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Abstract
The Laser Interferometer Space Antenna (LISA) has two scientific objectives of cosmological focus: to
probe the expansion rate of the universe, and to understand stochastic gravitational-wave backgrounds
and their implications for early universe and particle physics, from the MeV to the Planck scale. However,
the range of potential cosmological applications of gravitational wave observations extends well beyond
these two objectives. This publication presents a summary of the state of the art in LISA cosmology,
theory and methods, and identifies new opportunities to use gravitational wave observations by LISA to
probe the universe.
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Introduction

Contributors: R. Caldwell, G. Nardini.

The Laser Interferometer Space Antenna (LISA) [1] is a planned space-borne gravitational wave (GW)
detector that will open a new frontier on astrophysics and cosmology in the mHz frequency band. This
European Space Agency-led mission includes participation by ESA member countries and significant contributions from NASA and the US, as well as from several other Countries. Phase A work is on track for
mission adoption in mid 2020s, and is compatible with a launch in the mid 2030s.
LISA will consist of a trio of satellites, located at the vertices of an equilateral triangle, in an Earth-trailing
heliocentric orbit. The 2.5-million km distances between the satellites will be monitored using precision laser
interferometry to detect passing GWs. Here we consider a nominal mission of six years with a duty cycle
of around 75%, although we understand that the instruments will be engineered to a specification that will
enable a possible extension.
LISA will be sensitive to GWs from a wide array of sources [1]. A primary target will be the inspiral and
merger of massive binary black holes (MBBHs), ranging in masses 104 − 107 M , at redshifts out to z ∼ 10.
A significant foreground signal will be the many galactic white dwarf binaries, each effectively a monotone
source.
By the time LISA launches, the state of GW observation will have evolved. The extended Advanced Laser
Interferometer Gravitational Wave Observatory (LIGO), Advanced Virgo, and Kamioka Gravitational Wave
Detector (KAGRA) family of ground-based GW detectors will have begun implementing third-generation
technology demonstration upgrades. The network of pulsar-timing radio telescopes will have grown to include
the Square Kilometer Array (SKA). Yet, LISA will be different from its predecessors. The size of the detector
will enable access to a completely fresh part of the GW spectrum, leading to observations of new astrophysical
sources as well as a new window on primordial stochastic gravitational wave backgrounds (SGWB). Many
sources will produce overlapping signals, owing to the improved sensitivity. Extracting individual sources
and events, and discriminating from an unresolved hum, will be part of the challenge.
According to the mission proposal [1], LISA has two main scientific objectives of purely cosmological
bearing. The first is to probe the expansion rate of the universe, with specific requirements to measure the
dimensionless Hubble parameter by means of GW observations alone, and further to constrain cosmological
parameters through joint GW and electromagnetic (EM) observations. The second such objective is to
understand SGWBs and their implications for early universe and particle physics. This will entail the
characterisation of the astrophysical SGWB, and subsequently a measurement or bound on the amplitude
and spectral shape of a cosmological SGWB. There are further scientific imperatives to use LISA to explore
the fundamental nature of gravity and to search for unforeseen sources with relevance for cosmology. There
is a wealth of cosmological information that may be extracted from LISA observations.
We start with Secs. 2 and 3 on standard sirens and weak gravitational lensing; these are “sure bets” for
LISA, based on our current understanding of source populations. These sections are directly related to LISA
science objective SO6 “probe the rate of the expansion universe” [2]. They also identify new opportunities to
derive cosmological information from GW astrophysical sources, in connection with LISA science objectives
SO1, SO2, SO3 and SO4, which are devoted to understanding the galactic and extragalactic astrophysical
source populations [2]. We follow with sections on more speculative topics, which are potentially profound
and revolutionary. Sec. 4 discusses the constraints on modified gravity theories that may be achieved through
measurement of GW sources at cosmological distances. Results on this research subject are aligned with
LISA science objectives SO5 “explore the fundamental nature of gravity and black holes” as well as the
aforementioned SO6. Sec. 5 introduces the theoretical foundations, observables, and conventions relevant for
subsequent sections. Sec. 6, Sec. 7 and Sec. 8 describe predictions of SGWBs sourced by first-order phase
transitions, cosmic strings, and inflationary processes. Sec. 9 explores how these diverse SGWB signals
convey unique information on the expansion rate of the universe at redshift ∼ 1000 or higher. These latter
four sections touch on topics that are crucial for LISA science objective SO7 “understand SGWB and their
implications”. Inflation not only leads to a SGWB but also to density perturbations which may give rise to
the formation of primordial black holes (PBHs), which is the subject of Sec. 10. Finally, Sec. 11 and Sec. 12
present existing or planned tools and methods to analyse the GW signals discussed in the previous sections.
Such tools and methods potentially constitute key deliverables for SO1-SO7 as well as LISA science objective
8

SO8 “search for GW bursts and unforeseen sources”.
Certain topics of cosmological interest are intentionally omitted from this document: dark matter particles, some tests of general relativity (GR), waveform uncertainties, astrophysical backgrounds, and the
astrophysics of discrete sources such as MBBHs. These and related topics are covered by the living reviews
maintained by the LISA Astrophysics [3], Data Challenge [4], Fundamental Physics [5] and Waveform Working Groups [6]. Such reviews complement the picture presented herein, by the Cosmology Working Group.
The goal of all these documents is to both identify LISA science objectives and corresponding work packages,
and to alert the scientific community about novel research opportunities, or potential gaps. The tests of
general relativity of Sec. 4 and PBH science of Sec. 10 are exemplary cases of why these living reviews are
needed. The original LISA proposal [1] makes no mention of these science investigations. But in recent
years, as the subjects have evolved, a set of new science objectives have been proposed to cover them. The
possibility that similar situations arise again justifies the effort and interest for living reviews that report on
the thrilling, blooming, and fast-evolving LISA science.
Hereafter, we include a table of the acronyms used in this document.

9

Acronym
BAO
BBH
BBN
BBO
BH
BNS
BSM
CE
CP
CMB
CPL
DECIGO
DE
DES
DESI
EDM
E-ELT
EFT
EM
EMRI
EoS
ET
EWPT
FLRW
FOPT
GB
GW
GR
IMBBH
IMS
IR
KAGRA
KiDS
ΛCDM
LIGO
LISA
LSS
MBBH
MBH
MCMC
MHD
NG
PBH
PISN
PLS
ppE
PTA
RD
QCD
SGWB
SKA
SM
SNR
SOBH
SOBBH
TDI
UV

Definition
baryon acoustic oscillations
binary black hole
big bang nucleosynthesis
Big Bang Observer
black hole
binary neutron star
beyond the standard model of particle physics
Cosmic Explorer
charge parity
cosmic microwave background
Chevalier-Polarski-Linder
DECihertz Interferometer Gravitational wave Observatory
dark energy
Dark Energy Survey
Dark Energy Spectroscopic Instrument
electric dipole moment
European-Extremely Large Telescope
effective field theory
electromagnetic
extreme mass ratio inspiral
equation of state
Einstein Telescope
electroweak phase transition
Friedmann–Lemaı̂tre–Robertson–Walker
first-order phase transition
galactic binary
gravitational wave
general relativity
intermediate-mass binary black hole
interferometry metrology system
infrared
Kamioka Gravitational Wave Detector
Kilo-Degree Survey
cosmological constant plus cold dark matter
Laser Interferometer Gravitational Wave Observatory
Laser Interferometer Space Antenna
large scale structure
massive binary black hole
massive black hole
Markov Chain Monte Carlo
magnetohydrodynamic
Nambu Goto
primordial black hole
pair-instability supernova
power law sensitivity
parameterized post-Einsteinian
pulsar timing array
radiation domination
quantum chromodynamics
stochastic gravitational wave background
Square Kilometer Array
standard model of particle physics
signal-to-noise ratio
stellar-origin black hole
stellar-origin binary black hole
time domain interferometry
ultraviolet

Table 1: Commonly used acronyms.
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2

Tests of cosmic expansion and acceleration with standard sirens

Section coordinators: J.M. Ezquiaga, A. Raccanelli, N. Tamanini. Contributors: D. Bacon, T. Baker, T. Barreiro,
E. Belgacem, N. Bellomo, D. Bertacca, C. Caprini, C. Carbone, R. Caldwell, H-Y. Chen, G. Congedo, M. Crisostomi, G. Cusin, C. Dalang, W. Del Pozzo, J.M. Ezquiaga, N. Frusciante, J. Garcı́a-Bellido, D. Holz, D. Laghi,
L. Lombriser, M. Maggiore, M. Mancarella, A. Mangiagli, S. Mukherjee, A. Raccanelli, A. Ricciardone, O. Sergijenko, L. Speri, N. Tamanini, G. Tasinato, M. Volonteri, M. Zumalacarregui.

2.1

Introduction

Broadly speaking, to learn about the universe and its cosmic expansion we need to measure distances and
times. GW astronomy offers a unique perspective in this matter, since the signal emitted by a compact
binary coalescence is well predicted by GR. Namely, the amplitude of the GW is inversely proportional to its
luminosity distance and it only depends on the masses and orbital inclination of the binary system source.
Since cosmological propagation at the background level (namely, excluding the effect of perturbations over
the Friedmann–Lemaı̂tre–Robertson–Walker (FLRW) geometry) only changes the overall strain amplitude,
one can use the frequency evolution of the GW to unveil the masses of the compact binary and the relative
amplitude of the two GW polarisations to estimate the orbital inclination, obtaining thus a direct and
absolute measurement of the luminosity distance. However, GW signals alone do not provide a way to relate
the time (of merger, for example) in the observer frame to the one in the source frame. To access this
information, one needs an independent determination of the redshift of the source. In such a case the GW
signal from compact binary coalescence can be considered a standard siren [7], namely a cosmological event
for which a distance measurement and complementary redshift information are both available. For example,
the binary neutron star (BNS) merger GW170817, observed by the Advanced LIGO and Advanced Virgo
detectors jointly with several EM facilities which spotted associated EM emissions, has already been used as
a proof-of-principles, low-redshift measurement of H0 [8]. On the other hand, massive black holes (MBHs)
seen by LISA with an EM counterpart could be used to map the cosmic expansion up to high redshift [9–12].
In this section we will present the different standard sirens that LISA will detect and the information
about the cosmological model that they will provide. The section is organized as follows. We begin by
describing the concept of standard siren in Sec. 2.2, detailing the expected LISA bright and dark sirens.
We then consider the constraints that could be placed in the standard cosmological constant plus cold
dark matter (ΛCDM) cosmological model in Sec. 2.3. Subsequently, we explore LISA capabilities to probe
different dark energy (DE) models in Sec. 2.4. Next, we show the synergies of LISA with other EM and
GW observatories in Sec. 2.5. Finally, we describe the benefit of cross-correlating LISA data with large-scale
structure surveys in Sec. 2.6.

2.2

Standard sirens

GW signals from compact binary coalescences are natural cosmic rulers because of the inverse dependence of
GW
the strain with the GW luminosity distance, h ∝ 1/DL
. In GR and over a Friedman-Lemaı̂tre-RobertsonWalker (FLRW) background, the GW luminosity distance is given by
" Z p
#
z
|Ωk | 0
c (1 + z)
GW
p
dz ,
(1)
sinn H0
DL =
0
H0 |Ωk |
0 H(z )
where sinn(x) = sin(x), x , sinh(x) for a positive, zero and negative spatial curvature respectively. Assuming
a ΛCDM cosmology, the Hubble parameter is a function of the matter content Ωm , the curvature Ωk and
the amount of DE ΩΛ (radiation at present time is negligible)
p
H(z) = H0 Ωm (1 + z)3 + Ωk (1 + z)2 + ΩΛ .
(2)
LISA will attempt to measure H0 , Ωm , Ωk and ΩΛ using sirens.
GW observations themselves, however, do not provide direct information about the redshift. Therefore,
in order to be able to probe the cosmological evolution we need additional input. In the case in which the
11

redshift of the GW source is directly obtained from an EM counterpart, we will refer to the source as a bright
siren. A beautiful example of this kind of multi-messenger event was the LIGO/Virgo event GW170817 [13],
which provided the first standard siren measurement of H0 [14] (see [15] for an update on the measurement
of H0 from standard sirens). As we present in Sec. 2.2.1, LISA will be sensitive to very different bright
sirens, but the concept remains the same. On the other hand, when the redshift information is obtained
from an analysis that does not include EM counterparts, we will refer to the GW sources as dark sirens. In
Sec. 2.2.2 we will present different dark siren classes that LISA will detect and which can be used to obtain
cosmological information by cross-matching the sources with galaxy catalogues and looking for correlated
features in the mass distribution.
Modern analyses of standard sirens are based on Bayesian inference. We refer the reader to Sec. 11.1 for
a glimpse at the actual statistical tools LISA will use and a detailed discussion of their associated systematic
uncertainties. In what follows we focus mostly on the different GW sources and their potential as standard
sirens. LISA will detect three types of potential standard siren populations: MBBHs at 1 . z . 8, extreme
mass ratio inspirals (EMRIs) at 0.1 . z . 1 and SOBBHs at z . 0.1. An example of the expected Hubble
diagrams from these three different standard sirens populations can be found in Fig. 1. The details regarding
each of these populations will be presented in the following.
2.2.1

Bright sirens: MBBHs with electromagnetic counterpart

LISA will detect the coalescence of MBBHs up to redshift z ' 15–20. However, the mass and redshift
distributions of the events are still uncertain. Currently, our knowledge of MBHs is limited to cases where
either an active galactic nucleus is present or to quiescent MBHs in nearby galaxies [16–18]. The population
of MBBHs accessible by LISA might be considerably different from our current expectations. Several groups
have attempted to address this question with hydrodynamics simulations [19–21] or semianalytic formation
models [22–26]. While the former are able to handle more naturally hydrodynamical, thermodynamical, and
dynamical processes, the latter are computationally efficient and can be used to explore a larger parameter
space.
Two main sources of uncertainties affect the expected redshift and mass distribution of merging MBBHs:
black hole seeding and delay time prescription [27]. If MBHs grow from the remnants of metal-poor
population-III stars, the population of MBBHs accessible by LISA is expected to peak at the total mass
Mtot ' 103 M . However if MBHs arise from the monolithic collapse of gas in protogalaxies, the mass distribution is expected to range from 104 M up to few 107 M . We note that additional formation mechanisms
have been proposed and that they would further modulate the distribution of merging MBHs. Moreover,
delay times, between the merger of two galaxies and the merger of their central MBHs, shape the redshift
distribution, with short delays leading to more mergers at higher redshift. Further uncertainties arise from
the gas inflow to the halo centre, its efficiency and the geometry of accretion. Even if LISA will be able to
distinguish different formation scenarios [28], the aforementioned uncertainties reflect in a broad interval for
the number of events detected and their distributions (e.g. mass, mass ratio, spins, redshift).
Combining these uncertainties, LISA should be able to detect between a few and several tens of MBBH
events per year [27]. Multiple-body interactions among a MBH binary and one or more intruder MBHs,
arising naturally from the hierarchical galaxy formation process, might still produce ' 10 − 20 events per
year [29].
LISA will also provide exquisite accuracy on MBBH parameters. For the search of a possible EM
counterpart, the sky position accuracy is of paramount importance. Taking into account the full inspiralmerger-ringdown GW signal, MBBHs from few 105 M to few 106 M can be localised within 0.4 deg2 up
to z ' 3 [30], but with high accuracy obtained only at merger. For these sources the posterior on the sky
position is expected to be Gaussian; however, for more massive and distant sources, the recovered sky position
is expected to present multimodalities [31]. For heavy systems with total mass M tot > 107 M the ringdown
portion of the signal might carry most of the information for the source localisation [32]. For cosmology
applications, also the estimate on the luminosity distance plays a fundamental role: due to the typical large
signal-to-noise ratio (SNR) value for these sources, LISA should be able to constrain the luminosity distance
to better than 10% for most of the events at z < 3 [10].
If MBBHs evolve in gas-rich environment, EM radiation might be produced by the accretion of gas onto
the MBHs close to or after merger. The orbital motion of the binary is expected to open a cavity in the
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circumbinary disk. Hydrodynamical simulations show that minidisks generally form around each BH from
the stream of gas from the circumbinary disk [33, 34].
This leads to pre-merger EM emission across all wavelengths [35], which can be identified if the premerger sky localisation is good [36]. In the optical band, the Vera C. Rubin Observatory (formerly known
as Legacy Survey of Space and Time) [37] will reach a magnitude limit of 24.5 in 30 s of pointing over a
field of view of ' 10 deg2 . This survey speed enables the Vera C. Rubin Observatory to cover a sky area of
' 100 deg2 allowing for possible pre-merger EM detection, though the number of detected counterparts is
expected to be low [10]. At or after merger, several transients have been proposed, from spectral changes
and brightening [38, 39] to jets [40–42]. In X-ray, Athena [43], with a field of view of 0.4 deg2 and a limiting
flux of ≈ 3 × 10−16 erg cm−2 s−1 in 100 ks, will be optimal to search for possible post-merger signatures.
Similarly in radio, SKA [44] will observe the launch of putative post-merger radio jets with an initial field
of view of 1 deg2 .
A counterpart detection strategy has been proposed [10] consisting in first localising the source in the
radio with the SKA, and subsequently to proceed to a redshift determination of the host galaxy in the optical
with the Extremely Large Telescope [45]. This strategy is more promising than direct optical identification
with the Vera C. Rubin Observatory. Depending on the seed and dynamical evolution models, LISA will
detect between ' 10 and ' 25 MBBH events with EM counterpart during a mission assumed to be of five
year [10]. These estimates are however affected by several astrophysical uncertainties that have as yet not
been properly characterised. It is, however, robust to expect that MBBH bright sirens will all be detected at
relatively high redshift: one study finds standard sirens distributions peaking at around z ∼ 2 − 3 [10, 11].
Therefore, MBBH bright sirens will be of great relevance to test the ΛCDM model, and possible deviations
from it, in a redshift range so far scarcely probed by EM observations. In Secs. 2.3 and 2.4 we review the
cosmological constraints that LISA will be able to impose both at low and high redshift.
2.2.2

Dark sirens: SOBBH, EMRIs, IMBBHs

In addition to observing the EM counterpart of individual events, there are other methods that one can
employ to obtain information about the redshift of the GW source. The most common and widely-used
among these methods relies on statistical matching the inferred position of the GW source with a catalogue
of galaxies with known redshift (see [15] for the application of this method to the Advanced LIGO-Advanced
Virgo-KAGRA data). GW events for which an EM counterpart cannot be identified, but which can still be
used to extract cosmological information statistically, are usually referred to as dark standard sirens. In this
section we outline how dark sirens are treated by correlating galaxy catalogues with the localisation of the
source and using properties of their mass distribution. Generally speaking, dark standard sirens have the
advantage to be applicable to all kind of GW sources for which a distance measurement can be retrieved
(not exclusively those emitting EM counterpart signals), although a large number of them are necessary to
achieve precise measurements through solid statistics.
In the absence of an EM counterpart, redshift information can be extracted by putting a prior on potential
hosts from a galaxy catalogue, assuming that galaxies are good tracers of binary black hole (BBH) mergers.
In order to do that (see more details on statistical methods in Sec. 11.1.2), one associates the GW event with
every galaxy within the 3D localisation error of the event, assigning to each of them a certain probability of
being the true host galaxy of the GW event. In this way, by stacking together the information gathered from
several dark sirens, one can statistically infer the true values of the cosmological parameters. For this method
to be effective, one requires a large number of events to combine statistics or a very small localisation volume.
Errors in the luminosity distance scale with the SNR, ∆DL /DL ∼ 1/ρ, while the localisation depends also
on the duration of the source, since LISA orbital modulation can be used to help disentangle the location in
the sky. One complication is given by the fact that galaxy catalogues are in general not complete, especially
at high redshift. This requires one to include information on the missing galaxies within the catalogue, and
the catalogue prior must be supplemented by a suitable “completion” term [49–52] (again see Sec. 11.1.2
for more details). This aspect will remain a limiting factor until catalogues with very large completeness
are available. The availability of complete galaxy catalogues, small GW localisation regions and accurate
redshift determination (including characterisation of the uncertainty due to peculiar velocities [53–55]), will
be crucial in order for the statistical method to give competitive constraints on cosmological parameters.
At the time when LISA will be taking data, galaxy catalogues will be available from a plethora of current
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Figure 1: Examples of LISA standard siren data sets at different redshift ranges. Data from low-redshift dark sirens,
defined by SOBBHs, are reported in the bottom-left plot (reproduced from Ref. [46]). Data at intermediate redshifts
correspond to EMRIs and are reported in the top plot (reproduced from Ref. [47]). High-redshift data are provided
by standard sirens from MBBHs and are reported in the bottom-right plot (reproduced from Ref. [48]). Note how
SOBBHs and EMRIs, being dark sirens, can only provide broad likelihood regions in the Hubble diagram, while
MBBHs, being bright sirens, provide precise data points thanks to the unique redshift association coming from the
EM counterpart identification.

