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We investigate how the speed of propagation of physical excitations is encoded in the coefficients of
five-point interactions. This leads to a superluminality bound on scalar five-point interactions, which
we present here for the first time. To substantiate our result, we also consider the case of four-point
interactions for which bounds from S-matrix sum rules exist and show that these are parametrically
equivalent to the bounds obtained within our analysis. Finally, we extend the discussion to a class

of higher-point interactions.

INTRODUCTION

Fundamental interactions are universally character-
ized, at low enough energies, by the relevant field degrees
of freedom, relevant energy scales and by the symme-
tries that govern the dynamics. This effective field theory
(EFT) characterization allows to describe low energy pro-
cesses with a given precision by specifying the coefficients
of a finite number of interaction operators. Faced with
the vast parameter space of yet undetermined coefficients
that describe fundamental interactions in nature, an im-
portant and ambitious task is to develop a systematic
understanding of how key dynamical features manifest at
the level of these coefficients. A remarkable example of
such manifestation is given by unitary, Lorentz-invariant
effective field theories that respect microcausality, i.e.
(anti)commutation of operators evaluated on space-like
separated regions. These theories do not admit arbitrary
coefficients for large classes of low-energy interactions,
see e.g. [1-3]. More in detail, in these theories one
expects the S-matrix to be an analytic function of the
center of mass energy invariant, aside for particle pro-
duction branch cuts and simple poles, as well as possible
anomalous thresholds [4], see e.g. [5] for a pedagogic re-
view. This property, together with crossing symmetry
and boundedness of the S-matrix elements implied by
unitarity, allows to constrain the coefficients of certain
low-energy interactions through sum rules. For two-to-
two S-matrix elements, this constraints impose either the
positivity or relative boundedness of the coefficients char-
acterizing the low energy 4-point interactions [6-8]. Be-
yond two-to-two S-matrix elements little is known. The
crossing and analytic properties of the S-matrix are less
transparent for higher-point processes [9-11], making it
more difficult to obtain sum rules [12, 13].

While the principles underpinning the S-matrix sum
rules characterize both low-energy (IR) and high-energy
(UV) processes, similar constraints to those extracted
from the S-matrix elements can be derived without any
apparent statements regarding UV physics. This, by re-

quiring that low energy excitations should not propagate
faster than light [14-17]. Although the relation between
these two different sets of bounds is not rigorously under-
stood, their similarity can be traced back to how micro-
causality determines both the analyticity of the S-matrix
elements and the absence of superluminal propagation at
low energies [2, 3].

In light of this, one can sidestep obstacles in the sum
rules and make progress in charting the parameter space
of interactions by studying superluminality at low ener-
gies. Here we follow this idea and investigate how the ab-
sence of superluminality constrains 5-point interactions,
finding for the first time a two-sided bound on quintic
derivative interactions.

For simplicity, we consider the case of a real, shift-
symmetric scalar field with derivative self-interactions as
a proxy for more phenomenologically relevant systems.
Bounds on some of the 4-point interaction coefficients
appearing in these effective theories have already been
derived through S-matrix sum rules, see e.g. [7, 8, 18], as
well as considering superluminality at low energies [15].
The results from S-matrix sum rules in this context can
be interpreted in terms of symmetries compatible with
microcausality and Lorentz invariance. In particular, at
the level of four-point interactions, the S-matrix analysis
implies that the Galileon symmetry of the scalar, ¢ —
¢+a+b,zt [19], with a, b, constants, is not compatible
with the sum rules and that the Galileon invariant 4-
point interactions should be subleading with respect to
the Galileon breaking ones in the EFT.

