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Massive vector particles are minimal dark matter candidates that motivate a wide range of labora-
tory searches, primarily exploiting a postulated kinetic mixing with the photon. However, depending
on the high energy field content, the dominant vector dark matter (VDM) coupling to visible par-
ticles may arise at higher operator dimension, motivating efforts to predict direct detection rates
for more general interactions. Here we present the first calculation of VDM absorption through its
coupling to electron electric (EDM) or magnetic (MDM) dipole moments, which can be realized in
minimal extensions to the Standard Model and yield the observed abundance through a variety of
mechanisms across the eV -MeV mass range. We compute the absorption rate of the MDM and
EDM models for a general target, and then derive direct detection constraints from targets currently
in use: Si and Ge crystals and Xe and Ar atoms. We find that current experiments are already
sensitive to VDM parameter space corresponding to a cosmological freeze-in scenario, and future
experiments will be able to completely exclude MDM and EDM freeze-in models with reheat tem-
peratures below the electroweak scale. Additionally, we find that while constraints on the MDM
interaction can be related to constraints on axion-like particles, the same is not true for the EDM
model, so the latter absorption rate must be computed from first principles. To achieve this, we

update the publicly available program EXCEED-DM to perform these new calculations.

I. INTRODUCTION

Light vector particles are economical extensions to the
Standard Model (SM) that require no stabilizing sym-
metries or mediator particles to account for the dark
matter (DM) in our universe. The cosmological abun-
dance of vector DM (VDM) can arise through a variety
of mechanisms [1-9]. Minimally, VDM can be produced
gravitationally through quantum fluctuations during in-
flation [10]. Alternatively, the VDM abundance can arise
through its SM interactions via the “freeze-in” mech-
anism [11, 12] which relates VDM production at early
times to observable signatures in terrestrial laboratories.

The most commonly studied VDM interaction is ki-
netic mixing with the SM photon through the V,, F*¥
operator, where V), is the VDM field, with mass my,
and V,,, =9,V, — 8,V, is its field strength tensor. This
interaction can populate the VDM through the infrared
(IR) freeze-in mechanism, in which the DM is initially
absent at reheating and builds up through sub-Hubble
interactions as the universe expands. While this mecha-
nism is elegant and predictive, it is excluded for nearly
all my by a combination of direct and indirect detection
searches [13], so there is motivation to explore alternative
possibilities.

In the absence of kinetic mixing, the leading, viable,
V' - SM interactions are the electric (EDM) and magnetic
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dipole moment (MDM) operators,

£MDM = %Vﬁy@'d#u‘y (1)
Lepm = dTEV;_wlij o'W (2)
which have mass dimension five, o#¥ = Z[y*,7”], and

U is a charged SM fermion field represented as a Dirac
spinor in the broken electroweak phase. Such operators
can be the leading VDM interaction with SM particles
if suitable new states are integrated out at energy scales
above E > 1/dg a (for a concrete model see Ref. [14]).

The phenomenology of the MDM model was fist stud-
ied in Ref. [15], where it was shown that VDM with
keV < my < MeV can viably freeze-in, while avoiding
indirect detection, and warm DM constraints. Since the
MDM operator has mass dimension five, the cosmologi-
cal abundance depends on the reheat temperature, Try.
This UV sensitivity makes it possible to viably freeze-in
VDM by leveraging the potentially large Try to enhance
cosmological production, while evading indirect detection
constraints that exclude freeze-in through kinetic mixing.

While Ref. [15] mainly studied the indirect detection
bounds on the MDM interaction, direct detection con-
straints were left for future work. In this paper, we ex-
tend this analysis to study VDM absorption onto atomic
and crystal targets:

e Atomic Targets: For keV < my < MeV,
large exposure liquid noble experiments, e.g.,
XENON [19-21] and DarkSide [24, 25], are ex-
pected to be sensitive to absorption events when
the VDM model couples to the electron. We will re-
fer to these targets as “atomic targets,” since we ap-
proximate them as a collection of individual atoms,
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FIG. 1: Projected 95% C.L. constraints (3 events, no background) on the d; parameter in the MDM model,

Eq. (1), in crystal Si (red) and Ge (blue) targets, and atomic Xe (green) and Ar (purple) targets. Crystal targets
assume an exposure of 1kg - yr, and atomic targets assume an exposure of 10ton - yr. Dashed lines are constraints
using rescaled photon absorption data. Photon absorption data for the crystal targets is a combination of

Refs. [16, 17], and data for the atomic targets is a combination of Refs. [17, 18], shown in Fig. 3. Previous
constraints on ALPs from XENONT [19], XENON1T [20], XENON10/100 [21], and SuperCDMS [22] (shaded teal,
orange, cyan, red, respectively) have been recast by converting those constraints to photon absorption cross sections,
and using Eq. (27). Indirect detection bounds on V' — 3v from INTEGRAL [15, 23] are shown in shaded blue. Gray
dashed lines apply if the DM is produced via the freeze-in mechanism [12, 15]. The warm DM limit (WDM) is taken
from Ref. [15], and the lines labelled by Ty correspond to the necessary reheat temperature to generate the relic
abundance via Eqgs. (7) and (8).

such that the total absorption rate is a simple sum In principle ¥, in Egs. (1) and (2), could be any
of contributions from each atom. Atomic targets charged SM fermion. However, since our main focus is
are especially interesting because they close the VDM absorption onto direct detection targets, for the
open window between the low mass (my ~ keV) remainder of this work, we will only consider the elec-
warm DM constraints, and the indirect detection tron coupling. Furthermore, throughout our analysis, we
bounds which are dominant at higher (my ~ MeV) treat the EDM and MDM cases separately, though our
masses. As we will see, these targets also play a key results generalize easily to scenarios in which both djs
role in testing the predictive freeze-in scenarios for and dg are nonzero.

a wide range of Try.
& i Previous VDM absorption rate calculations [13, 41—

45] have been focused on the kinetically mixed scenario,
e Crystal Targets: For lower masses, the energy for which the absorption rate is simply related to the

le\{els of atomic targgts are no longer suitable for ef- photon absorption rate. However, this relation does not
ficient VDM absorption. Thus, foreV S my S keV hold in general; for generic interactions, the absorption
we also compute absorption rates and extract con- rate must be calculated from first principles [43, 44]. For

straints for crystal Si and Ge targets with lower  our operators of interest, Egs. (1) and (2), we generalize
energy thresholds. These targets are utilized in  the procedure outlined in Ref. [43] and find that, while
several current and future experiments including,  the MDM absorption rate can be related to the photon
CDEX [26], DAMIC [27-31], EDELWEISS [32-34], absorption rate, the same is not true for the EDM inter-
SENSEI [35-37], and SuperCDMS [38-40]. action, which requires a dedicated calculation.
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FIG. 2: Projected 95% C.L. constraints (3 events, no background) on the dg parameter in the EDM model, Eq. (2),
in crystal Si (red) and Ge (blue) targets, and atomic Xe (green) and Ar (purple) targets. Crystal targets assume an
exposure of 1kg - yr, and atomic targets assume an exposure of 10ton - yr. Shaded regions with dashed outline are
expected direct detection constraints derived by rescaling the constraints in analogy with Fig. 1. Indirect detection
bounds from INTEGRAL [23] are shown in shaded blue. Gray dashed lines apply if the DM is produced via the
freeze-in mechanism [12, 15]. The warm DM limit is taken from Ref. [15], and the lines labelled by Tru correspond
to the reheat temperature that yields the observed VDM abundance via Eqgs. (7) and (8).

Moreover, we show that for 100keV < my even the ab-
sorption rate of the familiar kinetically mixed model can-
not be related to the photon absorption rate due to the
kinematic mismatch (see Sec. III). We perform the first
principles absorption calculation by extending the pub-
licly available code EXCEED-DM €) [45-47] with support
for atomic targets, and make the modifications publicly
available as well.

This paper is organized as follows. In Sec. IT we discuss
cosmological production mechanisms that can populate
VDM in the early universe. In Sec. I1I we derive the elec-
tronic absorption rate of VDM in the MDM and EDM
models. In Sec. IV we begin by comparing our first prin-
ciples calculation of the VDM absorption rate to previ-
ously computed photoelectric cross section, and then we
compute, and discuss, the direct detection constraints for
both the MDM and EDM models. Lastly, in Sec. V we
summarize our results and discuss how future work may
extend experimental sensitivity to these scenarios.

II. COSMOLOGICAL PRODUCTION

Viable DM candidates that allow for absorption pro-
cesses are generically out of equilibrium in the early uni-
verse, as the interaction strengths required to thermalize
with the SM also induce particle lifetimes much shorter
than the age of the universe. Thus, in this section, we
briefly survey a variety non-thermal VDM production
mechanisms, categorized according to whether or not the
abundance arises from SM interactions.

A. Production From Additional BSM Fields

In a broad class of models, the non-thermal VDM
abundance depends on the details of the very early uni-
verse. For example, if the V' mass is nonzero during in-
flation and light compared to the Hubble rate, there is
a cosmic abundance of longitudinally polarized vectors
arising from inflationary fluctuations [10],

Hy 2 6 peV 1/2
v = Qpu (1014 GeV) ( my ) ’ )
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where Hy is the inflationary Hubble scale, ; = p;/p. is
the present day abundance fraction of species i, p. ~ 4 X
10~%7 GeV* is the critical density, and Qpy = 0.264 [48].
If V' couples to additional fields that undergo non-trivial
evolution in the early universe, the VDM production rate
can be further be enhanced through parametric reso-
nance, which can yield the observed DM abundance even
if gravitational production through inflationary fluctua-
tions is inefficient [7]. The VDM abundance can also arise
from initial conditions via pre-inflationary misalignmnent
[3, 9, 49]. However, as noted in Ref. [3], misalignment is
inefficient at producing VDM abundance unless the vec-
tor is non-minimally coupled to gravity.

Since these mechanisms populate VDM independently
of its coupling to the SM, we remain agnostic to the UV
details of such scenarios. Throughout this work, we as-
sume that one of these mechanisms suffices to produce
the abundance — particularly in the low mass (my S
keV) regime, where SM freeze-in (discussed below) pro-
duction is excluded by structure formation bounds on
warm DM.

B. Production From SM Freeze-In

The freeze-in mechanism postulates that DM is ini-
tially not populated when the SM radiation bath is cre-
ated after inflation. Self-consistency requires the DM-
SM interaction rate to be sub-Hubble at this time, so
that DM does not thermalize with visible matter. In this
class of models, the V' abundance is,

myso /TIR dT' (I'v) ny

Oy ~ AR
Vo T Hs '

(4)

Tru

where (I'y) is the thermally averaged VDM production
rate, ny is the number density the V particles would have
if they were in chemical equilibrium at temperature T,
H is the Hubble expansion rate during radiation dom-
ination, s is the entropy density, and a zero subscript
represents a present day quantity. The integration range
in Eq. (4) spans from the reheat temperature Try to the
temperature at which freeze-in production halts, which
typically satisfies Tir = max(my, mgm), where mgy is
the mass of the main SM species driving freeze-in pro-
duction.

1.  Ezcluding Renormalizable Freeze-In

Massive vectors that kinetically mix with the photon
can be frozen in through this same interaction, while
maintaining a cosmologically long lifetime, for couplings
that yield the observed DM abundance. For my < 2m.,
the dominant decay channel is V' — 37, which can be
cosmologically metastable due to the sharp phase space
suppression in the width for this process (o< m{,/m?).
However, the keV < my S 2m,. window is almost fully

excluded by a combination of X-ray and direct detection
limits [13]. For lighter (my < keV) masses, these direct
bounds can be evaded, but in this regime the VDM is
too warm for viable structure formation.

If the vector particle is the gauge boson of an abelian
SM extension — e.g., gauged B — L or L; — L;, where B
and L are the baryon and lepton number, respectively —
it can couple directly to visible particles in the absence
of kinetic mixing (see Ref. [50] for a review). However,
in the absence of additional new field content at low en-
ergies, all anomaly free U(1) extensions require V' cou-
plings to neutrinos. Thus, for gauge couplings that would
produce the observed DM abundance (e.g., g ~ 107! for
the ALP and kinetically mixed dark photon models [13]),
V' — pv decays are prompt on cosmological timescales,
so the vector is not a viable DM candidate.

Similar considerations apply to VDM whose popula-
tion freezes in through other dimension four operators
(e.g., V,Uy*~45¥). Since IR dominated freeze-in predicts
a one-to-one correspondence between production and late
time decay, the irreducible loop-level decay V — 3~ de-
cay is comparably constrained by the same X-ray bounds
that exclude kinetic mixing. Thus, any viable model of
VDM freeze-in through SM interactions must involve op-
erators beyond mass dimension four.

