = 1 is guaranteed by reparameterization
invariance [65], and the remaining Wilson coefficients to
O(1/m})) are given in [64]. The corresponding heavy an-
tiquark one-body terms L, are equal to Ly with ¢ — x.
There are also four-quark operators involving the heavy
quark and antiquark [5, 52],

d11
Loy = w%kaﬁm L4 e B blovixtoxidiion
ds1 .
w* T Xk T
dss tp
+ 72 v, T, O'%XkalU'Xl

(8)

as well as operators involving either quarks or antiquarks,

ds dz
Ly = igld};rw;q/}kwleijmfklm + ﬁ@o'lb;?/f;io'd)lﬁijm%lm

d
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d
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Q
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The Wilson coefficients, d,.,-, sub-scripted by color and
spin representations, are given for both equal and un-
equal mass cases in Refs. [52].
tive is DH
1Dy = 10y—gsAp and iD = i9+gsA. The chromo-electric
and magnetic fields are defined as B = 2%]56” *[D;, Dy]
and E = *g%[Dt, D], respectively. The matching coeffi-
cients ¢;, and d,,» for the equal and unequal mass cases
are known to two- and one-loop order in QCD and the
SM, respectively [52, 66, 67]. Note that Eqgs. (7) and (8)
are constructed by including all parity-preserving, rota-
tionally invariant, Hermitian combinations of :D;, D, F,
1B, and io.

The covariant deriva-
= 0" + ig; AMT* = (Dy,—D), such that



Although NRQCD is a powerful tool for studying
heavy quarkonium, it fails to exploit the entire hierar-
chy of scales in such a system, namely momentum, |p| ~
mq|v| < mg and binding energy, E ~ mglv|? < |p|.
As we are interested in physics at the scale of the bind-
ing energies, we can further expand NRQCD in |p| > E.
The resulting EFT is an expansion in powers of E/|p|
known as potential NRQCD (pNRQCD) [9, 52]. Interac-
tions in the pPNRQCD Lagrangian that are suppressed by
powers of E/|p| are local in time but non-local in space
and are therefore equivalent to nonrelativistic (two- or
more-body) potentials. Non-potential quark-gluon inter-
actions are also present in pNRQCD but are suppressed
by powers of as(u). The renormalization scale p should
ideally be chosen in the range |p| < p < mg for typ-
ical momentum scales since logarithms of p/u arise in
matching NRQCD to pNRQCD and logarithms of mq/p
are present from matching QCD to NRQCD.

There are two different kinematic regions with differ-
ent pNRQCD descriptions: the weak (|p| > Aqcp) and
strong (|p| ~ Aqcp) coupling regimes. In the strong-
coupling regime, matching between NRQCD and pN-
RQCD must be performed non-perturbatively and has
been studied by using lattice QCD results in matching
calculations to determine pNRQCD potentials; for a re-
view see [5]. In this work, we will consider only the weak-
coupling regime, where matching between NRQCD and
pNRQCD can be performed perturbatively in a dual ex-
pansion in a and 1/mg, as reviewed in Ref. [13]. Weak-
coupling pNRQCD has been used extensively to study
heavy quarkonium with the degrees of freedom typically
taken to be a composite field describing the heavy QQ
system, light quarks, and gluons. Analogous compos-
ite QQQ fields have been used in pNRQCD studies of
baryons [55, 56]. It is also possible to use the nonrela-
tivistic quark spinor degrees of freedom of NRQCD as the
heavy quark degrees of freedom of pNRQCD [13]. This
latter choice of degrees of freedom is not commonly used.
However, it permits a unified construction of the pN-
RQCD operators relevant for describing arbitrary multi-
hadron states composed of heavy quarks, and the con-
struction of the pPNRQCD Lagrangian with explicit heavy
quark degrees of freedom is therefore pursued below.

With this choice of degrees of freedom, the fields of
pNRQCD are identical to those of NRQCD. The theories
differ in that pNRQCD includes spatially non-local heavy
quark “potential” interactions in its Lagrangian,

Lynrqep = Lyrgep + Lpot- (10)

The potential piece, Lpo, is given by a sum of a
quark-antiquark potential as well as quark-quark, three-
quark, and higher-body potentials relevant for baryon
and multi-hadron systems composed of heavy quarks,

Lpot = LYY + LU0 + L5 + ... (11)

The different terms in Ly will be discussed below. The
remaining term Lirqcop(t) corresponds to Lnrqen(t) =

4

[ d3x L(t,z) with only ultra-soft gluon modes included:
in other words a multipole expansion of the quark-gluon
vertices is performed, and contributions which are not
suppressed by E/|p| are explicitly removed since they
correspond to the soft modes whose effects are described
by Lpot [6, 11, 68]. The remaining subleading multipole
contributions correspond to ultra-soft modes, and since
they do not include infrared singular contributions by
construction, they can be included perturbatively. Ultra-
soft contributions to meson and baryon masses in pN-
RQCD have been studied and found to be N2LO effects
suppressed by O(a?) compared to the LO binding en-
ergies [6, 11]. The state-dependence of ultra-soft gluon
effects arises through integrals over coordinate space in-
volving the initial- and final-state wavefunctions and are
therefore N®LO for arbitrary hadron or multi-hadron sys-
tems. Ultrasoft gluon effects will be neglected below since
we work to NNLO accuracy. We note, however, that they
could be included as perturbative corrections to the bind-
ing energies computed in Sec. V-VI by determining the
baryonic analogs of ultrasoft gluon corrections to quarko-
nium energy levels, as discussed in Refs. [11, 13].

B. Quark-antiquark potential

A sum of color-singlet and color-adjoint terms gives
the quark-antiquark potential for arbitrary N,

Ly =~ /d3T1d3’°2 Gl (t,r1)x (t r2) X (o) (t, )

TETEVAX (r12)|
(12)

1 . 1
X |:N-C5ij5klvlwx(rl2) + T

where 15 = r; — 79, Tp = 1/2, and the fermion spin
indices are implicitly contracted with indices of the po-
tential. The potential depends on the renormalization
scale p as well as p, = =iV, and S, = 0,/2, but these
dependencies will generally be kept implicit except where
otherwise noted. Here and below, 4,j,k,... represent
fundamental color indices, and a,b,c,... index adjoint
color indices. The color-singlet potential is expanded as
a power series in 1/mg,

Vlwx7(1) (r)
mqQ

»x,(2)
+ u + O(l/mQ)
md

V) = Vi) +

(13)

The O(l/m?;,) and O(1/mg) potentials are given by

oy, (1, @
i111»0(())(7”’:“) CF Vlr(,« )’ (14)
CrC
Vi) = — QHZQ;D“( 1), (15)



where p dependence is shown explicitly, the perturba-
tive expansion of avy, (r, u) is discussed below, Cy = N,
Cr = (N? - 1)/(2N,), and DO(n) = a1, (4)? + O(a)
in Coulomb gauge as discussed in in Refs. [5, 69]. At
O(1/mg,) there are spin-independent and spin-dependent
potentials that arise,

(2 (2 (2
V) = viEP ) + T (), (16)
(2) 2)
X, (2) CrDy I 5 CrDs 1.2
- — - 1
W0 = - GO Lt G am
C D(Q)
+7TF7255(3)(T.)7
mq
4xCrDP 30D
X, (2) _ FHg2 o243 FULs
AR (r)—igmé 525 >(r)+72mérg L-S
(18)
CrDS)
S (i
dmgrs 12(7),

where S = S + So, 512(’;") =3r-017-00 — 01 - T2,
L =7 x p, and the D® coefficients are given in [5, 70].
The singlet potential is known to N3LO in QCD and
NLO in the SM [10, 71]. The adjoint (octet for N, = 3)
potential is also known to N*LO and is given in Ref. [72].

The potentials such as Vl(o) (r) appearing in Eq. (15)
are Wilson coeflicients in pNRQCD, which can be ob-
tained by matching with NRQCD. The color-singlet po-
tential has been computed to N®LO in the MS scheme
for the case of heavy quarks with equal masses (the un-
equal mass case is not fully known to O(1/ mé), although
various pieces have been computed [73]) and has the per-
turbative expansion

3

i r,0) = s 1) (HZ () an<r;u>>, (19)
n=1

where

ay(r; p) = ar + 260 In(rpe™),
2
. T
as(ryp) = az + gﬁg + (4a18o +2B1) In(rue™)
+ 482 In* (rpe®),
~ 5 o 57’ 3
az(r; ) = a3 + a1 Bgm + ?50& + 163585+
+ (27235 + 6a2B80 + 4a1 B1 + 22
16
—|—3Ci"772> In(rpe™) + (12a1 53

+108031) In” (rpe™™) + 867 In® (rpe™®). (20)

The coefficients up to N®LO are given in Ref. [10]. The
numerical calculations presented below are carried out to

NNLO accuracy and therefore require the coefficients

Bo = %CA - %Tan, (21)
B = %Cﬁ —4CpTpny — ?CATan, (22)
and
ay = %C’A — %Tpnf, (23)
ag = (41364;))—1—4772 - 7;44-232(3) c3
_ <535 - 16<3> CrTrny + %Tgni
— (1;?8 + 536C3) CaTpny. (24)

Note that in obtaining the pNRQCD Lagrangian pre-
sented here, a single fixed renormalization scale p is as-
sumed to be used during matching from QCD to NRQCD
and NRQCD to pNRQCD. This renormalization scale,
therefore, acts as an effective cutoff for both heavy-
quark momenta p satisfying |p| < mg as well as the
four-momenta ¢* of the light degrees of freedom satis-
fying ¢# ~ p*/mg < |p|. Further refinements to pN-
RQCD can be achieved by renormalization-group evolv-
ing the NRQCD Wilson coefficients to resum logarithms
of mg/p or performing renormalization-group improve-
ment of the pNRQCD potentials to resum logarithms of
|p|/p [13]. However, such improvement is not straightfor-
ward to implement in the QMC approaches to studying
multi-quark systems in pNRQCD discussed below, and
it is not pursued in this work.

C. Quark-quark potential

The quark-quark potential appearing in Eq. (11)
is given by a sum of color-antisymmetric and color-
symmetric terms,

LPOt _

ot _ _ / Ay ] () (8,72 ) (7o) (1 71)

[Nc—l
X

Ly B

)

1 *
+§ (.an) fslnvsww(’f’lg)} s
(25)

where VPW’ (r) with p = A and p = S denote the poten-
tials for quark-quark states in antisymmetric and sym-
metric representations, respectively, which are presented
explicitly below. The antisymmetric and symmetric color
tensors FA™ = —F4™ and ]—'isj" = }-jsin are orthogo-
nal and satisfy ]-"{?m}"{]*-m/ = §mm and ]-"Z.Sj"]-"isjn, = M
where n € {1,...,N.(N. + 1)/2}. Explicit representa-
tions for ]—"Z-‘;m and }‘En can be found in Appendix B of

’



Ref. [55] but will not be needed below; the products ap-
pearing in Eq. (25) are given by

1

Am TAm __ .
]:ij ]:Icl B mewolmoz\gfz6’6101...0ch27 (26)

1
F'Fil! = 5 Gadji + 0ndix) - (27)

The coefficients of the operators appearing in Eq. (25) are
chosen so that the action of LZ?; on a quark-quark state
in either the antisymmetric or symmetric representation,
i (1)1 (2)) Fiy™ or |ehi(@1)i;(2)) F3F, is equivalent
to multiplying that state by ng(rlg) or szw(’f'lg) re-
spectively, as detailed in Sec. ITF below.

The pNRQCD quark-quark potentials V;W’ (r) have the
same shape as the quark-antiquark potential up to NLO
and differ only in the color factors governing the sign and
normalization of the potential. To determine the appro-
priate color factors, the tensors associated with the two

quark and antiquark fields in each operator, .7-"54 and

.7-',5’[4, can be used as creation and annihilation operators
for initial and final states in particular representations
(here ¢ denotes a generic irrep row index). The color
factor for this representation is obtained by contracting
these initial- and final-state color tensors with the color
structure resulting from a given NRQCD Feynman dia-
gram, denoted ijﬁ’ld, where the superscript d labels the

particular diagram and normalizing the result [74],

Cny2¢.d ¢\*
Feol ()

cyvd = - - : (28)
\/ (7o) 7o () 7t
Summing over all relevant diagrams gives
cyv =Y ey (29)

d

This color factor can be determined by applying Eq. (28)
to the tree-level diagram

DY = (1) (T")u, (30)
to give [55, 56]
Cr
Cl/n/;,tree - _ 31
A Nc _ 17 ( )
Cr
gt = : 32
S N, +1 (32)

The antisymmetric quark-quark potential is therefore at-
tractive, while the symmetric quark-quark potential is
repulsive. No further representation-dependence arises
in the potential at NLO, and so, for example, the anti-
symmetric quark-quark potential is related to the quark-
antiquark potential by [56],

1

VAWZNPA

VX 4 0(ad). (33)

Y
Y

?

= =
> >

FIG. 1. NRQCD Feynman diagram that contributes to the
representation-dependent potential da, when matching to
pPNRQCD. Dotted and curly lines correspond to longitudinal
and transverse gluons in Coulomb gauge.

The same proportionality holds at NLO for generic color
representations,

Wi, tree )
Vit = -t — VX 4+ O(ad). (34)
F

At NNLO, the correction to the two body potential
of a general color representation p is known to have the
form [75],

1 al da
V;M’(r) _ _C;/;w,tree (%Vle(r) ~ ) 7"p> . (35)

The NNLO correction, da, has been determined for vari-
ous color representations [75, 76], and varies based on the
color factor of the H-diagram in Fig. 1, first computed in
Ref. [77]. The value of this diagram, modulo coupling
and color structure, is 1/r times H = 2w2(7? — 12). The
color tensor of the H-diagram shown in Fig. 1 is

D" = (1T (TT ) f (36)

The color factors C;f”"’H can be determined by projecting
into the color symmetric and antisymmetric representa-
tions using Eq. (28). The NNLO correction factor is then
given by da, = HCYH /C¥tree as

Sap = Wﬂ(ﬂ? _19), (37)
Sag = ww%? —12). (38)

This completes the two-body potentials needed to study
generic multi-hadron systems in pNRQCD at NNLO.
What remains are higher-body potentials, which, as dis-
cussed in Ref. [56] and below, also arise at NNLO.