and future experiments, providing observations of different types of galaxies, with varying number density
and sky coverage, over different redshift ranges. In particular, there should be available at that time the
completed observations from Euclid and Dark Energy Spectroscopic Instrument (DESI), with the addition of
redshift-deep catalogues from the Subaru Prime Focus Spectrograph project and the Roman Space Telescope.
Additionally, the Vera C. Rubin Observatory should have observed hundreds of millions of galaxies, and deep
and wide catalogues should be available from SPHEREx. Finally, on time-scales comparable with LISA,
the full SKA2 and the ATLAS satellite should provide extremely deep and full-sky catalogues of the sky.
Moreover, there are plans to build a next-generation billion-galaxies survey as a successor of DESI.
Stellar-origin black holes (SOBHs) are guaranteed dark sirens for LISA. From the observations with
current LIGO/Virgo detectors [56], we know that there is a population of BBHs with masses between
∼ 5M and ∼ 50M that LISA will see in their early inspiral. Some of those events will be subsequently
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detected by ground-based detectors becoming in this way “multi-band” events (see Sec. 2.5.2). SOBBHs
with good enough localisation can be used as dark sirens [46, 57]. Because of their low masses, cosmologically
useful SOBHs could only be seen by LISA up to z ∼ 0.1, probing essentially the local expansion rate H0 .
In practice, only those events with better than 20% accuracy in the luminosity distance and with a typical
sky-localisation error better than ∼ 1deg2 will be useful as dark sirens. According to current forecasts, LISA
could detect ∼ 10 − 100 dark sirens [46], though uncertainties on the LISA noise level at the high-frequency
end of its band [58], on the detection threshold [59] and merger rate of these systems [56], might well
invalidate the most optimistic expectations. In Secs. 2.3 and 2.4 we will review the cosmological constraints
that LISA can impose with SOBBHs as dark sirens.
LISA will also be able to use EMRIs as dark sirens. They will in fact be detected at cosmological
distances, possibly in high numbers, though the rates are so far extremely uncertain. EMRIs detected by
LISA are expected to be broadly peaked around 0.5 < z < 2, potentially reaching z ∼ 4 [60]. A recent
investigation showed that events up to z ∼ 0.7 can safely be used to estimate H0 [47], provided they can be
detected with high SNR. These events can reach relative uncertainties on ∆DL /DL below 0.05 and typical
sky-localisation errors less than 1 deg2 , representing the best well-localised events suited for a statistical
approach on the inference of the GW redshift. As we will see in Secs. 2.3 and 2.4, according to the analysis
of Ref. [47], LISA will be able to use from a few to several tens of EMRIs to extract useful cosmological
information.
Redshift information on a GW source can also be obtained in a statistical way performing a population
analysis when there are distinctive features in the source mass distribution. This is simply because GW
observatories are only sensitive to the redshifted or detector frame masses, which directly relate to the
source masses via
mz = (1 + z)m .
(3)
Therefore, if the mass distribution presents a known feature, e.g. a peak or a drop, at a reference scale
which is invariant under cosmic evolution, by observing this feature in the GW events at different luminosity
distance bins one can infer their redshift. If such a feature exists, this would be a very convenient probe of
the cosmic expansion because it only requires GW data.
A good example of such features occurs in the mass spectrum of SOBBHs. This is because as stars
become more massive, a runaway process induced by electron-positron pair production known as pairinstability supernova (PISN) is triggered [61–66]. These PISN result in complete disruption of the stars,
preventing the formation of remnant BHs and thus inducing a gap in the mass spectrum starting at around
50M . Nonetheless, for sufficiently massive stars the PISN process is insufficient to prevent direct collapse,
and a population of BBHs with masses larger than ∼ 120M could arise. Therefore, the theory of PISN
predicts a gap in the BBH mass spectrum with two edges that act as reference scales. 1 While the lower
edge of the gap lies within the main sensitivity of present LIGO/Virgo detectors and could lead to precise
measurements of H(z) [69, 70], LISA will be more sensitive to the upper edge if a population of “far side”
binaries in fact exists [71]. These alternative methodologies are currently under development and will need
to be further investigated in the future, especially in the framework of GW cosmology with LISA.
Finally, we mention another effect that in principle allows one to access the redshift information directly
from the GW signal alone. The variation of the background expansion of the universe during the time
of observation of the binary induces an effectively -4 post-Newtonian term in the waveform phase, whose
amplitude directly depends on the redshift and on the value of the Hubble parameter both at the source
and at the observer [72, 73]. Unfortunately, redshift perturbations due to the inhomogeneous distribution of
matter between the source and the observer also depend on time, and therefore also contribute to the extra
terms in the phase [74]. Among these, the time-varying peculiar velocity of the GW source centre of mass
may dominate the signal, effectively preventing the extraction of the redshift information from the amplitude
of the dephasing (but possibly allowing a measurement of the binary’s peculiar acceleration [75, 76]).
2.2.3

Systematic uncertainties on standard sirens

Bright and dark sirens will suffer from some common systematic uncertainties. The measurements of the
binary luminosity distances are affected by the detector calibration uncertainty [77, 78] and the accuracy of
1 Recent

analyses have shown however that both the lower end of the gap [67] and its width [68] are robust against ambient
factors and nuclear reaction rates.
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the waveform models (see Ref. [79] for discussions in the context of LIGO/Virgo observations). Accurate
waveforms will be particularly needed for the high SNR sources that LISA will detect. Moreover, high redshift
sources will be affected by weak lensing uncertainties [80–82] (see Sec. 3 for more details). In addition,
the parameter estimation of the luminosity distance will be subject to degeneracies with the orbital plane
inclination and other parameters, though for long duration signals or when higher harmonics are measured
[32], this degeneracy can be broken. Finally, our understanding of the possible observational selection effect
[83] as well as the astrophysical rate evolution (see e.g. Fig. 12 of Ref. [52] for an application to LIGOVirgo data) are critical to the accuracy of standard siren analysis as well. Not many investigations have
so far assessed the systematic uncertainties affecting standard siren measurements with LISA. A thorough
exploration of all these effects, needed to consolidate our confidence on LISA cosmological observations, will
be necessary in the future.

2.3

Constraints on ΛCDM

In this subsection we present how well LISA will be able to constrain the cosmological parameters of the
standard ΛCDM model, by using different classes of standard sirens as presented in Sec. 2.2. We first focus
on the Hubble constant H0 and consider constraints on additional parameters afterwards. We conclude the
subsection with a discussion on consistency tests of ΛCDM at high-redshift with LISA MBBH standard
sirens.
2.3.1

H0 tension and standard sirens

The standard model of cosmology is extremely successful and allows one to describe the universe from the
time of BBN to the present time of cosmic acceleration. Remarkably, it contains only six parameters, one of
which, the present-day Hubble constant H0 describes the expansion rate of the universe. At small redshifts,
it relates the luminosity distance and the redshift of a source such that DL (z  1) = cz/H0 . Consistency
of the model requires the inferred value of H0 to be independent of the probe and any deviations should be
seen as a sign of unaccounted for systematics or more excitingly, new physics.
In recent years, two sets of values for H0 have emerged from so-called early or late measurements of H0
depending on the origin of the calibration. As the error bars shrink, it becomes increasingly clear that the
two values are in tension, reaching 4 − 5σ disagreements [84]. The most precise measurement of H0 from the
early universe comes from the cosmic microwave background (CMB) (at recombination redshift z ∼ 1100)
with an inferred value of H0 = 67.4 ± 0.5 km s−1 Mpc−1 at 68% C.L. assuming a flat ΛCDM cosmology
[85]. In this case the H0 value is inferred from the angle upon which the scale associated to the horizon at
the last scattering surface is projected, which is obtained from the measurement of the density fluctuations.
Compatible values of H0 are obtained also from the Atacama Cosmology Telescope and WMAP5 for which
H0 = 67.6 ± 1.1 km s−1 Mpc−1 at 68% C.L. [86] and from the joint analysis of Dark Energy Survey (DES)
clustering and weak lensing data with baryon acoustic oscillations (BAO) and big bang nucleosynthesis
−1
(BBN), H0 = 67.2+1.2
Mpc−1 at 60% confidence [87].
−1.0 km s
In contrast, several teams have measured a significantly higher value of H0 in the local universe with
redshifts z ≤ 1 in a model independent fashion. For example, the SH0ES team used Cepheid calibrated
supernovae type Ia to measure H0 = 74.03 ± 1.42 km s−1 Mpc−1 [88] (see also recent updates [89]). The
H0LiCOW collaboration used strong lensing time delays of background quasars to infer H0 = 73.3+1.7
−1.8 km
s−1 Mpc−1 [90]. The Megamaser Cosmology project used very long baseline interferometric observations
of water masers in Keplerian orbits around MBHs to measure H0 = 73.9 ± 3.0 km s−1 Mpc−1 [91]. The
Carnegie-Chicago Hubble Program collaboration used tip of the red giant branch measurements in the
large Magellanic cloud to calibrate 18 supernovae type Ia, instead of Cepheids, and found a slightly lower
H0 = 69.8 ± 2.6 km s−1 Mpc−1 [92].
GWs offer an independent test of the tension using bright or dark sirens as described in Sec. 2.2.1
and Sec. 2.2.2. The LIGO-Virgo collaboration used the first bright siren, namely GW170817, to infer
−1
H0 = 70+12
Mpc−1 at 1σ [8], which lies somewhat in between the early and late universe values but
−8 km s
with a worse precision if compared to current EM results. Furthermore, current dark siren measurements
−1
reached an inferred value of H0 = 75+25
Mpc−1 at 1σ [50, 52, 93]. The rather large error bars
−22 km s
√
are expected to shrink as 1/ N , where N indicates the number of events. Percent-level precision on H0
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is expected in the 2020s with BNS mergers detected by Advanced LIGO-Virgo and their EM counterpart
observations [49, 94]. Bright sirens in the era of the third generation of ground-based GW detectors could
further constrain other cosmological parameters, such as Ωm and w0 [78, 95–98] and usher us into the era of
precise GW cosmology.
LISA will offer an alternative and complementary probe of ΛCDM which might as well provide useful
information on the Hubble tension. In the following, we explore the potential of LISA to probe H0 and
beyond.
2.3.2

LISA forecast for H0

LISA will be able to contribute measurements of H0 coming from different classes of standard siren sources
(see Sec. 2.2). For the time being, the literature has described only measurements coming from individual
classes of sources. A complete analysis combining the constraining power of different LISA GW sources is
still missing.
By considering SOBBHs, and by cross-matching with simulated galaxy catalogues, Refs. [46, 99] found
that constraints on H0 can reach the few % level. In particular, in the study presented in Ref. [46], several
different instrumental configurations for LISA were investigated, as well as several coalescence rate models
within the range allowed by the LIGO-Virgo observations from O1. The SOBBHs entering the analysis
were selected to have SNR > 8, a cosmological redshift < 0.1 and an uncertainty on the luminosity distance
smaller than 20%. No other selection criteria were applied. With the aforementioned selections, the number
of SOBBHs considered ranged from a pessimistic case of 7, yielding an accuracy on H0 of 7% to a most
optimistic case of 259, yielding an accuracy of 1%, see left panel in Fig. 2.
A similar analysis can be done also with EMRIs. A first investigation [100] pointed out that ∼ 20
EMRIs detected at z ∼ 0.5 could be enough to constrain H0 at the 1% level. The analysis provided
in Ref. [100] employed however a simplified approach to estimate cosmological forecasts with LISA, and
moreover assumed the more optimistic mission design considered at the time. A recent, more detailed
analysis has been performed with LISA EMRIs [47]. Using only the most informative, high-SNR (> 100)
EMRIs up to redshift z ≤ 0.7, cross-matching with the galaxy catalogue obtained from the simulated sky of
Ref. [101], it is shown that constraints at the few % can be forecast for H0 . An analysis of three different
EMRI population models taken from Ref. [60], representing a pessimistic, a fiducial, and an optimistic
scenario, points out that in a 4-year LISA mission lifetime constraints are expected to be at 3.6%, 2.5%, and
1.6% (68% CL), respectively, while in case of a 10-year mission H0 can be constrained at the 2.6%, 1.5%,
and 1.1% accuracy (68% CL). The different accuracy in the various scenarios reflects the different number of
useful EMRIs available in each model, which in case of 10 years of observation and after the SNR selection,
ranges from ∼ 5 (in the worst scenario), passing to ∼ 30 (in the fiducial scenario), up to ∼ 70 (optimistic
scenario), see right panel in Fig. 2.
Finally the last standard siren class that LISA can employ to constrain H0 are MBBHs. Although these
events are expected to be detected at high-redshift (z > 1), by assuming ΛCDM one can set bounds on
H0 , i.e. on the cosmic evolution at low-redshift. By simulating different populations of MBBH mergers,
performing (simple) parameter estimations over the expected GW signal, and by simulating the emission
and detection of possible EM counterparts, recent works showed that constraints at the few % level can
be imposed on H0 [10–12]. These studies predict around four useful standard sirens with observed EM
counterpart, per year. Their redshift distribution peaks between redshift 2 and 4, with tails up to z ' 8.
The dominant contribution on the distance uncertainty of these events is not the LISA measurement error,
but rather the systematic effect due to week lensing which dominates at high-z providing an estimated average
uncertainty of up to 5-10% [81, 82]. Nevertheless even if LISA will detect only a few MBBH standard sirens,
the fact that these will be at high redshift, with relatively precise distance determination, and of course with
the single redshift value identified with the EM counterpart, will allow for interesting constraints on H0 at
the few percent level [10–12]. This is comparable with what is expected for low-redshift, more numerous
LISA dark sirens such as SOBBHs and EMRIs. As we will show below, MBBHs will however be more
interesting for cosmological analyses beyond the simple measurement of H0 .
The joint-inference on H0 resulting from the combination of the analyses described above for SOBBHs,
EMRIs and MBBHs, is expected to provide interesting constraints, possibly reaching the 1% level, or better.
Such a combined investigation however has not yet been performed and will be the focus of future studies.
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Figure 2: Left panel: 90% (black) and 68% (red) credible intervals for H0 /km s−1 Mpc−1 for each of the LISA
configurations considered in Ref. [46]. The credible regions are averaged over the galaxy hosts realisations. Right
panel: 90% (black) and 68% (red) percentiles, together with the median (red dot) of h for the pessimistic, fiducial,
and optimistic EMRI models (M5, M1, M6, respectively) and for two different LISA observational scenario (4 and
10 years). Here h = H0 /(100 km s−1 Mpc−1 ) and the blue dashed horizontal line denotes the true cosmology (set at
h = 0.73 in Refs. [46, 47]). For each data point, we also report the average number N of EMRIs considered in the
analysis. Plots taken from Refs. [46, 47].

Note also that a further class of standard sirens for LISA could be provided by intermediate-mass binary black
holes (IMBBHs), ranging from O(100) to O(1000) solar masses. Although recent LIGO/Virgo observations
may point towards the existence of this class of BBHs [102], their merger rate and population properties
are completely unknown at the moment [103], making current LISA forecasts too uncertain to be seriously
considered. Given their high-mass and redshift range, IMBBHs could nevertheless well represent the best
class of LISA dark sirens if they can be detected in high numbers. Moreover the association with possible
EM counterparts, which for these systems are being realistically considered [104], could well turn the LISA
IMBBH detections that merge within the LIGO/Virgo band in a relatively short time, into useful multi-band
bright sirens with a great potential to yield precise cosmological measurements [105].
By surveying the considerations made above, we can expect LISA to deliver constraints on H0 at the
few percent level or better. The robustness of these constraints against uncertainties in the overall analysis,
including for example calibration and waveform modelling issues, will be something to carefully assess in
the future. In any case, a precise and accurate measurement of H0 with LISA will provide useful insights
on the Hubble tension, should the tension still persist. On the other hand, a further independent and
complementary measurement of H0 will help strengthen our confidence in the value of the Hubble constant,
especially if hints of physics beyond ΛCDM appear.
2.3.3

ΛCDM beyond H0

The relatively high-redshift reach for some of the standard sirens sources detected by LISA, will allow the
inference on cosmological parameters beyond H0 . In particular MBBHs will be extremely useful to test the
cosmic expansion at high-redshift (z . 8) while EMRIs could be useful for cosmological applications up
to z ∼ 1, or more generally up to the redshift at which we will be able to employ fairly complete galaxy
catalogues.
As shown in Refs. [10, 11], MBBH mergers with an identified EM counterpart could be used by LISA
to infer the values of Ωm and Ωk , albeit with large uncertainties. Assuming ΛCDM, constraints on Ωm
are forecast to reach the ∼ 10% level (68% C.L.) only in the most optimistic scenarios [10, 12, 106], while
allowing for spatial curvature degrades these estimates for Ωm to ∼ 25% and yields a measurement of Ωk at
similar precision [10]. Needless to say these results will certainly not be competitive with EM observations,
but will at least provide an independent and complementary measurement.
Similarly, EMRIs will be able to provide information on Ωm only in the most optimistic scenarios. In fact
recent estimates [47] indicate that using the loudest O(70) events, as predicted in an optimistic population
scenario, it is possible to get constraints with ∼ 20% accuracy (68%CL) on Ωm when jointly inferred with
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H0 . Even though this result is not expected to compete with current and future EM observations [107, 108],
it is somehow not surprising since the EMRIs used in Ref. [47] are distributed up to z . 0.7. Future analysis,
possibly including a larger number of events, thus including low-SNR events which are typically coming from
high redshifts, are expected to give more informative results on cosmological parameters beyond H0 .
Preliminary investigations of the full ΛCDM cosmological model where the curvature term Ω k is not fixed
to 0, seem to indicate that, even for moderate redshift sources such as the loudest EMRIs (SNR > 100) at
z . 0.7, LISA will provide some simultaneous constraints on all cosmological parameters. In the fiducial
scenario of Ref. [47], Ωk can be constrained with an accuracy of ∼ 30%, while Ωm can be constrained with an
accuracy of ∼ 55%, while retaining an accuracy on H0 of ∼ 2% (all 68% CL) [109]. These results will need
to be further investigated in the future, however they are suggestive that a possible simultaneous inference
of different cosmological parameters with LISA standard sirens will indeed be possible. In particular the
full LISA cosmological analysis with results obtained from the combination of all classes of LISA standard
sirens, namely SOBBHs, EMRIs and MBBHs, should substantially increase the accuracy of the estimates
on Ωm and Ωk above, thanks especially to the combination of cosmological datasets from different redshift
ranges which might break some of the degeneracy between the cosmological parameters. A future combined
investigation will thus be needed to thoroughly assess the ability of LISA to constrain parameters beyond
H0 .
2.3.4

Tests of ΛCDM at high-redshift

The most interesting class of LISA standard sirens are MBBHs, not only because they are expected to
produce detectable EM counterparts (bright sirens) but also because they will be detected at high redshift
and thus can be employed to test the cosmic expansion at early epochs largely unexplored by current EM
cosmological surveys. As we will show in Sec. 2.4 and in Sec. 4, MBBHs will have the potential to test
different cosmological models alternative to ΛCDM. Here we briefly mention how well LISA can test ΛCDM
itself at high z, taking into account possible general deviations (to be discussed shortly) and by comparing
with EM probes at similar redshifts. Note also that in analogy to EM distance observations, LISA MBBHs
can as well be employed to probe the fundamental assumptions of ΛCDM, e.g. the cosmological principle
[110].
Let us first of all recall how well MBBHs can test ΛCDM. As shown in the previous section, in the most
optimistic cases Ωm can be tested at the ∼ 10% level, which reflects the fact that at z & 1 the universe is
expected to be matter dominated and thus to provide information mainly on Ω m . Any deviation from the
standard matter-dominated evolution at redshift 1 . z . 4 however will be constrained by LISA, at a level
not attained by current EM observations.
To put in context the potential of LISA we can compare its constraining power with other EM measurements of the cosmic expansion at high z. LISA will in fact provide independent and complementary data
which will not only deliver useful and accurate information on deviations from ΛCDM but will also be used
to check and cross-validate EM measurements, expected to be sparse and inaccurate at such high-redshift.
As a clear example, LISA can successfully compete with quasar cosmological observations at z ∼ 2 and
above [48]. Current quasar distance measurements indicate possible issues in the Hubble diagram at z & 2,
where low-significance deviations from ΛCDM have already been claimed [111] (see also Refs. [112–114]). To
understand if such apparent deviations are due to systematic effects or are indeed due to new physics beyond
ΛCDM, complementary measurements at the same redshift range will be needed. As shown in Ref. [48], four
MBBH standard sirens detected by LISA are on average enough to unequivocally confirm or rule out the
apparent deviation claimed in Ref. [111], and thus to reveal if indeed this is due to systematics in the quasar
Hubble diagram or to new physics. Standard siren observations will play a crucial role to test deviations
from the ΛCDM.
GW observations provide a more reliable distance luminosity measurement than other EM observations,
such as quasars. Standard sirens rely in fact on fundamental predictions of GR and not on phenomenological
relations between observed quantities. Although the quasar Hubble diagram will become more precise and
accurate in the time between now and when LISA will fly, for example with observations by the eROSITA
[115] and Euclid [107, 116] missions, intrinsic systematics on the quasar cosmological measurement might still
be unresolved. LISA will thus provide a unique complementary test of the cosmic expansion at z & 2, which
not only will yield accurate measurement of deviations from ΛCDM but it will also be used to cross-validate
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any results obtained by other EM observations at the same redshift range, notably with quasars.