2. Freeze-In Through Dipole Operators

In light of the above considerations, we now consider
freezing in VDM through MDM and EDM interactions.
In the early universe, if electroweak symmetry is restored
at high temperatures, the interactions in Eqgs. (1) and (2)
can be resolved as,

dM T v _c

»C}\J/[\]SM = EHVMV‘LU” e (5)
id B

L8 = MV Lot e, (6)

V2v

where L is the first generation lepton doublet, e is the
right handed electron singlet, and H is the Higgs dou-
blet. After electroweak symmetry breaking (EWSB),
the Higgs doublet acquires a vacuum expectation value
(H) = [0,v/+v/2]T, where v = 246 GeV, and the operators
in Egs. (5) and (6) reduce to the MDM and EDM dipole
interactions in Egs. (1) and (2), respectively.

Since these interactions are higher dimension opera-
tors, the VDM freeze-in abundance will depend on the
reheat temperature of the universe after inflation, Try.
If Try > 160 GeV then the universe is initially in the
unbroken electroweak phase [51], and the freeze-in abun-
dance accumulates through the interactions in Egs. (5)
and (6). As shown in Ref. [15], this yields,

N my \ (daye - GeVN? [T\
v ~ Qou (3MeV)< 10-13 Tev ) (1

where VDM is produced via eh — eV and ete™ — AV




reactions, and h is the Higgs field. Note that Eq. (7)
holds for both the MDM and EDM models.

If, on the other hand, Try < 160 GeV, the radiation
era begins in the broken electroweak phase, and VDM
freeze-in proceeds through the interactions in Egs. (1)
and (2), for which the abundance satisfies [15],

2
Q ~ Qou (11 ) (dM/E_fO;eV) (TRH> L (®)
eV 10 GeV

Here, the main freeze-in reactions are now ey — eV and
ete” — V. The key difference between Eq. (8) and
Eq. (7) is the Try dependence; the VDM abundance is
more strongly dependent on Tryg in the unbroken elec-
troweak phase. Note that in both Eqs. (7) and (8),
we only use one of the MDM/EDM operators to cal-
culate the abundance. Additionally, similar to Eq. (7),
this expression holds for both the MDM and EDM mod-
els. In Figs. 1 and 2 we show gray dashed contours cor-
responding to the dj;/p necessary to generate the ob-
served freeze-in abundance for various choices of Try and
my 2 keV. For smaller masses, freeze-in produces warm
VDM in conflict with the observed matter power spec-
trum on small scales [15], and therefore the abundance
curves do not extend below my ~ keV.

As discussed earlier, for smaller masses the abundance
must be set by other mechanisms. However, for this
to be true, it must be the case that the VDM is not
thermalized via pair annihilation and Compton-like scat-
tering processes. Conservatively assuming Try = 1
MeV leads to a cosmological consistency condition of
dy/E < 107%GeV™!, so we do not plot above above
this value in Figs. 1 and 2.

III. ABSORPTION RATE CALCULATION

In this section we calculate VDM absorption rates
through the MDM and EDM interactions in Egs. (1)
and (2), respectively. Bosonic DM absorption rates in
atomic targets have previously been calculated for the
axion-like particles (ALP) and kinetically mixed dark
photons [13, 41, 42]. However, since we are studying
different DM interactions, the corresponding absorption
rates need to be derived from first principles.

In our calculation, we follow the approach in Refs. [43
44], which extracted general absorption rates in terms
of bosonic self-energies in the non-relativistic (NR) limit
of the interaction Lagrangian.! The advantages of this
approach are that it applies to any DM model or target
electronic structure, and automatically incorporates any
in-medium effects (although these are mainly important
for crystal targets with O(eV) band gaps).

1 The NR limit is appropriate here since the energy and momen-
tum transfers in the process are both much smaller than the
electron mass.

If the dark photon, V', does not mix with the photon,
A, the optical theorem tells us that the absorption rate
of the i*h polarization of V, T'%,, is given by,

1

Iy = —m—VIm [y ] 9)

where IIi,, is the self-energy of the i*® polarization.

However, if V' mixes with A (e.g., through a loop of elec-
trons) then V' and A are no longer the eigenstates of the
theory, and the true eigenstates, V' and A’, are those
that diagonalize the 2 x 2 self-energy matrix between V
and A [43, 44, 52]. In this case, the VDM absorption rate
is related to the imaginary part of the V', V' self-energy,

) 1 )
71/:_7:[ 71/ ’ ].0
v mvm[ VV] (10)
1 Y H
~——1Im |, + Y — A4V | 11
IR I e R

where we have assumed that V, A are perturbatively cou-
pled. The absorption rate per unit exposure, averaged
over the incoming DM polarizations, now becomes,

where py = 0.4GeV/cm? is the DM mass density, and
pr is the target mass density. Assuming that the self-
energies are independent of polarization, shown explic-
itly in App. B for the isotropic targets of interest here,
Eq. (12) becomes,

Iy 210
Im | Ty + M 7 (13)
my

R=—
—IIaa

meV

becomes a
self-energies,

and computing the absorption rate
problem of evaluating the relevant
Iyv, Iy 4, lav, Taa.

To calculate the self-energies we use an NR effective
field theory (EFT) of electrons appropriate for energy
and momentum transfers below the electron mass. This
involves taking the NR limit of the QED Lagrangian,
supplemented with the interaction terms from Eqgs. (1)
and (2). This procedure is a tedious, but straightfor-
ward, exercise performed in Ref. [43], and which we de-
tail in App. A. The full expressions of the NR limit of the
MDM and EDM Lagrangians, to O(m_?), can be found
in Egs. (A22) and (A23), respectively.

While the full NR Lagrangians are relatively compli-
cated, different approximations only leave a few impor-
tant terms. First, we assume that the target has no spin
ordering (i.e. there is no net electronic spin polariza-
tion) and that the electronic states are spin degenerate.
This allows all of the self-energies to be written in terms
of spin-independent matrix elements. Second, in typical
targets the electron velocity, v, ~ Za 2 1072, is greater
than the halo DM velocity of ~ 1073. This allows us to



neglect many terms which are proportional to the DM
momentum, q.

Explicitly, the terms which will give the dominant con-
tribution to the absorption rates, via Ilyy, are,

ZdeV
‘CMDM TW (o

€

x k)1 V (14)
szmV

Vi (o k) ky -V, (15)

for the MDM and EDM models, respectively, where o
are the Pauli matrices, and k = —iV is the electron mo-
mentum. These lead to the self-energies,

LEBM D

M — d w? My e (16)

2, 2
HEDM dEW

ﬁvivj,vivj (17)

where 4,j are summed indices, w is the energy flowing
through the self-energy diagram, and v* are the compo-
nents of v = k/m.. The Ilp, 0, are then computed in
terms of the target electronic structure [43-45],

Ho, .0, = v Z

where V' is the target volume, |I),|F') are the initial and
final electronic states, respectively, wy,wp are the initial
and final state energies, respectively, To = (F|O|I) is the
transition matrix element for operator @, and we have
defined

G(w,wp —wy,9)
I1)(F|F)

To.To,. (18)

1 1
Aw,d) = — 1
Glw, Aw,9) w—Aw+id w4+ Aw—1id"’ (19)
where § is the width of the electron resonance. This

expression will take different forms in crystal and atomic
targets, since the electronic states, |I), |F'), differ between
them. Explicit forms for the transition matrix elements
that define [1p, o, for crystal targets have been discussed
in detail in Refs. [43-45]. In App. B we derive the results
for atomic targets. Note that this definition of II is a
slight generalization from previous works to account for
non-unit normalized final states, (F|F') # 1. This is use-
ful when working with a continuum of final states, as
appropriate for atomic targets.

Additionally, one can show that starting from the
complete Lagrangians in App. A, at leading order the
V, A mixing self-energies are only non-zero in the MDM
model, and are related to the photon self-energy,

dM OJ2

HMDM HMDM

a4, 20
e 2me Ad (20)

2 Strictly speaking, there should be an additional phase fac-
tor in the definition of the transition matrix element: 7Tp =
(F|e!a>Q|TI) [43-45]. However, for absorption kinematics, ¢ <
w, the phase factor is generally negligible, except for © = 1 due
to state orthonormality. Therefore when discussing 77 we keep
the phase factor.

so the MDM model generates my /m, suppressed mixing
effects, while there are no mixing effects in the EDM
model.

With all of the self-energies computed, we can now
compute the absorption rates for the MDM and EDM
models by substituting Eqgs. (16), (17) and (20) in to
Eq. (13). While the expressions in terms of the self-
energies are identical between different targets, for the
MDM model the rate can be written in terms of the pho-
ton self-energy since both the V, A mixing term and the
imaginary part of the V, V self-energy are related to Il 4 4,

1III’I I:]jvi7vi:| =

3 eig]:m [M4a] . (21)

Therefore, while the MDM model absorption rate can
be written in terms of the photon self-energy, that does
not necessarily imply that it is related to the photon ab-
sorption rate. The reason for this is kinematics: when
a photon with energy w is absorbed, the momentum ab-
sorbed by the target is ¢ = w. Therefore the photon ab-
sorption rate is determined by IT44(q = wq,w), where g
is the direction of the incoming photon. However, when
VDM with energy w =~ my is absorbed, the momen-
tum absorbed by the target is much smaller, ¢ ~ my vy,
where vy ~ 1072 is the VDM velocity. Therefore, only
when,

Oaa(a=myaq,my)~Tlaa(q = 0,my), (22)
can the VDM absorption rate be related to the photon
absorption rate, at incoming photon energies of w = my .
To understand when this is a good approximation, it is
important to know that I14 4 is a function of the matrix
element 77. If the dipole approximation is valid,

Ti = (Fle"™|I) =~ iq - (F|x|I), (23)

then Eq. (22) is also approximately true, since the
MMya(g — 0,my) depends on the approximated, right
side of Eq. (23), and MMa4(q = my @, my) depends on
the left side of Eq. (23) evaluated at @ = myq. The
dipole approximation is valid when qx < 1, where x is
a typical distance scale. For atomic targets, typical x
values are ag/Z, where aq is the Bohr radius, and Z is
the nuclear charge. Therefore for Eq. (22) to be valid,
my S Z/ag ~ 4ZkeV. For the atomic targets of interest
here, Xe and Ar, this implies that the absorption rate of
VDM with mass my, can only be related to the photon
absorption rate, at w = my, for my S 100keV. More-
over, the most accurate VDM absorption rate calculation
for my 2 100keV would be a first principles calculation
done in the dipole approximation, as opposed to rescaling
the photon absorption rate.

While this is an important conceptual point, it is also
at the boundary of interesting VDM parameter space,
since indirect detection constraints from V' — 3+ become
important near my ~ MeV. Therefore, for the most
interesting VDM masses, it is appropriate to relate the



MDM model absorption rate to the photon absorption
rate.

For crystal targets, the natural way to express this is
to write IT4 4 is terms of the dielectric function, e(w) [43],

s =w?(1—¢) (24)

while for atomic targets it is more natural to use the
photoelectric cross section, op.. These are related by,

wlme] = 01 = nyope, (25)

where nr is the target number density. Using these rela-
tions the absorption rates are given by,

2py d3 mi 1—|e]?
Ryipv = ﬂ—Mm%/Im €] (1 + —= |€|2| ) (26)

pr €2 8m?2
2pv d2
~ m—Te—]‘Q/[mvape (27)
d% pv =
R = B I [Tyipi vivi] s 28
EDM 3me[vv,vv] ( )

where m7 is the mass of the target atom. Therefore we
see that while the MDM absorption rate can be related
to photon absorption in a target, this is not true for the
EDM model; a similar result was found for the scalar
DM absorption model discussed in Ref. [43]. Therefore to
make projections for the direct detection constraints on
the EDM model, the absorption rate must be computed
from first principles.

IV. DIRECT DETECTION CONSTRAINTS

From the discussion in Sec. III, we know that while
the absorption rate of the MDM model can be related
to photon absorption, via the dielectric in crystal targets
or the photoelectric cross section in atomic targets, the
EDM absorption rate must be computed from first prin-
ciples. Since the first principles calculation relies on an
assumption about the initial and final electronic states in
the target, we begin by discussing the electronic config-
urations assumed for the crystal Si, Ge, and atomic Xe,
and Ar targets used here.