D. Three-quark potentials

Three-quark forces first appear in NRQCD at O(a?).
Non-zero contributions in Coulomb gauge arise from the
two diagrams shown in Fig. 2 and their permutations
as discussed in Ref. [56]. Specializing first to N, = 3,
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FIG. 2. Leading NRQCD Feynman diagrams in Coulomb gauge that lead to non-vanishing contributions to the 3-body potential
when matching to pPNRQCD. Dotted and curly lines correspond to longitudinal and transverse gluons, respectively.

the three-quark potential for a generic representation p
arisingin 3®3®3=(306)3 =108, ®8s® 10 is
given by

2
VY ( a ) 3wl 7
puv « A [ puv 1}3(’!’12 7’13) (39)

+Co (12, ma3) + CobiPvs (13, m23) ] |

where ry; = r; —ry, the indices u,v € {A,S} label the
octet color tensors, which are antisymmetric or symmet-
ric respectively in their first two indices, and should be
neglected for p € {1,10} where only one operator ap-
pears, and Cf;}f;)q is the color factor for the permutation
of the three-quark diagrams shown in Fig. 2 and discussed
further below. Here, v3(7, ') describes the spatial struc-
ture of the 3-quark potential diagrams, which takes a
universal form given by [56]

1
vs(r, ') = 161 / dedy [f« AT +¢=%’Jzz} . (40)
0

where Z; and Z, are defined in terms of R = zr — yr’,

R=|R|, and A = |r|\/z(1 —z) + |r'|\/y(1 —y) by

1 A? R A

T = = {(1 — R2> arctanz + } , (41)
RRE 342 R A

IQ = T |:<1 + R2> arctanz — 3R:| . (42)

The color factors in Eq. (39) can be expressed as contrac-
tions of the tensors associated with the three quark and
antiquark fields in each operator, ]—'ZZC and ]—'l’:::fb, with
the color tensor relevant for a particular diagram

*
pug 3v,q PUE
<‘Fijk ) Dijklmn‘/.:l'rrm

3v,q
Cp:qu - ¥ ¥ . (43)
pug’ pug’ puC’’ puC’
\/(Fllj/k/) fi/j/k/ (-F.l/7n/n/) sF.l/7n//n//

Octet color tensors that are antisymmetric or symmetric
respectively in their first two indices are defined by

a 1 a
18]/2 = Cijpdpk>s (44)

8Sa

2T
1 a a
ijk — \/TTF (EikPij + ijPTpi) ’ (45)

and satisfy FutFosd = 646,

5 ; Totally antisymmet-

ric and totally symmetric color tensors —7:1'13' , and ilj?f
satisfying filjkfiljk = 1 and .7:1-13-(,’6‘5.7:1-]-(,’;S = 6% with

d € {1,...,10} are explicitly presented in Appendix B
of Ref. [55]; below we only need the products

1

]:zljk]:llmn = éeijkelmna (46)
1

BOFLR = & (GuSmhn + GitbnOhm (47)

+5im5jl5kn + 6im5jn5kl
+5in5jm6kl + 5in5j16km) .

The color tensor relevant for the particular diagram
shown in Fig. 2 is

1

31,3 Td Tb T bdc pae

i]"(zl)c’lmn 2 [ im qu kr renf (‘faec (48)
jgn j%jgrjrl‘)nfbdcfaec] ’

and the tensors for its permutations can be obtained us-
ing D?;Zl)c’l?;nn = Dfrzpr:llclzj and ijﬁ,lizn = D?jd;ﬁ?;zkl Evalu-
ating Eq. (43) for these diagrams shows that the 1 and
10 color factors do not depend on the permutation label
q and are given by C3¥? = —1 and €37 = —1 [56].
Evaluating Eq. (43) for the adjoint operators leads to

o3l @3v1 1 3

gAA “sas ) _ [ 16 8 (49)
Cash Cass/ \-% &)

8 16

32 3.2 1 V3

sAA Lsas ) _ [ 7 78 (50)

31,2 31),2 3 5 ’

Cssh Cass T

3,3 3,3
(G S3)=(5 %), o
Casx  Cass 0 —15

which completes the construction of ngt’NC:?’ to NNLO.
The potential for three-quark states in the adjoint repre-
sentation is computed at LO in Ref. [55], and the presence
of mixing between states created with 8 and 8g opera-
tors are discussed in Ref. [56]. The NNLO 3¢ potentials
for the adjoint representation are reported here for the
first time. While the 1 and 10 three-quark potentials are



always attractive, the adjoint three-quark potentials are
repulsive for some configurations.

The action of this three-quark potential can be repro-
duced using the pNRQCD Lagrangian term

LRoN=S /d3r1d3r2d3r3 Gl (t )t r)y)(E rs)
X T;Z)l (t, r3)wm(t7 ”'2)1/% (ta 7’1)

1

6

7;8].‘20’ lS’InA’fg 8 A'(LY ’L.Sji'a STSLZ st )

1
P gV + PR GV

where the functions W3 defined below are related to
but not identical to the adjoint potentials V... The
action of either the symmetric or antisymmetric adjoint
potential operator on the corresponding symmetric or an-
tisymmetric adjoint state leads to a linear combination of
symmetric and antisymmetric adjoint states arising from
non-trivial Wick contractions. Direct computation of the

matrix elements of the adjoint operators in ngt’Ncﬂ be-

tween states creates by operators involving ffj‘;“ and
Ffji“ shows that the desired potentials Vg’f are repro-
duced using

: a2 1
Wg}f = (7) |:—48’U3(T‘12, 1"13)

4
" (53)
1 1
*@03(7”12,7“23) + @1)3(7“13, r23) | ,
and
sy _ (QNPI T
Wad = a (477) [48%(7‘1277“13)
(54)
+@03(T12,7‘23) - 481}3(7°13,"°23)} .

This construction can be genemlized1 to N, > 3.
Mixed-symmetry color adjoint tensors satisfying the
same normalization condition as the N, = 3 case above
can be defined in general by

1
MAa _ a
ijkq1...qN.—3 — Tf (Nc — 1>! eiqul--~QNc—3Tpk’ (55)
1
MSa _ a
ijkq1...qNg.—3 ST;N.(N, _ 2)! (eikpm-quU—Sij
(56)

a
+€jkpq1---(INC—3Tpi) .

1 The case of N, = 2 must be treated separately and is not con-
sidered here.

The totally antisymmetric and totally symmetric tensors
satisfy [56]

1
fgkﬂénn - meijkol...oNc_gelmnol...oNC_sa (57)
}—Z*Sji]‘ﬁin = S(Ne) (010 jmOkn + 0i1070km (58)

+0im0;10kn + dim0jnl
+§in6jm5kl + 6zn5jl(5km) )

where

1 2N, —1
S(N.) = — ¢
(Ne) N;}+3N§+2Nc( N, )

(2N, — 1)!
~ (N)2(N2 43N, +2)

(59)

The structure of the potential in all cases is given by
Eq. (39). Color factors can be obtained for general N, >
3 using Eq. (43) with the results

N, +1
i1 = — - (60)
N, -1
P = ———, (61)

which agree with the general N, results of Ref. [56], and

31,1 3,1 1 __ VNe

Crxiaa Cuids — 8(N.—1) 4v/2/N.—1 (62
o3l 3.1 VN, N,+2 J )
MSA MSS _4\/5 /N.—1 16

3¢,2 31,2 1 VN

CMwAA CMwAS — 8(Ne—1)  4v2y/N.—1 (63)
Cdilu? C3¢’2 VN, Nc+2 ’

MSA “~MSS 42N, -1 16

31,3 31,3 2N +1

CMwAA CMwAS _ [ 3(N.—D) 0 (64)
C3w,3 Csw,3 0 N.—4 | *

MSA “MSS 16

These potentials are attainable with a pNRQCD La-
grangian term

L5t = - / dBryd3rsdrs g (1m0l (8 )L (2 7s)
X 7/1l (t7 T'S)d)m(ta 7’2)7/% (ta 'I"l)
N,
| FE N - D - DV

1 S6 56 /3
+ 368(N ) ‘Fijk]:lmnVS w
FESRFN WA + FU AL

(65)

Direct computation of the matrix elements involving

il\]{[,f“ and .Fil\]/-lksa shows that the desired potentials Vﬁﬁu
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FIG. 3. Example NNLO diagrams for N = 4 which contribute to the 4-body potential and demonstrate that o) suppression
at each higher body order is not necessarily respected beyond 3-body.

and Vl\‘}éu are reproduced using

3 a2 N, -1
Wita = (E) [ I6((N, —2)N, 1 3) 2"z 71)
N.—1
~16((N. — 2)N. +3
(Nc * 1)(2(Nc * 2)Nc + 5)
16((Ne — 2)Ne + 3)

)v3(r127r23)

U3(7’13, 7’23)} ,

(66)
and
3 a2 |N.+4
WM%Z (E) [ 18 v3(ri2,T13)
+NC+4 (r12,7 )+Nci8 (r13,723)
1z vslriz, T3 1z vs(ris: T3

(67)

This completes the construction of the pNRQCD La-
grangian required to describe three-quark forces in
generic hadron or multi-hadron states at NNLO.
Three-antiquark potentials are identical to three-quark
potentials by symmetry. However, it is noteworthy that
additional ¥t and ¥TyT potentials with distinct color
factors are required to describe tetraquarks and other
multi-hadron states containing both heavy quarks and
heavy antiquarks at NNLO. Even higher-body potentials
involving combinations of four quark and antiquark fields
are also relevant for such systems and are discussed next.

E. Four- and more-quark potentials

Four-quark and higher-body potentials that do not fac-
torize into iterated insertions of two-quark and three-
quark potentials must arise at some order in «, during
matching between pNRQCD and NRQCD and will need
to be included in pNRQCD calculations of multi-hadron
states at that order. Perhaps surprisingly, the O(ay)
suppression of three-quark potentials in comparison with

quark-quark potentials does not extend to four-quark po-
tentials: for generic multi-hadron systems, four-quark
potentials arise at NNLO and therefore at the same order
at three-quark potentials. This can be seen by consider-
ing the diagrams in Fig. 3. The transverse gluon propa-
gator in the four-quark analog of the H-diagram shown
leads to momentum dependence that does not factorize
into products of fewer-body potentials, and for both di-
agrams shown, the color structures of all four quarks are
correlated by the gluon interactions in a way that does
not factorize. Matching the contributions from these di-
agrams in pNRQCD therefore requires the introduction
of four-quark potentials at NNLO. Barring unexpected
cancellations between diagrams, this four-quark poten-
tial — and analogous four-body potentials involving one
or more heavy antiquarks — must be obtained and in-
cluded in pNRQCD calculations of generic multi-hadron
systems at NNLO.

Although a complete determination of the NNLO four-
quark potential is beyond the scope of this work, it is
straightforward to show that the potentials relevant for
quarks in SU(N,) single-baryon systems greatly simplify
and that for four-quark potentials vanish at NNLO for
these special cases. For N. < 3, there are fewer than
four quarks in a baryon, and it follows trivially that four-
quark forces do not contribute to single-baryon observ-
ables.? For N, > 4, the absence of four-quark forces at
NNLO for single-baryon systems is non-trivial, and we
argue below that it follows from the color structure of
single-baryon states. These single-baryon states contain
N, quarks in a color-singlet configuration and can there-
fore be constructed from linear combinations of states of
the form

€

|B(7"1,... i1... 1N, ¢;i(r1)"'¢JNC(TNC)‘O>'

VNI
(68)

7TNC)>

2 Three- and four-body forces do not contribute to single-meson
observables for any N, for the same reason.



The antisymmetry of €;,...iy, implies that contributions
from any potential operator to single-baryon observables
will be totally antisymmetrized over the color indices of
all ¥; and wz fields arising in the operator. This means
that only ng Y and sz contribute to the quark-quark
and three-quark potentials for single-baryon states, re-
spectively. Further, the color structures of the four-quark
potential diagrams shown in Fig. 3 involve factors of

THT5 (69)

where i and j (k and [) label the color indices of any two
of the incoming (outgoing) quark lines. Contracting with
the color tensors for single-baryon initial and final states
leads to

a b pabe ikmy..my,.—2 jlmi..mn, —
i Ly fercerr N e 2 gl HT L NG =2

_ _ﬂl}gqufabceikml...mNC_gejlml...mNC_g
y (70)

_ _T]l?l ﬁgfabcezkml...mNC_gejlml...mNC_g

=0,

where the antisymmetry of f**¢ has been used in going
from the first to the second line, and the antisymmetry of
€iy.in, has been used in subsequently going to the third
line.

J
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For N. > 4 single-baryon systems, diagrams with ad-
ditional gluon propagators® lead to four-body forces at
N3LO that are not expected to vanish. For multi-hadron
systems, including tetraquarks and bound or scattering
states of heavy baryons, total color antisymmetry of ini-
tial and final state quarks does not apply, and we em-
phasize that these four-quark potentials that have not
yet been determined are required for complete NNLO
calculations.

Five-quark (and higher-body) interactions require an
additional gluon propagator compared to four-quark in-
teractions and do not arise until N3LO.

F. pNRQCD Hamiltonian

The Lagrangian formulation of pNRQCD described
above can be readily converted to a nonrelativistic Hamil-
tonian form. The generic kinetic and potential operators
needed to construct the pNRQCD Hamiltonian are ex-
plicitly defined below. The action of the potential oper-
ator greatly simplifies when acting on quarkonium states
and baryon states, and the particular structures of these
states are also discussed in this section. For concreteness,
unit-normalized quarkonium states are defined by

|QQ(r1,7m2)) = \/% |9 (11), X5, (72)) G (71)

while baryon states are defined by Eq. (68).