In the following we study superluminal propagation on
the simplest possible scalar field background. We derive
bounds on 4-point interactions that are parametrically
equivalent to those found in the literature. We then de-
rive the central result of this work, a bound on 5-point
interactions. This bound states that also at 5-point,
Galileon symmetry is not consistent with microcausality.
We finally generalize the bounds beyond Galileon oper-
ators and extend the analysis to a class of higher-point
operators.
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EXTRACTING TIME-SHIFTS FROM THE
ACOUSTIC METRIC

We start by considering the following Lagrangian:

L= —%{@@2—%%(8@4+c3<8¢>25¢+04<8¢>2E4

+C5(6¢)2E5} +..., (1)

where the coefficients ¢; are dimensionful, e.g. ¢ ~ A3 4
c3 ~ A;g, cq ~ Agﬁ, cs5 ~ Agg (with Ag 3 some en-
ergy scales), while £, = (0¢)? — (0°¢)? and E; =
(Og)? — 30¢(02¢)? + 2(0%¢)>. Dots indicate other oper-
ators which we assume to be suppressed by smaller coef-
ficients and therefore negligible. In the following, we will
adopt the notation II,, = 0,0,¢. In this Lagrangian
the Galileon symmetry is only broken by the c¢o contri-
bution. The shift-symmetry of the field, ¢ — ¢ + a,
is instead unbroken, leaving the scalar massless. In this
theory, we consider a perturbation ¢ propagating on a
background ¢. By linearizing the equation of motion
with respect to ¢, and considering a plane-wave ansatz
¢ = Aexp(—ik,z"), we obtain the following [20]:

0 = Z"kuk, —iD"k, , (2)
where the acoustic metric is:

Zuw = (1 = c2(00)* + 2¢300¢ + 3c4 By + 45 Es) 10
—2co 8H¢ Oy — 2 (63 + 3eq o + 6C5E4) HHV
46 (ca + 4es00) T, 11, — 24¢5 11, 11T, (3)

while DV = —cy (40, 011" 4 20¢0" ¢) brings in general
dissipation or enhancement of the perturbations but can
be neglected if propagation takes place over short enough
distances, as we will discuss below. If this is the case, one
can solve Z""k,k, = 0, and for a diagonizable Z"" get:

w? =2k (4)
Focusing on a single direction, we will assume ¢; = 1+dc,
with |d0c| < 1. Superluminality will then correspond to
time-like k&, and wavefronts that propagate outside the
lightcone: "k, k, = —w? + k2 ~ —26c k2, were we are
neglecting O(d¢?) corrections.

With this, when a signal propagates through a region
of size L in the background ¢, it will accumulate a phase-
shift from which one can extract the following time delay
or advance [21]:

L 1 = 1
AT:/ dx (——1) :—/ d:v&c—l—O(—) ,(5)
0 Cs 0 AUV

where Ay is the cutoff of the EFT, which limits the ac-
curacy of the computation of the phase-shift, and cannot
be larger than the strong-coupling scale, Ayy < Az. It

~

follows that we have a robust prediction of superluminal-
ity whenever we find

1
<

AT < Aov (6)
This uncertainty is due to lack of precision in the EFT,
rather than to the time-localization of the probe. Indeed,
one could imagine interferometric measurements of the
phase-shift whose precision would not be limited by the
probe’s frequency.

To keep our analysis as simple as possible, in the follow-
ing we will consider backgrounds in which II*, = 9*0, ¢
is a constant, diagonal matrix. This means that, aside for
the co contribution, the acoustic metric will also be in a
diagonal form: Z*, = (14 A)é*, + By I1*, + By (II*)* +
Bs (I3)# | —2¢2 0*$ 9, ¢, with 9,¢ = I1,,, 2" given a suit-
able choice of coordinates. Note that instead, choosing a
background with constant gradient d,¢ = b, straightfor-
wardly leads to the positivity bound ¢z > 0 [2].

Before closing the section, we remark that one could
further study whether the Null Dominant Energy Con-
dition (NDEC) [22] is satisfied by the backgrounds con-
sidered. NDEC violation would diagnose superluminal
transport of energy in the background, further reducing
the space of coefficients that are compatible with micro-
causality. However, by inspection of the Stress-Energy
tensor, we see that the NDEC violation can only lead to
bounds parametrically similar to the ones we derive in
this work.