2.4

Probing dark energy

This subsection discusses how LISA can probe the fundamental nature of DE through GW standard sirens.
Here only simple alternative DE models are considered, and in particular we assume that the underlying
gravitational theory remains GR. Models of DE based on modification of GR are discussed in details in
Sec. 4.
2.4.1

Equation of state of dark energy: w0 and wa

Deviations from the standard cosmological model include the presence of a DE fluid with effective equation
of state (EoS) given by: pDE = wDE (a)ρDE , where pDE and ρDE are the effective pressure and density
of the DE fluid respectively. Although the functional dependence of wDE (a) may be very non-trivial (see
e.g. self-accelerating cosmologies), for practical purposes we consider here only a simple phenomenological
parametrization introduced by Chevalier-Polarski-Linder (CPL) [117, 118]:
wDE (a) = w0 + wa (1 − a) ,

(4)

where w0 and wa are constants and indicate, respectively, the value and the time derivative of wDE today.
We refer to Sec. 4 about modified gravity for more complicated, model dependent forms.
In all the scenarios studied by Ref. [12] (which depend on the BH seeds and on the assumptions about
the error on redshift), the GW sources considered are expected not to contribute relevantly to improve the
knowledge on w0 , with respect to what is already known from current cosmological observations. More
precisely, the 1σ error ∆w0 only goes from ∆w0 = 0.045 (using CMB, type Ia supernovae and BAO data)
to ∆w0 = 0.044 adding MBBH standard sirens to the datasets, even in the best scenario where LISA alone
can only reach a 20% relative 1σ uncertainty on w0 [11]. It is important to remark, however, that these
outcomes are based on a mission duration of 4 years and sources are limited to MBBHs with EM counterparts.
Significant improvements are expected by extending the data taking time or by combining with information
from other sources, notably EMRIs.
Indeed, recent investigations [47] suggest that EMRIs will deliver constraints on w0 of the order of ∼ 10%,
when inferred simultaneously with wa . When assuming prior knowledge of H0 and Ωm , constraints on w0
are estimated at the ∼ 7% level in a realistic EMRI scenario, reaching ∼ 5% in the best case (all 90% C.L.).
While relevant information on w0 can be obtained with moderately low-redshift events, wa is expected to
be measurable only with higher-redshift events, which in the joint cosmological inference of w0 and wa of
Ref. [47] are not considered, and thus no relevant measurement of wa is obtained.
Although from these estimates it seems that LISA standard sirens will not be competitive with future
EM observations, we stress that they will anyway provide independent and complementary measurements
which will increase our confidence on any insight on the nature of DE. This is strikingly important for
modified gravity models of DE, where GWs can indeed provide orthogonal information with respect to EM
observations; see Sec. 4.
2.4.2

Alternative dark energy models

The CPL phenomenological parametrization discussed in the previous subsection is appropriate for detecting
deviations from the ΛCDM paradigm occurring at small redshifts. However, the theoretical description of DE
may require more sophisticated models. Here, we briefly discuss such a possibility focusing on scenarios that
change the background cosmological expansion with respect to ΛCDM. We assume the standard evolution
equation for GWs. Possible modifications to GW propagation through cosmological spacetimes – motivated
by modified graviton dispersion relations, or non-minimal couplings of the dark-energy sector with curvature
– are described in Sec. 4.
Models for DE can include quite a large number of parameters, leading to rich dynamics for the DE
sector as a function of redshift. Some investigations aim to dynamically explain the puzzling small value for
the present-day acceleration rate, leading to a time-dependent evolution of the DE density. These include
quintessence scenarios [119, 120], which can be generalised to kinetically-driven [121] and kinetic-braiding
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models [122] without modifying the propagation properties of GWs. Other scenarios aim to alleviate the
coincidence problem relating DE with DM at intermediate redshifts, for example in the DE-DM interacting
models [123, 124], or in Chaplygin gas cosmology [125]. More exotic possibilities include holographic DE,
associating the present-day acceleration of the universe with the size of the particle horizon [126]. See
e.g. Refs. [127–130] for reviews, including analysis of cosmological implications and observational prospects
of DE scenarios. A recent resurgence of interest on DE model building, based on the previous approaches,
has been motivated by the H0 tension discussed in Sec. 2.3.1; see [131] for a review. Among many examples,
such tension can be alleviated in scenarios with DM-DE interactions or with features at small or intermediate
redshifts [132–135], in ranges that might be probed with GW sirens. See e.g. Ref. [136] for a comprehensive
discussion on this topic, including comparison between theoretical ideas and existing cosmological constraints.
These theoretical models suggest that distinctive DE effects can occur at different redshifts, from very
small to relatively large values of z. The capability of LISA to probe cosmological expansion in a large range
of redshifts, as discussed in the previous sections, provides invaluable opportunities for building independent
cosmological tests (see Sec. 2.3.4) and thus to probe different DE scenarios, in a complementary way with
respect to EM probes. A clear example is given by the investigations of Refs. [137, 138] where LISA forecasts
for testing cosmological models allowing for DE-DM interactions or for early DE have been produced using
MBBH as bright sirens. Similar analyses using LISA dark sirens are still missing in the literature and
will constitute material for future explorations. By considering the results obtained with both SOBBHs
and EMRIs for standard cosmological models (see Sec. 2.3), it would be very interesting to further develop
these studies by designing an efficient, unified method to reconstruct the redshift dependence of DE with
GWs, similar for example to what already done with EM observations; see e.g. Ref. [139]. Assumptions
going beyond the linear CPL parameterisation discussed in the previous section might be better suited
to test specific alternative scenarios, or for improving the DE reconstruction in a wider redshift interval,
e.g. through polynomial fitting [140]. Alternatively, methods based on a principal component analysis of a
binned parametrization of the signal as a function of redshift, as proposed in Ref. [141], might be adapted
and applied to GW observations with LISA.
Besides the alternative DE models already considered in the literature, there are plenty of others that
can still be tested by LISA and for which detailed analyses will be needed in the forthcoming years in order
to understand how well LISA will constrain them and thus to better assess and expand the science case of
the mission. We conclude by mentioning again that the nature of DE can be further investigated if this
is connected to an underlying gravitational theory beyond GR. In this case new observational signatures
might appear, giving rise to a richer phenomenology and to more promising LISA results. Such models and
analyses will be discussed in Sec. 4 in the context of modified theories of gravity [142].

2.5

Synergy with other cosmological measurements

GW observations by LISA will provide a wealth of cosmological information as we have seen in the previous
sections. But LISA will not be alone in the quest of understanding the cosmic history. It is thus of great
importance to assess how LISA could complement with other facilities. In what comes next, we discuss LISA
synergies with EM observatories and other GW detectors.
2.5.1

Integration with standard electromagnetic observations

To date, most studies constraining cosmological parameters with GWs have focused on the Hubble parameter,
see Sec. 2.3.2. This is because the cosmological information in GW amplitudes is primarily held in the
luminosity distance of the source, DL , which for low redshifts (z  1) can be approximated to DL ' cz/H0 .
The majority of LISA sources will exist at higher redshifts where this approximation breaks down. Instead
the full expression for the luminosity distance must be used (see Eq. (1)) and so GW amplitudes in principle
have sensitivity to further cosmological parameters traditionally measured electromagnetically, such as the
fractional densities Ωm and ΩΛ , and the DE EoS parameters w0 and wa , see Secs. 2.3.3 and 2.4.
A key outstanding question is whether specific combinations of EM and GW probes have the ability to
improve constraints on these parameters and break degeneracies between them. Details about the galaxy
surveys co-temporal with LISA are not available at present, but as a conservative approach we can consider
‘Stage IV’ experiments planned over the next decade, such as DESI, Euclid, the Vera C. Rubin Observatory,
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and the Roman Space Telescope [106, 143–145]. The corresponding CMB data will come from the LiteBIRD
mission [146]. Direct cross-correlation of GW sources with galaxy catalogues will be considered in Sec. 2.6.
Here we focus instead on probe combination, though we note that there is a lack of comprehensive studies
on this topic in the current literature.
One advantage leveraged by Stage IV galaxy surveys is the ability to combine multiple probes from the
same instrument. Most commonly the main probes are shear power spectra from galaxy weak lensing, BAO
measurements from galaxy clustering, supernovae, and, additionally, strong gravitational lenses in some
analyses. As examples of the expected constraints, Ref. [147] provides forecasts for standard cosmological
parameters using weak lensing, BAO and supernovae data from the Vera C. Rubin Observatory, combined
with
current Planck CMB data. The resulting 68% confidence intervals on {w0 , wa } and ωm = Ωm h2 are

7.05 × 10−2 , 1.86 × 10−1 and 7.73 × 10−4 respectively, with h being the normalised Hubble parameter.
Similar 
results are expected from the Euclid space mission, which should yield 68% confidence intervals
around 3 × 10−2 , 1.3 × 10−1 for {w0 , wa }. Comparing these values to the forecasts using LISA EMRI
detections presented in Ref. [47], it seems unlikely that LISA will be able to offer competitive constraints
on Ωm . However, in mildly optimistic scenarios they may offer moderate constraints on the DE parameters,
with Ref. [47] forecasting 95% confidence intervals on {w0 , wa } of approximately 6.5 × 10−2 , 6.5 × 10−1
for a four-year LISA mission and optimistic MBH population models.
An alternative strategy is to find probe combinations where GW data can break degeneracies existing
between EM probes. One such example is put forwards in Ref. [148], which determines forecasts for the
combination BNS data from the DECihertz Interferometer Gravitational wave Observatory (DECIGO) with
measurements of redshift drift (the Sandage-Loeb effect [149]) from the SKA and the European-Extremely
Large Telescope (E-ELT). Redshift drift measurements use high-resolution spectroscopy of the HI emission
line (SKA) or Lyman-α absorption lines in quasar spectra (E-ELT) over long time frames (10 years+) to
directly measure tiny shifts the line frequencies. Although experimentally challenging, this constitutes a
direct measurement of H(z), as opposed to the integrated effect of H(z) probed by luminosity distances; see
Eq. (1).
GWs can likewise offer a direct measurement of H(z) through the dipole of the luminosity distance.
Eq. (1) gives the luminosity distance-redshift relation in a perfectly homogeneous and isotropic universe;
in fact small corrections to this are induced by gravitational lensing and peculiar velocities. As shown in
Refs. [150, 151] for the EM case (see e.g. Ref. [152] for the GW case), the peculiar motion of our Galaxy
with respect to the CMB frame induces a dipole mode in the luminosity distances. This dipole moment is
given by
(1)

DL (z) =

|v0 | (1 + z)2
,
H(z)

(5)

where v0 is the dipole anisotropy in the CMB, estimated to be approximately 369.1 ± 0.9 km/s. Combining measurements of this dipole from DECIGO BNS sources with the redshift drift measurements above,
Ref. [148] finds substantial breaking of degeneracies in the H0 −Ωm plane, leading to 1-σ bounds on {H0 , Ωm }
of {0.78 km s−1 Mpc−1 , 0.006}, competitive with current bounds. Mild improvements on the constant DE EoS
were also obtained (σw0 ∼ 0.03), though no meaningful constraint on wa was possible. Further analyses are
needed to properly understand if such method can equally be applied to LISA.
On cosmological scales, a bias prescription is used to model how GW events trace the large-scale DM
distribution. Analogously to galaxy bias, the GW bias is modelled as scale-independent on large scales. Using
the parameterisation bGW (z) = b0GW (1 + z)α , Ref. [153] finds the parameters b0GW and α to be uncorrelated
with H0 and Ωm for a ΛCDM model (w0 = −1 fixed). This suggests cautious optimism that combined GW
and EM constraints on cosmological parameters should not be strongly sensitive to the GW bias prescription.
2.5.2

Complementarity with other gravitational wave observatories

In addition to the synergies with other cosmological surveys, LISA will also build new synergies with other
GW detectors. In particular, LISA will be able to detect the early inspiral phase of compact binary coalescences that later merge within the frequency bands of Earth-based interferometers. Some example signals
are displayed in the left panel of Fig. 3. Because the same signal is detected across different frequencies,
these events are known as multi-band. Different populations of BBHs could become multi-band sources.
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Figure 3: On the left, GW signals as seen by LISA and different ground-based detectors. The times indicate the
time to merge which depends on the initial frequency. On the right, fraction of events, observed by LISA and that
will merge within 10 years, being detected by a ground-based detector. Right panel reproduced from Ref. [71].

Most notably, the SOBBHs that current LIGO/Virgo detectors are observing could have been seen if LISA
was online a few years before these detections [154]. Nonetheless, LISA high frequency sensitivity limits
their number [59]. If present in nature, IMBBHs would be more promising candidates [155–157], and possibly yield interesting cosmological results [105]. There is however a limit to their masses, because if they
are too heavy they will merge before reaching the frequencies of ground-based detectors. (This limitation
could be removed with a deci-Hertz observatory [157].) The right panel of Fig. 3 displays the fraction of
multi-band events, defined as the subset of LISA detections merging within 10 years and being detected
by a ground-based instrument [71]. For concreteness we consider Advanced LIGO (aLIGO), its possible
upgrade (A+), Voyager and the third-generation detectors Cosmic Explorer (CE) and Einstein Telescope
(ET). Interestingly, the multi-band fraction peaks where the upper end of the PISN mass gap is expected to
be found, implying that far-side binaries could be promising multi-band sources [71]. As noted in Ref. [158],
for Mtot . 100M , there is no difference for the multi-band ratio between 2G and 3G detectors because the
fraction is limited by LISA high-frequency range. On the contrary, for Mtot > 200M the difference among
ground-based detectors are sizeable and depends mostly on their low frequency sensitivity.
Besides individual sources, LISA and ground-based detectors could share SGWBs. For example the
background of unresolved SOBBHs could be within the reach of LISA detectability [154]. Similarly, binaries
above the PISN gap could leave an additional background [159].
Finally, LISA could also complement other space-based detectors. In particular, there are several proposals such as Taiji [160] and TianQin [161] that could potentially fly at the same time as LISA. These additional
detectors would help improve the cosmological inference [162–165]. Moreover, any further detector in the
deci-Hertz frequency band would be an excellent addition to LISA science [157].

2.6

Cross-correlation and interaction with large scale structure

GW maps of resolved events or SGWB can be cross-correlated with other large-scale-structure (LSS) tracers
to perform a variety of astrophysical and cosmological measurements. Here we focus on the use of the SGWB
measurements while technicalities about this signal are postponed to Sec.5.
2.6.1

Cross-correlations with resolved events

The analysis of the cross-correlations between galaxy surveys and resolved GW events from compact object mergers has a rich scientific potential [166]. From binary mergers with an EM counterpart, such an
analysis can constrain DE and modified gravity models [167]. A similar analysis for sources as the first
ones detected by LIGO/Virgo, yields constraints on the distance-redshift relation, the Hubble constant and
other cosmological parameters [168]. PBH scenarios as well as different astrophysical models can also be
tested [169–172].
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The cross-correlation of the resolved GW sources with galaxies is a further promising avenue. It enables
the measurement of the redshift of the GW sources that do not have EM counterpart. This technique makes
it possible to measure the value of Hubble constant, the matter density, the DE EoS and its redshift evolution
from the GW sources. Along with probing the expansion history of the universe, it also provides evidence
on the relation between the GW sources and DM distribution through the redshift-dependent galaxy bias
parameter b(z) [153, 168, 169, 171, 173].
The observable considered for such studies is the (3D) angular power spectrum:
Z
2
GW, LSS
dkk 2 P (k) ΨGW
(k)ΨLSS
(k) .
(6)
C`
(z1 , z2 ) =
`
`
π
The two ΨX
` (z) kernels encapsulate the physical processes in place:
Z
ΨX
(k)
=
N X (z)bX (z)D(z)W (z)∆X
`
` (k, z) dz ,

(7)

where X stands for either GW or LSS when considering one or the other observable, and W (z) are the
observational window functions related to the experiment specifications. The ∆ ` (k, z) terms are the observed overdensities including effects from the intrinsic clustering, velocity effects (redshift-space distortions
and Doppler), lensing and gravitational potentials, respectively, and they include information on galaxy
clustering, gravity, and of course cosmological and astrophysical parameters:
gr
vel
len
∆` (k, z) = ∆den
` (k, z) + ∆` (k, z) + ∆` (k, z) + ∆` (k, z) ;

(8)

for the complete expression of those terms, see e.g. Refs. [171, 174]. In particular, this correlation can
constrain DE and modified gravity models [167, 170]. In this case, the modifications due to different models
of gravity and DE enter in the Ψ` kernels, and the advantage of using the GW-LSS cross-correlation comes
from the complementarity with other measurements as well as the potentially higher redshift range for the
GW bin.
The fact that GW events trace the LSS allows us to also test and constrain astrophysical models [172, 175].
In this case, the change in the model C` will be in the merger rate, the redshift distribution and the bias of
the compact objects’ hosts.
Merging of BHs that are the endpoint of stellar evolution happens almost exclusively in galaxies that
had sufficient star formation, and therefore in halos with a relatively large galaxy bias (bg > 1). Conversely,
PBHs preferentially merge in lower biased objects, and thus have a lower cross-correlation with luminous
galaxies [176]. Therefore, the cross-correlation of GW maps with galaxies, which can measure the bias of
the BBH hosts, provides information on the abundance of PBHs [169, 171] (for more details on PBHs, see
Sec. 10).
Further correlations contain other useful information. The tomographic shear maps and the number
density distribution of GW sources, combined with shear-shear and GW-GW auto-correlations, also constrain
the cosmological parameters [177]. Thanks to GW-LSS cross-correlations with LISA and future galaxy survey
data, the detection of GW weak lensing seems viable [178]. The cross-correlation between GW weak-lensing
and CMB-lensing might also allow to test fundamental predictions of GR [179].
2.6.2

Cross-correlations with the stochastic gravitational wave background

A complementary study to the cross-correlation between GW resolved sources and LSS is the cross-correlation
with the astrophysical SGWB. There are at least two astrophysical backgrounds that LISA will detect: one
contribution generated by the galactic binary (GB) mergers, which is expected to dominate at low frequencies
(up to ∼ 10−3 Hz), and one coming from extragalactic BBH inspirals, expected to be relevant at larger
frequencies (∼ 10−3 − 10−2 Hz). Several phenomena in the early universe also source a stochastic signal
whose strength is poorly predicted (see Sec. 5 and subsequent sections). The SGWB is then expected to be
a combination of an astrophysical and a cosmological component, and a priori any of the two can dominate
the SGWB signal in the LISA band. In order to be sensitive to both of them, it is of fundamental importance
to find ways to disentangle the two signals. The spectral shape of each contribution is a standard tool to
try to disentangle the components, however, due to the richness of sources expected in the LISA band, it
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is worth finding other ways to characterise the SGWB contributions. A promising approach consists in
cross-correlating the SGWB with matter distribution at late times. Since, as we will see, the GW energy
density depends on cosmological perturbations (besides astrophysical dependencies), it correlates with other
cosmological probes. Some analyses and forecasts of the cross-correlation signals between GW observatories
and future galaxy surveys, as e.g. Euclid and SKA, are presented in Refs. [180–194]). These cross-correlations
not only can be useful to disentangle the origin of the SGWB, but represent completely new observables to
infer cosmological information. For instance, along with the spatial fluctuation of the astrophysical SGWB,
its temporal fluctuation provides a measurement of the high redshift merger rate of the astrophysical sources
contributing to the SGWB [193].
As for the case of resolved events, the observable quantity is the angular cross power spectrum, between
the the galaxies overdensity and the energy density of the astrophysical SGWB, hereafter labelled AGWB:
Z
2
k 2 dkPζ (k)∆AGWB
(k)∆LSS
(k),
(9)
C`AGWB × LSS =
`
`
π
n −1

where Pζ (k) = As (k/kpivot ) s is the scale-invariant curvature power spectrum, with As and ns the amplitude and tilt respectively, while kpivot is the pivot scale. The two transfer functions, ∆AGWB
(k) and
`
∆LSS
(k), contain astrophysical and cosmological information (see the previous section). The astrophysical
`
information can be included focusing on the anisotropies of the astrophysical SGWB energy density. The
total GW energy density per logarithmic frequency fo and solid angle Ωo along the line-of-sight n of a SGWB
is [181, 191]
fo dρtot
GW
.
(10)
ΩTOT
GW (fo , n) =
ρc dfo dΩo
It contains both a background (monopole) contribution in the observed frame Ω̄GW (fo ), which is homogeneous and isotropic, and a direction-dependent contribution ΩGW (fo , n).
from these, we can define
 Starting
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,
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AGWB
astrophysical SGWB energy density fluctuation are computed in Refs. [180–185, 187–192, 194, 195]. Here,
following Ref. [191], we report its expression in the Poisson gauge
(
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(11)

where the density, velocity, gravity and observer terms, in the first, second, third and fourth line, respectively
contain all the cosmological information. On the other hand, the function F [i] (fo , z, θ) contains all the
astrophysical dependencies: e.g. the mass and spin distribution of the binary, the emitted GW energy
spectrum, the clustering properties of GW events and the details of the GW detectors. The functions
[i]
b[i] (z, θ) and bevo (z, θ) are the bias and the evolution bias of the i-th type of GW source, which specify the
clustering properties of GW sources and characterise the formation of sources.
The cross-correlation analysis of the astrophysical SGWB (from sources at all redshifts along the line of
sight) with galaxy number counts at a given redshift leads to a tomographic reconstruction of the redshift
distribution of the sources [183, 187, 193, 194, 196, 197]. Subtleties about the noise and other characteristics
of the detector play an important role, so that cross-checks on the detector performances are possible by
means of this analysis [191, 194]. Overall, the cross-correlation analysis shows that the combination of
galaxy surveys with the astrophysical SGWB can be a powerful probe for GW physics and multi-messenger
cosmology.
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2.6.3

Large-scale structure effects on gravitational-wave luminosity distance estimates

Here we discuss the effect of cosmological perturbations and inhomogeneities on estimates of the luminosity
distance of compact object binary mergers through GWs. It is important to account for such effects on GW
propagation to obtain robust measurements for precision cosmography.
The main attempts to investigate perturbation effects on GWs involve the integrated Sachs-Wolfe effect [166], peculiar velocities or accelerations [54, 55, 74, 75, 198], lensing [199–212] and environmental
effects [213]. Coherent peculiar velocity of the binaries at low redshift and weak gravitational lensing by
intervening inhomogeneities can affect the identification of the hosts’ redshift. This introduces changes
of typically a few percent (but occasionally much larger) in the flux, while not significantly affecting the
redshift, and thus provides a source of noise in the DL (z) − z relation [81, 202]. Using the local wave
zone approximation to define the tetrads at source position [214], the corrections to the luminosity distance
read [74, 215]2


Z χ̄
1
(χ̄ − χ̃)
∆DL
=
1−
vk −
dχ̃
4Ω Φ +
Hχ̄
χ̃χ̄
D̄L
0

 Z χ̄
Z
2 χ̄
1
1
0
dχ̃ Φ − 2Φ +
Φ−2 1−
dχ̃ Φ ,
(12)
+
Hχ̄
Hχ̄
χ̄ 0
0
¯ 2 = χ̄2 (∇
¯ 2 − ∂¯2 − 2χ̄−1 ∂¯k ) =
where prime denotes the derivative with respect to η and H = a0 /a, 4Ω ≡ χ̄2 ∇
⊥
k
(cot ∂θ + ∂θ2 + ∂ϕ / sin2 θ). We can recognise in Eq. (12) the presence of a velocity term (the first term),
followed by a lensing contribution, and the final four terms account for the Sachs-Wolfe, Integrated SachsWolfe, volume and Shapiro time-delay effects.
The additional DL uncertainty due to the inclusion of perturbations is expected to peak at low-z due to
velocity contributions; however, velocity effects rapidly decrease and lensing takes over [215]. Those results
indicate that the amplitude of the corrections could be important for future interferometers such as LISA.
In presence of DE or modifications of gravity, the GW luminosity distance might differ from the EM
signals also for large-scale fluctuations [216–219]. In particular, linearised fluctuations of the GW luminosity
distance contain contributions directly proportional to the clustering of the DE field [216, 220] and by
combining luminosity distance measurements from GW and supernovae sources, it is possible to uncover
field inhomogeneities detecting them directly. See e.g. Ref. [221] for an analysis of weak lensing effects in
the measurement of the DE EoS with LISA.