The nonrelativistic potential operator VX appearing in the pNRQCD Hamiltonian is just —LZ}‘;: with fermion
fields replaced by Hilbert space operators. Its action on a quark-antiquark state is given by

VX |tha (71), X, (72))

1
= /d331d332 |:N5ij5klvlwx(312) +

1 a a
Tz’kazVﬁf(Sm)}

i (72
x W] (t, 81)x; (£ $2)XL (t 52)U1 (¢, 81) [1hm (71), X, (72))
1 | .
= [NC%(SMV{&X(TQ) + ﬂTiijVfg(ﬁz)} "/’i("“l)»X}(T2)> OkmOin
The action of the potential operator on quarkonium states therefore simplifies to
VX ’Q@(Tl, 7“2)> = Vvx |1/)m("°1)7X1L(7"2)> Omn
1 1
= [M(Sij(Slele(?“l?) + HTZT&VA%(HQ)} ‘wi(ﬁ), X}(T2)> Okm OinOmn
Wy 1 i (73)
=V (""12)F5ij5kl6kl ‘¢i(7°1),xj("‘2)>

= VX (r12)6;5

bilr1),xf(r2) )
VX (r12) 1QQ(r1,72)),

3 An example of such a diagram can be obtained from Fig. 2 by
adding a fourth quark interacting with a potential gluon that is

connected to the transverse gluon by a three-gluon interaction.
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where T}%0r; = 0 has been used to eliminate the color-adjoint term.
[

The action on a color-adjoint QQ  state for color-singlet and color-adjoint quark-antiquark
wi(rl),X;(r2)>T;§/\/TF analogously eliminates the Sta{jf [72,.757 7f6].h ot . -
color-singlet piece and is equivalent to multiplying © action o t © quar -anth}lar' potentia oL more

) complicated multi-hadron states is given by applying the
the state by VY ¥(r12) because TATE = Tpé®. This 3 :

‘ Y Vaa \T12 - ’gét e — SFO same operator V%X to these states. For instance, the
esta'bhshes that the terms in —L are correctly nor-— potential for a heavy tetraquark state is given by a color
malized to reproduce pNRQCD matching calculations  contraction of the action of the potential on a generic

state with two heavy quarks and two heavy antiquarks,

wa |¢n1 (7"1)7 XILQ ("“2)1%3 (T3)7 XJLM (7‘4)>
= /d331d332 L\lféijélele(Sm) + Z}FTZTI;LIVX(;((SU)}
x I (8, 81)x5(t, 82)xh (8, 82)0u(t, 81) [Wny (1), xh, (72)Wng (73), X, (74))

1 1
= [5ij5mn2V1wX(T12)+ T{}TSMV&X(TU)} %’(7‘1),X}(T2)¢n3(7°3)7XL4(T4)>

fYcl TFI _ (74)
+ ﬁ(sijammvfx(m) + T—FT;}TSIMVﬂ(rm) Vi(r1), XLQ (r2)Yn; (73), X}("‘4)>
L . -
+ ﬁfsz‘ﬂmm‘/lwx(%z) + T*FT%T&MVX/Z‘(T%) Yy (1), X ()i (73), X, (7“4)>
1 X 1 a a hx | T 1
+ | 9is0nana V1 (r3e) + ﬁﬂan3n4vAd (r34) | [¥n, (T1)s Xy (7"2)%(7'3)7Xj(7"4)>«

The action of a generic SU(N,) quark-quark potential operator V¥% on an Ng quark state is analogously given by
*me in Eq. (25) with fermion fields replaced by Hilbert-space operators and has the color decomposition

VY (), .. ¥, ()

- ¥ / @13V, (s12) (F6)" FEOT(E s0)0] (1 s2)0n(t s2)0(t 91) [, (1), o, (7))
pe{AS} (75)

Z Z VF;M[} (TIJ) (fﬁLImJ)* ‘FWP/ITLJ

I#J pe{A,S}

77[}"1 (rl)a e 71/)m1(7"1), cee 7¢TYLJ(TJ)5 e a’l/)an (qu)> 5

The action of a three-quark potential operator is analogous,

V3¢' "(/11(7‘1)7 .. -aqu(qu)>

- 3 / @152 83V (312,813, 823) (FB ) Fhou ] (1310 (1 520 (1, 50)
pe{A,S,MA,MS}

X r(t, 53 m (b, 52Ut 1) [y (71), - U, (7)) (76)

31 *
Z Z Vpd)(T‘IJ, IR TIK) (FPmpmamic ) Fhinyng
I#£J#K pe{A,S,MA,MS}

Ui (7)o s Uy (P1)s oo sy () g (P ),y Y, (qu)> :

X

(

The four-quark potential operator V4 can be defined total potential operator
analogously, although its explicit form at NNLO has not . . . . .
yet been computed. These can be combined to define a V=V gy Ly yte

F VY L VIVIX L VVIXX ph s x4 7



where 5-quark and higher-body potentials that do not
contribute at NNLO are omitted, and ¢ <> x refers
to antiquark-antiquark, 3-antiquark, and 4-antiquark po-
tentials obtained by taking v <> x in the quark-quark,
3-quark, and 4-quark potential operators. Note that be-
sides the 3-quark and 4-quark operators described above
there are analogs of 3-quark and 4-quark potentials where
only some of the quarks are replaced with antiquarks that
enter the total potential at NNLO and arise for example
in heavy tetraquark systems. In conjunction with the
usual nonrelativistic kinetic energy operator

T ’1/)”1 (7“1), cee ;'l/Jan ("'Nq)>

Z QIT)TL%Q ‘wnl (Tl)’ o ’ZZJN’I (’I‘an )> (78)

I

B Vi [, (11), -, (7))
I

2mQ

this potential operator can be used to construct the pN-
RQCD Hamiltonian operator

H=T+V, (79)

which is the basic ingredient used in the many-body cal-
culations discussed below. A

The eigenvalues of the nonrelativistic Hamiltonian H
are equal to the total energies of the corresponding
eigenstates minus the rest masses of any heavy quarks
and antiquarks appearing in the state, since the rest
mass is removed from the Hamiltonian by the trans-
formation in Eq. (6). The ground state of the sec-
tor of pPNRQCD Hilbert space containing Ng heavy
quarks, denoted |Q1 e QNQ,O>7 with mass or total en-
ergy Mgq,.. gy therefore has Hamiltonian matrix ele-
ments

AEq,.qx = (Q1- Qg 0| H |1 ... Qwg,0)
= Mq,..qv — Nomq-

(80)

The pNRQCD Hamiltonian and therefore AEg, . g, will
depend on the definition of mg above and, in particular,
whether it is a bare or renormalized mass. Although
the unphysical nature of the pole mass mg appearing in
Eq. (6) and the pNRQCD Hamiltonian, therefore, leads
to ambiguities in the definition of the nonrelativistic en-
ergy AEQ,. .y, the total energy Mg, ¢, is indepen-
dent of the prescription used to define mg up to pertur-
bative truncation effects. Analogous considerations ap-
ply to pNRQCD states containing heavy quarks and an-
tiquarks (assuming their separate number conservation),
for example,

AByg = <Q@,o( bl ‘Q@, o> = Mgy —2mg.  (81)

Once the value of mg in a given scheme is determined,
for example by matching MQ@ or another hadron mass
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to experimental data or lattice QCD calculations, it can
be used to predict other physical hadron masses from
PNRQCD calculations of H eigenvalues and for example
predict Mg, . gy from AEg, qu-

For baryon states, the quark-quark potential involves
the color-tensor contraction ¥, .., FF . €n,  ny_, Which
vanishes for the symmetric potential involving F5 ,, , and
is equal to €ny..my...my..nN, /2 for the antisymmetric po-
tential using the color tensors defined in Eq. (27). In-
serting this in into Eq. (75) applied to the baryon state
defined in Eq. (68) gives

P IB) = 5 S VYY) 1)

I#J (82)
= S V(1) |B).

I<J

where the coordinate dependence of |B(r1,...,ry,)) has
been suppressed for brevity and the I <> J symmetry
of the potential has been used in going from the first to
the second line. The analogous contraction for the three-
quark potential FF . .. FP . €n . .ny, Vanishes for
all potentials except the totally antisymmetric case with
p = A. In this case the color-tensor contraction is equal

t0 €ny.my.my..m...nn, /3!, Which gives

. 1
V3 |B) = 30 Z Vil (rig,rik,rok) |B)
" I#AJ#K (83)

Z V¥ (rry,rik,mir) | B) -
1<J<K

Since the 4-quark interaction color tensors are orthogonal
to €;;... as discussed in Eq. (ITE)

V4 |B) =0, (84)

at NNLO with non-zero contributions possible at N3LO.
These results establish that the color-antisymmetric two-
and three-quark potential operators are correctly nor-
malized to reproduce the pNRQCD matching calcula-
tions performed using baryon-level Lagrangian operators
in Refs [55, 56]. It can be shown similarly that the mixed-
symmetry adjoint potential operators defined above are
correctly normalized so that their action on an adjoint
baryon state is equivalent to matrix multiplication by
V3l

We end this section with an interesting cross-check
discussed for N, = 3 in Ref. [56]: the antisymmetric
two-quark potential can be obtained to NNLO (includ-
ing two-loop diagrams) using the NNLO three-body po-
tential (which only includes one-loop diagrams) and set-
ting N. — 1 quarks to be at the same position. These
N.—1 quarks then behave as an antiquark in color space,
and thus a color-singlet quarkonium state arises. Baryon
states with N, — 1 co-located quarks can be defined by

|M(7r1,72)) = |B(r1,r2=...=7n,)). (85)



The correspondence between an N.—1 quark color source
and an antiquark color source suggests that matrix ele-
ments can be equated between quarkonium states |Q@>
and heavy baryon states with N. — 1 quark positions
identified,

(ealvloa) - (ufv ).

at least to leading order in 1/m¢ where heavy quarks are
equivalent to static color sources. This provides a relation
between the quark-antiquark and multi-quark potentials
in each representation that make non-zero contributions
in quarkonium and baryon states,

(QQr1,m)| VY \QQ r,ra))
(ri,72 ’ Y+ ij ’M(T17T2)> (87)

V(o) +§ VA (ri7,717,0),
1<J

<

where potentials with all quark fields located at the same
point have been removed since these correspond to local

counterterms. There is only one four-quark separation
T =712 = 7r13 = ..., and so the sums can be evaluated
as
VP (r) = (Ne = DV (r) 5
1 88
+ 5 (Ve = (Ve =2V (.7, 0),

where the counting factor arises from the (Vo ') =

(N — 1)(N. — 2)/2 three-body interactions between the
N, —1 identically located quarks and the quark at a spe-
cific position. Solving for the quark-quark antisymmetric
potential, inserting the form of the three-quark poten-
tial in Eq. (39) with singular factors of v3(r, 0) removed
(by local counterterms), and noting that the three-quark
color factor given in Eq. (61) and the quark-antiquark
color factor —C'r are related by

(89)

N,
-l

A(N.— 1)

the quark-quark potential can be obtained in terms of the
quark-antiquark potential and the three-quark potential
function as

Vi) = [ "
#0ra (32) Pt

The three-quark potential function with equal arguments
simplifies to

vl ) = _47T2<7T;|—12>, (91)
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which relates the quark-quark and quark-antiquark po-
tentials at NNLO as

Vit = Vi (r)

N, —
_aSCF Qs 2 Ne(Ne—2) 5, 5 B
] (471') 5 T 12)

(92)
This is consistent with the antisymmetric quark-quark
potential attained previously in Eq. 38 and matches the
result obtained for the case of N, = 3 in Ref. [56]. Note
that for N. > 4, this agreement is further consistent with
the result above that four-quark potentials do not con-
tribute to N.-color baryon states at NNLO.

III. MANY-BODY METHODS

A wide range of techniques have been developed for
solving nonrelativistic quantum many-body problems
in nuclear and condensed matter physics. Quantum
Monte Carlo methods provide stochastic estimates of en-
ergy spectra and other observables of quantum many-
body states with systematic uncertainties that can be
quantified and reduced with increased computational re-
sources [58-60]. In particular, the variational Monte
Carlo approach allows upper bounds to be placed on
many-body ground state energies that can be numer-
ically optimized using a parameterized family of trial
wavefunctions. The Green’s function Monte Carlo ap-
proach augments VMC by including imaginary time evo-
lution that exponentially suppresses excited-state con-
tributions and allows exact ground-state energy results
to be obtained from generic trial wavefunctions (more
precisely any trial wavefunction not orthogonal to the
ground state) in the limit of large imaginary-time evolu-
tion. The statistical precision of GFMC calculations is
greatly improved by a good choice of the trial wavefunc-
tion that has a large overlap with the ground state, and
often the optimized wavefunctions resulting from VMC
calculations are used as the initial trial wavefunctions
in subsequent GFMC calculations [58, 60]. Ground-state
energy results obtained using GFMC are themselves vari-
ational upper bounds on the true ground-state energy,
as discussed further below. This combination of meth-
ods leverages the desirable features of VMC while using
GFMC to remove hard-to-quantify systematic uncertain-
ties associated with the Hilbert space truncation induced
by a wavefunction parameterization with a finite number
of parameters.

Previous works have used few-body methods, for ex-
ample based on Fadeev equations, and variational meth-
ods to calculate quarkonium and baryon masses using
potential models [78-82]. Two previous works have ap-
plied variational methods to calculate baryon masses
using pNRQCD potentials: Ref. [61] uses the LO po-
tential and a one-parameter family of analytically inte-
grable variational wavefunctions, and Ref. [62] uses po-



tentials up through NNLO with a two-parameter family
of variational wavefunctions. Here, we extend these re-
sults by performing GFMC calculations with trial wave-
functions obtained using VMC in order to obtain reli-
able predictions for quarkonium and triply-heavy baryon
masses across a wide range of mg for QCD as well as
SU(N,) gauge theories of dark mesons and baryons with
N. € {2,...,6}. The methods used here are very com-
putationally efficient — by generating Monte Carlo en-
sembles for VMC and GFMC by applying the Metropo-
lis algorithm with optimized trial wavefunctions used for
importance sampling, we achieve more than an order of
magnitude more precise results than previous calcula-
tions with modest computational resources. The tech-
niques developed here can further be applied straightfor-
wardly to systems with more than three heavy quarks.
The remainder of this section discusses the formalism re-
quired to apply VMC and GFMC methods to pNRQCD
for these systems and beyond.

A. Variational Monte-Carlo

The quantum mechanical state |¥) of a system con-
taining Ng heavy quarks/antiquarks can be described by
a coordinate space wavefunction ¥(R) = (R| ¥) where
R = (r1,...,7N,) is a vector of coordinates. The nor-
malization condition

1= (] o) :/dR (U] R) (R| 0)
(93)
~ [arpr)P

will be used throughout this work. The LO pNRQCD
Hamiltonian is simply the Coulomb Hamiltonian, which
is known to be bounded from below, and this bounded-
ness will be assumed for the pNRQCD Hamiltonian at
higher orders below and verified a posteriori. This im-
plies that there is a set of unit-normalized energy eigen-
states |n) with H |n) = AE, |n) (note that we continue
using AFE to denote nonrelativistic energies here and
below) that can be ordered such that AE, < AE; <
..., from which the well-known Rayleigh-Ritz variational
bound follows,

(V[ H |¥) = Z [(¥] n) PAE, > AE,. (94)

This variational principle is the starting point for VMC
methods.