SUPERLUMINALITY IN QUARTIC
INTERACTIONS

We can start analyzing how the interplay between the
different quartic interactions can give raise to superlumi-
nality when higher derivative Galileon-like interactions
become larger than lower derivative shift-symmetric in-
teractions. In practice, let us start by assuming that only
co and ¢4 are non zero. We will discuss in a later section
how ¢3 contributions enter this picture, obtaining bounds
on the same combination of ¢4 and ¢ as the one bounded
by S-matrix sum rules [23]. We will work in the perturba-
tive regime in which (c4I12 = €4, c2(9¢)? = €2) Se < 1.
These conditions, together with limiting the frequency of
perturbation to low enough values, grant that the back-
ground will satisfy the Null Energy Condition (NEC) and
that no ghost instabilities will appear. With this setup,
Eq. (3) leads to:

ZMkuky, = (1+ 2c2(09)* + 3caEq)k? — 2c2(x-11-k)?
+6c4k-TI-I1-k + O(€?) | (7)

where we are using the approximate equation of motion
for the background n**II,,, = O(€). The linear-in-k term
instead takes the form:

iDPky, = —dicyz-TI-11-k . (8)



On the constant IT background, at leading order in e
this term produces an imaginary part in the frequency
of perturbations, schematically Im(w) ~ coll?2z. The
consequent instability leads to enhancement or depletion
of perturbations which however will always be negligi-
ble when considering propagation over small enough re-
gions. We will verify below that superluminality ensues
within regions that are small enough for this to be the
case. Therefore, we can solve Z,, k"k" = 0, and from
this dispersion relation we can derive the soundspeed de-
viation from lightspeed. For instance, for a perturbation
with momentum k, = (—cski,k1,0,0) traveling along
xt = (x1/cs,21,0,0) + O(€), we find:

oc = —02:17%(1_[00 +103,)2 + 364(—1_[%0 + H%l) +0(%) .(9)

Along this trajectory, our perturbative approximation re-
mains valid for a finite length L,,,. such that cp(9¢)? =
€ L 1:

1/2
€2

(2 TGy — 13, )12

Loz = (10)
Since Im(w)z =~ c2(0¢)?, restricting our solution to a
region of size L4, also grants that the instability can
be neglected. Outside of this region we can imagine the
background to change in such a way to quench the insta-
bility, e.g. turning into IT = 0. With this, using Eq. (5),
we find the time-shift accumulated with respect to a ligh-
tray:

C
AT = éLf’mz(Hoo +10111)% = 3caLoman (1120 + 112))
+O0(Limaz€?) . (11)

From this expression we can readily derive the positivity
bound ¢y > 0, by considering the case in which Ilpy ~
II;;. To inspect other cases, it is useful to parameterize
the background as:

2

A (l/2
|—H§O+H§1|:g . with A~ 22— (12)

Lmax

and (Igg — I11)% = a’;—; . Choosing also €4 = c4(—1I3, +
I12,), we find:

AT = Linas (%62 - 364) . (13)

From this we find that regardless of the sign of ¢4, there
are backgrounds for which one has a robust estimate of
superluminality when

A 1 e
2 > e B
|ca|A* 2 co <AUV 3%/2 + 9 ) , (14)

which is well compatible with the condition of perturba-
tivity €4 < 1. Neglecting the second term and choosing
€ ~ 0.1, the bound to avoid superluminality becomes:

1
3Lmam '

lealAApy Se2 . A~ (15)

Since A can be pushed towards Ayy at the expense of
perturbative ease, this bound is parametrically equiva-
lent to the one found in [8, 18].

SUPERLUMINALITY IN QUINTIC
INTERACTIONS

We now consider the main case of interest, in which
the quintic interaction has a possibly large coefficient cs.
For simplicity, we neglect c3 and ¢4, keeping only track of
the positive co, and we work in the perturbative regime in
which (c511% = €5, c2(909)? = €2) < e < 1. In this case,
evaluating the acoustic metric on the background ¢ and
contracting it with the 4-vector of a generic perturbation
we find:
Z’ul/k#ky == (1 + 262(8¢)2 + 4C5E5)I€2 - 262($'H'k)2
—12¢5(Egk-T1-k + 2k-T1-T1-11-k) + O(€?), (16)
where again we are using the approximate equation of
motion for the background. With the same notation
as in the previous section, for a perturbation with mo-

mentum k, = (—csky1,k1,0,0) traveling along z# =
(x1/cs,21,0,0) + O(€) we obtain:
oc = —ngg (Hoo + H11)2 + 665(t1‘[H2](H00 + Hll)
—2(II5o +115;)) + O() (17)

where tr[[1?] = I3, + I13, + I3, + I13; . From this, we
see that as in the previous case the Galileon contribution
can lead to superluminal speed regardless of the sign of
¢s. Similarly to before, Ly,q. is given by Eq. (10). Inter-
estingly, in contrast with the case of the quartic interac-
tion, the c5 contribution is not proportional to 113, —I1%,,
meaning that one could make the co contribution small

without suppressing the overall time advance. Rewriting
1/2
the II? coefficient of ¢5 as 0{2}% , with again A ~ ;2

max

we have:
3

max 3—/2
Cy

AT = 213

3 max

(Iloo + M11)* — 6es5L + O(e?) (18)