2 For simplicity, we have dropped all contributions evaluated at the observer, assuming concordance background model, and
work in Poisson Gauge.
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3

Gravitational lensing of gravitational wave signals

Section coordinators: D. Bacon, M. Zumalacarregui. Contributors: D. Bacon, G. Congedo, G. Cusin, J.M. Ezquiaga,
S. Mukherjee, M. Zumalacarregui.

3.1

Introduction

Similarly to EM radiation, GWs feel the gravitational potential of both massive objects and also the LSS while
traveling across the universe. This opens the possibility of both probing the distribution of structure in the cosmos
and the fundamentals of the underlying gravitational interactions. LISA will offer a unique perspective since it will
detect high-redshift GWs in a lower frequency band compared to ground-based detectors, increasing the lensing
probabilities and the detectability of diffraction effects.
GW lensing phenomena are characterized by two properties: the convergence κ3 (governing whether there is weak
or strong gravitational lensing) and a dimensionless frequency w (governing whether wave optics or geometric optics
is relevant). The convergence, κ, is defined as the integral along the line of sight of the redshift-weighted second
derivative of the Newtonian potential. Depending on the strength of the gravitational potential, two gravitational
lensing regimes exist: weak (κ  1) or strong (κ ' 1). In the first case, the main observable effect is magnification
of the observed flux (or equivalently a change in the inferred luminosity distance). In the second case the effect can
be both a magnification/demagnification and also production of multiple signals with a time delay that is a function
of the lens properties. We will examine both regimes in Secs. 3.2 and 3.3 below.
The low frequency and phase coherence of GWs allows the observation of wave effects. It is convenient to define
the dimensionless frequency



ML
f
w = 8πGML f = 4π
,
(13)
108 M
mHz
as well as a magnification factor F (w) = h(w)lensed /h(w)unlensed , where ML is the redshifted lens mass. GW lensing
is accurately described by geometric optics only if w  1 (more precisely, w∆t̃j  1 for all images). Then, the
amplification factor (the ratio between the lensed and unlensed waveform) is a sum over multiple images j:
X
F (w) =
|µj |1/2 exp(iw∆t̃j − iπnj ) ,
(14)
j

where µj is the magnification, ∆t̃j is the time delay (in units of 4GML ) evaluated on the j-th image position. Here
nj is the Morse phase of the image, respectively 0, 1⁄2, 1 for minima, saddle point and maxima of the time delay
function [201, 222]. These image types are also known as type I, II and III respectively.
For low (w considerably less than 1) or intermediate (w ∼ 1) frequencies it is necessary to consider the wave
optics regime, where the amplification factor is
Z
w
F (w) =
dx2 exp(iw∆t̃(~
x, ~b)) ,
(15)
2πi
where the time delay ∆t̃(~
x, ~b) is now a function of the (normalized) lens plane coordinate ~
x and source location ~b.
(See Ref. [201] for details). The low frequency limit w  1 corresponds to F ∼ 1, or no magnification. This can be
understood as a wave not being sensitive to an object whose effective size is smaller than its wavelength. The high
frequency limit corresponds to the geometric optics result Eq. (14), as can be obtained from a Gaussian expansion
around the images, which correspond to the extrema of the time delay δ t̃ (sub-dominant corrections to geometric
optics can be computed [223]). We will discuss wave effects in gravitational lensing and LISA opportunities in Sec. 3.4.

3.2

Weak lensing

The first regime that GWs will undergo is weak lensing. Because of the relatively deep observations LISA will be
able to achieve (median z ∼ 2, reaching out much deeper depending on source types) most of the observed events
(if not all) will be subjected to lensing by the large scale structure. In recent years weak lensing has become one
of the primary tools in cosmology to study the distribution of DM and the nature of DE (through the evolution
with redshift). Galaxy lensing surveys such as KiDS [224] and DES [225] are now providing tighter constraints on
cosmological parameters, such as geometry parameters (H0 , Ωm , and ΩΛ ) and matter clustering parameters (σ8 and
3 Because GW sources are effectively point-like, no image distortions are observable and shear influences GW observations
only through its effect on the magnification. This is very different from lensing of galaxies, where shear distortions are directly
observable.
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nS ) to a few percent level. Soon Euclid [226] and the Vera C. Rubin Observatory [37] will further constrain those
parameters, extending the analysis to DE (w0 and wa ) and various models beyond ΛCDM, down to the percent level.
Most likely, the study of systematic errors affecting those measurements will be the topic of the next decade or so.
GWs have the potential to revolutionize the field with virtually bias-free measurements of the luminosity distance.
In fact, LISA will give us the first deep luminosity distance measurements that will be both accurate (as this relies
on assuming GR is the correct theory) and also precise with typical errors up to a few percent depending on source
type and position in the sky. At the same time, the typical root-mean-squared error due to lensing is 0.02 for z < 1
and ramping up quite rapidly with redshift [82]. This will be a source of unwanted bias and extra noise in the Hubble
diagram inference, which must be accounted for in the analysis. However, if modelling of the lensing is introduced,
then this systematic error can become a new piece of useful information. For these reasons LISA will also establish
the groundwork for planned second generation space-based detectors.

3.2.1

As a source of noise and bias for standard sirens

Magnified sources are easier to detect than de-magnified sources. This simple fact biases the distribution of lensing
magnifications of an observed source sample. Lensing selection effects are often neglected when estimating the
lensing-induced uncertainty on the cosmological distance measurement from high-redshift GW sources. However,
when selection effects are included, flux conservation is no longer enforced, and the mean of the magnification
distribution is shifted from 1 for sufficiently high-redshift sources. This introduces an irreducible (multiplicative) bias
on the distance reconstruction, independent of the sample size. In Ref. [82] the effect of selection bias on a population
of MBBHs is examined, for different scenarios of MBH formation. It is shown that, while the effect of the bias on the
distance estimator for sources with an EM counterpart is typically below the variance threshold, it becomes relevant
for high redshift sources when the statistics of detectable events is large (e.g. when MBHs form at high redshift from
remnants of Population III stars), and it should be taken into account in population studies.

3.2.2

As a probe complementary to standard sirens

Thanks to the variety and large number of sources, LISA will be able to probe a wide range of redshifts with sufficient
statistical significance to constrain cosmological parameters. Given that LISA will be able to measure luminosity
distances to within a few percent (with optimistic estimates pushing this limit down to one percent) and the vast
majority of its sources (e.g. MBBHs, IMBBHs and EMRIs) at a median redshift of about 2, weak lensing by the LSS
will be expected to dominate the error budget of any luminosity distance measure. This has to be taken into account
in geometric analyses, such as the luminosity distance-redshift relationship as illustrated in the previous sections.
Here we explore an avenue to extract additional cosmological information: it is well known that the weak lensing
signal for background objects is correlated with foreground large scale structure. Foreground over- (under-) densities
will magnify (demagnify) the observed luminosity distance to background sources by a small factor. This can be
expressed in terms of the convergence via
0
DL
= (1 − κ)DL ,
(16)
0
is the (observed) lensed
where DL is the (unknown) unlensed distance, κ is the projected 2D convergence, and DL
distance. The observed luminosity distance now incorporates information about the convergence field, which in turn
is cosmology dependent. In fact its power spectrum has cosmological information imprinted into it that can be
extracted from data. It was long ago speculated that this signal could be exploited if large enough statistics (very
high number densities and very precise distance measurements) were available in the future with second generation
space detectors such as BBO [227]. This approach was then applied to third-generation ground based detectors and
deci-Hz space detectors to prove that the method would in principle be applicable to DE and modified gravity in
a tomographic analysis [167]. More recently, it was shown that a joint analysis of lensing and distance-redshift on
a combined dataset of LISA and third generation ground detectors would allow us to jointly constrain geometry
parameters (such as H0 and density) and clustering parameters (σ8 and ns ) at the same time with percent precision
(ΛCDM with curvature, nominal distance errors, and nominal number density) [228]. This is because a geometry
probe such as distance-redshift can act as a strong prior to break degeneracies that are usually present in lensing.
LISA will be the first detector to have good enough statistics to prove that such analysis is indeed possible, bringing
in independent constraints on additional cosmological parameters such as σ8 . In doing this, LISA will pave the way
for a combined analysis with other third-generation ground-based detectors such as ET, and also in the future for
new purposely-built detectors operating in other bands. (One such proposal is a deci-Hz detector currently under
evaluation by ESA [142]). Not only will LISA provide the first independent measurement of weak lensing, but it will
open the field of statistical cosmology to GWs which could dominate cosmology in the decades to come.
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3.3

Strong lensing

The probability that a GW is lensed depends on the redshift of the source and the distribution of lenses. The merger
rate at high redshift depends on the astrophysical formation channels which can affect the event rate of well detected
events and the sub-threshold lensed events observed by LIGO/Virgo [229] or, in future, by CE and ET [230–232]. One
of the robust ways to predict the lensing event rate is by using the detection or an upper bound on the amplitude of
the SGWB [233, 234]. For high-redshift GWs, the intervening matter between the source and the observer magnifies
the GW signal, thereby introducing a systematic error in the luminosity distance determination. Correcting for this
weak lensing effect is relevant when inferring cosmological parameters from GW standard sirens [81, 235]; see Sec. 3.2.
But a fraction of these GW events pass close enough to the lens so that lensing produces multiple images of the same
event. LISA could detect a few strongly-lensed massive BBH during its mission [236]. The detection of multiple
lensing events could provide new means for cosmography with LISA [237].
In the strong lensing regime the time delay between the images increases linearly with the mass of the lens,
reaching delays of months for a 1012 M galaxy lens. Each of the lensed images has a different magnification, but
they also acquire a fixed phase shift depending on how many times the image has crossed a lens caustic [222]; recall
the iπnj term in Eq. (14). The origin of this phase shift can be also understood from the folding of the wavefront,
which in strong-lensing configurations produces a phase of the waveform associated with the properties of the lensing
potential [206, 222].
In the case of minima of the lensing potential (type I images), there is no phase shift and the lensed waveform
reproduces exactly (modulo magnification) the shape of the emitted signal. For maxima (type III), there is an overall
change of the sign, e−iπ = −1, but the morphology of the signal remains intact. However, for saddle points (type
II), the associated phase shift can distort the waveform, since the frequency-independent phase shift will introduce
a frequency-dependent time delay that will differentially transform the GW signal [238]. For non-precessing, quasicircular orbits of equal mass binaries the emitted GWs are dominated by a single quadrupole radiation mode (22).
In that case, the lensing phase shift accounts for a π/4 shift of the coalescence phase [206, 238]. Nonetheless,
whenever higher modes, precession or eccentricity are relevant, the lensed waveform is modified so that it does not
conform with expectation from (unlensed) templates in GR [238]. This sets up the possibility that type II images
near the detection threshold might be missed with standard template bank searches, but also offers the opportunity
of identifying strongly lensed events with a single type II image if the SNR is high enough. Explorations of the
capabilities of third generation ground-based detectors to identify type II images are performed in Ref. [239].
Precise measurement of the phase of long duration signals by LISA could be key in distinguishing different types
of lensed images [238]. The observation of very high SNR MBBHs and sources with very asymmetric masses, such
as IMRIs and EMRIs, could give LISA a unique opportunity to identify strongly lensed events, even when detecting
a single image, i.e. one term in Eq. (14), if the other images are received outside of the observing window or are too
faint to be recovered.
Another very strong lensing effect can exist for LISA MBBH sources. If we observe these in EM during the
inspiral, we expect self-lensing flares to occur when the two BHs are aligned with the line-of-sight (to within about
an Einstein radius). In a recent pair of papers, [240, 241], a binary emission model was ray-traced, and a distinct
feature was found in the light curve imprinted by the BH shadow from the lensed BH. A dip occurs in the lightcurve
when the foreground BH lenses the shadowed part of the background BH. This could make it possible to extract
BH shadows that are spatially unresolvable by high-resolution very-long baseline interferometry. These shadows are
another probe of the metric around the MBH.

3.4

Wave effects

GWs can be emitted at low frequencies (w . 1), allowing the observation of wave diffractive phenomena. For typical
LISA sources, wave optics as in Eq. (15) needs to be considered for lenses with masses ML ∼ 106 −109 M , cf. Eq. (13).
In contrast, wave effects in gravitational lensing are not observed for EM sources, due to the finite size of these sources
and their high EM frequencies (w  1), cf. Figs. 12, 13 of Ref. [242].
Wave effects produce a frequency-dependent amplification factor F . At very low frequencies w  1 no magnification occurs, F ∼ 1, as a wave is not affected by an object smaller than its wavelength. As the frequency increases,
an oscillatory pattern emerges, caused by the superposition of different images. This pattern persists for GWs even
in the geometric optics limit w  1 through the exponents in Eq. (14). We do not see this pattern for optical EM
sources due to incoherent emission and lack of time resolution. Note that diffraction prevents the magnification for
GWs from diverging, even for perfectly aligned, symmetric lenses with normalized impact parameter |~b|/RE → 0.
An inspiralling binary sweeps through a range of frequencies before coalescence; a gravitational lens imprints the
frequency-dependent amplification factor into the waveform. These effects are shown in Fig. 4.
Several studies address the detectability of wave effects by LISA. Ref. [236] estimates that a handful of strongly
lensed events (. 5) will be observed in a 5 year mission. Because the lensing probabilities are dominated by galactic
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Figure 4: GW lensing and wave effects. Left panel: Amplification |F (w)| caused by a point lens in the wave optics
regime. Low frequency signals w  1 undergo no magnification. An oscillatory pattern emerges at higher frequencies.
Right panel: Imprint of strong lensing on a MBBH source, as observed by LISA. The frequency dependence (onset
of magnification, diffraction pattern) carries information about the gravitational lens.

halos with ML ∼ 1012 M , wave effects are likely to be unimportant for most strongly lensed LISA sources. However,
frequency-dependent diffraction effects in the weak lensing regime may be detectable for a small fraction of sources:
Ref. [243] find that 0.1 − 1.6% of LISA’s MBBH with total mass 105 − 106.5 M and redshift 4 − 10 may present
detectable wave-optics. LISA provides new opportunities to observe these frequency-dependent effects and use them
to probe the large-scale structure of the universe at the scale of sub-halos.
Wave effects can help identify GW signals (or groups of them) as lensed events and characterize gravitational
lenses. We discuss both possibilities below.

3.4.1

Identification of lensed signals

Diffraction-induced features in the gravitational waveform could be used to identify the event as lensed. The main
target for ground detectors is the first diffraction peak, appearing at low frequencies [208]. These diffraction effects
can be detected even for impact parameters comparable to the Einstein radius b & RE , for which there is only one
image in the geometric optics limit. Orbital parameters are expected to have some degeneracies with diffraction, but
it is in principle possible to distinguish them. Spin precession creates a modulation that affects the amplitude more
than the phase (while diffraction affects both equally). Orbital eccentricity can be distinguished by higher harmonics
in GWs, which are not induced by gravitational lensing.
Wave effects may produce systematic errors in different analyses. Diffraction-induced distortions make the GW
phase appear to arrive earlier than an unlensed EM signal [204, 244], although this is only an apparent superluminality
[212, 245]. This effect has to be taken into account [212] when, for example, inferring constraints on the speed of
gravity from the possible pre-merger modulated EM brightness of a MBB [246].
The interplay between wave optics and gravitational polarizations may provide alternative means to characterize
lensed GWs. This has been investigated using low-frequency corrections to geometric optics. These corrections
cause the polarization plane defined in geometric optics to become blurred due to diffraction effects, which leads
to the rise of apparent vector and scalar polarization modes [247]. Moreover, GWs in curved space propagate on
different geodesics depending on their circular polarization (an effect known as the gravitational spin hall effect)
[248, 249]. These effects might provide means to characterize lensed GWs. As they are suppressed by factors of the
GW frequency, these phenomena are more important for LISA than for ground-based detectors.

3.4.2

Reconstruction of large scale structure and lens properties

GW diffraction is sensitive to the power spectrum of matter density fluctuations on very small physical scales [250].
Ground detectors are sensitive to this power spectrum at wavenumbers where baryonic effects are smallest, k ∼
106 hMpc−1 for f ∼ 0.1 − 1Hz. Individual high SNR sources at high redshift, such as LISA observed MBBHs, may
be sensitive to frequency-dependent modulations of the GW phase and amplitude (SNR & 500 at mHz frequency,
zS ∼ 3, cf. Fig. 12 of [250]). Lensing induced diffraction can be enhanced substantially in non-standard scenarios
that affect the small-scale power spectrum (e.g. PBHs).
Wave effects can then improve the chances of detection and provide additional information about the lens.
Inspiralling binaries detectable by LISA sweep through a range of frequencies that might include the onset of diffraction
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for w ∼ 1 and/or the characteristic diffraction pattern for w > 1; see Eq. (13). For the case of LISA MBBHs lensed by
point masses and singular isothermal spheres, diffraction allows for a determination of lens mass and source position
at the level of 10% to ∼ 0.1% for ML . 107 M and ML & 108 M for SNR ∼ 1000 [201]. Point lenses can be
identified for large impact parameters b/RE ∼ O(10) (rather than ∼ 1), increasing significantly the likelihood of
detection ∝ b2 . Diffraction is also sensitive to cuspy (or singular) matter distributions, producing an image with
magnification µ ∼ (GM f )α−3 for a profile with central density ρ ∼ r−α (0 < α ≤ 2) [223]. Frequency-dependent
wave effects can be used to individually detect DM subhalos with M . 107 M and even measure their mass profiles,
although LISA might not provide enough events with sufficiently high SNR [251].
Investigations of microlensing (the effect of small-scale structure, such as stars, on the images produced by a large
lens) have focused on LIGO-Virgo sources. Microlenses have masses such that wave diffraction effects are important
at LISA frequencies, and would normally not leave an observable imprint (magnification ∼1). However, they can be
observed if they are present in regions of high magnification of the macrolens, such as caustics [252]. Nevertheless, in
most situations the macrolens model will be a sufficient description [253]. GW microlensing is also sensitive to the
stellar mass function, particularly in regions of high magnification [254].
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4

Constraints on modified gravity theories

Section coordinator: D. Vernieri. Contributors: T. Baker, E. Belgacem, G. Calcagni, M. Crisostomi, N. Frusciante,
K. Koyama, L. Lombriser, M. Maggiore, S. Mukherjee, M. Sakellariadou, I. D. Saltas, D. Vernieri, F. Vernizzi,
M. Zumalacarregui.

4.1

Models and theories

To test GR using the propagation of GWs, it is useful to compare it to other models that predict observational
deviations. The simplest case that one can consider is the presence of an additional scalar interaction, e.g. a
so-called scalar-tensor theory of gravity. Over the years, increasingly more general theories devoid of Ostrogradsky instabilities [255] have been introduced with the aim to account for the most general modification in
this setup. The advent of the Galileon field theory [256] quickly led to its covariant generalization [257] and so
to the reappraisal of the Horndeski theory [258], i.e. the most general scalar-tensor theory with second order
field equations. Relaxing this last assumption in a suitable way, has resulted in the beyond-Horndeski [259] or
Gleyzes–Langlois–Piazza–Vernizzi model [260, 261], and subsequently degenerate higher-order scalar-tensor
theories [262–264].
At low energy, those relevant for cosmology, the Lagrangian of these theories schematically reads [265]
L=

∞ X
3
X
n=0 m=0

cn,m (φ)Λ42



(∂φ)2
Λ42

n 

φ
Λ33

m
+ ... ,

(17)

where cn,m (φ) are dimensionless coefficients that depend mildly on φ, Λ2 corresponds to the spontaneous
Lorentz breaking scale, Λ3 is related to the ultraviolet (UV) cut-off of these scalar-field theories while the
ellipses refer to suitable gravitational terms necessary to keep the equations of motion of the propagating
degrees of freedom of second order. Higher derivative terms with m > 0 have been introduced in cosmology
to explain the accelerated expansion without a cosmological constant and simultaneously pass Solar System
tests [256, 266] using the so-called Vainshtein screening mechanism [267, 268]. In this case, the two scales
must be chosen as Λ2 ∼ (MPl H0 )1/2 and Λ3 ∼ (MPl H02 )1/3 , where MPl is the Planck mass and H0 the value
of the current Hubble constant.
The above models represent low energy effective field theory (EFT) whose cut-off scale can be chosen
according to the certain type of phenomenology they aim to describe, e.g. DE. An alternative path to follow
is to work out cosmological phenomena in a top-down way [269] starting from a fundamental theory of
gravitational and matter interactions, such as quantum gravity.
Quantum gravity is a generic name applied to any theory where the gravitational interaction is consistent
with the laws of quantum mechanics. Exploring the cosmological implications of these theories is important
to assess how LISA can contribute to our knowledge of fundamental physics.
The corrections to cosmological dynamics and evolution of the universe arising in quantum-gravity scenarios are expected to be very small since they dominate at Planck scales `Pl or high curvature, compared
to horizon scales H0−1 ∼ 1060 `Pl or low curvature. However, this may hold true for perturbative curvature
corrections to GR, while other mechanisms may enhance deviations from classical gravity either by inflation
of metric fluctuations to cosmic scales at early times or by non-perturbative cumulative effects on the propagation of GWs. The former mechanism will be explored in Sec. 9.3, while the latter will be developed in
this section in parallel with the other models. In particular, the dimension of spacetime in quantum gravity
changes with the scale probed and this can affect both the dispersion relation of GWs and the luminosity
distance of GW astrophysical sources [270, 271].
Quantum effects can also manifest themselves as non-local terms in the quantum effective action, and
these can affect the long-distance dynamics of the theory. In particular, assuming a non-local term that
corresponds to a dynamical generation of a mass for the conformal mode leads to a predictive model that
passes all current cosmological constraints [272–274] and predicts modified GW propagation. In this model
the effect can be quite large, leading, at the redshifts accessible to LISA, to deviations from GR that can be
as large as 80% [274, 275].
The gravitational interaction can be modified by considering a Lagrangian constructed with a general
function of the scalar associated with non-metricity Q, i.e. f (Q) [276–278]. In this theory at least two
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additional scalar modes are introduced with respect to GR. The equivalent of GR is obtained when the
Lagrangian coincides with the non-metricity scalar [279]. The f (Q) theory modifies the propagation equation
of GWs due to an additional scale-independent friction term which is related to a time-dependent effective
GW
Planck mass [280]. As a consequence, the GW luminosity distance, DL
, differs from the standard EM
em
luminosity distance, DL [281]. For a specific model it has been shown [281] that at the redshifts relevant
for LISA, the deviations with respect to the standard cosmological model can be relevant depending on the
value of the free parameter and that GW detectors such as LISA show a strong power in constraining it.