Any trial wavefunction U(R;w) depending on a set of
parameters w = (ws,...) satisfies the variational princi-
ple,

AFEy < (Up(w)| H |¥r(w))

_ / PRUNR @) HR)Up(Riw),
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where (R|H|R') = H(R)5(R — R'). By iteratively
varying w using a numerical optimization procedure, the
upper bound on AFEj provided by a parameterized fam-
ily of trial wavefunctions can be successively improved. If
the trial wavefunction is sufficiently expressive as to de-
scribe the true ground-state wavefunction for some set of
parameters, then the true ground-state energy and wave-
function can be determined using such an optimization
procedure. This is generally not the case for complicated
many-body Hamiltonians and numerically tractable trial
wavefunctions, and in this generic case, variational meth-
ods provide an upper bound on AFEj rather than a rig-
orous determination of the ground-state energy.

The integral in Eq. (95) is 3Ng dimensional and is
challenging to compute exactly for many-body systems.
Instead, VMC methods apply Monte Carlo integration
techniques to stochastically approximate the integral in
Eq. (95). The magnitude of the trial wavefunction can
be used to define a probability distribution,

P(R;w) = [Ur(R;w)P, (96)

from which coordinates R can be sampled. The standard
Metropolis algorithm can then be used to approximate
the integral in Eq. (95): coordinates Ry are sampled from
P(R;w), updated coordinates R; = Ry + ex are chosen
using, for example, zero-mean and unit-variance Gaus-
sian random variables x and a step size ¢ discussed fur-
ther below. The updated coordinates are accepted with
probability w; = P(R1;w)/P(Rp;w) or with probabil-
ity 1 if wy > 1, and they are rejected otherwise. If the
coordinates are accepted, then R, is added to an ensem-
ble of coordinate values, while if they are rejected, then
Ry is added. This procedure is repeated with coordinates
R, 1 updated analogously from the latest coordinates R;
in the ensemble. The new coordinates are accepted with
probability w;+1 = P(Ri+1;w)/P(R;i;w) (or probability
1if w;y1 > 1). The resulting ensemble is approximately
a set of random variables drawn from P(R;w) if the co-
ordinates from an initial thermalization period of Niperm
updates are omitted, and they are approximately sta-
tistically independent if Ngxip update steps are skipped
between successive members of the final coordinate en-
semble, where Ny, is chosen to be longer than the au-
tocorrelation times of observables of interest.*

An ensemble of Ny,; such coordinates can then be used
to approximate the integral in Eq. (95) as

Nyar
H(R;).  (97)
i=1

(Ur(w)| H [Pr(w)) ~

In  VMC  methods, this  approximation  of
(Up(w)| H|¥r(w)) is used as a loss function to be

4 Below, we find Nskip 2 100 to be sufficient to achieve negligible
autocorrelations in (¥r(w)| H |¥7(w)) using € on the order of
the Bohr radius of the Coulombic trial wavefunctions discussed
in Sec. IV.



minimized using numerical optimization techniques. For
a complete review of VMC and its implementation, see
Ref. [58].

In the VMC calculation below, we use the Adam op-
timizer [83] to update our trial wavefunction parameters
iteratively. Default Adam hyperparameters are used with
a step size initially chosen to be 1072, After the change in
loss function fails to improve for 10 updates, the step size
is reduced by a factor of 10. After two such reductions of
the step size, optimization is restarted using the best trial
wavefunction parameters from the previous optimization
round and step sizes of 1072 and subsequently 10~* in
order to refresh the Adam momenta and improve conver-
gence to optimal parameters without overshooting. Gra-
dients of the loss function are stochastically estimated in
analogy to Eq. (97) using auto-differentiation techniques
implemented in the Python package PyTorch [84].

B. Green’s Function Monte Carlo

The optimal trial wavefunction U7 (R, w) obtained us-
ing VMC methods still may not provide an accurate de-
termination of AFEjy because of the limited expressive-
ness of a finite-parameter function suitable for numer-
ical optimization. To overcome this limitation, we use
the standard QMC strategy of taking the optimal trial
wavefunction obtained from VMC as the starting point
for subsequent GFMC calculation [58, 60]. GFMC cal-
culations use evolution® in imaginary time 7 to exponen-
tially suppress excited-state components of |[¥r), which is
analogous to the imaginary-time evolution used in lattice
QCD calculations. In the limit of infinite imaginary-time
evolution, the ground state with a given set of quantum
numbers can be obtained from any trial wavefunction
with the same quantum numbers,

0) = lim_ e AT W) (98)

In our case, imaginary-time evolution can be used
to determine the ground-state energy and wavefunc-
tion of a system with Ng heavy quarks/antiquarks
using a pNRQCD Hamiltonian with conserved heavy
quark/antiquark numbers.

In general, directly computing the propagator in (98)
is not feasible for arbitrary 7. However, taking small
imaginary time, 7 = 7/N for N > 1 and recovering
the full projection in large time can be achieved by a
Lie-Trotter product [85],

N-1
U(r,Ry) = / I[ dR:i (Rx|e "7 |Ry_4)
=0
X+ X <R1| e_HéT |R0> <R0| \I/t> s (99)
5 This evolution is often described as diffusion because the free

particle nonrelativistic imaginary-time Schrodinger equation is
the diffusion equation.
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making the computation feasible. We can then define the
GFMC wavefunction in integral form at an imaginary
time 7 + 07

U(r +dr,R) — / dR' G5 (R, R)U(r, R)),  (100)

in terms of a Green’s function,

Gs:(R,R') = (R|e ™" |R). (101)
Practically, one approximates short-time propagation
with the Trotter-Suzuki expansion,

G(ST(R, R/) — e—V(R)57/2 <R| e—T§T |R/> >

e—V(R’)67/2 + 0(672), (102)
where V is the potential in configuration space and T is
the kinetic energy which defines the free-particle propa-
gator, which for nonrelativistic systems is expressible as
a Gaussian distribution in configuration space,

e | g 1
(R|e™™ fR>=<W

Ngq
) e~ (B=RD*/2% 0 (103)
where A2 = 267/m¢ [58, 60]. The integral in Eq. (100)
describing the action of a single Trotter step to the wave-
function is therefore computed by sampling R — R’ from
Eq. (103) and then explicitly multiplying by the poten-
tial factors appearing in Eq. (102). In order to reduce
the variance of GFMC results, a further resampling step
is applied in which R — R" and —(R — R/) are both pro-
posed as possible updates, and a Metropolis sampling
step is used to select one proposed update as described
in more detail in Ref. [60].

If the action of the pPNRQCD potential on a given state
can be described by a spin- and color-independent poten-
tial depending only on R, then it is straightforward to ex-
ponentiate the potential as indicated in Eq. (102). Con-
veniently, precisely this situation arises for meson and
baryon states at O(m%) as shown in Sec. IT F. In applica-
tions of pNRQCD to multi-hadron systems, this will not
usually be the case because generic states are not eigen-
states of a single color tensor operator but instead will
include contributions from multiple color tensor opera-
tors in the potential. Calculations including O(1/mg,) ef-
fects will also have spin-dependent potentials even in the
single-meson and single-baryon cases. In generic appli-
cations including color- and spin-dependent potentials it
will be necessary to expand the exponential, for instance
as a Taylor series e V07/2 = 1 -V 7/2+V2(67)2/8+.. ..
Since the potential appearing in these expressions is a
2N.Ng x 2N.Ng matrix, the accuracy of this expansion
will have to be balanced against the computational cost of
its evaluation when deciding how many terms to include.
More details on including matrix-valued potentials in
GFMC calculations can be found in Refs. [58, 60]. Differ-
ent treatment will be required for momentum-dependent
potentials at O(1/mg).



Applying an operator O to the imaginary-time-evolved
wavefunction ¥r (R, 7) leads to the mixed expectation
values

(Ur|OUr(r)) = (Vp| O T [Ur). (104)
Expectation values involving symmetric insertions of
imaginary-time evolution operators can also be computed
from the mixed expectation values (U7|O|¥r (7)) and
(U (7)] O |¥r) [58, 86]. Since H commutes with e #7,
Hamiltonian matrix elements are automatically symmet-
ric,

(U] H W (r)) = <\1/T‘ e HT/2 [ HT/2 ‘\IIT>
= (Ur(r/2)| H |¥7(7/2)) .

By Eq. (95), this implies that GFMC binding-energy de-
terminations provide variational upper bounds on the en-
ergy of the ground state Ey with quantum numbers of
WUp. It further implies that GFMC Hamiltonian matrix
elements have the spectral representation

(105)

(U H | Wr(7)) =Y AE,|Z, e 2507, (106)

where Z,, = (n| Ur). In the large-7 limit, dependence on
Zy can be removed by dividing by (¥r| ¥r(7)) since

(Ur| Ur(r)) =) |Zaffe 2. (107)

Defining the GFMC approximation to the Hamiltonian
matrix element as

(V| H [Ur (7))

H(71)) = , 108
= () oS
and the excitation gap

0= AEl — AE(), (109)

this shows that in the large 7 limit

5 AB|Z, 25
(H(r) = =5 2 —ABEn,T

> nlZn|e "

9 (110)

Z —oT
:AEO+‘Z1 §e? + ...,

0

where . .. denotes terms exponentially suppressed by e %7

for n > 1. Corrections to (H (7)) ~ AEy are therefore
exponentially suppressed by d7, and GFMC calculations
can achieve accurate ground-state energy estimates even
it Z1/Zy is not small as long as 7> 1/9.

The computational simplicity of pNRQCD, partic-
ularly for mesons and baryons at O(m%), makes it
straightforward to achieve 7 > 1/ in the numerical
calculations below. Constant fits to (H(7)) using cor-
related y2-minimization are therefore used below to fit
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ground-state energies from GFMC results. To avoid con-
tamination from O(e=°7) excited-state effects, the min-
imum imaginary time used for fitting 7,y was varied,
and in particular 30 different 7,5, were chosen from
[0, L, — 1]. The covariance matrices for these fits are ill-
conditioned due to the large number of imaginary time
steps used, and results are therefore averaged over win-
dows of consecutive 7 before performing fits. Linear
shrinkage [87, 88] is used with the diagonal of the co-
viance matrix as the shrinkage target in order to further
improve the numerical stability of covariance matrix esti-
mation. The results AES obtained from x2-minimization
for each choice of fit range [Trj;in, L. — 1] enumerated by
f=1,...,30 with corresponding x? minima Xfc are then
averaged in order to penalize fits with poor goodness-of-
fit (arising from non-negligible excited-state effects) using
the Bayesian model averaging method of Ref. [89] with
flat priors. This corresponds to

AE =) wAEY, (111)
f
where the normalized weights wy are defined by
~ 1 2 f
Wy = exp 5 (Xf + 27’min) ,
- (112)

where a constant factor of two times the number of pa-
rameters that cancels from the weighted average defined
in Eq. (111) below has been omitted. The model aver-
aged fit uncertainties JAFE are then given in terms of the
individual fit uncertainties SAES by [89]

SAE = wiSAE/
!

+ > wp(AEp)? = (wsAEf)?,

! f

(113)

where the terms on the second line provide a measure of
systematic uncertainty arising from the variance of the
ensemble of fit results. Finally, the size of the 7 aver-
aging window is varied in order to test the stability of
covariance matrix determination, and stability of the fi-
nal fit results after model averaging is tested for different
choices of 7 averaging window size starting with 2 and
4 and then continuing by doubling the window size until
lo consistency between consecutive window-size choices
is achieved. In this manner, the model-averaged AFE from
the first 7 window size consistent with the previous 7 win-
dow size is taken as the final GFMC result quoted for all
parameter choices below.

IV. COULOMBIC TRIAL WAVEFUNCTIONS

The QMC methods above require a parameterized
family of trial wavefunctions 1 (R, C) as the starting



point for VMC. At LO, the color-singlet quark-antiquark
potential is identical to a rescaled Coulomb potential,
and the ground-state wavefunction is known analyti-
cally. Beyond LO, there are logarithmic corrections to
the Coulombic shape of the potential. To assess how ac-
curately a given variational family of trial wavefunctions
has described the ground state of these higher-order po-
tentials, GFMC calculations are performed using these
variationally optimized trial wavefunctions. The amount
of imaginary-time evolution required to converge toward
the true ground-state energy, as well as the statistical
precision of the GFMC calculations with a given trial
wavefunction, provide quantitative measures of how close
a given trial wavefunction is to the true ground state.
Several families of trial wavefunctions are considered for
these systems below. A simple variational ansatz cor-
responding to Coulomb ground-state wavefunctions with
appropriately tuned Bohr radii provides relatively strin-
gent variational bounds on NLO and NNLO quarko-
nium energies while also leading to computationally ef-
ficient GFMC calculations. Analogous variational and
GFMC calculations for baryons show that products of
Coulomb ground-state wavefunctions with appropriately
tuned Bohr radii provide simple but remarkably effective
trial wavefunctions for heavy baryons.