For Si and Ge targets we use the publicly available elec-
tronic configuration from Ref. [53], which has been used
previously [45] to compute the absorption rate for scalar,
axion-like particle, and kinetically mixed dark photon
models. Detailed information about the electronic con-
figuration can be found here [54], and a longer discussion
regarding modelling of the electronic configuration in this
way can be found in Refs. [45, 47]. The configurations
use three different methods to approximate the electronic
states. The deeply bound, “core” (all orbitals inclusively
below 2p in Si and 3d in Ge) states are assumed to be so-
lutions to the Hamiltonian of an isolated atom, which are
computed using the RHF method [55]. These states are
expanded in an STO basis, and tabulated values of the
coefficients can be found in Ref. [56]. The states closer

to the Fermi surface, including four valence bands below
and 60 (82) conduction bands above in Si (Ge), are com-
puted with density functional theory (DFT) methods,
expanded in a Bloch basis with an F.,; = 2keV, and
are all-electron reconstructed. Lastly, the highest energy
states, with energies between 60eV and 1keV above the
Fermi surface are treated as free plane waves. Lastly,
following the treatment in Refs. [43, 45], we model the
electron width as 6 = 0.2 4+ 0.1 w.

Relative to the electronic states in crystal targets,
those in atomic targets are much simpler. This is be-
cause all electrons in the target are tightly bound to an
individual atom, and therefore the electronic states can
be determined in isolation of the other atoms in the tar-
get. Similar to the deeply bound, “core” electron states
in crystal targets, we use the results of an RHF calcu-
lation [56] for the initial electronic states. For the final
states, we use the continuum solutions to the Hamilto-
nian with a V' = —Z/r potential, where Z is the nu-
clear charge, sometimes known as “Coloumb wave func-
tions” [57-60], with Z set by the binding energy of the
initial electronic state.® This approximation for the ini-
tial and final electronic states has been used in previous
studies of DM-electron interactions in Xe and Ar tar-
gets [57, 61, 62]. More details about the initial and final
electronic states, and the conventions used here, can be
found in App. C.

To compute the absorption rates in Si, Ge, Xe, and Ar
targets we use EXCEED-DM © [45-47]. While EXCEED-
DM has been used extensively with the electronic con-
figurations of Si and Ge, it did not previously support
atomic targets. We added support for this class of tar-
gets, and have made these updates publicly available in
a new version. Additionally, the MDM and EDM model
absorption rate calculation in Si and Ge targets has also
been added.

Before discussing the constraints on the MDM and
EDM models, it is important, when possible, to verify
the electronic configurations being used against measured
photon absorption data. This has been done previously
for Si and Ge [43], and therefore we focus on the Xe and
Ar calculations. Using Eq. (27) we can compute the pho-
toelectric cross section, ope, by rescaling the dark pho-
ton absorption rate in the MDM model. In Fig. 3 we
compare the photoelectric cross sections computed with
EXCEED-DM to a variety of other calculations and mea-
surements [17, 18, 41, 59]. Overall we find good agree-
ment in both Xe and Ar targets, with O(1) discrepancies
for w S keV, and w 2 100keV. The slight disagreement
at low energies is somewhat expected due to our “iso-
lated” atom approximation, which completely neglects
the target environment when solving for the electronic
wave functions. A more sophisticated approach (e.g., us-
ing the DFT formalism) for the electronic states involved

3 The Z parameter used in calculating the final states is assumed
to be related to the binding energy; see App. C for more details.


https://github.com/tanner-trickle/EXCEED-DM
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FIG. 3: The photoelectric cross section, ope, of Xe (left panel) and Ar (right panel) targets computed with various
methods. The calculation done with EXCEED-DM, and subsequently used to constrain the MDM model in Fig. 1, is

shown in solid red. Experimental measurements from Ref.

[18] are shown in dashed green. Other experimental

measurements, used in Ref. [41], to place constraints on other DM models with Xe targets, are shown in dashed
purple. Photoelectric cross sections from the NIST database, computed with the XCOM program [17], are shown in
dashed blue. Lastly, we show the photoelectric cross section for the K shell of Ar (dashed orange), computed under

the dipole approximation in Ref. [59], to further illustrate

the discrepancy between the photoelectric cross section

computed with photon versus dark photon kinematics, as discussed in Sec. III.

in low w absorption would likely reduce this discrepancy.

At high energies, the difference between the XCOM
and EXCEED-DM calculations is due to the kinematic
difference between photon and dark photon absorption
discussed in Sec. III. This high energy discrepancy can
also be understood in the context of the standard dipole
approximation in Eq. (23). For photon absorption, when
qr = wz > 1, or equivalently when w 2 Z/aq, the dipole
approximation breaks down, and one must use the ex-
ponential form of the operator in the transition matrix
element. The XCOM calculation uses the exponential
form, whereas the dashed orange curve from Ref. [59]
uses the dipole approximation, which underestimates the
photon absorption rate at high w. Ref. [59] also computes
Ope in the exponential form and reaches same conclusion:
the dipole approximation underestimates the photon ab-
sorption rate for large ¢ = w. However, while the dipole
approximation is not appropriate for photon absorption
at high w, it is appropriate for dark photon absorption,
since ¢ < w, and therefore gx < 1 is still valid even when
w ~ MeV, contrary to photon absorption.

With verification that our electronic configurations
reproduce other observables, we now discuss the con-
straints for the MDM model, shown in Fig. 1, as well
as the EDM model, shown in Fig. 2. For both the MDM
and EDM models, the lowest probeable DM mass is set
by the minimum energy difference between initial and fi-

nal states, since w ~ my . For crystal targets this is the
band gap, which is about 1.11eV in Si, and 0.67€V in
Ge. In atomic targets this is the ionization energy (or
negative of the binding energy) of the least bound elec-
tron, i.e., the 5p electron in Xe, with EF; ~ —12eV and
the 3p electron in Ar, with E; ~ —16eV.* The high DM
mass cutoff in Si and Ge at my ~ 1keV is due to the
fact that the electronic configuration only includes final
states with final energies up to a keV. That is, the cutoff
is just an analysis cutoff, not a physical one. However, for

v 2 keV future iterations of the XENON experiments
are expected to dominate the bounds due to their large
exposure. Therefore it is unlikely that Si and Ge target
projections will be important above for my 2 keV.

As discussed in Sec. 11, for my 2 keV, the cosmolog-
ical abundance can be set by the freeze-in mechanism.
This lower bound is set by constraints on structure for-
mation [63-65], and is shown as a dashed gray vertical
line in Figs. 1, 2. If the DM was lighter than this it
would be too hot, and suppress structure formation on

4 DM with a mass below the ionization energy could cause a tran-
sition from a filled bound state to an unfilled bound state in an
atomic target. However, the observable would then be a low en-
ergy scintillated photon when the electron decays back down, as
opposed to an outgoing electron, and therefore evade detection
in the standard experimental detection channels.



small scales. For masses larger than this, the abundance
is then set by the reheat temperature, Try, via Egs. (7)
and (8). As shown in Fig. 1, we find that current di-
rect detection constraints, mainly XENONnT [19], set
a lower bound on the viable reheat temperature for the
MDM model, Tryg 2, 100 GeV. The constraint increases
to nearly Tru = 102 GeV for my ~ 1keV. This nearly
closes the previously open parameter space on MDM
VDM production via sub-electroweak scale reheat tem-
peratures. Roughly 100x greater exposure will be needed
to make the same statement about Try ~ 103 GeV, due
to the stronger scaling of the abundance with Try above
the electroweak scale, as shown in Eq. (7). Further-
more, low threshold analyses of atomic targets, along
with even lower threshold constraints from crystal target
experiments such as CDEX [26], DAMIC [27-31], EDEL-
WEISS [32-34], SENSEI [35-37], and SuperCDMS [38—
40] will constrain models producing low mass MDM cou-
pled DM via the other mechanisms discussed in Sec. II.

Similar conclusions, to that of the MDM model, hold
for the EDM model shown in Fig. 2; although the con-
straints are slightly weaker. This can be understood from
Egs. (27), (28): the EDM absorption rate is suppressed
relative to the MDM scenario by a factor of v?, and there-
fore constraints are weaker by, roughly, a factor of Za.
Since the EDM absorption rate is not related to the pho-
ton absorption rate, there are no official direct detection
constraints. To get an estimate of where these would
lie, we assume that the projections, solid lines in Fig. 2,
can be rescaled by the same factor that would bring the
solid lines in agreement with the edge of the shaded re-
gions in Fig. 1. Essentially, we are assuming the same
“detection efficiency” in both the EDM and MDM mod-
els. These rescaled, expected limits are shown as shaded
regions with dashed edges in Fig. 2.

V. CONCLUSION

In this paper we have studied the absorption rate of
vector dark matter particles that couple to electrons pref-
erentially through electric and magnetic dipole moment
operators. We use these results to place new limits on
these scenarios from a variety of direct detection searches
utilizing both crystal and atomic targets, and make pro-
jections for future searches, which are poised to improve
experimental sensitivity to these interactions by several
orders of magnitude across the eV-MeV mass range. This
parameter space is particularly interesting because it cov-
ers masses and dipole couplings that can yield predic-
tive cosmological freeze-in production through the same
operator responsible for absorption reactions; freeze-in
through kinetic mixing is nearly fully excluded for all
choices of particle mass.

While it has been known for some time that the ab-
sorption of the kinetically mixed dark photon, and ALPs,
can be related to the photon absorption rate [13, 41, 42],
this relation does not hold in general. Indeed, in Ref. [43]

it was shown that for scalar DM this relationship does not
exist. Following the ideas presented in Ref. [43], albeit
with a different derivation discussed in App. A, in Sec. I11
we derive the NR limit of UV Lagrangians in Egs. (1), (2)
and use these to compute the self-energies and absorption
rate. This procedure is general to any DM model, and
therefore should be useful for future studies of different
DM models. We find that while the absorption rate of
the MDM model can be related to the photon absorption
rate, this is not true for the EDM model, which therefore
must be computed from first principles.

To compute the absorption rate of the EDM model,
we modified EXCEED-DM © [45-47], the program previ-
ously used in the first principles study of DM absorption
on crystal targets [43-45]. We implemented two main im-
provements: first, we added support for absorption calcu-
lations involving atomic targets, i.e., transitions between
bound and continuum states using the standard approx-
imations for these electronic states [57, 61]. Second, we
added the EDM and MDM absorption rate calculation
for crystal targets, e.g., Si and Ge (in addition to the
atomic targets previously mentioned). Updates to the
program are publicly available.

The results of these new calculations were discussed in
Sec. IV, and shown in Figs. 1 and 2. We began by veri-
fying the first principles calculation against other photo-
electric cross section measurements and calculations, in
Xe and Ar targets, in Fig. 3. We find good agreement,
up to O(1) factors, with the largest discrepancies below
~ 100eV, and above ~ 100keV. At low energies, the
discrepancy is likely due to a too simplified treatment of
the electronic states. Future work using more advanced
methods, e.g., density functional theory, should decrease
the disagreement and also lead to more accurate scat-
tering rate calculations [57, 61]. At high energies, the
difference is due to using the dipole approximation in
the transition matrix element. However, as discussed in
Sec. 111, the dipole approximation is appropriate in the
context of DM absorption, since kinematically the dark
photon is depositing much less momentum, relative to a
photon, for a given energy deposition. Therefore, strictly
speaking, in this region even the kinetically mixed dark
photon absorption rate cannot be related to the measured
photon absorption rate. While this is a theoretically in-
teresting point, the difference ends up being marginal;
and, moreover, the DM masses for which this is impor-
tant are ruled out by indirect detection, as seen in Figs. 1
and 2.

VDM coupling to electrons via MDM and EDM oper-
ators are simple, motivated extensions to the SM which
can account for the DM abundance, and therefore must
be searched for in every possible avenue. In this paper,
we have shown how to compute the direct detection rate
for these models, and aim to include them in future of-
ficial analyses alongside ALP and kinetically mixed dark
photon constraints. Even without considering MDM and
EDM couplings to other SM fermions, there is interesting
physics beyond the scope of this paper yet to be explored.


https://github.com/tanner-trickle/EXCEED-DM

Searching for VDM masses below my ~ O(eV) will re-
quire utilizing more novel excitations in low threshold ex-
periments, such as phonons [66-80] and magnons [77, 80—
84], or electronic excitations in more novel targets, such
as small band gap crystals [44, 85-88] and superconduc-
tors [89-91]. Additionally, a detailed study of stellar
cooling constraints is important, and may place stronger
constraints for my < 10keV than the thermalization re-
quirement discussed in Sec. II.
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Appendix A: Non-Relativistic Lagrangians

The initial step in any calculation of DM induced electronic excitation rates is to reduce the UV Lagrangian, written
in terms of the four component Dirac field, ¥, to the non-relativistic (NR) Lagrangian, written in terms of a light, two
component field, v, which solves a charged particle Schrédinger equation. In general, this is a non-trivial problem for
electrons in background electromagnetic potentials. To leading order in the DM-electron coupling, this can be done
in two separate steps. The first step is to find the ¥ — 1 map which reduces to the NRQED Lagrangian starting
from,

£QED = (’L"}/ODQ + i’yiDi — me) v, (Al)
where D, = 0, + ieA,. The second step is to apply the same field transformation, ¥ — 1, on a UV DM-electron
interaction vertex, e.g., VOyy ¥, which creates a UV to NR map to one written in terms of the light field, ¥,

VOuy ¥ — ¢ Onr, (A2)
where Oyvy is a 4 X 4 matrix, and Ong is a 2 X 2 matrix.