4.2
4.2.1

General expression for modified cosmological gravitational wave propagation
Modified cosmological gravitational wave propagation

The GW propagation over cosmological distances for generalised theories of gravity and other extensions of
ΛCDM can be parametrised by the wave equation [12, 282–288]


h00A + 2 [1 − δ(η, k)] H h0A + c2T (η, k) k 2 + m2T (η, k) hA = ΠA ,
(18)
where the primes indicate derivatives with respect to conformal time η. Here, we assume that the GW
propagates far away from the source in the form of a plane wave. The modified friction (δ), speed (c2T ),
mass (m2T ) and the source (ΠA ) are in general assumed to be functions of both time and wave-number
k.4 Furthermore, parity-violating theories could also introduce a dependence of these quantities on the
polarization index A.
As regards the friction term, within theories beyond GR next to the standard Hubble friction, one may
encounter an extra contribution described through δ. The latter can for instance parametrise an effective
Planck mass evolution rate or the impact of extra dimensions, or the effect of other modifications of GR
at the cosmological scale. The wave propagation may further be modified by a deviation in its speed cT
and the mass of the graviton mT . Finally, in standard GR the source term is due to the anisotropic stress
tensor (a typical mechanism that can generate it is neutrino free streaming, see e.g. Sec. 19.5.3 of Ref. [289]),
and in modified gravity can in general get further contributions (as is the case for instance in bimetric
theories [290]). In several modified gravity theories the only modification is in the friction term and is
wavenumber-independent, so that Eq. (18) reads
h00A + 2H[1 − δ(η)]h0A + k 2 hA = 0 .

(19)

In that case, the effect of the modification is such that, from the measurement of the waveform of the inspiral
of a coalescing binary, we do not get the standard luminosity distance obtained from EM signals (that, in
this context, we will denote by DLem ), but rather a GW luminosity distance, DLGW := 1/hA defined as the
inverse of the strain amplitude, up to a constant coefficient. In the case of Eq. (19), this quantity is related
to DLem by [286]
 Z z

dz 0
GW
em
0
δ(z ) .
(20)
DL (z) = DL (z) exp −
0
0 1+z
For the purpose of comparison with the data, it is convenient to have a simple parametrization of this effect
in terms of a few parameters, rather than a full function of redshift (similarly to the (w0 , wa ) parametrization
of the DE EoS). In practice, just as for the DE EoS, a parametrization is useful only if it is quite economical,
with at most two parameters, otherwise it will be difficult to extract them from the data. For modified GW
propagation, a convenient choice is [291]
1 − Ξ0
DLGW (z)
= Ξ0 +
,
DLem (z)
(1 + z)n

(21)

which depends on the two parameters (Ξ0 , n). This parametrization reproduces the fact that, as z → 0, the
ratio DLGW /DLem must go to one since as the redshift of the source goes to zero, there can be no effect from
4 The

function δ is also indicated with other names in the literature, such as ν and αM , related to δ by ν = αM = −2δ.
Here we follow the notation of Ref. [12].

33

modified propagation. In the opposite limit of large redshifts, in Eq. (21) DLGW /DLem goes to a constant
value Ξ0 . This reproduces what happens in typical DE models, where deviations from GR only appear in
the recent cosmological epoch, so that δ(z) goes to zero at large redshift and DLGW (z)/DLem (z) saturates to
a constant. Eq. (21) indeed fits the explicit results from a large class of modified gravity models [12]. The
modification in the luminosity distance shown in Eq. (21) can be tested from observations by combining with
EM observational probes such as the BAO and CMB. By combining the BAO angular scale θBAO (z) with
the measured luminosity distance from the GW sources and the sound horizon scale from CMB rs , one can
write a unique relation to measure the parameters Ξ0 and n [292]:


1 − Ξ0
GW
(1 + z)rs .
(22)
DL (z)θBAO (z) = Ξ0 +
(1 + z)n
GW
If GR is the correct theory of gravity, the above equation indicates that the product of θBAO (z) and DL
(z)
should scale as (1 + z)rs as a function of redshift. Otherwise, it will exhibit a departure from (1 + z)rs which
can be explored to reconstruct the parameters Ξ0 and n for both bright and dark standard sirens as a
function of redshift [292].
The (Ξ0 , n) parametrization is the one in terms of which have been written explicit codes and Markov
Chain Monte Carlo (MCMC), in order to assess the sensitivity of LISA to modified GW propagation, including the degeneracies of Ξ0 with other parameters such as w0 , see below. Other two-parameter parametrizations can be found in Refs. [12, 271].

4.2.2

The damping term (standard sirens)

Late-time constraints on the modified damping term have been forecasted in Refs. [12, 281, 284, 286, 292–
294] based on standard siren tests [7, 9], and early-time modifications can be constrained by CMB Bmodes [295]. However, the dark sirens detected by LIGO and Virgo already impose some actual limits on
Ξ0 [52, 291, 296, 297]. The modified friction term can also be constrained with GW data only analyzing
the mass distribution of compact binaries [298], similarly to the methods developed to bound H0 and other
cosmological parameters [69, 71, 299]. So far there has not been much exploration of a possible frequency
dependence of δ. (See, however, Ref. [12] for forecasts on oscillations in the GW amplitude.)
In specific models of modified gravity, the parameters effecting the GW luminosity distance also impact
EM observables. For the Horndeski family of theories, constraints of this type can be found in Refs. [300–303],
and the combination of EM+GW constraints in Refs. [294, 304].
In certain theories GWs can decay via interactions. This effect is induced by non-linear couplings from
m = 2 in Eq. (17), as the spontaneous violation of Lorentz symmetry allows GWs to decay into two scalar
excitations perturbatively [305] or with resonant enhancement [306] for which, importantly, LISA will probe
a different and complementary region of the parameter space already constrained by LIGO/Virgo.
4.2.3

The gravitational wave speed

The GW speed cT is constrained by a variety of measurements. The detection of ultra high energy cosmic
rays implies a strong constraint on gravitational Cherenkov radiation from subluminal propagation of the
waves, as otherwise the radiation would decay away at a rate proportional to the square of their energy
O(1011 GeV) before reaching us [307–309]. For galactic O(10 kpc) or cosmological O(1 Gpc) origin, the
relative deviation in cT is constrained to be smaller than O(10−15 ) or O(10−19 ), respectively. This bound,
however, only applies for subluminal propagation, redshifts of z . 0.1, and modifications in the high-energy
regime.
Another constraint on cT at the subpercent level can be inferred from the energy loss in binary pulsar systems [310, 311]. Constraints on cT have also been discussed as forecasts for potential arrival time
comparisons with nearby supernovae emissions [282, 284, 311, 312], which are however very rare, for LISA
eclipsing binary systems [313], or the weak bounds that can be inferred without counterpart emissions from
BBH mergers [314], from the comparison of the GW arrival times between the terrestrial detectors [315],
or the CMB B-mode power spectrum [316] for early-time modifications. A stringent and prominent direct
constraint on deviations of cT /c = 1 of . O(10−15 ) was obtained from the arrival times of the GWs from the
LIGO/Virgo event GW170817 [317, 318] and its EM counterparts. As anticipated, the measurement left a
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strong impact across a wide range of cosmic acceleration models [284, 319–324]. This can be observed from
Eq. (17): for φ̇2 ∼ Λ42 and H φ̇ ∼ Λ33 , a cT very close to c implies a fine tuning of the coefficients cn,2 and
cn,3 for all n.
Importantly, however, the constraint only applies to low redshifts of z . 0.01 and the LIGO/Virgo
frequency range [325, 326]. In particular, it was argued that UV completion terms for modified gravity
theories naturally recover a luminal speed of gravity in the high-energy limit tested by GW170817 while
allowing deviations at lower energies relevant to modifications that could drive cosmic acceleration [326].
LISA will provide a threefold improvement over a GW170817-like bound. With the detection of GWs from
massive BBHs up to z ∼ 10 and their EM counterparts cT will be tested across much larger distances,
tightening the current constraint. Additionally, a more robust measurement of arrival-time delays can be
achieved [30, 34, 246]. Furthermore, LISA tests the frequency range below the expected UV transition of
modified gravity models [326]. Besides providing a new test of GR at different energy scales, a measurement
of the speed of GWs with LISA is thus of particular relevance to cosmic acceleration models. Another way
to relax the constraints on cT is by considering larger values of Λ3 or smaller values of φ̇2 . For instance, it
was noted that by raising Λ3 in Eq. (17) by three orders of magnitudes is enough to agree with most of the
constraints discussed in this section [327]. Although this means that cosmological effects of these theories
become irrelevant, their consequences could become manifest in compact astrophysical objects, potentially
probed by LISA.
4.2.4

Dispersion

An energy E dependent GW velocity is also introduced with non-vanishing graviton mass mg = µh/c2 6= 0,
where the group velocity becomes (vg /c) ' 1 − (mg c2 /E)2 . The combination of current LIGO/Virgo sources
yields a constraint of mg ≤ 1.76 × 10−32 GeV/c2 [328]. More distant and more massive sources are generally
more effective in constraining the dispersion relation and the lower energy range of LISA will be favourable
for tightening the bounds on mg . Currently, the strongest bound on the mass of the graviton with mg ≤
7 × 10−41 GeV/c2 is inferred from weak gravitational lensing [329].
Frequency dependent modifications in the velocity term of Eq. (18) can also more generally be parametrised
with the group velocity (vg /c) ' 1 + (α − 1)Aα E α−2 + O(A2α ), where α and Aα may parametrise quantumgravity effects, extra dimensions, or Lorentz invariance violations [330]. The parametrisation recovers for
instance the effect of a massive graviton for α = 0 with A0 = m2g c4 . In quantum gravity, the parameter α
depends on the dimension of spacetime and of momentum space [271].
4.2.5

Interaction terms and gravitational wave oscillations

Finally, the presence of a source term Π 6= 0 further modifies the GW amplitude with an oscillatory correction
of order Πγij /(Hk) [285]. This effective source term appears naturally in theories with multiple tensor fields.
These tensor fields could have a fundamental origin like in bigravity [290, 331] or they could be an effective
field arising from a combination of multiple vector fields as in Yang-Mills [332–334], Abelian multi gauge fields
in a gaugid configuration [335] and multi Proca fields [336–339]. (See Ref. [340] for a survey of the theory
landscape.) The induced GW oscillations have been studied in concrete examples such as Refs. [341, 342] and
gauge field DE [343, 344]. The presence of additional tensor modes can leave an imprint in the luminosity
distance, introduce waveform modulations and chiral effects [340].
The effect of GW oscillations on the luminosity distance can be constrained with LISA standard sirens [12]
(see Sec. 3.3). In the coherent regime, GW oscillations appear as frequency dependent modulations of the
waveform and can thus be tested without the need of redshift information, cf. Fig. 11 in Ref. [12]. GW
oscillations in bigravity depend on a mixing angle (defining the interaction between the two spin-2 fields)
and are suppressed by the graviton mass as m̃2g /f 2 . The lower frequency range and high SNR will allow
LISA to improve constraints on mg to mg . 2 · 10−25 eV, an improvement by 3 orders of magnitude with
respect to current LIGO bounds (mg . 10−22 ) eV [341].
4.2.6

Polarisation effects, gravitational wave lensing and triple systems

GW propagation beyond GR can lead to effects on standard (+, ×) or novel GW polarizations (e.g. scalar and
vector waves). Due to Lorentz symmetry and parity, on the homogeneous FLRW background h× , h+ interacts
35

only with additional tensor polarizations, either fundamental (bigravity, multigravity) or composite (multiple
vector fields), leading to the effects discussed in Sec. 4.2.5. Theories including parity-violating interactions
can lead to propagation effects on left/right polarized GWs [345, 346].
Interactions between standard and novel polarizations in parity-preserving theories occur beyond the homogeneous background, leading to new phenomena in GW lensing beyond GR [211]. Locally, the propagating
field is a superposition of the +, × and novel polarizations, known as propagation eigenstates. Propagation
eigenstates evolve independently with a well defined speed that can depend on the position and direction. In
general, each propagation eigenstate has a different speed, leading to birefringence (polarization dependent
arrival time and deflection angles). Birefringence causes very distinct effects when the (total) time delay
between different polarizations is shorter than the duration of the signal in the observable band. Long signals at high redshift (e.g. MBBHs) will allow LISA to probe birefringence in ways complementary to ground
detectors.
GW lensing beyond GR can be particularly powerful in configurations in which the source and the lens
are in close proximity. Interesting targets for LISA are stellar mass binaries in the vicinity of a MBH (a
scenario suggested by the possible EM counterpart to GW190521 [104]). GW birefringence effects can be
strongly enhanced by the strong gravity, potentially allowing tests of Horndeski theories at even higher
precision than GW170817 (cf. Sec. 4.2.3 and Fig. 16 in Ref. [211]). GW emission by a binary near a MBH
can be affected by the scalar hair of the central body [347]. A stellar-mass binary orbiting a MBH undergoes
a characteristic Doppler shift and (possibly) a strong lensing pattern that can be used to identify the triple
system [103]. Those systems can excite the quasi-normal modes of the central BH during the inspiral, with
stellar-mass binaries detected by LISA sensitive to central masses M ∼ 106 M [348]. These configurations
will allow LISA to perform novel tests of GR, either through the confirmation of the triple-nature of the
system or by direct detection of quasi-normal modes.
4.2.7

Relation to ppE framework

The modifications in Eq. (18) can also be cast into the parameterized post-Einsteinian (ppE) framework [349],
introduced to parametrise the effects of GR departures in the dynamical strong-field regime on the gravitational waveforms from the binary coalescence of compact objects,


X
P
k
h(f ) = 1 +
αj uj  ei k βk u hGR (f ) ,
(23)
j

where u ≡ (πMf )1/3 with chirp mass M and frequency f . The GR waveform hGR (f ) is reproduced for
vanishing αj and βk . The series in αj can be expressed as an integral over δ whereas the series in βk may
be expressed as an integral involving cT and mT [285]. In the ppE subclass of the generalised inspiralmerger-ringdown waveform model h(f ) = eiδΦgIMR hGR (f ) [350] (see e.g. Ref. [285] for the deatils of this
parameterization) the modification is hence independent of δ. The above parametrization has been further
extended to include parity violating effects and then used to put constraints on parity violation in gravity
by using the LIGO/Virgo O1/O2 catalog [351].

4.3

Open problems

An interesting open problem is the mixture of propagation and source effects for extended theories of gravity
and the role of screening mechanisms. A post-Newtonian expansion for the source emission in screened
regimes can be performed using a scaling relation [352, 353]. For some GR extensions the relevant modification in ν are in fact determined by the screened environments of emitter and observer rather than the
cosmological background whereas for cT screening effects may safely be neglected.
In addition to the effects on the propagation of GWs, modified gravity theories can also affect the
generation of GWs. Shift-symmetric scalar-tensor theories are particularly suited for describing DE since
they mediate a long range (massless) interaction. However, in these theories, there is a no-hair theorem
that proves that the only BH solution is locally isometric to Schwarzschild [354, 355]. One way to avoid the
no-hair theorem is to consider a time dependent scalar field solution and a number of hairy BH solutions have
been found in Horndeski, beyond-Horndeski as well as degenerate higher-order scalar-tensor theories [356].
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Another possibility for hairy BH solutions is to involve the coupling with the Gauss-Bonnet invariant [357].
A no-hair theorem also exists for neutron stars [358, 359]. Again the time dependence of the scalar field
can evade this no-hair theorem [360, 361]. It is still an open question whether these hairy solutions can be
formed dynamically and how they modify the generation of GWs such as BH ringdown [327]. We note that
even if modified gravity theories predict the same BH solutions in static environments, this is not necessarily
the case in dynamical situations, and also their perturbations are different in different theories [362, 363].
An interesting possibility to evade such no-hair theorems, at least for neutron stars, is to allow for a
conformal coupling with matter. The conformal coupling breaks the shift symmetry, but so long as this is
Planck suppressed, this breaking will be soft. In this case non-trivial solutions featuring screening exist [364]
and, most importantly, pass the test of non-linear numerical evolution [365].
These modified gravity theories admit the existence of scalar GWs. A detection of scalar GWs is a smoking
gun for the deviation from general relativity [366]. Screening mechanisms are expected to suppress the
generation of scalar GWs [367], however, very recently, numerical relativity simulations have been performed,
which point at a partial breakdown of the screening in BH collapse [365, 368] and in the late inspiral and
merger of BNSs [369]. In more detail, stellar collapse seems (quite surprisingly) to produce a very low
frequency signal potentially detectable by LISA, while waveforms from BNSs seem to deviate from their GR
counterparts at the quadrupole (but not dipole) multipole order.
Finally, there are various theoretical constraints on modified gravity models considered in this section.
A notable one is the decay of GWs into scalar field perturbations [305, 306]. This is due to the low strongcoupling scale of the theory, which is close to the energy scale probed by LIGO/Virgo. Other constraints
can be placed in terms with m = 1 and m = 2 in Eq. (17), and come from avoiding instabilities in the scalar
field sector that can be induced by passing GWs [370]. If new states are present at a scale parametrically
below the cut-off, the theory is of no use for the GWs predictions at LIGO/Virgo [326]. LISA will detect
GWs at much lower frequencies and will play an essential role in constraining these theories.
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5

Stochastic gravitational wave background as a probe of the early
universe

Section coordinator: S. Kuroyanagi. Contributors: N. Bartolo, C. Caprini, G. Cusin, D.G. Figueroa, S. Kuroyanagi,
M. Peloso, S. Renaux-Petel, A. Ricciardone.

5.1

Introduction

The SGWB contains information on the GW events that occurred across the whole history of the universe. Its
measurement has an immense value for cosmology. It gives access to stages of the early universe that cannot
be directly probed by either EM or neutrino observations. The universe before the CMB epoch was indeed not
transparent to photons, and neutrinos produced in the very early universe are too weak to be detected at current or
forthcoming experiments. We now introduce some key concepts about the SGWB and its observables, while we focus
on the physics of its cosmological sources in the subsequent sections.

5.1.1

What is a stochastic gravitational wave background?

Early universe phenomena that emit GWs typically lead to the production of a background of GWs of stochastic
nature. This means that the tensor perturbation hij (x, t) that defines the background is a random variable with
different realisations everywhere in space. SGWBs can therefore be characterised only at a statistical level, by means
of ensemble averages. As there is only one observable universe, what is customary in cosmology is to invoke the ergodic
hypothesis, stating that either spatial or temporal averages are equivalent to an ensemble average of the underlying
statistical distribution. In other words, we interpret that, by observing today a large region of the universe (or for
this matter a given region for long enough time), we have access to many realisations of the system. This holds under
two conditions: 1) if the universe is almost homogeneous and isotropic at the time of the GW production, so that
the initial condition for the generation of GWs is the same (in a statistical sense) everywhere; 2) if the GW source
respects causality. Under these circumstances, the properties of SGWBs from the early universe can be studied by
means of the ergodic hypothesis.
Due to causality, a cosmological GW source acting at a given time in the early universe cannot produce a signal
correlated at length and time scales larger than the cosmological horizon at the moment of GW generation. If we
denote with a subscript p the time of production, the (physical) correlation scale of the emitted GWs must satisfy
`p ≤ Hp−1 .5 Equivalently, the GW signal cannot be correlated at time scales larger than ∆tp ≤ Hp−1 . At the present
time we have access to much larger length and time scales than today’s redshifted scale associated with Hp−1 , so a
SGWB signal in our detectors is perceived as the superposition of many signals uncorrelated in time and space. The
number of independent signals in a given region today can be actually counted, knowing the evolution of the universe
and the details of the GW generation mechanism.
We note that the above arguments remain valid also for causal sources continuously emitting GWs over a long
period, say during several Hubble times. The paradigmatic example of this is the case of a cosmic string network,
which emits GWs continuously, all the way from the moment of the phase transition that created it, till today. The
SGWB signal in this case is mostly dominated (at least in the Nambu Goto (NG) approach to strings, see Sec. 7) by
the superposition of the GWs emitted by sub-horizon string loops. This GW signal is perceived today as a background
formed by the superposition of many GW emissions at different times of cosmic history, and from many different
regions. Therefore the observation of this signal today cannot be resolved beyond its stochastic nature, exactly for
the same reasons discussed above. The main difference in fact between a continuously sourced background and one
arising from a source localised in time, is rather that the former extends over a long frequency range, precisely because
its source has been emitting during many Hubble times.
In the case of inflation, the above arguments do not apply, as the causal horizon grows exponentially during
the inflationary phase. Yet, it is well known that inflation produces a SGWB, as we discuss in Secs. 8 and 9. The
inflationary background of GWs is actually considered to be stochastic because of the intrinsic quantum nature of the
generating process. In particular, this background originates during inflation due to the quantum vacuum fluctuations
of tensor metric perturbations, which become a random variable. The tensors become effectively classical during the
inflationary accelerated expansion as their wavelengths are exponentially stretched to super-Hubble scales, where they
acquire very large occupation numbers. (See the discussion e.g. in Ref. [371].) This transition after Hubble-crossing
renders the tensor perturbation a stochastic variable. When the tensor perturbations re-enter the Hubble radius
during cosmic evolution after inflation, they form a GW signal that is intrinsically stochastic.
us note that we have used the inverse Hubble rate Hp−1 as the cosmological horizon, as that is a good approximation
for most of the cosmological evolution of the universe, except during inflation.
5 Let
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Finally, let us notice that the superposition of astrophysical GWs also forms a SGWB, which will act as a foreground for cosmological SGWBs. We will briefly review possible astrophysical background contributions expected in
the mHz band in Sec. 5.2.2.