A. Quarkonium

The pNRQCD potential for quarkonium states is given
at O(m%) from Eq. (73) and Eq. (16) by

V|QQ(ri,m)) = O () |QQ(r1,72))

_Cray(|riz], p

= |1°12|) 1QQ(r1,72)) .
(114)
At LO, ay(|riz], 1) = as(p) and Eq. (114) takes the
Coulombic form
C’Fas

r

y(-0) |Q@(7’1,T’2)> =

|QQ(r1,m2)) . (115)

Therefore, the pNRQCD Hamiltonian for quarkonium
at LO is identical to a rescaled version of the Hamil-
tonian for positronium [90]. The energy eigenstate wave-
functions ¥pm(ri2) can therefore be classified by the
same quantum numbers as the Hydrogen atom, n € N,
l=0,...,n—1and m = —I,...,l. They further share

the same functional form as the Hydrogen atom wave-
functions with

e-lrl/a,

'(/Jloo(T‘;a) = (116)

1
VmTa3/?
where a is a constant analogous to the Hydrogen atom
Bohr radius that for quarkonium at LO is equal to

2
a(LO) —

. 117
asCF ( )
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The corresponding quarkonium ground-state energy is
equal to

22
_ asCFmQ

(LO) _
AE QQ 4

(118)
Knowledge of the exact ground-state wavefunction for
this case provides a powerful test of numerical QMC
methods because

HO) 45i(r1)xi(r2)) 100 <"”; o ach)

= AEéL@C)) [¥i(r1)xi(r2)) Y100 <7‘12? a= aSQCF) ’
(119)

for any r1, and 5. Therefore QMC results must repro-
duce AE™) with zero variance when using 199 with

a=2/(a;Cr) as a trial wavefunction.
A generic quarkonium wavefunction can be expanded
in a basis of hydrogen wavefunctions as

A n—-1 [

\IIT(rla ro; C, a) = Z Z Z Cnlm¢nlm(r12a Cl),
n=0 =0 m=—1
(120)
where A provides a truncation of the complete infinite
family of wavefunctions, leading to a finite-dimensional
family of trial wavefunctions suitable for VMC calcula-
tions. We have verified that variational calculations using
the LO potential and A € {0,1,2} reproduce the exact
LO ground-state energy within uncertainties and are con-
sistent with Chpp < 0,00100m0 and a = 2/(asCr). Be-
yond LO, we find that over a wide range of a; € [0.05,0.5]
the best variational bounds obtained using generic wave-
functions with A € {0,1,2} are consistent with those
where Chipm < 0,00100m0- Since the O(mgy) potential is
a central potential only depending on |ris|, orbital an-
gular momentum is a conserved quantum number, and
it is not surprising that the ground state is S-wave with
only [ = 0 wavefunctions present. Contributions to the
ground-state from wavefunctions with n > 0 should arise
in principle beyond LO; however, we find that includ-
ing n > 0 wavefunctions in our variational calculations
leaves variational bound on AEQQ unchanged with few
percent precision over a wide range of ag. Similarly, we
find that trial wavefunctions described by sums of 2-3 ex-
ponentials or Gaussians do not achieve lower variational
bounds than those with a single n = 0 Coulomb wave-
function at the level of a few percent precision.
These results motivate the simple one-parameter wave-
function ansatz
Ur(ry,r2;a) = Yooo(T12, @) (121)
Using VMC to determine the optimal a for NLO and
NNLO leads to significantly lower ground-state ener-
gies than those obtained with a(©). The optimal
a are smaller than a®©) which is to be expected if
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FIG. 4. Heavy quarkonium binding energy GFMC results for
(H(7)) with as = 0.2 as functions of 7mg using LO trial
wavefunctions (green) and the trial wavefunctions obtained
using VMC calculations (purple). The Hamiltonian includes
the O(mg) pNRQCD potential with the different perturba-
tive orders in « indicated.

the NLO potential is approximately Coulombic because
ay(|riz], 1) > as(p) at NLO and beyond. Assuming
that p is chosen to be on the order of 1/|ris| for dis-
tances where the wavefunction is peaked, contributions
to the NLO potential proportional to In(u|riz]/e”®) can

18

LO
-0.0399992

—0.0399994 F
—0.0399996 ]
g —0.0399998} ]
£ ]
S —0.0400000 ]
-0.0400002 F ]
-0.0400004 F ]
—0.0400006 | ]
—0.0400008

0

® 200 @ 2/(a0)

La@
4

50 100 150

Tmg

NLO

® 2/cC) @ 2/(a0)

0 50 100 150

Tmgq

NNLO

-0.23F I
® 2/0.0) @ 2/(ayC) ]
—0.24F | ]

+

4

-0.25F 4
t

~0.26F &
0.27F,

‘~+."¢,\ﬁq 4 *h
_0.28f

-0.29F

AEQQ/mQ
=

——
e
—
. A

[——
1

Tmg

FIG. 5. Heavy quarkonium binding energy GFMC results for
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be approximated as a constant denoted L,. This cor-
responds to an approximation of the NLO potential as
a Coulomb potential with a4(u) replaced by the |ria|-
independent constant oy (|ria|, = eX+ =78 /|ryy). The
ground-state wavefunction under the approximation is



Yooo(|r12; a(L,)) with

2

. 122
av(|riz|, p = elu=7E [|r15])CF (122)

a(Lu) =

Without assuming any approximation for the potential,
ooo(|r12; a(L,,)) can be viewed as a variational ansatz
that is equivalent to 1ogo(|712; @) with the only difference
being that L,, is the variational parameter to be explicitly
optimized instead of a. The advantage of the a(L,) pa-
rameterization is that the dependence of the ground-state
Bohr radius on «; is approximately incorporated into
a(L,) with constant L,. Empirically, 1o (|712;a(L,))
with L, = 0 is found to give ground-state energy results
that are consistent at the few-percent level with optimal
VMC results over a range of a, € [0.1,0.3] (somewhat
larger L, ~ 0.5 are weakly preferred for small o). We
are therefore led to the simple trial wavefunction ansatz

\I’T(’I’l, 7’2) = 1/}000(7’12, a(L# = O)) (123)

GFMC results using the VMC trial wavefunctions
Ur(ry,re) are shown in Figs. 4-5 for quark masses corre-
sponding to a(p,) = 0.2 and a4(p,) = 0.3 respectively,
using the renormalization scale choice p, = dag(pp)mg
discussed further below. Results using the exact LO
wavefunction with a = 2/(asCr) as GFMC trial wave-
functions are also shown for comparison. Both results are
identical at LO and reproduce the exact result, Eq. (118),
with zero variance at machine precision.

At NLO, the VMC wavefunctions give 3% and 4%
lower variational bounds than LO wavefunctions for ooy =
0.2 and ag = 0.3, respectively. After GFMC evolution,
both results approach energies 2% lower than the VMC
variational bounds for both «;. Slightly less imaginary-
time evolution is required to achieve ground-state satura-
tion at a given level of precision for VMC wavefunctions
than LO wavefunctions. At NNLO, the VMC wavefunc-
tions achieve more significant 7% and 11% lower varia-
tional bounds than LO wavefunctions for oy = 0.2 and
as = 0.3, respectively. GFMC evolution again leads to
2% lower energies than optimized variational wavefunc-
tions for both ay. Significantly less imaginary-time evo-
lution is required to achieve ground-state saturation us-
ing optimized variational wavefunctions at NNLO. For
NLO potentials, the variance of (H(7)) computed using
VMC trial wavefunction is similar to that obtained us-
ing LO trial wavefunctions. For NNLO potenitals, the
corresponding variance is 50% smaller using VMC trial
wavefunctions than using LO trial wavefunctions.

Notably, significantly more imaginary-time evolution is
required to achieve ground-state saturation with acg = 0.2
than with ay = 0.3. At both NLO and NNLO, 1o agree-
ment between model-averaged fit results and Hamilto-
nian matrix elements at particular 7 is seen for 7 2>
25/mq with a; = 0.3 and is only seen for 7 2 50/mg
with as = 0.3. This scaling is consistent with theoreti-
cal expectations for a Coulombic system: the energy gap
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exact and therefore §7 independent.

between the ground- and the first-excited state at LO is

5LO) _ 302CEmq

124
ey (124)

and excited-state contributions to GFMC results are sup-
pressed by e~°. The observed scaling of ¢ in our GFMC
results is consistent with § ~ a2?mg holding approxi-
mately at higher orders.

These GFMC results include discretization effects aris-
ing from the Trotterization of the imaginary-time evo-
lution operator e~#7 discussed in Sec. IIIB and were
performed using 67 = 0.4/mg. We repeated GFMC cal-
culations using a wide range of 67 € [0.2/mq,6.4/mg]
in order to study the size of these discretization effects;
results for a; = 0.2 are shown in Fig. 6. Discretiza-
tion effects are found to be sub-percent level and smaller
than our GFMC statistical uncertainties for Tmqg < 2
with evidence for few-percent discretization effects at
larger §7. Similar results are found for other a, with



the smallest d7 where discretization effects are visibly
found to increase with decreasing a roughly as 1/as.
To validate this determination, we computed the expec-
tation value of [V, T and found that the J7 scales where
discretization effects become visible are roughly consis-
tent with AE,5/ <Q@‘ v, ‘Q@> as expected from
the Baker-Campbell-Hausdorff commutator corrections
(T4V)or —T(STE—VST [91]

arising from approximating e ase

B. Baryons

The pNRQCD quark-quark potential acting on baryon
states is given at O(mg)) by Eq. (82) and Eq. (33) by

Ve By =Y vt O |B)
I<J
125
o Z CBOLV(‘TIJ‘MUJ) |B> ( )
I<K 1] ’

where Cp = Cp/(N. — 1). As discussed above, three-
quark potentials arise for baryons at NNLO; however the
quark-quark potential arises at LO and can therefore be
expected to play a dominant role.

The baryon quark-quark potential has a similar
Coulombic form to the quarkonium potential, except that
for the baryon case, there is a sum over Coulomb po-
tentials for all relative coordinate differences. A similar
(though not identical) summation arises in the kinetic
term if the baryon wavefunction is taken to be a linear
combination of products of Coulomb wavefunctions,

A n—-1
RCCL HZZZ Z Cnlmwnlm rrj,a )7
I1=1J<In=0 1=0 m=—1
(126)
where R = (rq,...,ry.). Although VMC calculations

are performed using A € {0,1, 2}, the variational energy
bounds obtained for N, = 3 baryons are consistent with
those obtained using ground-state wavefunctions where
Chim X 0n00100m0. Similarly, results using sums of one
or two exponential or Gaussian corrections to a prod-
uct of n = 0 Coulomb wavefunctions are found to give
consistent variational bounds at the one percent level
across a wide range of ag. This motivates the simple
one-parameter family of trial wavefunctions

Ne
= 11> vouo(rrs,a

I=1J<I

(127)

Analogous results are found for (less systematic) VMC
studies with N, € {4,5,6}. This VMC ansatz is
similar to the exponential wavefunction ansatz used in
variational calculations of pNRQCD baryons at LO in
Ref. [61]. However, it differs significantly from the ansatz
used in analogous NNLO calculations in Ref. [62], which
used a product of momentum-space exponentials that
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therefore have power-law decays at large separations to
describe N. = 3 baryons. It is perhaps surprising that
baryon ground-state energies are accurately described us-
ing a product of Coulomb ground-state wavefunctions
even at NNLO with three-quark potentials present; how-
ever, as discussed in Sec. VB below the three-quark po-
tentials lead to sub-percent corrections to results using
just quark-quark potentials for o < 0.3.

At LO, the optimal variational bounds obtained from
VMC with this one-parameter trial wavefunction family
are consistent with

2
Qo) - 2

12
— (128)

which is the same Bohr radius appearing in the exact LO
quarkonium result rescaled by the color factor applying
in the baryon potential. Beyond LO, we again param-
eterize the Bohr radius by a(L,) defined in Eq. (122)
where L, corresponds to the value of In(ure#?) if loga-
rithmic r dependence is approximated as constant. The
optimal value of L, increases mildly with increasing mg,
but across the range, 0.1 < a < 0.3 ground-state energy
results with a constant value of L,, = 0.5 are within a few
percent of optimal VMC ground-state energies (some-
what larger L, ~ 1 are weakly preferred for small as).
The GFMC calculatlons of QCD and SU(N.) baryons
below therefore use the simple trial wavefunction ansatz

N
R) = H Z Yooo(rr,a(Ly

I=1J<1

=05). (129

GFMC results using the VMC trial wavefunctions
Ur(ry,re) are shown in Figs. 7-8 for the same quark
masses and renormalization scales as for quarkonium
above. Although the LO baryon wavefunction is not
an eigenstate of HTO) it provides remarkably precise
and approximately 7-independent Hamiltonian matrix
elements with excited-state contamination not visible
within 0.1% statistical uncertainties. Similar results are
found with N, € {4,5,6}. This suggests that the prod-
uct form of the baryon trial wavefunction used here is
suitable for describing multi-quark states with identical
attractive Coulomb interactions between all quarks.

Beyond LO, similar patterns arise as in the quarko-
nium case above, but excited-state effects are more pro-
nounced for baryons before VMC optimization. VMC
wavefunctions give 6% and 10% lower variational bounds
than LO wavefunctions for NLO potentials with ag = 0.2
and a, = 0.3, respectively. Excited-state contamination
is still visible in GFMC results using VMC wavefunc-
tions for 7 < 50/mg with as = 0.2 and 7 < 25/mg with
as = 0.3, which is similar to the corresponding 7 required
for similar suppression of quarkonium excited-states and
shares the same 1/(a2mg) scaling expected for Coulom-
bic excited-state effects. At least a factor of two larger
T is required to achieve the same level of excited-state
suppression using LO baryon wavefunctions. The fitted
GFMC ground-state energy is 1% and 2% lower than the
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FIG. 7. Triply-heavy baryon binding energy results for (H (7))
with as = 0.2 analogous to those in Fig. 4.

VMC wavefunction results for a; = 0.2 and a; = 0.3,
respectively.

At NNLO, VMC wavefunctions give 10% and 17%
lower variational bounds than LO wavefunctions with
as = 0.2 and a = 0.3, respectively. Excited-state effects
are mild and similar to NLO using VMC wavefunctions
with 1% differences between VMC and fitted GFMC
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ground-state energy results, but very large excited-state
effects and large variance increase with 7 are both visible
using LO baryon wavefunctions with NNLO potentials.
The reduction in variance between VMC and LO baryon
wavefunctions is more than an order of magnitude for
some 7, and for large 7, the signal using LO wavefunc-
tions is lost while VMC wavefunctions have relatively



mild variance increases. It is perhaps not surprising that
LO baryon wavefunctions do not provide a suitable trial
wavefunction for GFMC calculations at NNLO, where
in particular three-quark potentials enter. However, it
is remarkable that simple VMC optimization of the Bohr
radius of a product of Coulomb wavefunctions is sufficient
to provide a trial wavefunction leading to high-precision
GFMC results with few-percent excited-state effects only
for 7 < 2/(a2mg).

The dependence of fitted GFMC results on 47 is shown
in Fig. 9 for the example of N, = 3 baryons with
as = 0.2. Interestingly, LO baryon ground-state energy
results are observed to be independent of 07 to percent-
level precision for 67 < 100/mg even though the LO
baryon wavefunction is not exactly a LO energy eigen-
state. Discretization effects are also not clearly resolved
at NLO for 7 < 6/mg, although more significant ef-
fects appear for larger §7. At NNLO, there are clear sig-
nals of percent-level discretization effects of 7 2 1/mq,
but negligible sub-percent discretization effects are seen
for smaller §7. The calculations below target percent-
level determinations of ground-state (nonrelativistic) en-
ergies and therefore use 67 = 0.4/mg for QCD and
o1 € [0.4/mq,0.8/mq] for exploring strongly coupled
dark sectors for which these discretization effects are ex-
pected to be negligible.