In Sec. A1 we derive the NRQED Lagrangian to O(m;?). That is, we take the low energy, momentum limit of
Eq. (A1) to find ES%D, whose leading terms give the Schrodinger equation of a charged particle. While the NRQED
Lagrangian has clearly been known for a long time, we rederive it starting from Eq. (A1) since we are using a different
method to take the UV to NR limit than was done in previous calculations [43]. Therefore a complete derivation is
useful in comparing to previous results, as well as a pedagogical introduction to NRQED. Then, in Sec. A 2, we apply
the field transformation on the MDM and EDM interactions of interest in Egs. (1) and (2), respectively. The final
result of these calculations is summarized in Table I.

1. NRQED Lagrangian via Foldy-Wouthuysen Transformation

We begin with the NRQED step, which can be done in many ways [92]. One detailed recipe for doing this in the
context of DM absorption on electrons is given in Ref. [43]. Here we use an alternative formulation, known in other
contexts as a Foldy-Wouthuysen (FW) transformation [93-97]. For this problem, and for reasons that will become
clear shortly, it is better to work in the Dirac basis, where,

0 __ 1 0 i 0 (Ti 5 01

The main problem that we are trying to solve is that the QED Lagrangian in Eq. (A1) mixes the two, two-component
fields inside ¥, which makes solving the system for each two-component field difficult. To see this define,

U= et A4
‘ (T/Jh> ’ (A4)

where 1, 1, are two component fields, and substitute ¥ back in to the QED Lagrangian,
Laup (¥, ¥n) =1 (iDo) ¥+ | (iDo — 2m.) ¥n + ] o' Ditp + ¥lo’ Dy, . (A5)

Only 95, has a mass term, and therefore it is referred to as the “heavy” component, and ¢ is the “light” component.
We also see that ¥ and iy, are coupled due to the presence of o’ D;. One approach to decouple the terms is to integrate
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out the heavy field, 1. This is the approach taken in Ref. [43]. The idea here, and that of the FW procedure, is to
perform consecutive field redefinitions, at each order in 1/m.,

U — e MU U, ... T, (A6)

where U; are some operators acting on ¥, to remove the mixing between ¢ and ¢y, defined (in the Dirac basis) as
the upper and lower components, respectively, of ¥ on the right hand side of Eq. (A6). To do this efficiently it is
important to identify the terms which mix v and vy, or equivalently, the upper and lower components of W.

In the context of FW transformations, the operators which mix ¢ and vy, are known as odd operators, and diagonal
operators are even. They are defined by their (anti) commutation relations with 7°. Specifically, an odd operator,
O, satisfies, {0,7°} = 0, and an even operator, &, satisfies [£,7°] = 0. The goal of the FW transformation is then
to remove all odd operators from the Lagrangian at each order in 1/m., thereby decoupling ¢ and v, at any given
order.

Specifically, the recipe is to find n Hermitian operators, {Xo, ..., X,,—1}, such that the field redefinition,

U — pmimet {exp <Z;§LO> ...€xp (zXnan)] v, (A7)

removes all the odd operators to O(m_"). To expand the QED Lagrangian, Eq. (A1), to O(m;?) we need to find
Xo, X1. One can show that the Xy, X; which do this are,

_ € 0.
Xo=-3v'D; , Xi= NovlFom (48)

where [D,,, D, = ieF),,. With X, X; in hand the NRQED Lagrangian of ¢ to O(m_ ?) can be derived by substituting
the Xo, X; in Eq. (A8) to ¥ in Eq. (A7), the ¥ in to the QED Lagrangian in Eq. (A1). While seemingly inconspicuous,
the phase factor e~*™<? plays an important role here. To see this explicitly, note that under the FW transformation,

X X , , [ X X1\]
LqoED — vl {exp (z;) exp (io)] elmet <i70$ — ’yome) e~ "Mt lexp <i0) exp (z;) U. (A9
mé M i Me me /|

Furthermore, we can define P_ = %(1 —~%) and rewrite the QED Lagrangian without the e?™<* phase as,

X X . [ X X1\]
Lqep = Ut lexp it exp i =2 iDo + 7’y D; + 2m.P_ ) |exp —i 2 exp 2L v (A10)
m2 m | m m2 ) |

e € € e

and, again, X, X; are given by Eq. (A8). Therefore, as in the derivation of Eq. (A5), this phase factor introduces an
operator projecting the mass on to the lower component of ¥. Following the derivation in Eq. (A10) further, the 1
part of the QED Lagrangian becomes,

. 2 1 1

€ e

5 et |14 o (074 20p (0 x19) | Aot et | 5 (K40 xp) + 2 (b o X KO)| - A
— iA%TzH ic” "[(o x po) Ao] - At (A12)
2me 4m2 Po 0 ’

where P, = (1 ++°)/2 is only non-zero in the upper left diagonal component, the trace is in 2 x 2 block diagonal
space, and we have ignored the 1), terms. The Pauli matrices are given by o, the momentum variables (k, p,w’) are
shorthand for derivatives, p* = iO", k acts on 9, p and w’ act on A, pg acts on Ay, and K’ = 2k + p.

2. NR Limit of MDM and EDM Interactions

With the field redefinition which diagonalizes QED Lagrangian found in Eq. (A7), we can now use this to expand
the interactions in Egs. (1) and (2). However before this we can reach a more general result: the NR limit of a UV
general operator, to any order in 1/m, (still only leading order in DM-electron coupling),

_ Xn_ X X X
VO — ot {exp (z 1) ...exp (zo) 72O exp (—20> ...exp (—zl>} , (A13)
mm Me Me me
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where the outer most brackets, [---], implicitly indicate taking the 2 x 2 upper diagonal component of the 4 x 4
matrix. All X act to the right, meaning that those on the left side of O will also act on O. To O(m_?) this expression
simplifies to,

- .Xl Z 1 .Xl
TOU ~ of {exp <ng> (70(9 + p [Xo,'yo(’)] " [(XO)Q,VOO}) exp (%nﬁ)} (A14)

1

= 1[0+ L 0] - o [P 0] + 5 [ (A15)

m? mg
where [(4)?, B] = [A, [A, B]] and we have made use of the Campbell-Baker-Hausdorff formula when expanding matrix
products of the form eXYe X

Focusing on Egs. (1) and (2), in three component notation we can expand the operators as,

dur
2

id _ , , o N
ZTEVW\IJJ*‘”75\II = idg(—=0°V' + 0 VOV "y U + idpd'VIWo T T (A17)

Vi Uot U = dp (—0°VE + 0'VO) WU + dy 0'VI Ve W (A16)

and therefore we see that there are four O operators whose NR limit must be extracted:
oV | UV T | ToVANPVT | TeASVT, (A18)

Each of the terms in Eq. (A15) can be further simplified, defining T' = 7°0,

[Xo,TV] = 3 (ul (0.V) + [, ] VD) (A19)
X1, TV] = =2 [y TV Ey, (A20)

[(X0)%,TV] = [Xo, [Xo, T'V]]

1 1 1 1
=1 ([vi> [v4, TN) VD Dy + ik (v, T (%:V)D; + 1 [vi, %L1 (0;V)Di + Z'Yi’YjF(aiajV)
+ % [/, Ty VEy;, (A21)

where (9;V) indicates that the derivative operator only acts on V. The final NR expansion, to O(m_?), is given in
Table I. We can now substitute the results in Table I to the terms in Egs. (A16) and (A17) to find the NR limit of
the Lagrangians given in Egs. (1) and (2),

EI\N/I%Msz t —q—zfiq~(o'><k) Vo
Me 2

2
+ dp [i(axq) (14(71712) + 2;‘; (q+i(axK))+2m2 (fi(qu) (U~K)+q2kf(q~k)q) -V
d
Sz 2 )] Aoou
+ edpry! [T:L (qu)+2:12q} -AVpy

+edeT[— miz'(a x A)

e

22 (i(o-(K+3p)(axA)+i(o-A)(ax (k-p)—-*A+(q-A)g—w'A) |-V

edyw +
2m?2

€

[p]- VA (A22)
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Ouv OnNr

o
o'V

e (0] +ite (o] +2v0t)) - 22 (o) - 55 ([ora] - [ora))

ik (Vak + o ([a’“v] SO 4 g™ (VO™ 4 [9™V]) 8F — i [TV ] 0" + % [6°V] ak))

iy oo
’ + i;::: (omam (2vo + [0"V]) + Ato™ @va™ + [07V]) = Vo™ [0 A7 ] 4 8Ve™ [o7 A*] 4 i A [97V] )
oy - ai‘v - erng ([aiv} I 4+ o™ (VO 4 [0V]) O — i 9 V] 9" + % [0°V] ai>
- (gmAm (Qvai + [aiv]) + AT VT 4 [0"V]) - Vo™ [aiAm] +3Ve™ [amAi] +iemmA™ [a"V])
ianV S ([v] + i v+ o) - L g g - VL ([0 ] — [047))

e

TABLE I: NR limit (right column), ¥Ouyy¥ — ¥TOnr, of the relevant UV operators (left column) needed to find
the NR limit of the MDM and EDM interactions in Egs. (1) and (2), respectively. We only keep terms involving two
fields (excluding the electron field, 1)).

2
ﬁggMzidEwT[q-a(1—qz)+ 1 (—(k-q) (0 -K)—¢* (o -k))| Vorb

dm 2m?

2
Fidpyt [—wa(l—jng)+2;e (— (o QK+ (a K)o)+

i@dE

52 (0 - K)k+(o-kja—i(ax k)| Vi

55 (@ K-p-ao+(c-K+3(o-p)al-Alyy

/

diedy!| (0 A~ (@ A)0) - o (ax A)

€

+ (=(c-A)(K—-p)— (0 (K+3p))A—(qxA))| Vv

w
2m?2
edE

— 5z pxal VA, (A23)

where, similar to Sec. A 1, the momentum are shorthand for derivatives acting on different fields and w,q act on V,

p,w’ act on A, and k acts on .

Appendix B: Self-Energy Calculations

With the NR limit of the QED, MDM, and EDM Lagrangians, given in Eqgs. (A12), (A22) and (A23), respectively,
we can now derive the self-energies needed to compute the rate in Eq. (13). To do this in full generality, one must first
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compute the diagonal self-energies in the component basis, i.e., II{/{, and II'}%, then find the polarization vectors, €,
such that they are diagaonlized, i.e.,

v A 78]
5 = = el T, e (B1)
A

where ¢ € {V, A}. The off-diagonal self-energies, Hi‘,)j‘é; are then simply the off-diagonal self-energies in the component
basis, II{/,, projected on to the polarization vectors.

For the targets of interest (Xe, Ar, Si, and Ge) we can make a key simplifying assumption: isotropy. Assuming
that the targets are isotropic the spatial components of the self-energies become,

v — géz]Hkk ’ (B2)

where the repeated k index on the right hand side is summed. Under this assumption it can be shown that the
polarizations which diagonalize Hg(’; are given by the standard longitudinal and transverse polarization vectors,

&= (0,4) . = j@(q,wfn (B3)

where q+ are two orthogonal vectors satisfying q - q+ = 0 and Q? = w? — ¢°.
The Ward Identity (WI) simplifies the calculation of projecting the component basis self-energies to the polarization
basis. One can show that,

QQ

Nl €] = ?HOO, (B4)

and therefore the longitudinal self-energy can be computed from ITI°° alone. Additionally, the transverse components
are only related to IT¥. Therefore these are the only self-energies we need to compute.

In Secs. B1, B2 and B 3 we derive the leading order contributions to the self-energies in the component basis, and
then project them on to the polarization basis, i.e., the T, L components, via the inverse of Eq. (B1). Finding the
leading order contribution is a relatively straightforward exercise in power counting with respect to the dimensionless
variables, v, = k/m., vy = ¢/my and my /m,., where v, is the electron velocity, ¢ is the dark photon momentum, and
my is the dark photon mass. The main subtlety, discussed in detail in Ref. [43], is due to state orthonormality which
reduces the order of operators. For example, while an interaction of the form, Ay T+ is naively O(1), the reduced

self-energy, II, Eq. (18), depends on
(Fle's™|I) = iq - (FIx|I) ~ O(vevy) , (B5)

and therefore this is a suppressed operator.