5.1.2

How do we characterize a stochastic gravitational wave background?

Since we speak about random tensor variables, the Fourier mode hr (k, t) are also considered to be random variables. For statistically homogeneous and isotropic, unpolarised and Gaussian GW backgrounds, we define the tensor
amplitude power spectrum as
8π 5 (3)
δ (k − q) δrp h2c (k, t) ,
(24)
k3
with hc a dimensionless real function, depending only on the time t and the comoving wave-number k = |k|. The
previous factor 8π 5 has been chosen so that we can write
Z +∞
dk 2
hhij (x, t) hij (x, t)i = 2
hc (k, t) ,
(25)
k
0
hhr (k, t) h∗p (q, t)i =

with the factor 2 in the RHS as a convention motivated by the fact that the LHS involves the contribution from two
independent polarisations. It is then clear that hc (k, t) represents the characteristic tensor amplitude per logarithmic
wave-number interval and per polarisation state, at a given time t.
Another relevant quantity to characterise a SGWB is the spectrum of GW energy density per logarithmic wavenumber interval, dρGW /dlogk, defined as
Z +∞
hh0ij (x, η) h0ij (x, η)i
hḣij (x, t) ḣij (x, t)i
dk dρGW
ρGW =
=
=
,
(26)
32πG
32πG a2 (η)
k dlogk
0
where in the second equality we have converted the derivatives with respect to the physical time t into derivatives
with respect to the conformal time η. An expression for the GW energy density power spectrum dρGW /dlogk valid for
2
free waves inside the Hubble radius, can be found using the simple relation h0c (k, η) ' k2 h2c (k, η), where the prime
2
0
symbol ( ) represents the derivative
respect to the conformal time, and h0c (k, η) characterises the expectation
R +∞ dkwith
0
0
02
value hhij (x, η) hij (x, η)i = 2 0
hc (k, η). Using this, we arrive at [371]
k
k2 h2c (k, η)
dρGW
=
.
dlogk
16πG a2 (η)

(27)

As hc (k, η) ∝ 1/a(η) for sub-Hubble modes, the GW energy density is diluted as radiation with the expansion of the
universe, ρGW ∝ a−4 , as expected for massless degrees of freedom.
Finally, in order to connect the above expressions with experimental observables, we need to re-express the GW
spectra today in terms of the present-day physical frequency, f = k/(2π a0 ), associated with the comoving wavenumber k. In order to do this, we first write the characteristic tensor amplitude per logarithmic frequency interval
today as hc (f ) = hc (k, t0 ). We then define the one-sided spectral density of a SGWB as
Sh (f ) =

h2c (f )
,
2f

(28)

which has dimensions Hz−1 . The reason to define this quantity is that it is directly comparable to the noise in a
detector, parametrised by Sn (f ). On the other hand, it is convenient to normalise the spectrum of the GW energy
density per logarithmic frequency interval like
ΩGW (f ) =

1 dρGW
,
ρc dlogf

(29)

where ρc = 3H 2 /(8πG) is the critical energy density at time t. The quantity traditionally considered by cosmologists
is then
4π 2 3
(0)
ΩGW (f ) =
f Sh (f ) ,
(30)
3H02
which corresponds to the normalised energy density spectrum today. In terms of the dimensionless amplitude hc =
√
2f Sh , we can also write the following relations
 3
Hz
1
h2 ΩGW (f )
,
(31)
Sh (f ) = 7.98 × 10−37
f
Hz
 
Hz p 2
hc (f ) = 1.26 × 10−18
h ΩGW (f ) .
(32)
f
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5.1.3

Current constraints by other observations.

There are several ways to place constraints on the SGWB energy density. We briefly review different types of
observations which provide constraints on the SGWB at different frequencies.
BBN places a bound on a primordial (i.e. prior to BBN) SGWB as the latter contributes to the total energy
density of extra relativistic species and affects the expansion rate of the universe during BBN. In order not to spoil
BBN by changing the resulting light-element abundances, the energy density of the SGWB should satisfy [371, 372]
Z


(upper)
d(ln f )ΩGW (f )h2 ≤ 5.6 × 10−6 Neff
− 3.046 ,
(33)
(upper)

where Neff
is the upper bound on the effective number of relativistic degrees of freedom Neff . Applying the
(upper)
2σ upper limit for Neff from BBN (obtained by observations of 4 He and D) as Neff
= 3.41 [373], we obtain
ΩGW h2 < 2.3 × 10−6 for a logarithmic frequency bin. This constraint is valid for GWs generated before the BBN
epoch T ∼ 1 MeV.
The CMB is also a powerful tool to constrain the primordial SGWB. CMB anisotropies on large scales, both in
temperature and in polarisation (E and B modes), can be induced by the tensor metric perturbations. Non-detection
of such anisotropies provides a bound on the tensor-to-scalar ratio r and the current best bound is given by the
combined Planck and BICEP2/Keck data up to 2018: r < 0.036 at k = 0.05Mpc−1 [374–377], which corresponds to
ΩGW h2 < 1.5×10−16 at f = 7.7×10−17 Hz. On small scales f > 10−15 Hz, GW modes are well inside the cosmological
horizon and behave like massless neutrinos, contributing to Neff , thus affecting the growth of density perturbations
as well as the expansion rate at recombination [378–380]. The updated constraint from the temperature anisotropy is
ΩGW h2 < 1.7 × 10−6 for adiabatic initial conditions and ΩGW h2 < 2.9 × 10−7 for homogeneous (non-adiabatic) initial
conditions at the 95% confidence level [380]. In the case of adiabatic initial conditions, GW perturbations evolve in
the same way as neutrino perturbations. Most known sources of a SGWB produce an unperturbed background and
we should impose homogeneous initial conditions, which assume no initial density perturbation.
Ground-based interferometer experiments, which have sensitivity to the frequency range of 10 −100Hz, are rapidly
improving the upper limit on a SGWB. The latest constraint by the O3 run of LIGO/Virgo gives Ω GW < 5.8 × 10−9
(with h = 0.679) at the 95% confidence level for a flat (frequency-independent) SGWB [381]. The limit is obtained
by combining data from the earlier O1 and O2 runs and 99% of the sensitivity comes from the frequency band
20 − 76.6 Hz.
Pulsar timing arrays probe low-frequency GWs at a frequency range of 10−9 and 10−6 Hz. Millisecond pulsars
are known to have an extremely stable pulse frequency. GWs affect the pulse propagation and change the pulse times
of arrival, thus their presence can be tested by regularly monitoring pulse frequencies. Radio telescope projects,
such as NANOGrav [382], EPTA [383], and PPTA [384], have been updating the upper limit on the GW amplitude,
and recently reported the possible detection of a SGWB [385–387]. The strain amplitude for a f −2/3 power-law
spectrum inferred by the two experiments has central value at hc = 1.92 × 10−15 and hc = 2.95 × 10−15 at f = 1 yr−1 ,
respectively, which correspond to ΩGW h2 ' 2 – 5 × 10−9 at f = 3.2 × 10−8 Hz. A confirmation of quadrupolar spatial
correlations in the signal is needed to establish the detection.
A SGWB at µHz frequencies can in principle be observed in binary pulsars as well as in Earth-Moon-like or
Earth-Satellites-like systems. The binary system’s orbits indeed exhibit resonant interactions with the SGWB in some
regimes. Current estimates show that such binaries permit to rule out the existence of a SGWB with Ω GW & 6 × 10−6
at frequencies f ∼ 1 µHz, with improvement to ΩGW & 5 × 10−9 by late 2030’s [388, 389].

5.2
5.2.1

Generation mechanisms
Cosmological

Among the targets of the LISA mission there is the cosmological SGWB, which includes different sources active in the
early universe. Such a background is characterised by the spectral energy density ΩGW (f ) defined in Eq. (29) and by
some peculiar features, which will be described in next sections, that can be useful in the process of characterisation
and disentanglement from the astrophysical background, like chirality, non-Gaussianity, anisotropies and so on. A
very well known example of a cosmological SGWB is the irreducible GW background due to quantum vacuum
tensor fluctuations produced during inflation, which spans a large range of frequencies with an almost scale-invariant
spectrum. For the simplest realisation of inflation, it has an amplitude that is too small to be detected by LISA.
Besides this, there are several primordial mechanisms which can lead to a non-flat cosmological-SGWB frequency
profile at the scales probed by GW interferometers (from 10−5 to 102 Hz): from models where the inflaton is coupled
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Figure 5: SGWB energy density h2 ΩGW for different cosmological sources compared to the sensitivity of different
GW detectors. As cosmological signals we have the vacuum GW contribution coming from inflation (grey dashed
line) with r = 0.044 and nT = −r/8, the signal expected in axion inflation models (cyan), the signal generated
by cosmic string networks with Gµ = 10−10 (brown), the signal generated by a FOPT with vw = 0.9, α = 0.1,
β/H∗ = 50, g∗ = 100, T∗ = 200GeV (pink) and the signal generated at second-order by the formation mechanism of
PBHs with fP BH = 1, σ = 0.5, k∗ = kLISA (orange). For GW detectors we report the sensitivity of Planck (darker
green), LITEBird (green), EPTA (blue), SKA (darker blue), LISA (red), DECIGO (purple), LIGO Design (black)
and ET (darker black).

with extra (gauge) fields (Sec. 8.2) [390–396] to models with features in the scalar power spectrum (Sec. 8.3) [397–
399], models where spacetime symmetries are broken during inflation (Sec. 8.4) [400–402, 402–404, 404–407], or
scenarios where non-attractor phases characterise the universe evolution [408–410]. GWs sourced by second-order
scalar fluctuations (Sec. 10.3) can further be associated with PBH formation (Sec. 10). These models are characterised
by an amplitude which, still respecting the CMB bounds, have a large amplitude and a peculiar frequency shape
which may enable detection by LISA. A dedicated analysis for the potential of the LISA space-based interferometer
to detect the SGWB produced from different inflationary models has been performed in Ref. [411]. This analysis has
shown how LISA will be able to probe inflationary scenarios, in a complementary way to CMB experiments. Besides
these, there are some post-inflationary mechanisms which can also generate GWs with a large amplitude at LISA
scales: for instance several setups beyond the standard model of particle physics (BSM) exhibit a first-order phase
transition (FOPT) around the TeV energy scale that peaks in the LISA frequency window (see Sec. 6). A dedicated
analysis for the detection of a cosmological SGWB from FOPTs have been done in Refs. [412, 413]. Also cosmic
defects can generate a cosmological SGWB which crosses the frequency window of the LISA detector. More precisely
the GW signal from cosmic defects can be detected if the energy of the phase transition that created the defects is at
the right scale (see Sec. 7). A recent analysis to probe the ability of LISA to measure this background, considering
leading models of the string networks has been done in Ref. [414]. In the most optimistic case, LISA might be able
to probe cosmic strings with tensions Gµ & O(10−17 ). It has been recently pointed out [415] that, depending on
different assumptions on the astrophysical background and the galactic foreground, LISA will be able to probe cosmic
strings with tensions Gµ & O(10−16 − 10−15 ).
The detection of any of these SGWBs from the early universe, would allow us to test high energy scales beyond
the reach of particle colliders, like the Large Hadron Collider (LHC).
In Fig. 5 we collect GW cosmological signals expected to peak in the LISA frequency band and we compare them
with the sensitivity of present and future GW detectors.
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5.2.2

Astrophysical

The astrophysical SGWB results from the incoherent superposition of signals emitted by numerous unresolved astrophysical sources from the onset of stellar activity until today. As any other background of radiation, the astrophysical
SGWB is quantifiable through its isotropic energy density level and through the spatial angular power spectrum encoding its anisotropy. Many different astrophysical sources contribute to the astrophysical SGWB, including SOBBHs
and BNSs [416–422], merging MBBHs [423], rotating neutron stars [424–426], stellar core collapse [427, 428] and population III binaries [429]. The astrophysical information that can be extracted from the intensity and polarisation
maps of the astrophysical SGWB, are the collective properties of a given population of astrophysical sources (redshift
and mass distribution, local properties of galactic environment, ...).
The astrophysical SGWB from BBHs is expected to be dominant in the LISA band [419] and below, and may
become a source of confusion noise for other sources and cosmological background emissions. Observations with
LISA will allow for the study of some aspects of BBH populations that are difficult to observe with ground-based
interferometers. For example, at the mHz frequencies accessible to LISA, some of the binaries may not be fully
circularised, and their residual eccentricities may provide an indication to their formation channel. In particular,
binaries formed through dynamical processes in dense stellar clusters can have measurable eccentricities. These
can be constrained for the subset of resolved merger, and in addition the distribution of eccentricities of the entire
population may also affect the resulting astrophysical SGWB.
The detection of the BNS merger by the LIGO/Virgo network [430–432] and the estimated rate of mergers in
the local universe of R = 13 − 1900 Gpc−3 yr−1 [433] led to the conclusion that in the Hz band these sources may
have a comparable contribution to the astrophysical SGWB relative to BBHs [381, 434]. We may therefore expect
that their contribution to the anisotropies of the astrophysical SGWB will also be important also for LISA. While
it will be difficult to disentangle the relative contributions of BBHs and BNSs to the overall astrophysical SGWB,
especially in view of the large modelling uncertainty in the BNS merger rates [435, 436], it is interesting to note that
their host galaxies are expected to have different properties. In the isolated BH formation scenario discussed e.g. in
Ref. [187], BH masses are heavily influenced by the metallicity of their progenitor stars. Specifically, metal-poor stars
retain most of their mass throughout their evolution and collapse to form heavier BHs. As a consequence, these BHs
form preferentially in high-redshift and/or low-mass galaxies [437–440]. In contrast, NSs can also form in metal-rich
environments. In view of the different clustering properties of the host galaxy populations, BBHs and BNSs can in
principle give rise to very different anisotropic components of the astrophysical SGWB [187].
Finally, LISA will also allow one to study the astrophysical SGWB from other types of sources such as close white
dwarf binaries (see e.g. Ref. [441]), which may also produce anisotropies in the galactic plane [442, 443]. We refer the
reader to Ref. [3] for an in-depth discussion on the astrophysical populations leading to this and the aforementioned
astrophysical SGWBs.

5.3
5.3.1

Characteristics of the stochastic gravitational wave background
Frequency profile of the stochastic gravitational wave background

As described above, there are many different mechanisms to generate a SGWB both of cosmological and astrophysical
origin. The question that arises is, how to determine the origin of the SGWB, once it is detected. Identifying the
SGWB source is a challenging but crucial task, essential to extract physical information from the SGWB detection.
One of the most useful properties at this aim is the spectral shape of the SGWB. More specifically, one aims at
reconstructing ΩGW as a function of frequency, since the frequency profile of the SGWB depends on the generation
mechanisms, thus providing a way to disentangle different SGWB sources (see for example Ref. [444] for a list of
sources, and examples on their frequency profiles). Reconstructing the frequency profile in detail also allows to explore
the possibility that several sourcing components contribute to the SGWB within the same frequency band, leading
to a complicated spectral shape arising from their superposition.
While the spectral shape of the primordial signal depends very much on the detail of the source properties, some
fairly general considerations on the expected frequency profile of the cosmological SGWB are still possible, based
essentially on causality [445]. Sources active on a (conformal) time-scale ∆t . Hp−1 , where Hp−1 denotes the Hubble
time when the source starts operating (we assume here that this occurs during the radiation dominated era), typically
lead to peaked SGWB signals in terms of the variable ΩGW (k). On (comoving) wavenumbers k . 1/∆t, in fact, the
SGWB source is expected to be uncorrelated both in time and in space, since k . 1/∆t ∼ v/L < 1/L for v and
L the typical speed and size of the anisotropic stresses. These latter are the part of the source energy momentum
tensor leading to the GW generation. Since ΩGW (k) is the GW energy density per logarithmic wave-number, whitenoise anisotropic stresses (flat in k) lead to ΩGW (k) increasing as k3 . This increase is expected to change at around
kp ∼ 1/∆t ∼ v/L, and the subsequent behaviour depends on the detail of the time and space structure of the source
[445]. The SGWB spectrum either peaks around kp , and decreases for k > kp with a slope depending on the source
characteristics; or it takes a shallower, but positive slope, in which case the peak occurs at a higher wave-number.
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This latter can correspond to an inverse length L−1 , though other time and length scales can also be relevant and
show up in the ΩGW (k) spectrum: for example, the characteristic time-scale over which the source is coherent τ < ∆t
(as opposed to the source duration ∆t), or different length-scales, relevant in the space distribution of the anisotropic
stresses, other than L.
Notable peaks in the spectrum are then expected for SGWB sources characterised by a finite, short duration
∆t . Hp−1 . In particular, one example of sources giving rise to peaked spectra that are relevant for LISA (since they
are typically peaking in the LISA band), are FOPTs related to the electroweak symmetry breaking, as described
in Sec. 6. On the other hand, for generation mechanisms that turn on at a given time Hp−1 in the radiation era,
but continue to source GWs throughout the universe evolution ∆t  Hp−1 , the region of k3 increase is less and less
relevant, being pushed towards the horizon today. One expects a wide frequency region over which the signal features
a slower increase with k or, in some cases, is constant. The most noteworthy example for LISA is the SGWB produced
by topological defects in the scaling regime, such as a NG cosmic strings network, which is exactly scale-invariant in
the LISA band for wide regions of the model parameter space (see e.g. Ref. [446] and the discussion in Sec. 7).
Another almost scale-invariant SGWB is the one generated by slow roll inflation. This constitutes, however, an
exception with respect to the cases described above. The SGWB is in fact generated as the tensor perturbations reenter
the horizon during the radiation and matter eras, and therefore the spectral shape does not depend on the causal
evolution properties of some source anisotropic stresses, but on the amplification of vacuum tensor perturbations
during inflation. In some scenarios in which the inflaton is coupled to an external field, the SGWB is indeed
produced by the field anisotropic stresses, and one can obtain blue-tilted spectra whose tilt depends on the model.
GWs actively generated at second order in perturbation theory from large scalar fluctuations could also have peculiar
features depending on the inflaton dynamics. The scenarios pertaining to these categories that are relevant for LISA
are presented in detail elsewhere in this paper (c.f. Secs. 8, 10.4, 10.3 and, for a review see Ref. [371] and references
therein).

5.3.2

Anisotropies and propagation effects

Angular anisotropies in the energy density of the SGWB can be an efficient way to characterise its physical origin and
properties. They provide a further tool to help in disentangling a SGWB of cosmological origin from an astrophysical
one, besides the exploitation of their different frequency dependence. Angular anisotropies can be imprinted both
at the epoch of the SGWB generation and at later times, during its propagation across cosmological perturbations.
As such the anisotropies in the SGWB can provide a new way to characterise and distinguish various generation
mechanisms of primordial SGWB and they allow one to probe the evolution of cosmological perturbations. Because
the universe is transparent to GWs for sub-Planckian energies, the case of a cosmological SGWB represents a privileged
observable to probe the physics of the early universe, and its anisotropies can preserve the memory of the initial
conditions of the universe right after inflation.
We are interested in anisotropies and inhomogeneities in the energy density of the SGWB, therefore we allow the
monopole Eq. (30) to be dependent on space and direction of observation
Z
1
ΩGW =
d2 n̂ ωGW (η, ~x, q, n̂) ,
(34)
4π
thus defining the energy density contrast as
δGW ≡

δωGW (η, ~x, q, n̂)
ωGW (η, ~x, q, n̂) − Ω̄GW (q, η)
=
,
ω̄GW (η, q)
Ω̄GW (q, η)

(35)

where q = 2πf . Various approaches have been adopted to compute the angular anisotropies and their statistics
(such as the angular power spectrum) both for the cosmological and astrophysical SGWB [180–184, 186–188, 191,
192, 195, 447–452]. A way to compute the SGWB anisotropies is to adopt a Boltzmann equation approach, similarly
to CMB anisotropies [180, 192, 195, 449, 450]. In such an approach one considers the generation of high-frequency
GW modes and their propagation across a background of lower frequency (large-scale) cosmological perturbations
(which can be either scalar or tensor in nature). As for CMB photons, therefore, the propagating GWs become the
cosmological carrier of the underlying cosmic inhomogeneities. Such an approach allows one to put in evidence at least
two distinguishing features for a cosmological SGWB [449, 450]: first the anisotropies imprinted at the production
epoch can be characterised by a strong frequency dependent contribution; secondly, if primordial non-Gaussianity
are present in the background large-scale cosmological perturbations, then they will be left imprinted into the SGWB
anisotropies. The bispectrum of the angular anisotropies of δGW turns out therefore to be a new probe of primordial
non-Gaussianity, potentially measurable at interferometers, beyond the CMB and large-scale structure measurements
[449, 450]. For these reasons, besides the information they provide for a SGWB from inflation, anisotropies can be
a new probe for a whole series of phenomena. They can be produced at the epoch of generation of GWs from a
phase transition [448, 453], and they can characterise also the SGWB which is unavoidably produced by second-order
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curvature perturbations in PBH formation scenarios [451]. Specific imprints in the SGWB anisotropies can be also
generated by decoupled relativistic particles in the early universe, thus reinforcing the SGWB as a new window into
the particle physics content of the universe [452].
For a SGWB of astrophysical origin, the analytic derivation of energy density anisotropies can be found in
Refs. [180–182, 191, 192, 195]. When adopting a Bolzmann-like description, one needs to add an emissivity term to
the Vlasov equation for the graviton distribution function, accounting for the generation process at galactic scales
[192, 195]. For extragalactic background components, the primary contribution to the energy density anisotropy
comes from clustering (sources are embedded in the cosmic web), while a secondary source of anisotropy is due to line
of sight effects (e.g. lensing, kinematic and volume distortion effects). Predictions for the energy density angular power
spectrum have been presented in Refs. [183, 184, 186–188, 191] in the Hz band and in Ref. [188] in the mHz band.
Anisotropies are typically suppressed by a factor 10−1 − 10−2 with respect to the monopole, the range of variability
depending on the underlying astrophysical model for star formation and collapse, and the angular power spectrum
scales as `−1 on large scales. Different physical choices for the process of BH collapse and mass distribution lead to
differences up to 50% on the angular power spectrum in the mHz band, non degenerate with a global scaling [188].
With LISA it may be possible to constrain the dipole and quadrupole components of the angular power spectrum,
for sufficiently high SNR detection (i.e. sufficiently high monopole) [454, 455].
The study of the cross-correlation of the SGWB energy density with the LSS (e.g. galaxy distribution) is an
interesting subject to examine to distinguish the origin (cosmological versus astrophysical) of a given background
component. Unlike a cosmological SGWB, the extragalactic astrophysical background is expected to be highly
correlated with the large scale structure. Ways to exploit this feature are discussed in Sec. 3.