V. QCD BINDING ENERGY RESULTS

The heavy quarkonium mass My5 = 2mq + AEq,5
is one of the simplest pNRQCD observables, and match-
ing its calculated value to experimental results provides
a way to fix the pNRQCD parameter mg. The heavy
quarkonium spectrum has been previously computed in
pNRQCD for b and ¢ mesons to N3LO [10, 54] using
perturbative quark mass definitions. Here, we use an
alternative quark-mass definition, analogous to defini-
tions used in lattice QCD, in which we tune the pole
mass mg to reproduce experimental quarkonium masses.
Once mg is determined using this tuning procedure, pN-
RQCD can be used to make predictions for other hadron
masses and matrix elements. Below, the masses of triply-
heavy baryons containing b and ¢ quarks are computed
and compared with lattice QCD results [92, 93] in or-
der to validate the methods discussed above. Further,
it is straightforward and relatively computationally in-
expensive to extend pNRQCD calculations over a wide
range of m¢, which allows the dependence of meson and
baryon masses on mg to be studied for a wide range of
mq > AQCD~

For each choice of mg, the renormalization scale p is
chosen to be in the range amg < p < mg so that neither
the logs of u/mg arising in NRQCD matching or the
logs of ur explicitly appearing in the potential are too
large [5, 13] since on average r ~ 1/(vmq) ~ 1/(amq)
as supported by the success of Hydrogen wavefunction
with this value of the Bohr radius discussed above. In
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FIG. 9. Triply-heavy baryon binding energy results obtained
from fits to the (H (7)) results in Fig. 7 are shown for GFMC
calculating with several different choices of Trotterization
scale 07 as functions of dTmg for each perturbative order
studied.

particular, the GFMC results below use a central value
of the renormalization scale

pp = 4das(pp)mo, (130)

which can be solved using iterative numerical methods
to determine p, for a given value of mg. In order to



study the dependence on this choice of scale, GFMC cal-
culations are performed with g = 2y, and p = p,/2 as
well as with ¢ = pp. The renormalization group evo-
lution of a,(u) is solved using the S-function calculated
at one order higher in perturbation theory than the pN-
RQCD potential, and in particular, the one-, two-, and
three-loop [ functions are used along with the LO, NLO,
and NNLO potentials. The p-function coefficients, the
values of the Landau pole scale Agcp required to re-
produce the experimentally precisely constrained value
as(Mz) = 0.1184(7) for the three-loop s, and the quark
threshold matching factors related theories with Ny and
Ny — 1 flavors are reviewed in Ref. [94]; the same initial
condition is used to determine the values of Agcp used
for one- and two-loop a; in the LO and NLO results of
this work.

Numerical results in this section use GFMC calcula-
tions with the trial wavefunction discussed in Sec. IV.
Calculations use 8 equally spaced values of mg €
[me, mp) (using the MS masses [95]) for which the Ny = 4
potential is used (the renormalization scale satisfies p,, >
m, for this range) and another 8 equally spaced values
of mg € [mp, my] for which the Ny = 5 potential is used.
The Trotterization scale §7 = 0.4/m is chosen, which is
expected to lead to sub-percent discretization effects on
binding energies according to the results of Sec. IV. The
total imaginary-time length of GFMC evolution is chosen
to be N,01 = 8/(a?mg) in order to ensure that imagi-
nary times much larger than the expected inverse exci-
tation gap § ~ 1/(a?mg) are achieved, which the results
of Sec. IV indicate are sufficient to reduce excited-state
contamination to the sub-percent level. This corresponds
to N € [200,1400] for mg € [m.,m:]. Relatively mod-
est GFMC ensembles with Nyaikers = 9,000 are found to
be sufficient to achieve sub-percent precision on binding
energy determinations.

A. Heavy quarkonium

Results for the heavy quarkonium binding energy
AEQQ for the ranges of o above with Ny = 4 and
Ny =5 at LO, NLO, and NNLO in pNRQCD are ob-
tained from fits to GFMC results as described above and
shown as functions of ay in Fig. 10. At LO, the ex-
act result AES%))/mQ/az = —C%/4 is reproduced as
discussed above. At NLO and NNLO clear dependence
on a can be seen in AE,5/mq/a7. For a Coulombic
system, NLO corrections of O(a;) would lead to O(as)
and O(a?) corrections to the quarkonium binding energy.
Further corrections arise from the logarithmic differences
between pNRQCD and Coulomb potentials, but as dis-
cussed in Sec. IV, these differences are relatively mild
for as < 0.3 and the renormalization scale p, discussed
above. Quadratic fits to the NLO results in Fig. 10 with
constant terms fixed to —C% /4 achieve x?/dof ~ 0.7 for
Ny =5 results and x?/dof ~ 2.1 for Ny = 4 results with
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FIG. 10. Heavy quarkonium binding energy results as func-
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clarity).

it = lip, indicating that logarithmic effects are not well-
resolved for couplings in the Ny = 5 range but may be
apparent for couplings in the Ny = 4 range. Similarly,
NNLO corrections to the potential should be approxi-
mately described by an O(a?) polynomial with constant
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FIG. 11. Heavy quarkonium binding energy results as func-
tions of mg. Fitted GFMC results are shown as points with
error bars showing the statistical plus fitting systematic un-
certainties discussed in the main text. Shaded bands connect
results with renormalization scale choices € {pp, 2pp, p/2}.

term —C%/4 and the same linear term as arises at NLO.
Fits of this form to the NNLO results in Fig. 10 achieve
x?/dof ~ 0.8 for Ny = 5 results and x?/dof ~ 2.0 for
Ny = 4 results with pt = p,,. Performing analogous fits
to results with p = 2y, leads to slightly better goodness-
of-fit for Ny = 4 results with x?/dof ~ 1 and slightly
worse goodness-of-fit with x2?/dof ~ 2 for N r = 5 re-
sults. On the other hand, identical fits to results with
i = pp/2 achieve similar goodness of fit for Ny = 5 re-
sults, and unacceptably bad x?/dof for NNLO results at
Ny = 4. These results suggest that the choice u = p, is
effective at minimizing the size of logarithmic effects over
the range of mq € [m., m;] and in particular that large
logarithmic effects arise for mg ~ m. and p = p,/2.

The same results for AE,5/mgq/a; at each order of
pNRQCD and with p € {pp,2up, ptp/2} are shown as
functions of mg in Fig. 11. Large differences are visi-
ble between LO and NLO results, with smaller but still
significant differences between NLO and NNLO results.
The (exact) LO result is independent of the renormal-
ization scale, AEgg)/mQ/az = —C%/4. Non-trivial de-
pendence on the renormalization scale enters at NLO.
The dependence on the renormalization scale is some-
what more significant at NNLO, with a sharp increase in
AES\%\ILO)/mQ/ai at small mq arising with p = p,/2.

The relative sizes of differences in quarkonium bind-
ing energies computed at different orders of pNRQCD
are shown in Fig. 12. Large differences of 40-70% are
seen between LO and NLO over the range of « studied
here. Smaller but still significant differences of 20-50%
are seen between NLO and NNLO results. This suggests
that the perturbative expansion in o, (u,) does not con-
verge rapidly over the range of mg studied here, and even
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binding energies calculated at different orders of pNRQCD
(excluding points with Ny =5 and mq = m. for clarity).

for mg ~ my, NLO and NNLO effects on the relation be-
tween AE 7 and mq are still 40% and 20% of LO results
respectively.

These results for AEQQ do not provide physical pre-
dictions until mg has been specified. The parameter
mq appearing in the pNRQCD Lagrangian is a pole
mass that can be fixed once it is related to a known ob-
servable. Perturbation theory generally leads to slowly
converging relations between pole mass definitions and
physical observables due to infrared renormalon ambigu-
ities [96, 97]. Better convergence can be expected for
predictions of relationships between physical observables
where renormalon effects cancel. We, therefore, use the
nonperturbative (in terms of treatment of the potential)
results for AEQQ provided by the GFMC calculations
above to relate MQ@ and mq at each order of pNRQCD.
In particular, we define m. and m; by the values of
mq for which Mg agrees with experimental determi-
nations of the spin-averaged quarkonium mass combina-

. _ 35, 15 . . . ~
tions MQQ 3/4MQ§ + J.\IQ@. An 1terat1v? tumrllg pro
cedure is used to determine my, and m. in which fits
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’15 mesons‘ Order ‘ as(p) ‘ mqQ ‘XQ/dof‘ Mgo ‘Measured Mgo [95}‘
(J/,12) |LO (oxact)|0.282678|1.56206] - 3.06865 3.06865(10)
(J/d,n) | NLO  [0.313613]1.65234| 1.12 |3.06870(33)|  3.06865(10)
(J/,n.) | NNLO [0.297100|1.77092| 0.59 |3.06824(45)|  3.06865(10)
(T,m) |LO (exact)|0.214850|4.77050| - 9.44295 9.44295(90)

(T, 7) NLO |0.227318|4.86886| 1.0 |9.44255(46)|  9.44295(90)
(Y,m) | NNLO [0.224750(4.96983| 1.15 |0.44386(40)|  9.44295(90)

TABLE 1. Spin-averaged 'S heavy quarkonium masses computed in this work for ¢¢ and bb systems are compared with
experimental results. The errors quoted in the M,z column show combined statistical and fitting systematic uncertainties (LO
results are exact). The quark masses shown in the m¢ column are tuned in order to achieve agreement between calculated and
measured masses. The quoted x?/dof is a weighted average (using the weights in Eq. (112) of the individual x?/dof from each

fit to GFMC results performed as described in the main text.

to the GFMC results above are used to provide initial
guesses for the masses that are then refined by perform-
ing additional GFMC calculations with the current best-
fit my and m, and then re-fitting including these results.
This is repeated until the procedure has converged within
our GFMC statistical uncertainties, which leads to the
values of m; and m. at each order of pNRQCD shown
in Table I. Large order-by-order shifts in the values of
my and m. needed to reproduce experimental quarko-
nium results are seen, as expected from the poor per-
turbative convergence of relations between quark pole
masses and quarkonium masses. Analogous effects arise
in relations between quark pole masses and other hadron
masses. With my and m, fixed to reproduce quarkonium
masses, further pNRQCD hadron mass predictions are
effectively relations between hadron masses that should
have better convergence than the relations between the
individual hadron masses and the quark pole masses.

B. Triply-heavy baryons

Results for triply-heavy baryon binding energies
AEgqq over the same ranges of a, with Ny = 4 and
Ny = 5 are shown in Fig 13. The same results for
AEggg/mg/a? at each order of pNRQCD and with
w € {up, 21p, pbp/2} are shown as functions of mg in
Fig. 14. The order-by-order differences in the relation
between AFEgoq/mq/a? and mg are similar to the case
of heavy quarkonium discussed above. Although LO re-
sults are not exactly renormalization scale independent
for baryons, numerical results are found to be scale in-
dependent to better than 0.1% precision. Visible scale
dependence appears at NLO, with slightly large scale de-
pendence appearing at NNLO.

The similarities between Fig. 11 and Fig. 14 suggest
that the large order-by-order shifts in the relations be-
tween the pole mass m¢g and both the quarkonium and
baryon masses are highly correlated and that predictions
of the ratio of the baryon and quarkonium binding en-
ergies as a function of m¢g have much better perturba-
tive convergence than either binding energy individually.
This is confirmed by directly calculating the perturbative
differences of these ratios shown in Fig. 15. Although

both quarkonium and baryon binding energies individu-
ally have 40-70% differences between LO and NLO over
the range of o studied here, the corresponding change
in the ratio of baryon and meson binding energies,

(131)

is 5-10%. Similarly, both quarkonium and baryon bind-
ing energies have 20-50% differences between NNLO and
NLO, but Rggq differences by only 3-8%.

It is further possible to separate the contributions to
AFEgqgq arising from three-quark potentials from those
arising from quark-quark potentials only. The effects of
three-body potentials, which first arise at NNLO, are
isolated by performing GFMC calculations using only
the NNLO quark-quark potentials and taking the dif-
ference with results obtained with three-quark potentials
included. The relative size of this difference is shown as
a function of a; in Fig. 16. Interestingly, including three-
body potentials leads to sub-percent changes to NNLO
heavy baryon binding energies for as < 0.3, which is
much smaller than the overall difference between NLO
and NNLO binding energies. Still, three-body poten-
tial effects of around 0.25% - 1% of NNLO binding en-
ergy results are well-resolved from zero and seen to lower
baryon masses in comparison with results obtained us-
ing only quark-quark potentials, as expected since the
color-antisymmetric three-quark potential is attractive.

The binding-energy ratio Rggg results are shown in
Fig. 17. It is clear that Rgqq is approximately indepen-
dent of mg over the entire range of quark masses studied
here. At LO, constant fits to GFMC results with Ny =5
and p = p, give

ROSY =~ 1.0717(1),

(132)
with x?/dof = 1.6 with consistent results obtained for
other choices of p and for Ny = 4. Beyond LO, mild
m¢g dependence can be resolved in Rggq that can be
described by an O(a;) linear correction. At NLO, a lin-
ear fit to GMFC results with Ny = 5 and u = p, gives

ROGS) ~ 1.114(3) + 0.33(2)axs, (133)
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FIG. 13. Triply-heavy baryon binding energy results as func-
tions of a (excluding points with Ny = 5 and mg = m. for
clarity).

with x?/dof = 1.0. Results with other choices of p lead
to consistent constant terms with O(«;) terms ranging
from 0.31 - 0.4. Fits to Ny = 4 results are consistent
with Ny = 5 results but have larger uncertainties and
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tions of m¢g with shaded bands connecting results with renor-
malization scale choices pu € {up, 24p, pp/2}.

somewhat worse x2?/dof ~ 2. At NNLO, an analogous
linear fit to Ny = 5 results with u = pu, gives

ROpe” ~1.116(2) + 0.60(2)a, (134)
with x?/dof = 1.4. Other NNLO results are generally
described similarly or slightly worse by linear fits. How-
ever, NNLO results with Ny = 4 and g = p,/2 show
nonlinear features for small mg in Fig. 17 that are not ac-
curately described by an O(«;) polynomial, which is not
surprising because the corresponding results for AEQ@
and AEgqq show evidence for significant non-Coulombic
effects at small mg.