At the end of each section we find that Il ~ II;, (these are the self-energies projected on to the transverse and
longitudinal polarization vectors), and therefore IT) is approximately independent of A, justifying the simplification in
Sec. I11. Additionally, we find that the mixing between V., A in the EDM model is negligible, and therefore the section
deriving this is absent.

The self-energies resulting from these calculations will be written in terms of some “reduced” self-energies 1:[(91,@2,
which are only dependent on the target electronic structure. Ref. [43, 45] details how these are computed for crystal
targets, and in Sec. B4 we derive the formula for atomic targets.

1. QED

Starting from the NR limit of the QED Lagrangian in Eq. (A12), one can derive the photon self-energies,

e2

2
_ . — e P
Yy = —e’ly; , 1Y, = — 3 i gy + 61T (B6)

Me
where the single O reduced self-energy, Iy, is given by,

flo =~ >0, (B7)
I
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where I runs over filled electronic states. Note that this result was also derived in Ref. [43]. The II; term can be
reduced using a WI, wII®* — ¢'II** = 0, to,

_ e2 .. 1 .= . _ e2 _

%, = —e?M M4, = <60 | =gl g’ — Wy | — — T g . B8

AA 1,1 AA q2 mgq kikiq 1,1 mg ki, ki ( )
Under our isotropic target approximation we can replace ﬁki’kj — %ﬁkiyki 0%, thereby reducing the self-energies to,

2,,2

%y =~y , M9, = - 10,69 . (B9)
Lastly, projecting on to the polarizations gives,
2 0202 2,2
e2w? Q ew? _
I, = P2 —-y ., TG, = pE M~ —5-T ;. (B10)

Note that explicit expressions for Ilp, o, are computed in Refs. [43-45] for crystal targets and in Appendix C below
for atomic targets.

2. Magnetic Dipole Moment

For the MDM model two types of self-energies need to be computed: the dark photon self-energy with itself, ITyy,
and the mixing of the dark photon with the photon via Ily 4. For readability we split these two calculations in to the
subsections below.

a. Dark Photon Self-Energy

Starting from the MDM interaction in Eq. (A22) the leading order contribution to the self-energies in the component
basis are,

a2, - ” diw* -
Iy, = _ﬁnq(axk)yq'(axk) , Mgy = _Fn(axk)i,(o—xk)j : (B11)

The dominant term in Eq. (A22), when computing, e.g., va, can be easily extracted. Simply take the q — 0 limit
of terms involving V1) and there is only a single remaining term. To further reduce these expressions we must
make an additional approximation relative to the photon self-energy calculations. We assume that the target is not
spin-ordered, and therefore the sums over initial and final states can be split in to >, — >_. >, where s indexes the
spin states. This allows the Pauli matrices to be traced over in the reduced self-energy expressions, e.g., in Eq. (B11),

ﬂ(axk)i7(axk)j — 5ijﬁki’ki — ﬁki7kj . (B12)

Note that our convention for non spin-ordered targets is to absorb the factor of two, from the Pauli spin matrix trace,
in to II. With this substitution the equations in Eq. (B11) become,

d2 _ L .
Iy, = —m% (i o — @' P My i), Oy, =

e 6

d

((swnkl ji — Hpi i) - (B13)
Using the isotropic approximation, analogous to Sec. B 1, these self-energies simplify to,
(WHkl i - (B14)

Lastly, we project these into the polarization basis to reach our final results,

2d3,w? 2d3,w?
i g nkL, = =M i i -
Im2 kLR 2% 3m2 ki k

+ _
Iy =—

(B15)

e
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b. Dark Photon-Photon Mized Self-Energy

The dark photon-photon mixed self-energy is computed from the MDM and QED Lagrangians in Eqs. (A22) and
(A23), respectively. Note that while we will only compute Iy 4, at this order IIyy 4 = II4y. The leading order mixed
self-energies are given by,

2 . 2

q edy ;<= i we edps
HVA = —edMT]._.[l + am 3(] qjl_‘[(a'xk)i,(o-xk)j 5 H\ﬁA = —edeé ]Hl + 47(&)21_.[(0.Xk) (0'><k) (BlG)

where, similar to the previous section, we have assumed that the target is not spin ordered, i.e., I, = 0. This
assumption also allows us to trace out the o matrices,

eduq® [ - _ i edprw? i =
H%Z—(Hl— - k) » Myy=—— 5 (1L -

2m?2
As done in Sec. B 1 we now replace II; via a WI, and utilize our isotropic assumption to get to,

] k) . (B17)

o, = 62%“:2111,1 I, = e‘;’:: ‘;—&Jnl . (B18)
Lastly, projecting on to components gives,
IEREINLUTL N VLS (B19)
2meq? va 2meq?

which are related to the photon self-energies given in Sec. B 1.

3. Electric Dipole Moment

The dark photon self-energy in the EDM model is derived from the Lagrangian in Eq. (A23). In the component
basis they are given by,

d2E oo ” dzw? -
Yy = L4 ¢ Mo wior) > Wiy = =2 Tkt (o) ki (oK) - (B20)
mé m

e

Again assuming no spin ordering and target isotropy we can replace,

_ _ 1=
ki (ox) k3 (0 k) = Mpige giga — §5 T ik ki s (B21)
leading to,
d2 q2 ij d2 w2 =
Y, = — 3md Mpigs pins > My = _;Wnkikﬂ',kikj : (B22)
e e

Lastly, projecting on to components gives,
" d2 2 d2 2
HVV = 3 4 szk] JKikd 5 HVV = 3 4 Hklkg kikd - (B23)
4. Atomic Target Self-Energy

In this subsection, we simplify the reduced self-energy, also given in Eq. (18),

G(w,wr —wr,9) .
I = E —_— B24
01;02 V I|I F|F> Tol TOQ I ( )

for the electronic states in an atomic target. More detailed specifics about the electronic states are discussed in
Sec. C. While our focus will be on an atomic target with a single atomic species, the analysis here easily generalizes
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to multiple atomic species. In such a target there are N = n x V target atoms, where n is the number density and
V' is the target volume. Each atom hosts bound electronic states which are indexed by the quantum numbers n, £, m.
Assuming these states are spin degenerate, the sum over initial electron states in Eq. (B24) becomes,

do2xnx Vx> . (B25)
I

ném

The discrete nature of this sum makes this substitution intuitive. On the other hand, the final states form a
continuum indexed by k,¢',m’ where ¢, m’ are angular quantum numbers, and k is a continuous momentum. The
sum over k then becomes an integral,

Z > (0 /de (B26)
ke'm/' 'm’

where 6(0) is a normalization coefficient which will drop out of the final formulas. The simplest way to take care of
this is to define the initial (discrete, bound) and final (continuum) states with discrete and continuous normalizations,

{II)=1 (B27)
(F|F) =274(0) . (B28)
Substituting these sums and state normalizations leads to a reduced self-energy of,
dk
To,0, =20 Y / —G(w,wr —wr,8)T0, 73, , (B29)
nll’mm’

where ¢ is the electron width. Further simplifications can be made to isolate the imaginary part of this self-energy
needed to compute the rate in Egs. (27) and (28). In the limit of zero electron width, § — 0, the Green’s function,
G, simplifies,

gii% Im [G(w, Aw, 0)] = =70 (w — Aw) . (B30)

This delta function reduces the k integral, since wr = k?/2m., such that,

dk
hm Im [Ilo, 0,] = —2n Z / (Qm —w— w1> To. 75, (B31)

nll’mm’

TOI Tékz I (B32)

S
nél'mm’ V 2me (UJ + UJ[)

and the imaginary part of the reduced self-energy becomes a simple sum. The transition matrix elements, 7o, are
derived in App. C.

Appendix C: Atomic Absorption Transition Matrix Elements

To compute the self-energies derived in Sec. B, the transition matrix elements, 7o = (F|O|I) must be computed. The
details of this calculation for crystal targets, e.g., Si and Ge, has been discussed in Refs. [43, 45], and similar calculations
for transitions between atomic bound and continuum states have been performed in the scattering limit [57, 61, 98].
In this appendix we derive the transition matrix elements between the bound and continuum electronic states in an
isolated atom (appropriate for Xe and Ar targets), in the absorption limit.

We begin by defining the initial, |I), and final, |F'), quantum states (mainly for comparison with other conventions).
The initial, bound states are labeled by the standard quantum numbers, n, ¢, m, and satisfy,

(' 0'm/|nfm) = Gpn'Seer Smm - (C1)
Note that the states are dimensionless. The position space representation of these states is,

(x[ntm) = VVipnom(x) = VV Rpi(2) Yo (%) , (C2)
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where (x|x) = 1, and ¥4, has dimension eV?2. We assume that the position space representation of these states
can be further expanded as,

'(/)ném (X) = Rni(x))/em(&) 5 (CS)
where R,,, has dimension eV3/ 2, and Yy, are the spherical harmonics, normalized to,

/ AQY, Yim = 800y - (C4)

In order to satisfy the orthonormality relationship in Eq. (C1), the R,, must satisfy,

/ drr® R, Ry = Spnr - (C5)
A useful basis to expand R, in is the “Slater type orbital” basis,
Ro(r) = Z CrijRsto(r; Zej, ) (C6)
J
R . _ a2 e\
sto(r; Z,n) = a, T (ao) e (C7)

where ag is the Bohr radius, Cy, ¢, ¢,j, Z¢; are coefficients found by solving the isolated atom Hamiltonian. We use
the coefficients tabulated in Ref. [56] to compute the results in the main text.

The final states are taken to be the Coloumb wave function solutions to a —Z/r potential [57-62]. These states
are labelled by k, ¢, m, where k is a continuous index. Different conventions are reasonable for orthonormalizing these
states; here we choose,

(K"0'm/|ktm) = 276(k — k") 600 Sy - (C8)
The position space representation can be decomposed in a way analogous to the initial states,
(x|ktm) = VVipem(x) = VV Rie(2)Yem (%) , (C9)

where Ryy have dimension eV. Note that the Ry, here differ from those defined in Ref. [57] by a factor of k/2m.
Specifically, Ry¢ = (k/27)v/V Ry, where Ry, are defined in Ref. [57]. The Ry, in Eq. (C9) satisfy,

/ dr r® Ry Ry = 216 (k — k') (C10)
and are explicitly given by [5§],
Ria(r; Zr) = 2Cap"™ e, Fy (€ 4+ 1 — i, 20 + 2, 2ip) (C11)
where we have defined
01127[677”7/2 T+14+dn) , p=kr | ,7:,£ (C12)
(204 1)! aok

and 1Fy(a,b,c) is the confluent hypergeometric function of the first kind. One common approximation for the Zp
parameter [38, 99, 100] is to relate it to the binding energy of the state it was absorbed from, i.e.,

wr
g = —_ 1
=R V' 13.6eV’ (C13)

where n, w; are properties of the initial states used when calculating the transition matrix elements, 7. With these
conventions, the transition matrix elements become

In the next two subsections we derive explicit forms for the O needed to derive the atomic absorption rate for the
magnetic dipole and electric dipole models studied in the main text.
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1. 0=2"=—iV'/m.
The main identity needed is from Ref. [57],
1 1 df ) f
v YrEm Z Z < é m, k q d +dz(£amak7q),’q) }/ZJrk,erqa (015)
k=—1qg=—-1
where,
v —-1,-1)=—ic?(l,m,—1,—-1) = — A
lym,—1,-1) = Y(l,m,—1,-1) SN CESY (C16)
o — =ic/(l,m, — = —
c(lym,—1,1) =icY(¢,m,—1,1) N ) (C17)
o —-1)=—icY(l,m,1,—-1) = Av-
l,m,1,-1) = Y(l,m,1,—1) CERERY (C18)
T . _ A++
c®(l,m,1,1) =icY(¢,m,1,1) = CEBERY (C19)
2 10— Ao
om0 = e (G20)
: o Ato
¢ltm1,0) = V2020 +3)(20 + 1) (c21)
d (0, —1, 1) = —id¥(6,m, —1, 1) = —— LF DA~ (C22)
(20 —-1)(2¢+1)
(0, m, —1,1) = id¥ (6, m, —1,1) = — L E DA (C23)
(20=1)(20+1)
o o (A,
d*(l,m,1,-1) = —id?({,m,1,-1) TR (C24)
T =3 m _ £A++
d*(¢,m,1,1) = id¥(¢,m, 1,1) TESITESY (C25)
. o (¢ DA
*(6m, =1,0) = V2@20=1)(20+ 1) (026)
z _ €A+0
@ (tm,1,0) = V2020 +3)(20+1) (€27)
Apy =/(l+m+1)(l+m+2) (C28)
Arg=—2l+m+1)({—m+1) (C29)
Ar =/(l—m+ 1)l —m+2) (C30)
A =/l —m—-1)(—m) (C31)
A_o=+/2(+m)({ —m) (C32)
A= \/(l+m-1){+m). (C33)

All other ¢® and d* are zero, and we require that £ > 0, |m| < £,£+k > 0 and |m+q| < £+k for the spherical harmonic
to have physical parameters.
Using Eq. (C15) the transition matrix element is given by,

Toi = (k'm’[v*|nfm) (C34)
= — (e, m, AL AT, + dE (L, m, AL AT, | (C35)

Me
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where Al = ¢' — £, Am = m/ —m, and we have defined the integral, Z%;5 ,, as

. Ry d° R
I = / drr® “REZTE (C36)

Note that the selection rules, |A¢| < 1 and |Am| < 1 arise here from the finite nature of the sums over k, g.