5.3.3

Polarisations

As any background of radiation, a SGWB is fully characterised in terms of Stokes parameters, intensity (proportional
to the background energy density), and Q, U , V parameters describing polarisation. Classical diffusion of GW
radiation from massive objects can generate a net polarisation out of an unpolarised flux, playing a role analogue to
Thomson scattering for CMB photons [195]. The amount of polarisation that can be generated depends on the GW
frequency, and it is more effective for large wavelength modes, for which wave effects are expected to be more important
in an astrophysical context. An order of magnitude estimate of the effect gives that, in the mHz band, the net amount
of polarisation generated by diffusion is suppressed by several orders of magnitude with respect to anisotropies in
the intensity [195]. As polarisation cannot be effectively generated during propagation and astrophysical background
components are expected to be statistically unpolarised at emission, the detection of a highly polarised background
component is a smoking gun of its cosmological origin.
As we review in Sec. 8.7.1, several inflationary mechanisms have been proposed that could produce a net circularly
polarised SWGB, which is characterised by Stokes V parameter. A net chiral polarisation can be measured with a
network of ground-based [456–459] or space-based [460] interferometers. 6
The measurement is more problematic in the case of a single planar instrument such as LISA. In this case, a
left-handed GW with wave-vector ~k produces the same effects as a left-handed GW with wave-vector ~kp , where ~kp
has been obtained from ~k with a reflection on the plane of the detector. Therefore a difference between the two
polarisations cannot be detected in the case of an isotropic SGWB.
A net polarisation can however be detected also by a planar instrument if the SGWB is not isotropic. As discussed
in the previous subsection, It is natural to expect that a SGWB of cosmological origin has a dominant monopole
component, with large-scale anisotropies of magnitude comparable to that of the CMB ones. This statement is,
however, frame-dependent, and the most natural expectation is that the SGWB is isotropic in the CMB rest-frame.
As seen in the CMB, the motion of the Solar System in this frame, with a velocity v ' 10−3 , produces a dipole
anisotropy, with an amplitude suppressed by a factor v with respect to that of the monopole. Refs. [464, 465] studied
how the dipole signal might allow one to measure a net chirality with LISA. This can be done through the crosscorrelation between the A and E channels, which vanishes both in the case of isotropic and of unpolarised SGWB.
As estimated in Ref. [465], the SNR associated with this measurement is
r
P
λ
2
v
T
λ λ ΩGW h
SNR ' −3
,
(36)
10
1.4 · 10−11
3 years
where λ = ±1 refers to the right and left chirality, respectively, and where T is the observation time.

5.3.4

Non-Gaussianity

There are two types of non-Gaussianity discussed in the context of GW observations. One is the non-Gaussianity of
inhomogeneities, which is defined in position or momentum space (see e.g. Sec. 8.7.3). GWs generated at sub-horizon
6 The

detection of a circularly polarised SWGB at CMB scales was studied in Refs. [459, 461–463].
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scales cannot produce correlation across the horizon due to causality, thus the SGWB is Gaussian. Non-Gaussianity
typically appears in GWs generated in the context of inflation, which could produce non-trivial spatial correlations
stretched over the horizon (see Secs. 8 and 10.2.3). See [449, 450] for a detailed derivation of the non-Gaussianity
expected in the SGWB, which is simply generated by the evolution through the background large-scale underlying
inhomogeneities, similarly to what happens for CMB photons. This is computed through the angular bispectra
(i.e. the three point function) of the graviton energy density.
The other type of non-Gaussianity is the one in the time signal (sometimes referred to as a SGWB in the
“popcorn” or “shot noise” regime), which could be a useful statistical measure for a SGWB formed by overlapped
short-duration events, such as the astrophysical background. If GW events are not frequent enough to overlap in
time, the observed strain has a non-Gaussian distribution. Among the cosmological sources, the SGWB from cosmic
strings could show this non-Gaussian feature [466] (see Method II in Sec. 7.3). For non-Gaussianity of astrophysical
sources, see Sec. 12.2.
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6

First order phase transitions

Section coordinators: J. Kozaczuk, M. Lewicki. Contributors: M. Besancon, C. Caprini, D. Croon, D. Cutting,
G. Dorsch, O. Gould, R. Jinno, T. Konstandin, J. Kozaczuk, M. Lewicki, E. Madge, G. Nardini, J.M. No, A. Roper
Pol, P. Schwaller, G. Servant, P. Simakachorn.

6.1

Introduction

Cosmological FOPTs are one of the most attractive sources of GWs in the early universe [467, 468]. A FOPT can
occur when the Higgs or any other scalar fields are trapped in a metastable vacuum in the early universe. As the
universe cools down, thermal or quantum fluctuations drive the field over or through the potential barrier, resulting
in bubbles of the stable phase nucleating in the sea of metastable phase. These bubbles then expand and collide
with each other to complete the transition. The collision of the bubbles and the fluid motion around them produce
a SGWB. Since the generated GWs propagate to the present nearly without interaction, they maintain information
about the processes that produced them at the time of generation. Their detection may therefore reveal some of the
properties of the high-energy universe.
In the standard model of particle physics (SM) there are in principle two phase transitions, at two energy
scales: the scale of the electroweak gauge symmetry breaking, and that of the chiral symmetry breaking in quantum
chromodynamics (QCD). Given the coupling constants and the mass of the Higgs boson in the SM, it is known that
the electroweak symmetry breaking is a crossover [469, 470]. Moreover, at almost zero quark chemical potential, the
QCD phase transition cannot be first-order [471]. However, FOPTs are predicted in a number of extensions of the
SM aimed at addressing open questions such as the origin of the observed baryon asymmetry [472, 473], the nature
of DM, and the hierarchy problem.
The millhertz-band GWs that LISA will measure are in the best frequency band to explore FOPTs occurring
between the electroweak and the multi-TeV scales. Therefore, it is important to understand how FOPTs source GWs,
how such transitions arise from microphysics, and consequently to appreciate the implications that the detection of
GWs from FOPTs has for particle physics. We provide an up-to-date understanding on these topics in the following.

6.2

Determination of the relevant parameters

The main features of the SGWB spectrum can be determined from knowledge of four parameters related to the
FOPT: the temperature T∗ of the plasma when the bubbles percolate, the transition strength α, the inverse duration
of the phase transition β, and the wall velocity vw . These macroscopic parameters crucially depend on the underlying
microscopic model, linking particle physics and cosmology. We dedicate this section to a discussion of how to compute
the parameters entering the SGWB spectrum from the underlying microphysics.
The temperature at which the FOPT occurs is determined by the interplay between the nucleation of bubbles
of the true-vacuum phase and the expansion of the universe. The nucleation rate per unit volume is given by
Γ = A(t) exp[−Sc (t)], where Sc is the critical bubble action. For thermally-induced nucleation, we have A ∼ T 4 and
Sc = S3 /T with S3 being the three-dimensional Euclidean action of the O(3) symmetric bounce solution.7 The onset
of the FOPT then occurs at the nucleation temperature Tn , at which on average one bubble is nucleated per horizon
volume. It is roughly given by the temperature at which Sc ∼ 140. The characteristic temperature for GW production
is however the temperature T∗ at which the bubbles percolate, when approximately one third of the comoving volume
has transitioned to the true vacuum. For moderately strong transitions, these temperatures are typically sufficiently
close to take T∗ ∼ Tn . More precise formulas for the determination of the nucleation and percolation temperatures
in from the critical action can be found in Ref. [413].
The transition strength parameter α describes the amount of energy released as a fraction of the radiation energy
ρrad . Different definitions are used throughout the literature, corresponding to different ways of mapping the particle
physics model to the bag EoS commonly used for determining the efficiency of converting the released energy into
bulk motion of the fluid [474]. A simple but reasonably accurate definition of α in terms of a given particle particle
physics model is obtained from the difference of the trace θ of the energy-momentum tensor between the phases,
α=

∆θ
,
ρrad

∆θ = ∆V (T ) −

T ∂∆V (T )
,
4
∂T

(37)

where V (T ) is the thermal effective potential. See Refs. [475, 476] for a comparison of other conventions regarding
the transition strength as well as generalisations beyond the bag model. The efficiency factors for the conversion of
the energy released in the transition into bulk motion can then be calculated from the transitions strength α and the
wall velocity [474, 476].
7 For

quantum tunnelling, Sc = S4 is the Euclidean action of the O(4) symmetric bounce in four dimensions.
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The calculation of the thermal effective potential, starting from an underlying particle physics model, is itself a
nontrivial task. Due to the infrared (IR) sensitivity of bosonic fields at high temperature, perturbation theory must
√
be re-summed. As a consequence, the effective expansion parameter increases g 2 → g (or even g 2 → g), and the
expansion converges more slowly. Typical one-loop calculations utilise daisy re-summation [477, 478] to include the
leading O(g 2 ) and O(g 3 ) contributions to the potential, while methods to include still higher order contributions
have been developed [477–484]. In addition to the slow convergence of the perturbative expansion, there are true
IR divergences at O(g 6 ) (four-loop order) which re-summation does not resolve [485], underlying the importance of
nonperturbative calculations [486–490].
The bubble nucleation rate can be expanded around the percolation time t∗ as
Γ ∼ T 4 e−S3 /T = Γ∗ e−β(t−t∗ ) ,

(38)

and adiabaticity of the expansion of the universe yields dT /dt = −T H, so
d(S3 /T )
β
= T∗
H∗
dT

.

(39)

T∗

This parameter determines whether the transition will complete mostly by the expansion of a few nucleated bubbles
or by the nucleation of new bubbles everywhere in space. Indeed, the larger β/H∗ is, the faster the nucleation rate
increases in time, the more bubbles will nucleate inside a Hubble horizon before the completion of the phase transition,
and the smaller will their radii be when they collide, since there had not been much time for them to expand before
meeting a neighbour. Thus one can expect an inverse relation between β and the amplitude of the GW spectrum.
Moreover, β enters in the determination of the SGWB peak frequency. Note that, for very strong transitions, the
definition above may become inappropriate and should be reformulated [491, 492].
As with α, the calculation of the bubble nucleation rate, Γ, is affected by the IR sensitivity of bosonic fields
at high temperatures. The spatial inhomogeneity of bubbles, as well as the time dependence of their creation,
raises additional challenges. While much effort has gone into overcoming these challenges [493–500], the theoretical
uncertainties present in calculations of the bubble nucleation rate are less well understood than those for the effective
potential.
The determination of the wall velocity from first principles is a much more daunting task. The passage of the wall
perturbs the equilibrium of particles in the plasma, so that the temperature, velocity and chemical potential of each
species are different from the background. The distribution function of each species can be written as fi = fieq + δfi ,
and the perturbations can be calculated by solving the corresponding Boltzmann equation [501, 502],
(pµ ∂µ + Kµ ∂pµ ) f + C[f ] = 0,

(40)

where Kµ is (related to) the force term felt by the particles due to the passage of the bubble, and C[f ] are collision
terms that must be computed from the microphysics of the model under consideration, taking into account the mutual
interactions of particles present in the plasma at the electroweak phase transition (EWPT); see e.g. Refs. [501, 503].
The Higgs equation reads [502]
Z
dV (φ, T ) X dm2i
d3 p
φ +
+
δfi = 0,
(41)
dφ
dφ
(2π)3 2Ep
i
and the term with fluid perturbations δfi acts as a friction countering the bubble expansion. From this equation one
obtains the wall velocity and the wall width, typically by using an ansatz for the Higgs profile



φ0
z
φ(z) =
1 − tanh
(42)
2
Lw
and solving for the width Lw and the velocity vw . Although the wall velocity has been computed from first principles
for a few models, such as in SUSY extensions [504, 505], Higgs plus singlet setups [503, 506] and two Higgs doublet
models [507], the determination of vw as a function of the parameters of the underlying theory remains an open
issue for most of the interesting models discussed in the literature. Crucially, the collision terms appearing in the
Boltzmann equation (40) have been calculated only for a few models, such as the SM [501] and singlet extensions [503],
and even then are known only at a leading-log approximation. For most models, additional collision terms involving
interactions of new particles among themselves and with the SM sector have not yet been computed. Altogether, it
is fair to say that our current tools allow only for an estimate of the wall velocity, and there is still a large room for
improvement on this front8 .
8 In this respect, a promising alternative direction is the use of a string theory-inspired method [508] known as gauge/string
duality, or holography. The power of this tool is that it allows for a first-principle determination of out-of-equilibrium observables
in a four-dimensional quantum field theory. It was used in [509–511] to compute the bubble wall velocity in a family of stronglyinteracting, four-dimensional gauge theories.
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Figure 6: An example of the GW power spectrum from a FOPT, along with the LISA power-law-sensitivity (PLS)
curve of SNR = 10. The model parameters used in this example are vw = 0.9, α = 0.1, β/H∗ = 50, T∗ = 200 GeV,
g∗ = 100.

6.3

GW Sources

A FOPT in the early universe occurs when at least one scalar field gets trapped at the symmetric metastable vacuum.
As the universe cools down, the scalar field tunnels through or thermally fluctuates over the barrier into the lowerenergy vacuum, and at a certain temperature bubbles in the broken phase start to nucleate in the sea of the symmetric
phase. The latent heat released in the transition drives these bubbles to expand further, and the transition completes
when these bubbles collide and merge with each other. During bubble expansion, the latent heat is converted into the
energy of the bubble wall and the thermal and kinetic motion of the surrounding plasma. However, due to spherical
symmetry of the bubbles, no GWs are generated during this expansion period. It is only when the bubbles collide,
at the end of the FOPT, that GWs are produced from the kinetic energy of the scalar field and the fluid. Since
there are numerous independent collision regions today within the typical resolution of GW detectors, the resulting
spectrum is stochastic.
The amount of GWs generated during a cosmological FOPT is quantified by the fractional energy density of
these waves in the universe, ρGW , compared to the critical energy density, ρc ≡ 3H 2 /(8πG), where H is the Hubble
constant. One can rephrase the GW density parameter in Eq. (29) as
ΩGW ≡

1 dρGW
.
ρc d ln k

(43)

For a stochastic source, the spectrum is proportional to the two-point correlation of the metric perturbations
hḣ(k, t)ḣ(k0 , t)i ≡ (2π)3 δ (3) (k − k0 )Pḣ (k), as
k3
P (k).
(44)
24π 2 H 2 ḣ
Since sufficiently distant regions could not have exchanged information with one another during the FOPT, the
correlation function for low |k| corresponds to white noise, i.e. Pḣ (k, t) ∼ constant, and the spectrum grows as k3 .
This growth cannot continue forever, so this pattern must eventually be broken and the spectrum must decrease at
some point, for the total energy in GWs must be finite. Therefore, the SGWB spectrum must contain a peak. A
typical shape is illustrated in Fig. 6 created using data from PTPlot version 1.0.1. 9
There are three main sources of GWs from bubble collisions: (i) the kinetic energy of the scalar field along the
bubble walls, (ii) coherent motion of the plasma generated by the bubble expansion, also known as “sound waves”,
and (iii) turbulent motion of this fluid, typically expected to occur at late times after the fluid develops vortical
motion. The total contribution to GW energy from FOPTs in the early universe is therefore the sum
ΩGW =

(coll)

(sw)

(turb)

ΩGW = ΩGW + ΩGW + ΩGW .

(45)

9 Since the release of PTPlot version 1.0.0 there have been several modifications of PTPlot. This includes taking into account
the recent erratum from Ref. [512] which led to the amplitude of the GW signal being overestimated by a factor of 10. For a
more complete list of changes in version 1.0.1, see ptplot.org.
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How these three contributions arise in principle depends on the detail of the model. However, as discussed in the
previous section, it is known that a few parameters determined from microphysics are enough to discuss cosmological
consequences: transition strength α, nucleation speed β, wall velocity vw , and the transition temperature T∗ . These
parameters determine the fluid profile of the expanding bubbles and the energy budget of the transition [474, 475].
The transition dynamics can vary dramatically for different α. In typical transitions, in which α is moderate,
the friction on the wall balances against the pressure from the released energy before bubbles collide, and as a
result the walls approach a constant terminal velocity. In this case most of the energy released in the transition is
transferred to the surrounding plasma, and only a negligible fraction remains in the scalar field. Macroscopically the
energy transferred to the plasma can be classified into heat and bulk kinetic motion of the fluid. The bulk motion
takes the form of compression waves, or sound waves. As long as the linearity of the fluid equation holds, i.e. the
kinetic energy in play is sufficiently low, sound waves from different bubbles continue to propagate even long after
the transition completes, and they overlap to create random velocity field with typical length scale of the sound shell
lshell . This phenomenon is found in numerical simulations [512–514], and Refs. [515, 516] provide a corresponding
analytic model based on the picture of an ensemble of overlapping shells. Interestingly, the velocity field sources GWs
at the constant scale lshell even well after the completion of the transition (provided that the transition is not too
(sw)
strong). Therefore, it works as an efficient source of GW production. The resulting GW spectrum Ω GW contains
two important characteristic scales of the bubble size and the fluid shell thickness. A hybrid scheme to calculate the
GW spectrum from this phenomena has been proposed recently [517].
The sound waves are expected to decay through the formation of non-linearities in the flow, after which the fluid
enters a turbulent phase. The non-linearities develop on a time scale τsh , which is inversely proportional to the kinetic
energy in the fluid. It has been shown that, even for weak transitions, τsh is typically smaller than a Hubble time [518],
with τsh becoming smaller as α increases. The decay of sound waves produced during a FOPT and the subsequent
development of a turbulent flow has not been studied so far using direct numerical simulations and remains a major
source of uncertainty when determining the GW spectrum. This holds in particular for strongly FOPTs, when the
fluid kinetic energy is expected to be high, and the contribution of kinetic turbulence to the SGWB signal is expected
to be relevant. Within the sound wave regime, typically the larger the transition strength the greater the production
of GWs. FOPTs with smaller β which produce fewer, larger bubbles are also preferred. For a detailed discussion on
the dependence of the SGWB spectrum from sound waves on α and β, see Ref. [413].
For deflagrations with α ∼ O(0.1) the sound shell picture breaks down [519]. In such transitions, substantial
vorticity can be generated during the initial collision of sound shells and bubbles. Furthermore, hot high pressure
regions of the metastable phase can form during the transition. These hot regions suppress further bubble nucleation
and decrease the wall velocity at the initial stage of the transition [520, 521], while they form droplets at the later
stage, extending the duration of the transition and suppressing the production of kinetic energy. Both the generation
of vorticity and the formation of droplets can modify the GW spectrum, either by speeding up the decay of sound
waves or by reducing the fluid kinetic energy and thus GW spectrum amplitude. Further study is required in this
regime to map out the production of vorticity and study the evolution of flows with mixed modes, as well as to find
the suppression of kinetic energy from droplets in a wide range of parameter space. It is however worth noting that
the wall velocity still needs to be computed as a function of parameter space for many BSM models. It is therefore
unclear if there are many realistic models that would give rise to the strong transitions with subsonic wall velocities
which would be affected by these results.
Another interesting scenario is extremely strong transitions, in which α  1 is realized [522–542] but the bubble
walls still reach a terminal velocity because of the higher-order friction terms on the wall [543, 544]. In this case
the relevant hydrodynamical solution is strong detonation. While the dominant GW source comes from fluid kinetic
motion, we must note several things: first, the onset of turbulence is earlier in this type of model [518]; second,
the overlap of sound shells, which is one of the requirements for the linear growth of the GW spectrum, may be
somewhat delayed [545]. Finally, in typical models there exists a maximum α for which transitions complete. Above
this, vacuum energy dominates and the metastable state begins to inflate, prohibiting the percolation of the bubbles
of the true vacuum [546]10 .
When α exceeds a certain threshold, or simply in vacuum transitions, the bubble walls continue to accelerate until
they collide (“run away”). While recent studies of the next-leading friction terms on bubble walls [543, 544] suggest
that the parameter space for runaway is much smaller than previously thought [549], such behaviour can still occur
(coll)
in extremely strong transitions [550, 551]. In this case the only contribution is from the bubble wall ΩGW . The
expanding and colliding bubble walls are highly relativistic and much thinner compared to the typical bubble size.
This observation motivates the so-called envelope approximation [552, 553], in which the shear stress is approximated
to be localised in an infinitesimally thin shell at the bubble wall and disappears upon collision [554, 555]. However,
10 In cases where the phase transition through thermal bubble nucleation fails other mechanisms such as vacuum fluctuations [547] or spinodal instability [548] can lead to completion of the transition which would have a very different phenomenology
and clearly distinguishable GW spectra
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recent studies revealed that for runaway and vacuum transitions the collided region of intersecting bubbles has a
rich structure and cannot be neglected [556–559]. The GW spectrum that takes collided regions into account has
been actively studied numerically for two bubble [560, 561] and many bubble collisions [557, 558] as well as (semi)analytically [562, 563]. One of the implications is that, while the peak of the spectrum does not grow in amplitude
after collisions as occurs for sound waves, the spectrum may have a growing structure towards the IR, which enhances
the detection prospect by LISA.
In addition to the aforementioned sources, magnetic fields could be present prior to or generated during a thermal
FOPT. In the presence of a magnetic field, the turbulent motion of the primordial plasma would become dynamically
coupled to the magnetic field, leading to MHD turbulence [564–566]. Moreover, the hydrodynamic turbulent motion
induced by the expansion of the bubbles arises in an ionised plasma, and this fact in itself can lead to MHD turbulence.
The dynamical coupling between the velocity and the magnetic field plays an important role in determining the
shape of the GW signal. The latter is affected by the presence of the magnetic field both through the aforementioned
dynamical coupling, and because the magnetic anisotropic stresses produce GWs on their own, as studied in early
analytic works [567–571]. So far, the hydrodynamical simulations of thermal FOPTs have neglected magnetic fields.
The early analytic works on the subject require one to make assumptions on the temporal correlation functions
of the turbulence velocity and the magnetic field, which strongly affect the SGWB spectral shape [445]. Previous
analytical works were extended with updated modelling of the MHD turbulence in Ref. [572]. Numerical simulations
avoid resorting to analytical modelling of the MHD turbulence evolution, since they compute directly the solution to
MHD equations [573, 574]. Recent numerical simulations and previous analytic estimates agree on the shape of the
GW spectrum at high frequencies, scaling as f −8/3 . However, the dynamical evolution of the magnetic field during
the GW production can affect this slope [573]. At intermediate frequencies, the numerical simulations of Ref. [573]
predict a spectrum ΩGW (f ) ∝ f , that eventually is expected to turn to f 3 at frequencies in the super-horizon range,
due to causality [445]. ΩGW (f ) evaluated from the numerical simulations grows as f 3 at early times, shifting to a
linear increase ∝ f as the time progresses and GWs are building up. The detail of the transition from f to f 3 is an
active topic of research. Combining numerical simulations with our theoretical understanding of the MHD turbulence
dynamics will help to obtain an accurate prediction of the spectral shape of the SGWB produced by MHD turbulence
in the future. As is the case for other sources, the SGWB by MHD turbulence also depends on the parameters of the
FOPT. The strength of the FOPT and the size of the bubbles can be related to the kinetic energy density, and to
the characteristic scale of turbulence, respectively.
This picture can get more complicated in the case of magnetic field production during the FOPT, and it would require an appropriate treatment of the magnetic field in both the false and true vacuum regions, which are dynamically
converting through the bubble-driven FOPT. During the FOPT, inhomogeneities of the Higgs field give rise to the
production of magnetic fields [575–580].11 The previous mechanism does not require CP violations, however these are
expected in relation to baryogenesis through spontaneous lepton number symmetry breaking at a FOPT [581]. This
parity violation leads to the production of helical magnetic fields [575, 578, 582, 583]. Such parity-violating turbulent
sources lead to the production of circularly polarised GWs, studied analytically in Refs. [584–587], and computed
numerically in Ref. [574]. Further studies are required in this direction for a clear understanding of the GW and the
polarisation signals produced from MHD turbulence as a function of the FOPT parameters, and a computation of
turbulence in the plasma from first principles.