These pNRQCD results can be compared with general
constraints from QCD inequalities. The Weingarten in-
equality, My > m, [98], was extended by Detmold to
My > 3/2m, [99] by showing that all maximal isospin
multi-meson interactions are repulsive or vanishing at
threshold and do not lead to bound states. The same
arguments apply for Q@ multi-meson states if quark-
antiquark annihilation is neglected because identical pat-
terns of quark contractions arise in this case as for ud.
Since neglecting Q@ annihilation is a valid approxima-
tion for heavy quarks up to O(1/mg) [52], the corre-
sponding heavy-quark meson and baryon mass inequality
is

3
Mqgq = Mg + O(1/mg). (135)

These bounds can be directly compared with the pN-
RQCD results obtained here. Comparisons can also be
made at the level of the meson and baryon binding ener-
gies, since

Magq _ 3mq +AEgqq _ 3

(136)
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leads after multiplying by M5 to

AEyp 2

where Moz > 0 and AE,5 < 0 have been assumed
when forming ratios and O(1/mg,) effects have been ne-
glected. Note that Eq. (136) is necessarily saturated as
mg — 00, where «, at scales proportional to mg van-
ishes and therefore Mgqq — 3mq, Mgg — 2mq, and
Mqqq/Mgg — 3/2. However, the lack of saturation of
Eq. (137) for arbitrary m¢ implies that the saturation of
Eq. (136) is only logarithmic as mg — oo. Egs. (132)-
(134) show that AEgqq/AEyg is predicted to be 72-
74% of the way to saturating the Detmold inequality
at LO-NNLO in pNRQCD, demonstrating that in the
m¢g — oo limit baryons in QCD are almost but not en-
tirely as bound as is allowed by the positivity of the QCD
path integral measure.

Precise pPNRQCD predictions for cce, ccb, bbe, and bbb
baryon masses can be made using the values of m,. and
my tuned to reproduce M.z and M; and given in Ta-
ble I. Due to the exchange symmetry of the Coulomb
trial wavefunctions used here, VW (ry,7s,73) is inde-
pendent of a. The correct kinetic-energy operator for bbe
baryons is therefore obtained by considering three equal-
mass quarks with mass equal to

3/1 n 1\~ 3mpme
Mppe = = | — =
b 2 \mp  2me 2my + me

An analogous ccb reduced mass mep, is obtained by tak-
ing b <> ¢ in Eq. (138). Corresponding renormaliza-
tion scales are defined as usual and for example pppe =

(138)
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Baryon| This work: M This work: x?/dof| Variational Methods (M, Lattice QCD (M,
QRQ QRQ QR

LO: 4.62672(1) LO: 1.0 ‘
e | MO OO | SO LG | nuorio dara oy | 4000 9
0 | NLO TarEAE | NLoeid LO: 7.98(7) [61] 5.007(9)(20) [99]
NNLO: 7.91300(39) NNLO: 10 NNLO+mNLO: 8.20(15) [62] | 8.005(6)(11) [100]
Qs NII:%:: 1111'.%273;1%((?2) 1\%1%215’1 LO: 11.48(12) [61] 11.195(8)(20) [93]
NNLO: 11.11310(20) NNLO: 1.0 |NNLO+mNLO: 11.34(26) [62]| 11.194(5)(12) [100]
o | NLO L0 | NG La | FOTMTOOR 01 o o) 0
NNLO: 14.26040(148)|  NNLO: 1.4 14.366(7)(9) [101]

TABLE II. Comparison of the triply-heavy baryon mass results obtained here with results from other pNRQCD and LQCD
calculations. All masses are given in GeV and obtained using as and mg from Table I and the x?/dof correspond to weighted

averages analogous to the quarkonium results.

dog(ppbe)mpbe. GEMC results for triply-heavy baryon
masses using mq € {Mme, Mecbs Mobe, Moy} therefore lead
to pNRQCD predictions for Qcce, Qecn, Qove, and Qppp
baryon masses shown in Table II. These pNRQCD predic-
tions are compared with LQCD results [92, 93, 100, 101]
for these baryon masses and found to underpredict LQCD
by about 200 MeV at LO and 100 MeV at NNLO for
all baryon masses considered. The differences between
NNLO and NLO results are significantly smaller than
those between NLO and LO results, suggesting good
convergence for the ay expansion of the pNRQCD po-
tential. The remaining differences between NNLO and
LQCD results likely arise primarily from the 1/mg ef-
fects neglected in this work. In particular, the calcula-
tions of Qppp, in Refs. [92, 93, 101] employ lattice NRQCD
actions with O(1/ mé) terms included, and therefore
the differences in Qpp, mass predictions must arise from
O(1/mq), O(1/m7), and higher-order ay corrections.
Relative differences have been pNRQCD, and LQCD
baryon mass predictions decrease with increasing quark
mass as roughly 1/m¢ and at NNLO ranges from 2 % for
the Qe to 0.7 % for the Qppp. It is noteworthy that our
GFMC pNRQCD predictions have 10-100 times smaller
statistical uncertainties than LQCD results with both rel-
ativistic and NR quark actions; however, it is clear that
systematic uncertainties from neglected effects in the pN-
RQCD potential are much larger than statistical uncer-
tainties in either case and require the inclusion of 1/mg
effects to be reduced.

A further measure of the size of systematic uncertain-
ties arising from perturbative truncation effects is pro-
vided by comparing predictions for heavy baryon and me-
son masses with different choices of p € {pp, 241, f1/2}.
As seen in Fig. 18, the perturbative convergence of
Mqqq/Mgg as a function of My is better than the
convergence of either mass individually, and differences
between different scales are reduced. However, signifi-
cant ¢ dependence arises at NNLO for mg ~ m. due to
the nonlinear dependence of both Mqyg and Mggg on

as for p = p,/2 with relatively small mq. Since mg

does not enter this comparison, it is straightforward to
compare to LQCD results, and the differences between
NNLO pNRQCD results and LQCD results are seen to
be comparable to the differences between pNRQCD re-
sults with different p choices. Both pNRQCD and LQCD
results obey Eq. (136).

VI. DARK HADRONS

Inspired by the stability of the proton, a dark sector
with non-Abelian gauge interactions can give rise to a
stable, neutral dark matter candidate — the dark baryon
— as reviewed in Refs. [43, 44, 48, 49]. A simple UV-
complete model of dark baryons is a hidden SU(N,) dark
sector with N, dark colors. If one includes dark quarks,
then a dark QCD sector, charged under SU(N,) or Ggyp X
SU(N,) with ng dark flavors arises. The pure hidden
sector Lagrangian is then given by,

1 Td o
Lp=—5TGy, + ) Qu[iP+mgQ;  (139)
i=1

with masses m/, and coupling oy = g2/(4r), dark gauge
fields Ay and dark fermions, @, and DV = 9+ —
igg AT, A global U(1) symmetry leads to a conserved
dark baryon number and, therefore, the stability of dark
baryons, denoted By below. A dark composite sector also
arises naturally for BSM extensions in which the Higgs
boson is composite [102, 103].

As in QCD, at renormalization scales p well above the
dark confinement scale, 1 > A4, the perturbative rela-
tion,

(LO) o - 2T
Aa™=pep < ﬁd%(/ﬁ)’ (140)

defines the relationship between oy and Ay at the low-
est order, where (34 is the one-loop dQCD beta function,
with analogous expressions arising at higher order [94].
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color string for macroscopic distances. This results in
exotic tracks, dependent on the SM charges of the dark
fermions, which are unique and not producible by the
SM alone [106, 107]. Searches for such long-lived par-
ticles have been rapidly increasing at the LHC and be-
yond [109, 110].

Lattice gauge theory calculations have been per-
formed for dQCD models with several choices of N.:
SU(2) [32, 35, 111-113], SU(3) [36], SU(4) [37], and
higher N, [48, 114-116], as well as other gauge groups
including SO(N,) and Sp(N.) [34, 117]. The primary
challenge for using lattice gauge theory to explore dQCD
is that there is a vast space of possibilities to explore de-
pending on the gauge group and matter content [44]. The
utility of pPNRQCD is that precise results can be obtained
quickly with very modest computational resources, which
enables scans over wide ranges of parameters such as my
and N.. The major downside of pNRQCD is its restric-
tion to theories with dark quark masses mg > Ag4; how-
ever, there are phenomenologically viable dQCD models
of DM that land firmly in this regime [45, 50, 51].

Models of composite DM with my < Ay and mod-
els with myg > Ay have distinct phenomenological fea-
tures. In the regime my < Ay;-if one assumes that all
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FIG. 18. The top panel shows triply-heavy baryon masses
Mgqq as functions of M5z with renormalization scale choices
w € {pp,2up, tp/2}. The bottom panel shows the ratio
Mgqqq /Mg analogously. The LQCD results of Ref. [93] cal-
culated using NRQCD including O(1/mg)) effects are shown
for comparison as red points with error bands showing total
statistical plus systematic uncertainties. Experimental results
for My /mx are also shown for reference on the top panel as
a purple triangle.

For ng < 4N, the theory is confining. Below we consider
ng = 1 for simplicity and denote the dark quark mass
as mgy. In the regime my > Ay, the pNRQCD formal-
ism and numerical methods discussed above can be used
to make reliable perturbative predictions for the masses,
lifetimes, and other properties of hidden-sector compos-
ite particles referred to as dark hadrons below.

One can further weakly couple the dark sector to the
visible sector in various ways, leading to direct detec-
tion signatures [31, 104, 105]. If dark sector quarks are
changed under parts of the SM, production, and decay of
dark quarks can result in striking collider phenomenol-
ogy [106-108]. If mg ~ /s, dark fermions are frequently
produced via Drell-Yan and other SM processes. If the
dark quark mass is much larger than the dark confine-
ment scale, mgq > A4, the dark color strings do not
fragment, and the dark fermions are bound by a dark

atio ! e | with-the-dark
baryon mass Mp, as ov ~ 100/m% , then matching
to thermal freezeout cross section [118, 119], requires
cross-sections nearly as strong as allowed by unitarity
and mp, ~ 200 TeV [120-122]. In the heavy dark quark
mass regime mg > Ay, thermal freezeout occurs before
the confinement transition in the dark sector. The con-
finement transition’s subsequent dynamics involve trap-
ping dark quarks inside pockets of the deconfined phase
that significantly reduce the resulting DM relic abun-
dance [50]. Studies of the dynamics of this phase tran-
sition for the case of N, = 3 show that the correct relic
abundance for dark baryons to account for all of DM can
be achieved with mg/Ay € [100,10%] and in particular
mq € [1,100] PeV [50, 51]. This motivates more detailed
studies of the dynamics and possible detection signatures
of SU(N,.) composite DM with mg > Ay.

Dark baryon masses, Mp,, and dark meson masses,
M, can be calculated for generic SU(N,.) gauge the-
ories in the myg > A4 regime using GFMC calculations
of pNRQCD that are entirely analogous to the SU(3)
calculations above. These results can be used to re-
late these dark hadron observables to the dark-sector La-
grangian’s fundamental parameters, particularly my and
ag. Since the relation between the pole mass my appear-
ing in the pNRQCD Hamiltonian and observables such
as hadron masses do not show good convergence in ay
as discussed for the QCD case above, these relations can
then be used to replace dependence on my with depen-
dence on My, in other dark hadron quantities and en-
able better-converging predictions relating different dark-
sector observables. Dependence on oy can similarly be
exchanged with dependence on A, using Eq. (140) and its
higher-order analogs. In particular, perturbative expan-
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FIG. 19. Dark meson binding energy results as functions of mg/A4 with shaded bands connecting results with renormalization
scale choices p € {uq, 214, pa/2} and SU(N.) gauge groups with N. € {3,...,6} as indicated.

sions for meson and baryon masses as functions of N, and
ag obtained by fitting to GFMC results are used below
to predict the ratios of dark baryon and meson masses
for SU(N,) dark sectors as a function of N, and My, /Aq
below. Other observables, such as the dark-sector match-
ing coeflicients relating N. and My, /Ag to interaction
rates in dark matter direct detection experiments [123—
127], can be studied in future pNRQCD calculations of
dark-baryon matrix elements using the optimized wave-
functions obtained here.

A. Dark Mesons

The dark meson binding energy AFEy, and mass
Mmn, = 2mg + AEq, can be calculated as functions of
mq/Ag by applying GFMC methods to the pNRQCD
Hamiltonian with the appropriate value of N, and the
corresponding zero-flavor strong-coupling ay. As above,
calculations are performed for renormalization scales

ta = dmgas(pg) as well as scales p4/2 and 2pg in order
to study scale dependence. We considered a wide range of
dark quark masses mq/Aq € {2,4,8,16,32,64,128,256}
for N. € {3,4,5,6}. Our GFMC calculations used®
0T < 0.8mg and N o1 > 2/0[3 with statistical ensembles
of size Nyalkers = 5,000. The results for AE, with are
shown as functions of mq/A4 for each N, € {3,...,6} in
Fig. 19. Similar qualitative features arise as in the QCD
results for AEQQ: significant scale dependence arises be-
yond LO, large order-by-order changes in dependence on
mgq/Ag are apparent, and for the smallest mg/A4 consid-
ered the results with = pq/2 begin to show significant
curvature arising from logarithmic effects in the poten-
tial.