2. 0= =-V'V//m?

To compute the second derivative of the initial state wave functions we simply need to use the identity in Eq. (C15)
twice,

Z G a Ldf

VNI (f(r)Yem) = <ccj +(dc7+dﬂc);%

) +d (d' =) 2 ) Yerrtrmtqta (C37)
kk’qq’
where it is understood that the ¢, d superscripted with 4 are evaluated at (¢, m, k, q), and the those superscripted with
j are evaluated at (¢ + k,m + ¢, k', ¢’).

Therefore the transition matrix element is given by,

Toivi = (k€'m/|v'v’ nfm) (C38)
== > (T + (A + ) Iy + P (d = T ) (C39)
€ kg

where Iﬁ’,ﬂ is defined in Eq. (C36), and it is understood that the ¢, d superscripted with i are evaluated at (¢, m, k, q),
and the those superscripted with j are evaluated at (¢+k, m+q, AL—k, Am—q). The selection rules for this transition
matrix element are |A¢| < 2 and |Am| < 2.

[1] P. Agrawal, N. Kitajima, M. Reece, T. Sekiguchi, and F. Takahashi, “Relic abundance of dark photon dark matter,”
Phys. Lett. B 801 (2020) 135136, arXiv:1810.07188 [hep-phl.

[2] D. Antypas et al., “New horizons: Scalar and vector ultralight dark matter,” arXiv:2203.14915 [hep-ex].

[3] P. Arias, D. Cadamuro, M. Goodsell, J. Jaeckel, J. Redondo, and A. Ringwald, “WISPy Cold Dark Matter,” JCAP 06
(2012) 013, arXiv:1201.5902 [hep-ph].

[4] M. Bastero-Gil, J. Santiago, L. Ubaldi, and R. Vega-Morales, “Vector dark matter production at the end of inflation,”
JCAP 04 (2019) 015, arXiv:1810.07208 [hep-ph].

[5] R. T. Co, K. Harigaya, and A. Pierce, “Gravitational waves and dark photon dark matter from axion rotations,” JHEP
12 (2021) 099, arXiv:2104.02077 [hep-ph].

[6] R. T. Co, A. Pierce, Z. Zhang, and Y. Zhao, “Dark photon dark matter produced by axion oscillations,” Phys. Rev. D
99 no. 7, (2019) 075002, arXiv:1810.07196 [hep-ph].

[7] J. A. Dror, K. Harigaya, and V. Narayan, “Parametric Resonance Production of Ultralight Vector Dark Matter,” Phys.
Rev. D 99 no. 3, (2019) 035036, arXiv:1810.07195 [hep-ph].

[8] A. J. Long and L.-T. Wang, “Dark photon dark matter from a network of cosmic strings,” Phys. Rev. D 99 no. 6,
(2019) 063529, arXiv:1901.03312 [hep-phl].

[9] A. E. Nelson and J. Scholtz, “Dark Light, Dark Matter and the Misalignment Mechanism,” Phys. Rev. D 84 (2011)
103501, arXiv:1105.2812 [hep-phl].

[10] P. W. Graham, J. Mardon, and S. Rajendran, “Vector Dark Matter from Inflationary Fluctuations,” Phys. Rev. D 93
no. 10, (2016) 103520, arXiv:1504.02102 [hep-phl].

[11] S. Dodelson and L. M. Widrow, “Sterile-neutrinos as dark matter,” Phys. Rev. Lett. 72 (1994) 17-20,
arXiv:hep-ph/9303287.

[12] L. J. Hall, K. Jedamzik, J. March-Russell, and S. M. West, “Freeze-In Production of FIMP Dark Matter,” JHEP 03
(2010) 080, arXiv:0911.1120 [hep-ph].

[13] M. Pospelov, A. Ritz, and M. B. Voloshin, “Bosonic super-WIMPs as keV-scale dark matter,” Phys. Rev. D 78 (2008)
115012, arXiv:0807.3279 [hep-ph].

[14] B. A. Dobrescu, “Massless gauge bosons other than the photon,” Phys. Rev. Lett. 94 (2005) 151802,
arXiv:hep-ph/0411004.

[15] G. Krnjaic, D. Rocha, and A. Sokolenko, “Freezing In Vector Dark Matter Through Magnetic Dipole Interactions,”
arXiv:2210.06487 [hep-ph].


https://dx.doi.org/10.1016/j.physletb.2019.135136
https://arxiv.org/abs/1810.07188
https://arxiv.org/abs/2203.14915
https://dx.doi.org/10.1088/1475-7516/2012/06/013
https://dx.doi.org/10.1088/1475-7516/2012/06/013
https://arxiv.org/abs/1201.5902
https://dx.doi.org/10.1088/1475-7516/2019/04/015
https://arxiv.org/abs/1810.07208
https://dx.doi.org/10.1007/JHEP12(2021)099
https://dx.doi.org/10.1007/JHEP12(2021)099
https://arxiv.org/abs/2104.02077
https://dx.doi.org/10.1103/PhysRevD.99.075002
https://dx.doi.org/10.1103/PhysRevD.99.075002
https://arxiv.org/abs/1810.07196
https://dx.doi.org/10.1103/PhysRevD.99.035036
https://dx.doi.org/10.1103/PhysRevD.99.035036
https://arxiv.org/abs/1810.07195
https://dx.doi.org/10.1103/PhysRevD.99.063529
https://dx.doi.org/10.1103/PhysRevD.99.063529
https://arxiv.org/abs/1901.03312
https://dx.doi.org/10.1103/PhysRevD.84.103501
https://dx.doi.org/10.1103/PhysRevD.84.103501
https://arxiv.org/abs/1105.2812
https://dx.doi.org/10.1103/PhysRevD.93.103520
https://dx.doi.org/10.1103/PhysRevD.93.103520
https://arxiv.org/abs/1504.02102
https://dx.doi.org/10.1103/PhysRevLett.72.17
https://arxiv.org/abs/hep-ph/9303287
https://dx.doi.org/10.1007/JHEP03(2010)080
https://dx.doi.org/10.1007/JHEP03(2010)080
https://arxiv.org/abs/0911.1120
https://dx.doi.org/10.1103/PhysRevD.78.115012
https://dx.doi.org/10.1103/PhysRevD.78.115012
https://arxiv.org/abs/0807.3279
https://dx.doi.org/10.1103/PhysRevLett.94.151802
https://arxiv.org/abs/hep-ph/0411004
https://arxiv.org/abs/2210.06487

21

[16] D. W. Lynch and W. R. Hunter, “Handbook of optical constants of solids,” in Handbook of Optical Constants of Solids.
1985.

[17] S. Seltzer, “Xcom-photon cross sections database, nist standard reference database 8.” 1987.

[18] B. Henke, E. Gullikson, and J. Davis, “X-ray interactions: Photoabsorption, scattering, transmission, and reflection at e
= 50-30,000 eV, z = 1-92,” Atomic Data and Nuclear Data Tables 54 no. 2, (Jul, 1993) 181-342.

[19] XENON Collaboration, E. Aprile et al., “Search for new physics in electronic recoil data from xenonnt,” Phys. Rev.
Lett. 129 no. 16, (2022) 161805, arXiv:2207.11330 [hep-ex].

[20] XENON Collaboration, E. Aprile et al., “Light dark matter search with ionization signals in xenonlt,” Phys. Rev.
Lett. 123 no. 25, (2019) 251801, arXiv:1907.11485 [hep-ex].

[21] I. M. Bloch, R. Essig, K. Tobioka, T. Volansky, and T.-T. Yu, “Searching for dark absorption with direct detection
experiments,” JHEP 06 (2017) 087, arXiv:1608.02123 [hep-ph].

[22] SuperCDMS Collaboration, T. Aralis et al., “Constraints on dark photons and axionlike particles from the supercdms
soudan experiment,” Phys. Rev. D 101 no. 5, (2020) 052008, arXiv:1911.11905 [hep-ex]. [Erratum: Phys.Rev.D 103,
039901 (2021)].

[23] L. Bouchet, E. Jourdain, J. P. Roques, A. Strong, R. Diehl, F. Lebrun, and R. Terrier, “INTEGRAL SPI All-Sky View
in Soft Gamma Rays: Study of Point Source and Galactic Diffuse Emissions,” Astrophys. J. 679 (2008) 1315,
arXiv:0801.2086 [astro-ph].

[24] DarkSide Collaboration, P. Agnes et al., “Search for Dark Matter Particle Interactions with Electron Final States with
DarkSide-50,” Phys. Rev. Lett. 130 no. 10, (2023) 101002, arXiv:2207.11968 [hep-ex].

[25] DarkSide Collaboration, P. Agnes et al., “Low-Mass Dark Matter Search with the DarkSide-50 Experiment,” Phys.
Rev. Lett. 121 no. 8, (2018) 081307, arXiv:1802.06994 [astro-ph.HE].

[26] CDEX Collaboration, Z. Y. Zhang et al., “Constraints on sub-gev dark matter—electron scattering from the cdex-10
experiment,” Phys. Rev. Lett. 129 no. 22, (2022) 221301, arXiv:2206.04128 [hep-ex].

[27] DAMIC Collaboration, A. Aguilar-Arevalo et al., “First direct-detection constraints on ev-scale hidden-photon dark
matter with damic at snolab,” Phys. Rev. Lett. 118 no. 14, (2017) 141803, arXiv:1611.03066 [astro-ph.CO].

[28] DAMIC Collaboration, A. Aguilar-Arevalo et al., “Constraints on light dark matter particles interacting with electrons
from damic at snolab,” Phys. Rev. Lett. 123 no. 18, (2019) 181802, arXiv:1907.12628 [astro-ph.CO].

[29] DAMIC Collaboration, A. Aguilar-Arevalo et al., “Results on low-mass weakly interacting massive particles from a 11
kg-day target exposure of damic at snolab,” Phys. Rev. Lett. 125 (2020) 241803, arXiv:2007.15622 [astro-ph.CO].

[30] DAMIC Collaboration, J. R. T. de Mello Neto et al., “The damic dark matter experiment,” PoS ICRC2015 (2016)
1221, arXiv:1510.02126 [physics.ins-det].

[31] DAMIC, DAMIC-M Collaboration, M. Settimo, “Search for low-mass dark matter with the damic experiment,” in
16th Rencontres du Vietnam: Theory meeting experiment: Particle Astrophysics and Cosmology. 4, 2020.
arXiv:2003.09497 [hep-ex].

[32] EDELWEISS Collaboration, E. Armengaud et al., “Searching for low-mass dark matter particles with a massive ge
bolometer operated above-ground,” Phys. Rev. D 99 no. 8, (2019) 082003, arXiv:1901.03588 [astro-ph.GA].

[33] EDELWEISS Collaboration, E. Armengaud et al., “Searches for electron interactions induced by new physics in the
edelweiss-iii germanium bolometers,” Phys. Rev. D 98 no. 8, (2018) 082004, arXiv:1808.02340 [hep-ex].

[34] EDELWEISS Collaboration, Q. Arnaud et al., “First germanium-based constraints on sub-mev dark matter with the
edelweiss experiment,” Phys. Rev. Lett. 125 no. 14, (2020) 141301, arXiv:2003.01046 [astro-ph.GA].

[35] SENSEI Collaboration, O. Abramoff et al., “Sensei: Direct-detection constraints on sub-gev dark matter from a
shallow underground run using a prototype skipper-ccd,” Phys. Rev. Lett. 122 no. 16, (2019) 161801,
arXiv:1901.10478 [hep-ex].

[36] SENSEI Collaboration, L. Barak et al., “SENSEI: Direct-Detection Results on sub-GeV Dark Matter from a New
Skipper-CCD,” Phys. Rev. Lett. 125 no. 17, (2020) 171802, arXiv:2004.11378 [astro-ph.CO].