Since we are working in perturbation theory, we can make
IToo + 111 as small as O(e) . In this case the ¢o contribu-
1/2

/
tion scales as € Loay, With Lpas ~ €2A . Therefore we

find superluminality as soon as:

3?2 A
les|A° 22— — st o) | - (19)
6 AU\/EQ
Similarly to the quartic case, this prediction of super-
luminality is obtained well in the perturbative regime
€5 < 1. Therefore, the requirement of absence of super-
luminal propagation can be read as the following para-
metric bound:
1/2
A~ 2

Lmaz

les|A2Apy < /2 (20)



This is a novel two-sided bound on 5-point interactions.
Similarly to the case of 4-point interactions, this bound
parametrically states that 5-point interactions cannot
display weakly broken Galileon symmetry unless micro-
causality is broken.

FIELD REDEFINITIONS AND DEGENERACY
OF THE COEFFICIENTS

In the previous sections we have studied cases in which
c3 was set to zero. However, we can discuss the cases in
which c¢3 is present by means of a field redefinition. We
find that the specific choice:

© G ano | OB o0 g0 oo
0 = ¢+ 5 (00 + 5 000900
+ 2 (0b 02602600+ L0600 . 1)

where 93p(0h)3 = OHvP g aqu 0, Bpé , maps the Galileon
invariant Lagrangian with coefficients {cs,cq,c5} to
another Galileon invariant Lagrangian without cubic
Galileon term:

2 3
0_3705—03044-033 }(22)

{e3, 4,05} — {0704— 5

These combinations are those typically found in 4-pt and
5-pt amplitudes [23, 24]. The field redefinition will also
give rise to higher derivative 6 and 7 fields interactions,
whose contribution is suppressed in the dispersion rela-
tion as long as k is small enough. In this new field frame,
we will find results similar to those discussed in the pre-
vious sections. When the quintic interaction is negligible
with respect to the quartic we will have, parametrically:

2

C
C4——3

5 Ay Sea (23)

If we exploit the non-renormalization properties of
Galileons [25] to tune the coefficients ¢3 and ¢4 so as to
make the quartic interaction suppressed and negligible,
cy = c3/2, we will have the following parametric bound:

Ay <6l (24)

&
Cy — —
6

In particular, this bound restricts the coefficients cs, ¢4
even when their contribution to four-point amplitudes is
negligible.

Examining the computation in the original field frame,
one finds a contribution linear in c3 to the dispersion
relation. Despite this, ¢z enters the phase-shift starting
at quadratic order. Even more, it can be shown that
this observable is sensitive only to the coefficients in the
combinations of Eq. (22). This originates from the same
dynamical redundancy that makes possible to remove the

cubic Galileon interaction with a field redefinition, and
confirms the intuition that the phase-shift inherits the
field reparametrization invariance of the S-matrix.

Another way to understand this is by rephrasing the
problem of the propagation of the high frequency fluctua-
tions in geometrical terms, provided the term D*0,,¢ can
be neglected. In this regime, the quadratic action takes
the form of a free massless scalar field in curved space
with effective metric G, such that V-GG 1w = gn,
The optical path of a scalar perturbation is given by the
G-null geodesics described by k* = G=1#k, :

kv Sk =0, (25)

with V& the covariant derivative compatible with G,
[26]. In this description, Shapiro-like time differences be-
tween neighboring geodesics are associated with a non-
vanishing curvature R*,,,(G), which contains no linear
in c3 contribution.