Although precise predictions for dark hadron observ-
ables with mg > Ay require pNRQCD calculations with

6 These bounds were saturated except that 7 = 0.4mg was used
for N. € {3,4} and N;é1 = 4/0% was used for N, = 3.
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FIG. 20. Dark meson binding energy GFMC results as func-
tions of ma/Aq wth = pqa and N € {3,...,6} are shown in
comparison with the power series fit results described in the
main text.

particular choices of my/A4, phenomenological estimates
of the dependence of dark-sector observables on mg/Aq4
can be made more conveniently using analytic parame-
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terizations that have been fit to pNRQCD results over
the relevant range of mgy/A4. To provide such a parame-
terization, we perform fits to power series expansions in
ag and 1/N, of these GFMC results for AEHd/md/az.
At LO, the exact result

02
AEI(II;O) = f—Fmdafl,

; (141)

can be cast into this form by dividing by N? to remove
the leading large N, dependence of Cp,

AETY 2 0125 0.062
Dl = CF2 — 0.0625 — 20120 00025 g )
mgoag Nz 4ANZ N N

At NLO, O(ayq) corrections can be expected to lead to
O(aq) and O(a?) corrections to binding energies for an
approximately Coulombic potential and we adopt the
power series ansatz,

NLO
AEQY e
AN?2

o — g ANOD _ g2 AN (143)
dttgiVe

The coefficients ANVOD and ANLO2) can be further
expanded as power series in 1/N, that are truncated to
include at most three terms since calculations are only
performed for four values of N.. Fits to GFMC results
are performed using y2-minimzation with results with all
mg/Ag for N. = 3 and all mg/Agq > 4 for N, € {4,5,6},
which corresponds to a total of 25 points. Fit parameter
uncertainties are determined using bootstrap resampling
methods. The Akaike information criterion [128] (AIC)
is used to determine whether one, two, or three terms are
included in the 1/N, expansion for each coefficient. This
leads to the results

3.051(25) = 2.59(4
AR ~1.1801(23) — (25) O
Ne E ()
0.721(18
AT ~ 0.487(6) — 0.721(18)

with x?/dof = 1.3.
Analogous fits can be performed at NNLO using a se-
ries expansion, including two additional orders in ag,

NNLO
AEﬁd : Ok A(NLOJL) _ 2 4(NNLO2)
N—4N62 — Qq I, _ad I,
_ agAg\LNLO’B) _ OléAl(—Il\iNLOA)-

maqa2 N2

(145)

The constant and O(«y) terms should be unaffected by
NNLO corrections to the potential, and we, therefore,
fix these terms to their lower order values as indicated
in Eq. (145). It is not possible to obtain a fit with
x?2/dof ~ 1 using O(1/N3) power series expansions, and
in particular an O(1/N2) term in AS\LNLO’Q)
to achieve x?/dof < 2. Since such a term would lead to

is required
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FIG. 21. Dark baryon binding energy results as functions of mq/Aq with shaded bands connecting results with renormalization
scale choices p € {pd, 214, pa/2} and SU(N.) gauge groups with N. € {3,...,6} as indicated.

interpolation rather than fitting of 1/N, dependence, we
do not include such a term and take this to indicate that
a simple power series ansatz is not able to describe the
N, dependence of AEI(-[NNLO) in pNQRCD to the level
of precision of our GFMC results. We therefore multi-

ply our GFMC uncertainties on AEI(;ZNLO) by a factor of

5 so that the best O(1/N2) fit for AgNLO’z) obtains a
x?2/dof ~ 1. This fit corresponds to

(NNLO,2) _ 126(2) | 178(6)
32(9
A%{I\LNLO:)) ~ 136(8) _ ]\(] ), (146)

NNLO,4
A{Td ) ~ —1(5).
Comparisons of GFMC results with these fit results for
each order are shown in Fig. 20.

The N, scaling behavior of meson masses has previ-
ously been studied using LQCD in Refs. [116, 129]. How-

ever, without computing the relationship between either

A4 or the pole mass mg used here and another dimen-
sionful observable such as the pion decay constant, it is
not possible to compare results for M, /Ag or M1, /mq
directly with the LQCD results of these works. Such
comparisons are therefore deferred to future studies, in-
cluding dark meson matrix element calculations in pN-
RQCD.

B. Dark Baryons

Dark baryon binding energies AEp, and masses Mp,
are computed by applying GFMC methods to SU(N,)
baryon states with the pNRQCD Hamiltonian at LO,
NLO, and NNLO with the same range of masses mq/Ag4 €
[2,256] and N, € [3,6] as in the dark meson case
discussed above. The trial wavefunctions described in
Sec. IV are found to provide suitable initial states for
GFMC evolution using the same relation between the
Bohr radius and a4 as the QCD case shown in Eq. (129).



Excited-state effects are found to increase only mildly
with N, using this prescription. Results for AEg, ob-
tained from single-state fits as described above are shown
for each N, as functions of my4/A4 in Fig. 21.

As in the dark meson case above, we can analytically
parameterize our GFMC dark baryon binding-energy re-
sults as a power series in ag and 1/N, [130, 131]. These
power series expressions cannot capture the complete
non-analytical structure of pNRQCD, but they can pro-
vide convenient estimates and accurately describe our
PNRQCD results to a relatively high level of precision
over the range of quark masses, and N, studied. At LO,
it is sufficient to parameterize AEg,/my/a? as a con-
stant that only depends on N,

AEG®

2B, (147)
mqo; NG

LO,
~ —AGOO(N).

The factor of 1/N2 is included to ensure that the result
is finite as N, — oo and the following (naive) argument
for the scaling of the binding energy with N.: the quark-
quark potential is proportional to Cr/(N, — 1) ~ N2
and the total potential, therefore, scales as } ;_; ~ N, 2,
Since the binding energy for a Coulombic system is pro-
portional to the potential squared, it can therefore be
expected to scale as N*. However, fits to a constant plus
O(1/N.) and/or O(1/N?2) corrections lead to a vanishing
constant term at LO. Including two additional powers
of 1/N, and fitting to the same set of 25 GFMC results
with varying mg4/A4 and N, as in the dark meson case us-
ing the same y2-minimization and bootstrap resampling
techniques leads to

(Lo,0) _ 0.0132814(16) ~ 0.020772(34)
ABd, ~ + 2
Ne N (148)
0.02307(5)
_Tg’
with a x?/dof = 14. This observed scaling

AEg,/mq ~ o2N? is consistent with Witten’s large-
N, arguments in Ref. [132]. Since the strong coupling is
taken to scale as ag ~ 1/N, [130] this leads to the usual
result that AEg,/mgq ~ N, while AEy,/mgq ~ NP.

At NLO, an O(a?) power series analogous to the one
used in the dark meson case is given by

AE(NLO)
By N _A(Lo,o) N A(NLo,l) B agA(NLO,Q)
mdaﬁNﬁ ~ By diB, d“*By

b

(149)

where Ag’do’o) is fixed to it’s LO value. Expanding the
O(ag) term to O(1/N?) and the O(a?) term to O(1/N,)
gives
0.2073(8)  0.24181(5)

N. N2
0.002(1)

N, '’

ARV ~0.01917(10) +

A0~ 0.0456(6) +
(150)
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FIG. 22. Dark baryon binding energy GFMC results as func-
tions of mg/Aq wth p = g and Ne € {3,...,6} are shown in
comparison with the power series fit results described in the
main text.

where GFMC uncertainties have been inflated by a factor
of two before fitting in order to obtain a x2/dof ~ 1
since, as in the NNLO dark meson case, deviations from



N.=3

— LO — NLO —

MBd/MHd

— LO ~— NLO ~—— NNLO

MBd/MHd

| ‘100
Mn,/Aq

34

2.08 — LO —™ NLO —

2.06

2.04

MBd/MHd

2.02

—— LO —™— NLO — NNLO

MBd/MHd

I 1100
Mn,/Nq

FIG. 23. Ratios of dark baryon and meson masses as functions of the dark meson mass with shaded bands connecting results
with renormalization scale choices p € {pa, 2a, a/2} and SU(N.) gauge groups with N. € {3,...,6} as indicated.

a simple power series ansatz can be seen at the high level
of precision of our GFMC results. In this case N2 scaling
is observed for fixed ag; however, since ag ~ 1/N, in
the large N, scaling of Ref. [132] the expected scaling
AEg,/mgq ~ a2N2 ~ N, is reproduced by pNRQCD at
NLO. The same arguments apply at higher orders since
further powers of ag contribute additional powers of 1/N,
and are, therefore, further subleading corrections in the
large N, limit.

At NNLO, an analogous power series expansion to the
dark meson case is used,

A F(NNLO)
By ~ _ALO0) _  A(NLO.1) _ 2 4(NNLO2)
—md aﬁ N4 ~ By QqgAp, diB,

NNLO,3 NNLO,4
— O‘S:IA(Bd ) _ 0‘41A(Bd ),
(151)

and fits to our GFMC results give

(NNLO,2) __ 2.35(3)  2.41(10)
AR ~0.985(4) - = N
1.34(1
_AgiNL03>21134(2)—»-f%é—Z2, (152)
c

NNLO,4
AGNEON ~ _1.00(8),

where uncertainties have again been inflated by a fac-
tor of two to achieve x?/dof ~ 1. Comparisons of
these power series fit results with GFMC results for
N. € {3,...,6} dark baryon masses at each perturba-
tive order are shown in Fig. 22.

The ratio Mp, /M, is shown as a function of My, /A4
for GFMC results in Fig. 23 and compared with power
series fits in Fig. 24. To obtain hadron mass ratios as
functions of My, /A4, the functions M, (mg) = ma(2 —
a2C%/4 — ...) defined at NLO and NNLO by the se-
ries expansions in Eq. (143) and Eq. (145), which im-
plicitly depend on mg through ay4(p = 4agmy), are in-
verted numerically to obtain m4(My,) and subsequently
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aq(p = 4dagmg(Mm,)) at each order. The my and ay de-
termined in this way can be inserted in Eq. (147)-(151) to
obtain Mp,(My,). These results have the advantage of
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only depending on dark hadron masses and the MS Lan-
dau pole scale Ay and are free from ambiguities in the
scheme used to define my, apart from the renormaliza-
tion scale dependence arising in fixed-order results from
perturbative truncation effects.

These results can be compared with generalizations of
the QCD inequalities discussed in Sec. VB. The proof
in Ref. [99] that there are no multi-meson bound states
with maximal isospin is valid for SU(N.) gauge-theory
with generic N, and if 1 /m2Q effects are neglected are
valid for heavy-quark hadrons in SU(N.) gauge-theory
with generic Ny. By the arguments in Section 10 of
Ref [133], this is sufficient to establish that meson and
baryon masses in SU(N,) gauge theory satisfy the in-
equality

Mg (153)

> g,
This bound holds for the lightest meson and baryon
constructed from quarks of a given flavor and, there-
fore, to generic SU(N,) dark sectors. As discussed after
Eq. (136), this leads to an equivalent bound on binding
energies

AEgp, > %AEHd. (154)
Both Eq. (153) and Eq. (154) are respected by all GFMC
results of this work where Ay/my corrections are ex-
pected to be perturbative,” as seen in Fig. 24. It is
noteworthy that pNRQCD results approximately satu-
rate Eq. (153) with Mg, /M, /(N./2) within 5% of unity
for mg/Aq 25 for N, € {3,...,6}. As in the QCD case
discussed above, AEp,/AEq, is approximately indepen-
dent of mg and Eq. (154) is not saturated in the mg — oo
limit, which means that Mp,/Mm, approaches N./2 log-
arithmically as mg — oco. The degree to which Eq. (153)
is saturated for a given mg/A is further seen to decrease
with increasing N.. This behavior is unsurprising be-
cause for N, = 2 meson and baryon masses are guar-
anteed to be identical and therefore saturate Eq. (153),
while saturation is not exact for N, = 3.

In the large N, limit, the NLO and NNLO results
above provide subleading corrections, and the LO result
above simplifies to

1
Mp, = Nemq (1 —0.0132814(16)agN7) + O (N) .

(155)

7 For sufficiently small mg/Ag, corrections to the static potential
considered here from effects suppressed by 1/m¢ will be signifi-
cant and pNRQCD results using only the static potential may not
satisfy general features of the QCD. Indeed, our pPNRQCD results
with No = 6, mgq/Aq = 8, and pu = pp /2 predict AEQ@ < —=2mgq
and therefore lead to unphysical predictions of negative meson
masses as well as unphysical violations of Eq. (153) and Eq. (154).



An analogous formula was derived using mean-field re-
sults in the joint large quark mass and large N, limit
in Ref. [134]. Identical scaling with quark mass, strong
coupling, and N, is obtained here and in Ref. [134]; how-
ever, the numerical value of the coefficient obtained there
is 0.05426, which is larger than our result by roughly a
factor of four. The corresponding LO meson result is
known analytically,

CE 1
Mﬂ'd :2md (1-;0{3) +O (M)’

and so the SU(N.) heavy-quark Detmold bound im-
plies that the numerical coefficient in Eq. (155) must
be smaller in magnitude than C%/(8N?2) = 0.03125 +
O(1/N.). This bound is satisfied by Eq. (155) but not
by the results of Ref. [134], which indicates that the dis-
crepancy must arise from uncertainties in the mean-field
approach used there.

The large- N, behavior of baryon masses has also been
studied in lattice gauge theory calculations [37, 114—
116, 135, 136]. The baryon-to-meson mass ratio pro-
vides a well-defined dimensionless observable that can
be matched to lattice gauge theory results for each N,
allowing us to select the m,/A4 that reproduces lattice
gauge theory results with any particular quark mass.
However, other observables must be calculated to make
non-trivial predictions to compare with SU(N.) lattice
gauge theory, which is left to future work.

(156)

VII. OUTLOOK

We have presented a formulation of pNRQCD suitable
for calculating binding energies and matrix elements of
generic hadron and multi-hadron states made of heavy
quarks in SU(N.) gauge theory using quantum Monte
Carlo techniques. The complete two- and three-quark
potentials required for generic multi-hadron systems are
constructed up to NNLO in the strong coupling. The
appearance of four-quark potentials arising at NNLO is
pointed out, and a complete construction of these poten-
tials should be pursued in future work.

We further employed VMC and GFMC to compute
quarkonium and triply-heavy baryon binding energies in
pPNRQCD at O(mg)). Precise results are obtained with
modest computational resources, but we underpredict
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the baryon masses computed using LQCD by 1-2% for all
baryons comprised of b and ¢ quarks. Differences between
perturbative orders demonstrate good convergence for
the o expansion of the pNRQCD potential. The remain-
ing differences between NNLO and LQCD results likely
arise primarily from 1/mg and 1/ mé effects in the pN-
RQCD potential that are neglected in this work. Extend-
ing this work by incorporating spin-dependent potentials
and determining suitable trial wavefunctions with these
potentials included will be an essential step toward im-
proving the predictive power of this framework. It will
also be interesting to extend these studies towards heavy
exotics such as tetraquarks and multi-baryon systems, as
well as quarkonium and baryon excited states.

Applying quantum Monte Carlo methods to pNRQCD
may be particularly useful for studies of composite dark
matter. A SU(N.) dark sector with one heavy dark
quark provides a simple, UV-complete, phenomeno-
logical viable model of composite DM [50, 51]. QMC
calculations using pPNRQCD can provide computation-
ally simple predictions for composite DM observables
that enable efficient scanning over a wide range of mass
scales. This is particularly useful in the composite DM
context, where the underlying theory’s actual parame-
ters are not yet known. The works provide pNRQCD
results and simple analytic parameterizations of the
dark meson and dark baryon masses in SU(N,.) gauge
theory as functions of N, and the dark sector parameters
mg and Ag. The properties and interactions of these
dark hadrons should be studied in future applications of
QMC to pNRQCD.
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