[37] SENSEI Collaboration, M. Crisler, R. Essig, J. Estrada, G. Fernandez, J. Tiffenberg, M. Sofo haro, T. Volansky, and
T.-T. Yu, “Sensei: First direct-detection constraints on sub-gev dark matter from a surface run,” Phys. Rev. Lett. 121
no. 6, (2018) 061803, arXiv:1804.00088 [hep-ex].

[38] SuperCDMS Collaboration, R. Agnese et al., “First dark matter constraints from a supercdms single-charge sensitive
detector,” Phys. Rev. Lett. 121 no. 5, (2018) 051301, arXiv:1804.10697 [hep-ex]. [Erratum: Phys.Rev.Lett. 122,
069901 (2019)].

[39] CDMS Collaboration, Z. Ahmed et al., “Search for axions with the cdms experiment,” Phys. Rev. Lett. 103 (2009)
141802, arXiv:0902.4693 [hep-ex].

[40] SuperCDMS Collaboration, D. W. Amaral et al., “Constraints on low-mass, relic dark matter candidates from a
surface-operated supercdms single-charge sensitive detector,” Phys. Rev. D 102 no. 9, (2020) 091101, arXiv:2005.14067
[hep-ex].

[41] K. Arisaka, P. Beltrame, C. Ghag, J. Kaidi, K. Lung, A. Lyashenko, R. D. Peccei, P. Smith, and K. Ye, “Expected
sensitivity to galactic/solar axions and bosonic super-wimps based on the axio-electric effect in liquid xenon dark matter
detectors,” Astropart. Phys. 44 (2013) 5967, arXiv:1209.3810 [astro-ph.CO].

[42] A. V. Derbin, I. S. Drachnev, A. S. Kayunov, and V. N. Muratova, “Constraints on the axion-electron coupling constant
for solar axions appearing owing to bremsstrahlung and the compton process,” JETP Lett. 95 (2012) 339-344,
arXiv:1206.4142 [hep-ex].

[43] A. Mitridate, T. Trickle, Z. Zhang, and K. M. Zurek, “Dark matter absorption via electronic excitations,” JHEP 09
(2021) 123, arXiv:2106.12586 [hep-ph].


https://dx.doi.org/10.1006/adnd.1993.1013
https://dx.doi.org/10.1103/PhysRevLett.129.161805
https://dx.doi.org/10.1103/PhysRevLett.129.161805
https://arxiv.org/abs/2207.11330
https://dx.doi.org/10.1103/PhysRevLett.123.251801
https://dx.doi.org/10.1103/PhysRevLett.123.251801
https://arxiv.org/abs/1907.11485
https://dx.doi.org/10.1007/JHEP06(2017)087
https://arxiv.org/abs/1608.02123
https://dx.doi.org/10.1103/PhysRevD.101.052008
https://arxiv.org/abs/1911.11905
https://dx.doi.org/10.1086/529489
https://arxiv.org/abs/0801.2086
https://dx.doi.org/10.1103/PhysRevLett.130.101002
https://arxiv.org/abs/2207.11968
https://dx.doi.org/10.1103/PhysRevLett.121.081307
https://dx.doi.org/10.1103/PhysRevLett.121.081307
https://arxiv.org/abs/1802.06994
https://dx.doi.org/10.1103/PhysRevLett.129.221301
https://arxiv.org/abs/2206.04128
https://dx.doi.org/10.1103/PhysRevLett.118.141803
https://arxiv.org/abs/1611.03066
https://dx.doi.org/10.1103/PhysRevLett.123.181802
https://arxiv.org/abs/1907.12628
https://dx.doi.org/10.1103/PhysRevLett.125.241803
https://arxiv.org/abs/2007.15622
https://dx.doi.org/10.22323/1.236.1221
https://dx.doi.org/10.22323/1.236.1221
https://arxiv.org/abs/1510.02126
https://arxiv.org/abs/2003.09497
https://dx.doi.org/10.1103/PhysRevD.99.082003
https://arxiv.org/abs/1901.03588
https://dx.doi.org/10.1103/PhysRevD.98.082004
https://arxiv.org/abs/1808.02340
https://dx.doi.org/10.1103/PhysRevLett.125.141301
https://arxiv.org/abs/2003.01046
https://dx.doi.org/10.1103/PhysRevLett.122.161801
https://arxiv.org/abs/1901.10478
https://dx.doi.org/10.1103/PhysRevLett.125.171802
https://arxiv.org/abs/2004.11378
https://dx.doi.org/10.1103/PhysRevLett.121.061803
https://dx.doi.org/10.1103/PhysRevLett.121.061803
https://arxiv.org/abs/1804.00088
https://dx.doi.org/10.1103/PhysRevLett.121.051301
https://arxiv.org/abs/1804.10697
https://dx.doi.org/10.1103/PhysRevLett.103.141802
https://dx.doi.org/10.1103/PhysRevLett.103.141802
https://arxiv.org/abs/0902.4693
https://dx.doi.org/10.1103/PhysRevD.102.091101
https://arxiv.org/abs/2005.14067
https://arxiv.org/abs/2005.14067
https://dx.doi.org/10.1016/j.astropartphys.2012.12.009
https://arxiv.org/abs/1209.3810
https://dx.doi.org/10.1134/S002136401207003X
https://arxiv.org/abs/1206.4142
https://dx.doi.org/10.1007/JHEP09(2021)123
https://dx.doi.org/10.1007/JHEP09(2021)123
https://arxiv.org/abs/2106.12586

22

[44] H.-Y. Chen, A. Mitridate, T. Trickle, Z. Zhang, M. Bernardi, and K. M. Zurek, “Dark matter direct detection in
materials with spin-orbit coupling,” Phys. Rev. D 106 no. 1, (2022) 015024, arXiv:2202.11716 [hep-phl].

[45] T. Trickle, “Extended calculation of electronic excitations for direct detection of dark matter,” Phys. Rev. D 107 no. 3,
(2023) 035035, arXiv:2210.14917 [hep-phl].

[46] T. Trickle and Kinzani, “tanner-trickle/exceed-dm: Exceed-dmv1.0.0.” 2022. https://zenodo.org/record/7250321.

[47] S. M. Griffin, K. Inzani, T. Trickle, Z. Zhang, and K. M. Zurek, “Extended calculation of dark matter-electron
scattering in crystal targets,” Phys. Rev. D 104 no. 9, (2021) 095015, arXiv:2105.05253 [hep-ph].

[48] Planck Collaboration, N. Aghanim et al., “Planck 2018 results. VI. Cosmological parameters,” Astron. Astrophys. 641
(2020) A6, arXiv:1807.06209 [astro-ph.CO]. [Erratum: Astron.Astrophys. 652, C4 (2021)].

[49] K. Dimopoulos, “Can a vector field be responsible for the curvature perturbation in the Universe?,” Phys. Rev. D 74
(2006) 083502, arXiv:hep-ph/0607229.

[50] M. Bauer, P. Foldenauer, and J. Jaeckel, “Hunting All the Hidden Photons,” JHEP 07 (2018) 094, arXiv:1803.05466
[hep-phl].

[51] M. D’Onofrio and K. Rummukainen, “Standard model cross-over on the lattice,” Phys. Rev. D 93 no. 2, (2016) 025003,
arXiv:1508.07161 [hep-ph].

[52] E. Hardy and R. Lasenby, “Stellar cooling bounds on new light particles: plasma mixing effects,” JHEP 02 (2017) 033,
arXiv:1611.05852 [hep-ph].

[63] T. Trickle, “Exceed-dmv1.0.0: Si and ge electronic configurations.” 2022.

[54] T. Trickle, “Exceed-dm v1.1.0.” 2023. https://tanner-trickle.github.io/EXCEED-DM/html/index.html. Accessed on
March 20, 2023.

[65] C. F. Fischer, The Hartree-Fock method for atoms. Wiley, 1977.

[56] C. Bunge, J. Barrientos, and A. Bunge, “Roothaan-hartree-fock ground-state atomic wave functions: Slater-type orbital
expansions and expectation values for z = 2-54,” Atomic Data and Nuclear Data Tables 53 no. 1, (Jan, 1993) 113-162.

[57] R. Catena, T. Emken, N. A. Spaldin, and W. Tarantino, “Atomic responses to general dark matter-electron
interactions,” Phys. Rev. Res. 2 no. 3, (2020) 033195, arXiv:1912.08204 [hep-ph].

[58] L.-Y. Peng and Q. Gong, “An accurate fortran code for computing hydrogenic continuum wave functions at a wide
range of parameters,” Computer Physics Communications 181 no. 12, (Dec, 2010) 2098-2101.

[59] L. Sabbatucci and F. Salvat, “Theory and calculation of the atomic photoeffect,” Radiation Physics and Chemistry 121
(Apr, 2016) 122-140.

[60] H. B. T. Tan, A. Derevianko, V. A. Dzuba, and V. V. Flambaum, “Atomic ionization by scalar dark matter and solar
scalars,” Phys. Rev. Lett. 127 no. 8, (2021) 081301, arXiv:2105.08296 [hep-ph].

[61] R. Catena, D. Cole, T. Emken, M. Matas, N. Spaldin, W. Tarantino, and E. Urdshals, “Dark matter - electron
interactions in materials beyond the dark photon model,” arXiv:2210.07305 [hep-ph].

[62] DarkSide Collaboration, P. Agnes et al., “Constraints on sub-gev dark-matter—electron scattering from the darkside-50
experiment,” Phys. Rev. Lett. 121 no. 11, (2018) 111303, arXiv:1802.06998 [astro-ph.CO].

[63] A. Garzilli, A. Magalich, T. Theuns, C. S. Frenk, C. Weniger, O. Ruchayskiy, and A. Boyarsky, “The Lyman-« forest as
a diagnostic of the nature of the dark matter,” Mon. Not. Roy. Astron. Soc. 489 no. 3, (2019) 34563471,
arXiv:1809.06585 [astro-ph.CO0].

[64] V. Irsi¢ et al., “New Constraints on the free-streaming of warm dark matter from intermediate and small scale Lyman-c
forest data,” Phys. Rev. D 96 no. 2, (2017) 023522, arXiv:1702.01764 [astro-ph.CO].

[65] 1. A. Zelko, T. Treu, K. N. Abazajian, D. Gilman, A. J. Benson, S. Birrer, A. M. Nierenberg, and A. Kusenko,
“Constraints on sterile neutrino models from strong gravitational lensing, Milky Way satellites, and Lyman-« forest,”
arXiv:2205.09777 [hep-ph].

[66] G. Baym, D. H. Beck, J. P. Filippini, C. J. Pethick, and J. Shelton, “Searching for low mass dark matter via phonon
creation in superfluid he4,” Phys. Rev. D 102 no. 3, (2020) 035014, arXiv:2005.08824 [hep-ph]. [Erratum:
Phys.Rev.D 104, 019901 (2021)].

[67] A. Caputo, A. Esposito, and A. D. Polosa, “Sub-mev dark matter and the goldstone modes of superfluid helium,” Phys.
Rev. D 100 no. 11, (2019) 116007, arXiv:1907.10635 [hep-phl].

[68] A. Caputo, A. Esposito, F. Piccinini, A. D. Polosa, and G. Rossi, “Directional detection of light dark matter from
three-phonon events in superfluid he4,” Phys. Rev. D 103 no. 5, (2021) 055017, arXiv:2012.01432 [hep-ph].

[69] A. Coskuner, T. Trickle, Z. Zhang, and K. M. Zurek, “Directional detectability of dark matter with single phonon
excitations: Target comparison,” Phys. Rev. D 105 no. 1, (2022) 015010, arXiv:2102.09567 [hep-ph].

[70] P. Cox, T. Melia, and S. Rajendran, “Dark matter phonon coupling,” Phys. Rev. D 100 no. 5, (2019) 055011,
arXiv:1905.05575 [hep-ph].

[71] S. Griffin, S. Knapen, T. Lin, and K. M. Zurek, “Directional detection of light dark matter with polar materials,” Phys.
Rev. D 98 no. 11, (2018) 115034, arXiv:1807.10291 [hep-ph].

[72] S. M. Griffin, Y. Hochberg, K. Inzani, N. Kurinsky, T. Lin, and T. Chin, “Silicon carbide detectors for sub-gev dark
matter,” Phys. Rev. D 103 no. 7, (2021) 075002, arXiv:2008.08560 [hep-ph].

[73] S. M. Griffin, K. Inzani, T. Trickle, Z. Zhang, and K. M. Zurek, “Multichannel direct detection of light dark matter:
Target comparison,” Phys. Rev. D 101 no. 5, (2020) 055004, arXiv:1910.10716 [hep-ph].