GOING BEYOND GALILEONS

It is worth considering how the previous analysis ap-
plies to other shift-symmetric, but non-Galileon invari-
ant operators. Consider quartic and quintic operators
schematically of the form

a0%¢t . &0°%9° (26)
with the same power counting as their Galileon counter-
parts but with different contractions. While these oper-
ators lead to higher-than-second-order equations of mo-
tion, in the EFT framework they can be treated consis-
tently at low energies (E < 521/6,65_1/9). For the dis-
persion relation, this means that any new roots for w(/g)
lie above the cutoff scale, while the low energy ones get
only perturbatively modified.

The above operators can lead to a non-zero Galileon-
like contribution, plus higher-order terms which add k
dependent pieces to the soundspeed that can a priori
become dominant. However, most of the contributions
beyond the Galileon-like one are either: (a) proportional
to k,k* ~ 0, (b) proportional to ¢ ~ 0, (c) containing
derivatives acting on II = const, or (d) odd-in-k, and
then purely imaginary. In any of these cases, their effect
on cs will be negligible in the perturbative regime.

For the quartic operators, those are all the contri-
butions aside for the Galileon-like term. When this is
present, the soundspeed is given just by substituting
¢y — ¢4 in Eq. (9). In this case, we conclude that the
bounds discussed before on the quartic Galileon operator
also apply here with no changes. From the S-matrix per-
spective, this follows from the fact that there is only one
contribution to the on-shell 4-point scattering amplitude
at this order in derivatives.



Turning to five-point interactions, there is a new rele-
vant k% contribution to the dispersion relation:

&5 (T 0% 9°¢) kykykaks + O(e) . (27)

However, being proportional to (9¢ - k)? this contribu-
tion can be made O(e) suppressed with respect to the
Galileon-like contribution by taking I1og ~ —II1;. In this
way, we find that our bound on quintic interactions is also
applicable beyond the Galileon-symmetric case, provided
a ¢5(I1,,)% term is present. Furthermore, the contribu-
tion in Eq. (27) could make the bounds even stronger,
although we can expect them to remain parametrically
similar, since no physical scale separates k from A.
Before concluding, we consider the case of Galileon-like
operators with higher number of fields, such as:

ca(09)*T1" 2, (28)

with n > 6. In the presence of c2(99)?*, ¢, will give a
contribution to the time-shift of order

An—2
enLimazr——=75 (1 + (ELpaz)?) + O(€?) . (29)

c;n—?) /2
Then, if the combination of constant background I1"~2
can consistently get both signs, we will get the following
two-sided bounds:

len| A" 3 Apy < D2 (30)

DISCUSSION

In this letter we studied how the presence of super-
luminal propagation at low energies is reflected in the
coefficients of 5-point interactions. In the case of a self-
interacting scalar field, we derived two-sided bounds on
these coefficients by computing the time advance accu-
mulated by a scalar perturbation traveling through a re-
gion with a given background. Our analysis is made par-
ticularly straightforward by considering propagation on a
finite region over which both the background and the dy-
namics of perturbations have a simple description. This
simplicity comes at the expense of the sharpness of our
bounds, which despite being robust are only paramet-
rically precise. For concreteness, we derived explicitly
the bound on the quintic Galileon interaction, Eq. (20),
extending them later to other shift-symmetric 5-point
scalar self-interactions having the same number of deriva-
tives, Eq. (26). These bounds state superluminality will
appear when these quintic interactions are large com-
pared to the shift symmetric quartic ones. If we write
ca ~ 1/A%, c5 ~ 1/AJ, then the bound can be read para-
metrically as stating that A3 > ASAY,,. This means
that a situation of (weakly broken) Galileon invariance,
in which Ag is low compared to the other scales, is not

compatible with microcausality at the level of 5-point in-
teractions.

Besides 5-point interactions, we considered 4-point in-
teractions and showcased how our simplified analysis can
reproduce the existing constraints arising from S-matrix
sum rules in this context.

Moreover, we argued that Galileon-like interactions
with higher number of fields should be compatible with
microcausality only when Eq. (30) holds. These results
go in the direction of deriving a definitive statement
about Galileon symmetry. However, that would require
deriving bounds on the coefficients of all higher derivative
operators as well, a task that we leave for future work.

In conclusion, it will be interesting to employ the sim-
ple analytic strategy presented here to investigate other
classes of interactions, both at higher-points and in con-
texts more relevant for phenomenology.
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