[74] Y. Kahn, G. Krnjaic, and B. Mandava, “Dark matter detection with bound nuclear targets: The poisson phonon tail,”
Phys. Rev. Lett. 127 no. 8, (2021) 081804, arXiv:2011.09477 [hep-phl].

[75] S. Knapen, T. Lin, M. Pyle, and K. M. Zurek, “Detection of light dark matter with optical phonons in polar materials,”
Phys. Lett. B 785 (2018) 386-390, arXiv:1712.06598 [hep-ph].


https://dx.doi.org/10.1103/PhysRevD.106.015024
https://arxiv.org/abs/2202.11716
https://dx.doi.org/10.1103/PhysRevD.107.035035
https://dx.doi.org/10.1103/PhysRevD.107.035035
https://arxiv.org/abs/2210.14917
https://zenodo.org/record/7250321
https://dx.doi.org/10.1103/PhysRevD.104.095015
https://arxiv.org/abs/2105.05253
https://dx.doi.org/10.1051/0004-6361/201833910
https://dx.doi.org/10.1051/0004-6361/201833910
https://arxiv.org/abs/1807.06209
https://dx.doi.org/10.1103/PhysRevD.74.083502
https://dx.doi.org/10.1103/PhysRevD.74.083502
https://arxiv.org/abs/hep-ph/0607229
https://dx.doi.org/10.1007/JHEP07(2018)094
https://arxiv.org/abs/1803.05466
https://arxiv.org/abs/1803.05466
https://dx.doi.org/10.1103/PhysRevD.93.025003
https://arxiv.org/abs/1508.07161
https://dx.doi.org/10.1007/JHEP02(2017)033
https://arxiv.org/abs/1611.05852
https://tanner-trickle.github.io/EXCEED-DM/html/index.html
https://dx.doi.org/10.1006/adnd.1993.1003
https://dx.doi.org/10.1103/PhysRevResearch.2.033195
https://arxiv.org/abs/1912.08204
https://dx.doi.org/10.1016/j.cpc.2010.08.034
https://dx.doi.org/10.1016/j.radphyschem.2015.10.021
https://dx.doi.org/10.1016/j.radphyschem.2015.10.021
https://dx.doi.org/10.1103/PhysRevLett.127.081301
https://arxiv.org/abs/2105.08296
https://arxiv.org/abs/2210.07305
https://dx.doi.org/10.1103/PhysRevLett.121.111303
https://arxiv.org/abs/1802.06998
https://dx.doi.org/10.1093/mnras/stz2188
https://arxiv.org/abs/1809.06585
https://dx.doi.org/10.1103/PhysRevD.96.023522
https://arxiv.org/abs/1702.01764
https://arxiv.org/abs/2205.09777
https://dx.doi.org/10.1103/PhysRevD.104.019901
https://arxiv.org/abs/2005.08824
https://dx.doi.org/10.1103/PhysRevD.100.116007
https://dx.doi.org/10.1103/PhysRevD.100.116007
https://arxiv.org/abs/1907.10635
https://dx.doi.org/10.1103/PhysRevD.103.055017
https://arxiv.org/abs/2012.01432
https://dx.doi.org/10.1103/PhysRevD.105.015010
https://arxiv.org/abs/2102.09567
https://dx.doi.org/10.1103/PhysRevD.100.055011
https://arxiv.org/abs/1905.05575
https://dx.doi.org/10.1103/PhysRevD.98.115034
https://dx.doi.org/10.1103/PhysRevD.98.115034
https://arxiv.org/abs/1807.10291
https://dx.doi.org/10.1103/PhysRevD.103.075002
https://arxiv.org/abs/2008.08560
https://dx.doi.org/10.1103/PhysRevD.101.055004
https://arxiv.org/abs/1910.10716
https://dx.doi.org/10.1103/PhysRevLett.127.081804
https://arxiv.org/abs/2011.09477
https://dx.doi.org/10.1016/j.physletb.2018.08.064
https://arxiv.org/abs/1712.06598

23

[76] N. A. Kurinsky, T. C. Yu, Y. Hochberg, and B. Cabrera, “Diamond detectors for direct detection of sub-gev dark
matter,” Phys. Rev. D 99 no. 12, (2019) 123005, arXiv:1901.07569 [hep-ex].

[77] A. Mitridate, T. Trickle, Z. Zhang, and K. M. Zurek, “Detectability of axion dark matter with phonon polaritons and
magnons,” Phys. Rev. D 102 no. 9, (2020) 095005, arXiv:2005.10256 [hep-ph].

[78] K. Schutz and K. M. Zurek, “Detectability of light dark matter with superfluid helium,” Phys. Rev. Lett. 117 no. 12,
(2016) 121302, arXiv:1604.08206 [hep-ph].

[79] T. Trickle, Z. Zhang, K. M. Zurek, K. Inzani, and S. M. Griffin, “Multi-channel direct detection of light dark matter:
Theoretical framework,” JHEP 03 (2020) 036, arXiv:1910.08092 [hep-ph].

[80] T. Trickle, Z. Zhang, and K. M. Zurek, “Effective field theory of dark matter direct detection with collective
excitations,” Phys. Rev. D 105 no. 1, (2022) 015001, arXiv:2009.13534 [hep-phl].

[81] R. Barbieri, M. Cerdonio, G. Fiorentini, and S. Vitale, “Axion to magnon conversion: A scheme for the detection of
galactic axions,” Phys. Lett. B 226 (1989) 357-360.

[82] S. Chigusa, T. Moroi, and K. Nakayama, “Detecting light boson dark matter through conversion into a magnon,” Phys.
Rev. D 101 no. 9, (2020) 096013, arXiv:2001.10666 [hep-phl].

[83] A. Esposito and S. Pavaskar, “Optimal anti-ferromagnets for light dark matter detection,” arXiv:2210.13516 [hep-ph].

[84] T. Trickle, Z. Zhang, and K. M. Zurek, “Detecting light dark matter with magnons,” Phys. Rev. Lett. 124 no. 20,
(2020) 201801, arXiv:1905.13744 [hep-ph].

[85] A. Coskuner, A. Mitridate, A. Olivares, and K. M. Zurek, “Directional dark matter detection in anisotropic dirac
materials,” Phys. Rev. D 103 no. 1, (2021) 016006, arXiv:1909.09170 [hep-ph].

[86] R. M. Geilhufe, F. Kahlhoefer, and M. W. Winkler, “Dirac materials for sub-mev dark matter detection: New targets
and improved formalism,” Phys. Rev. D 101 no. 5, (2020) 055005, arXiv:1910.02091 [hep-ph].

[87] Y. Hochberg, Y. Kahn, M. Lisanti, K. M. Zurek, A. G. Grushin, R. Ilan, S. M. Griffin, Z.-F. Liu, S. F. Weber, and J. B.
Neaton, “Detection of sub-mev dark matter with three-dimensional dirac materials,” Phys. Rev. D 97 no. 1, (2018)
015004, arXiv:1708.08929 [hep-ph].

[88] K. Inzani, A. Faghaninia, and S. M. Griffin, “Prediction of tunable spin-orbit gapped materials for dark matter
detection,” Phys. Rev. Res. 3 no. 1, (2021) 013069, arXiv:2008.05062 [cond-mat.mtrl-scil.

[89] Y. Hochberg, M. Pyle, Y. Zhao, and K. M. Zurek, “Detecting superlight dark matter with fermi-degenerate materials,”
JHEP 08 (2016) 057, arXiv:1512.04533 [hep-phl].

[90] Y. Hochberg, T. Lin, and K. M. Zurek, “Detecting ultralight bosonic dark matter via absorption in superconductors,”
Phys. Rev. D 94 no. 1, (2016) 015019, arXiv:1604.06800 [hep-ph].

[91] Y. Hochberg, Y. Zhao, and K. M. Zurek, “Superconducting detectors for superlight dark matter,” Phys. Rev. Lett. 116
no. 1, (2016) 011301, arXiv:1504.07237 [hep-phl].

[92] G. Paz, “An introduction to nrqed,” Mod. Phys. Lett. A 30 no. 26, (2015) 1550128, arXiv:1503.07216 [hep-ph].

[93] S. Balk, J. G. Korner, and D. Pirjol, “Heavy quark effective theory at large orders in 1/m,” Nucl. Phys. B 428 (1994)
499-528, arXiv:hep-ph/9307230.

[94] L. L. Foldy, “The electromagnetic properties of dirac particles,” Physical Review 87 no. 5, (Sep, 1952) 688-693.

[95] L. L. Foldy and S. A. Wouthuysen, “On the dirac theory of spin 1/2 particle and its nonrelativistic limit,” Phys. Rev.
78 (1950) 29-36.

[96] A. Gardestig, K. Kubodera, and F. Myhrer, “Comparison of the heavy-fermion and foldy-wouthuysen formalisms at
third order,” Phys. Rev. C 76 (2007) 014005, arXiv:0705.2885 [nucl-th].

[97] J. D. Bjorken, Relativistic quantum mechanics. McGraw-Hill, 1965.

[98] R. Essig, M. Fernandez-Serra, J. Mardon, A. Soto, T. Volansky, and T.-T. Yu, “Direct Detection of sub-GeV Dark
Matter with Semiconductor Targets,” JHEP 05 (2016) 046, arXiv:1509.01598 [hep-ph].

[99] R. Essig, A. Manalaysay, J. Mardon, P. Sorensen, and T. Volansky, “First direct detection limits on sub-gev dark
matter from xenonl0,” Phys. Rev. Lett. 109 (2012) 021301, arXiv:1206.2644 [astro-ph.C0].

[100] R. Essig, T. Volansky, and T.-T. Yu, “New constraints and prospects for sub-gev dark matter scattering off electrons in
xenon,” Phys. Rev. D 96 no. 4, (2017) 043017, arXiv:1703.00910 [hep-ph].


https://dx.doi.org/10.1103/PhysRevD.99.123005
https://arxiv.org/abs/1901.07569
https://dx.doi.org/10.1103/PhysRevD.102.095005
https://arxiv.org/abs/2005.10256
https://dx.doi.org/10.1103/PhysRevLett.117.121302
https://dx.doi.org/10.1103/PhysRevLett.117.121302
https://arxiv.org/abs/1604.08206
https://dx.doi.org/10.1007/JHEP03(2020)036
https://arxiv.org/abs/1910.08092
https://dx.doi.org/10.1103/PhysRevD.105.015001
https://arxiv.org/abs/2009.13534
https://dx.doi.org/10.1016/0370-2693(89)91209-4
https://dx.doi.org/10.1103/PhysRevD.101.096013
https://dx.doi.org/10.1103/PhysRevD.101.096013
https://arxiv.org/abs/2001.10666
https://arxiv.org/abs/2210.13516
https://dx.doi.org/10.1103/PhysRevLett.124.201801
https://dx.doi.org/10.1103/PhysRevLett.124.201801
https://arxiv.org/abs/1905.13744
https://dx.doi.org/10.1103/PhysRevD.103.016006
https://arxiv.org/abs/1909.09170
https://dx.doi.org/10.1103/PhysRevD.101.055005
https://arxiv.org/abs/1910.02091
https://dx.doi.org/10.1103/PhysRevD.97.015004
https://dx.doi.org/10.1103/PhysRevD.97.015004
https://arxiv.org/abs/1708.08929
https://dx.doi.org/10.1103/PhysRevResearch.3.013069
https://arxiv.org/abs/2008.05062
https://dx.doi.org/10.1007/JHEP08(2016)057
https://arxiv.org/abs/1512.04533
https://dx.doi.org/10.1103/PhysRevD.94.015019
https://arxiv.org/abs/1604.06800
https://dx.doi.org/10.1103/PhysRevLett.116.011301
https://dx.doi.org/10.1103/PhysRevLett.116.011301
https://arxiv.org/abs/1504.07237
https://dx.doi.org/10.1142/S021773231550128X
https://arxiv.org/abs/1503.07216
https://dx.doi.org/10.1016/0550-3213(94)90211-9
https://dx.doi.org/10.1016/0550-3213(94)90211-9
https://arxiv.org/abs/hep-ph/9307230
https://dx.doi.org/10.1103/physrev.87.688
https://dx.doi.org/10.1103/PhysRev.78.29
https://dx.doi.org/10.1103/PhysRev.78.29
https://dx.doi.org/10.1103/PhysRevC.76.014005
https://arxiv.org/abs/0705.2885
https://dx.doi.org/10.1007/JHEP05(2016)046
https://arxiv.org/abs/1509.01598
https://dx.doi.org/10.1103/PhysRevLett.109.021301
https://arxiv.org/abs/1206.2644
https://dx.doi.org/10.1103/PhysRevD.96.043017
https://arxiv.org/abs/1703.00910