6.4

Discovery prospects Beyond the Standard Model

GWs are a unique probe of the physics of the early universe. Unlike photons, gravitons were not in thermal equilibrium at early times, and may therefore directly encode information about events long before the time of last
scattering. The characteristic broken power-law spectrum from a FOPT peaks at a frequency which can be related
to a temperature and a time in the early universe via its redshift. Fig. 7 shows this relation using the frequency
peak of the acoustic spectrum, described in Ref. [413]. It is seen that for appropriate fiducial values, a FOPT at the
electroweak scale temperature, T ∼ 102 GeV, sources a SGWB spectrum peaking at frequencies to which LISA has
its best sensitivity [412, 588, 589]. The sensitivity to weak scale physics implies an opportunity to study FOPTs of
several different kinds. In particular, several proposals for FOPTs that supply the out-of-equilibrium circumstance
for baryogenesis are anchored to the weak scale. However, LISA is also sensitive to energy scales much beyond the
electroweak scale: for exceptionally strong FOPTs the peak can fall outside the LISA sensitivity region but the tail
of the signal still has a high SNR. In this case, FOPTs even at the MeV or PeV scale can be detected. This feature
opens up potential complementary access in other experiments, as will be described in the next section.
11 Current studies consider vacuum FOPTs. The extension to a thermal FOPT is not straightforward, and it requires further
analysis.
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Figure 7: LISA sensitivity to the SGWB frequency peak of FOPTs in the early universe. Here the fiducial values
vw = 1 and g = 106 are used to relate the frequency peak of the acoustic spectrum [413] to a time and temperature
in the early universe, as a function of the transition rate parameter β/H.

6.4.1

First-order phase transitions in the LISA window

FOPTs are studied in the context of a variety of models, which can be divided into two main categories: the
spontaneous breaking of a gauge symmetry, and confinement due to the strong coupling of a gauge symmetry (and the
related chiral symmetry breaking). The EWPT, which is particularly interesting in light of electroweak baryogenesis
(see Sec. 6.4.2), is an example of the former. The transition temperature associated with electroweak symmetry
breaking implies that the peak frequency of the GW spectrum falls within the LISA sensitivity window, as seen
in Fig. 7. As is well known, the EWPT is a crossover transition in the SM. Therefore, new physics is required to
induce a FOPT that can produce a SGWB. FOPTs can be studied in a model-independent effective-field-theory
approach, adding non-renormalisable operators to the Higgs potential. These analyses show that for the EWPT to
be sufficiently strongly first-order, the cut-off scale must be rather low, below the TeV scale [590–593], therefore
studies of the EWPT in SM extensions generically require the introduction of at least one new degree of freedom at
the O(100) GeV scale.
A weak-scale hidden sector featuring the spontaneous breaking of a gauge symmetry could also lead to a SGWB
in the LISA window. An observable amplitude of the signal implies a significant fraction of the radiative degrees
of freedom must have participated, hinting at a connection with DM [526, 594–596]. The spectral form of such a
signal is unlikely to give away much of its origin, though it can be related to particle spectra in specific models [595].
Complementary search strategies may be applied if such a spectrum is detected – more about this in Sec. 6.5.
Confining gauge theories are thought to feature a FOPT if the confined degrees of freedom either only include
the gauge fields themselves, or if confinement implies the breaking of a chiral symmetry SU(Nf ) × SU(Nf ) and the
number of chiral fermions (dynamical at the transition temperature) exceeds Nf ≥ 3. The foundation for this insight
dates back to an argument based on the linear sigma model [597] and has since been supported in part by lattice
simulations [598]. Studying the phenomenology of the transition is challenging, as effective theories either apply to
the low-temperature (confined) phase and the high-temperature free phase. Moreover, an important role is played by
the instantons of the strongly coupled theory. Initial explorations based on the linear sigma model indicate stronger
SGWB are found for gapped spectra [599]. However, the predictions depend on the chiral symmetry breaking model
used [600].
Another alternative is solitosynthesis, a FOPT resulting from the growth of non-topological solitons stabilised
by a conserved global charge [601]. Unlike phase transitions resulting from the nucleation of critical bubbles, stable
sub-critical populations of such solitons – Q-balls – exist, and accumulate charge until they reach a critical size and
grow. This slow process may imply supercooled transitions still complete [602, 603]. This scenario typically relies on
the existence of a global symmetry under which the universe is asymmetrically charged. It has therefore been studied
in the context of supersymmetry [602, 604, 605] and asymmetric DM [603].
As described in the previous section, the SGWB due to a cosmological FOPT can be described in terms of a
small number of thermal parameters: characteristic temperature, bubble wall velocity, latent heat and a dynamical
parameter such as a nucleation rate. These thermal parameters then predict a spectrum with a shape in most cases
primarily defined by just two parameters: the peak frequency and peak amplitude. Therefore, the SGWB-inverse
problem typically features degeneracies. However, resolution of the full spectrum and in particular the peak gives
a unique picture of a crucial stage of the early universe, and may play an important role in answering some of the
most fundamental questions. Further resolution of the underlying BSM physics can also be accomplished through
complementary experimental observation.
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6.4.2

Connection with baryogenesis

An (electroweak) FOPT may also be responsible for the generation of the observed baryon asymmetry. This provides
an appealing connection between baryogenesis and the direct probe of the electroweak epoch in the early universe
through GWs especially since the corresponding signals would peak in the LISA band. At such a first order EWPT,
satisfying simultaneously the three Sakharov conditions for baryogenesis (baryon number violation, CP violation and
a departure from thermal equilibrium) becomes possible: baryon number is not an exact symmetry of the SM, violated
via non-perturbative processes involving gauge and Higgs fields.12 In the presence of CP violation, these processes
are biased towards producing more baryons than anti-baryons, and because the FOPT introduces a departure from
thermal equilibrium, the reverse mechanism is suppressed, ensuring that the generated asymmetry is not washed-out
and remains to the present day.
Among these electroweak baryogenesis mechanisms, those most widely studied are non-local ones, involving charge
transport (see [606, 607] for reviews): CP violation in the scatterings of plasma particles with the phase transition
boundary yields an excess of fermion handedness, which diffuses into the electroweak symmetric phase and is there
converted to a baryonic excess via SM baryon number violating processes known as sphalerons; the expansion of the
FOPT bubbles then leads the net baryonic excess inside the bubble, where the asymmetry is frozen-out up to the
present day. This last condition depends on the sphaleron rate inside the bubble, Γsph ∼ e−Esph /T (with Esph the
sphaleron energy). Sufficient suppression of Γsph for successful baryogenesis (i.e. Γsph much smaller than the Hubble
expansion rate) yields the condition of a strong EWPT, v/T & 1, where v is the electroweak vacuum expectation
value after the phase transition.
Up to very recently it has been assumed that these electroweak baryogenesis scenarios, as they rely on diffusion
of particles in the plasma, were not effective for fast moving bubble walls (i.e. faster than the speed of sound of the
plasma, with the bubbles consequently expanding as detonations). On the other hand, GWs are more favourably
produced by stronger transitions resulting in faster bubble walls. This seemed to put a tension between the generation
of a sizeable GW background from the FOPT (e.g. large enough to be observable by LISA) and successful baryogenesis.
However, recent works [608–610] indicate that while diffusion is not as efficient for supersonic bubble walls, it still
allows for successful electroweak baryogenesis. It has also been shown that the production of a large GW signal can
be made compatible with electroweak baryogenesis for bubbles expanding as subsonic deflagrations [507], yet in this
case the plasma friction against the moving wall must be large enough that even quite strong transitions remain
subsonic, which requires the presence of sub-TeV particles with relatively large coupling to the Higgs — a tightly
constrained scenario by now.
The strongest bound on non-local electroweak baryogenesis comes from the non-observation of an electric dipole
moment (EDM) of the electron by highly precise experiments [611]. The additional sources of CP violation required
by these transport mechanisms typically impact the electron EDM already at 2-loop order via Barr-Zee diagrams [612]
— two orders above the SM CP violation contribution, which manifests itself only when all three families of quarks
are involved, thus affecting EDMs at 4-loop only, being therefore highly suppressed and unconstrained by EDMs.
Whether electroweak baryogenesis is still viable under such tight bounds remains to be investigated. There are,
however, models in which it might be possible to avoid those constraints. One possible example involves coupling
the CP violation to a vacuum expectation value of an additional scalar field which vanishes after the transition
rendering the model safe from EDM constraints [613–616]. Alternatively, CP violation can be secluded in a dark
sector, and communicated to the visible sector in a way that the corresponding EDM contribution is suppressed
or absent [617–619]. Yet another way is to increase the temperature of the EWPT from symmetry non-restoration
phenomena [620–624]. The observable effect is a GW peak position shifted towards higher frequencies.
Finally, there are also local baryogenesis mechanisms where baryon production and CP violation occur at the
same point in space, involving non-trivial gauge and Higgs field dynamics [625, 626]. However, these mechanisms are
highly inefficient at electroweak scale temperatures [627], although they can still be relevant in more exotic scenarios
of very supercooled FOPTs. The main advantage of such cold electroweak baryogenesis mechanisms is their ability
to generate the observed baryon asymmetry with just the SM CP violation from the Cabibbo-Kobayashi-Maskawa
matrix [625], or from the strong CP phase [628], thus avoiding the tight bounds from EDMs [611]. Since the thermal
plasma is very diluted at the end of the transition due to the supercooling, the GWs are sourced mainly by the kinetic
energy of the bubbles.

6.5

LISA complementarity to other experimental tests

The potential of LISA to explore FOPT is complementary to other experimental tests such as searches for beyond
SM physics at colliders, tests from flavour physics including neutrinos physics and B mesons physics or searches for
signals from the dark sector. LISA detection of SGWB from FOPTs can not only explore the electroweak energy
12 More precisely, the baryonic current J µ is anomalous, and the anomaly ∂ J µ = (N g 2 )/(32π 2 )F µν F
eµν allows for the
µ B
c
B
creation of baryons through the dynamics of the non-abelian gauge fields.
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Figure 8: The parameter reach of present and future GW observational network for phase transitions in a runawaylike regime with vw ' 1 and α  1. In each shaded area the corresponding experiment (see labels) detects the
FOPT signal with SNR > 10. The region labelled BBN, PTA and aLIGO O3 are ruled out. Figure adapted from
Refs. [629, 630].

scale but could explore higher energy scales which could be inaccessible to present and future colliders. The other
GW observatories available at the time that LISA flies, can also strengthen and complement the LISA findings.
Fig. 8 sketches the FOPT energy scales that LISA can probe with SNR > 10 as well as its complementarity with
other GW observatories expected in the early 2040’s. The figure also displays the parameter region ruled out by
current BBN, pulsar timing array (PTA) and LIGO/Virgo data.13
The EWPT in the SM is a second order phase transition. However, there is a wealth of BSM scenarios in which
the EWPT is of the first order leading to sizeable SGWB signals. Without claiming to be exhaustive, one can for
example mention the extension of the scalar sector of the SM with extra singlet(s) [631–647] (although some could
come without collider traces [648]), some having been discussed in the context of LIGO [649], or doublet(s) [650–655]
(see also [656] for an example from twin Higgs models), composite Higgs models [533, 657–660], so-called fermionic
extensions of the SM involving for example SU (2)L doublet and/or two SU (2)L singlet vector-like leptons strongly
coupled to the Higgs boson [661] or the various supersymmetric extensions of the SM [491, 505, 662–666].
There is also a wealth of theoretical BSM setups in which a FOPT can occur at a higher energy scale than the EW
energy scale. These setups for example encompass extensions of the scalar sector [620, 667, 668], classical conformal
approaches [538] or nearly conformally invariant field theories in which the generation of neutrino masses is linked to
spontaneous scale symmetry breaking [669], gauge extensions of the SM such as models including U (1)B−L [550, 551,
670–674] or left-right symmetries [675, 676], grand unified theories, non-supersymmetric [677–681] or supersymmetric [682], extra-dimension models and in particular the one including warped spacetimes [522, 524, 683–692] (often
coming together with a stabilisation mechanism such as the Goldberger-Wise mechanism [684] and holographic duals
of the Composite Higgs models mentioned above) or gauge-Higgs unification approaches [693].
Many of these BSM models are being explored at current particle colliders such as the LHC. Searches performed
at the LHC experiments such as ATLAS and CMS using the data from Run1 and Run2 did not find any evidence
for BSM signals and have allowed one to put constraints on masses and couplings of their corresponding predicted
new particles.
These BSM models could possibly be further explored at future colliders such as the high-luminosity phase
of the LHC or the Future Circular Collider 14 , either by direct detection of new particles or due to their impact
on precision measurements of many observables, such as masses and couplings in the different SM sectors (scalar,
gauge or fermionic). Still, most models have parameter space corners which will remain inaccessible to present and
near-future colliders, but whose early universe dynamics results in GWs detectable by LISA. Fig. 9 illustrates this
complementarity in a singlet extension, showing the values of α and β/H∗ for different parameter points and their
prospective detection by LISA and HL-LHC.
13 The figure assumes that the SGWB hints arising in the present PTA analyses, are not of primordial origin. The energy
scales detectable by LISA result broader than in Fig. 7 since scenarios with the SGWB frequency outside the LISA band can
still fulfil the SNR > 10 requirement; see Refs. [629, 630] for details.
14 Although many of them can be elusive to collider physics [694].

53

Figure 9: Typical values of α and β/H∗ for the general singlet model, superimposed with LISA SNR curves for
T∗ = 50 GeV (solid lines). The models in blue (orange) are unlikely (likely) to be probed by the high-luminosity
LHC. The dotted straight lines are the contours of the fluid turnover time quantifying the effect of turbulence. In
the grey shaded region the decay of sound waves into turbulence is less important than the Hubble damping and the
SNR curve reflects this effect. See Ref. [413] for details.
Another exciting possibility of complementary observations comes from astrophysics and more specifically gamma
ray observations. These are connected with intergalactic magnetic fields, as the latter would lead to pair production
γ + B → e+ e− followed by scattering of the charged particles off the magnetic field: e± + B → e± + γ, to produce a secondary γ. This process leads to a dilution of the spectra observed from distant blazars, which recently
enabled a lower bound on the magnitude of intergalactic magnetic fields [695–700]. Due to the lack of astrophysical
processes to account for magnetic fields in intergalactic voids, explanations through a primordial origin have been
put forward. One possibility is inflationary magnetogenesis [701–704] although it has been pointed out recently that
models where magnetic fields are produced before the EWPT generically lead to problems with baryon isocurvature
constraints [705]. Another interesting possibility involves a FOPT [575, 706, 707]. While there are many differences
between the magnetic fields produced by both scenarios, notably involving the uncertainty of their evolution after
the transition [708], the magnetic field is governed by the same basic parameters as the GW signal. In particular
this means that the transition in question has to be strong enough to produce a magnetic field amplitude above the
known lower bounds. This, of course, leads to a certain correlation between the two possible signals, and it was found
that the parameter space predicting a GW signal observable by LISA can also facilitate generation of a magnetic
field strong enough to explain the observed diffusion of the blazar spectra for some models predicting a first order
EWPT [674]. Moreover, the presence of helicity in the magnetic fields produced at a FOPT plays a crucial role on
its dynamical evolution, playing a crucial role in the resulting restrictions on the strength of the FOPT [564, 709], as
well as providing circularly polarised SGWB. Such polarisation can also be measured by LISA providing a distinct
signal of this scenario [465, 587].15

15 Other proposed measures for detecting magnetic helicity in voids involve exploring the twisting of photon paths coming
from multiple blazar sources [578, 710, 711].
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Cosmic Strings
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7.1

Introduction

Cosmic defects are stable energy configurations that can be formed in early universe phase transitions,
usually due to a spontaneous symmetry-breaking process driven by some scalar field(s) acquiring a non-zero
expectation value within a (topologically non-trivial) vacuum manifold. If the symmetry broken is global,
all non-constant field configurations produce energy-momentum, and are loosely referred to as global defects.
When the broken symmetry is gauged, we speak of local defects instead. Here we will focus on cosmic strings,
which correspond to stable one-dimensional defect solutions of field theories [712], independently of whether
they are global or gauge. Alternatively, cosmic strings can also be identified with cosmologically stretched
fundamental strings from String Theory, formed e.g. at the end of brane inflation [713, 714].
The energy per unit length of a string is µ ∼ η 2 , with η a characteristic energy scale. The string tension,
at least for the simplest cases, is typically of order µ. In the case of topological strings, η represents the energy
scale of the phase transition. A network of strings formed in the early universe emits GWs throughout most
of the history of the universe, generating a SGWB from the superposition of many uncorrelated emissions.
Here we forecast the constraints that LISA may put on the dimensionless combination
Gµ ∼ 10−6



2
η
,
1016 GeV

(46)

where G = 1/Mp2 is Newton’s constant, and Mp = 1.22 × 1019 GeV the Planck mass. We note that various
potential observational signatures of cosmic string networks, other than GW emission, have been discussed
in the literature. These include anisotropies in the CMB [715–718], lensing events [719, 720], and cosmic
ray emission [721–729]. (See [730–733] for a review.) Currently, CMB data from the Planck Satellite [715]
imply Gµ < 10−7 for NG, Abelian-Higgs, and semi-local strings. The most stringent bounds, however, come
from searches for the SGWB, with PTA constraining Gµ for NG strings to be Gµ . 10−11 [734, 735], and
LIGO-Virgo observations constraining it to be as low as Gµ < 2 × 10−14 , depending on the string network
model [736, 737]. As we will show, LISA will be sensitive to string tensions with Gµ & 10−17 for NG strings,
improving current upper bounds by ∼ 10 orders of magnitude relative to CMB constraints, by ∼ 6 orders
of magnitude relative to current PTA constraints, and even by ∼3 orders of magnitude relative to future
constraints from next generation of PTA experiments. 16
As the characteristic width δ ∼ 1/η of a cosmic string is much smaller than the size of the horizon,
in the following we mainly assume that strings are well described by the NG action, which is the leadingorder approximation when the curvature scale of the strings is much larger than their thickness. We refer
to such strings as NG strings (we focus on string networks without junctions). Cosmic string networks
are expected to reach an attractor solution known as scaling, for which the energy density of the network
remains a fixed fraction of the background energy density in the universe. When strings within the network
collide, they intercommute (i.e. “exchange partners”) and reconnect after the collision (technically speaking
this corresponds to an intercommutation probability P = 1, which we mainly assume, though we will also
comment briefly on the case P < 1). As a result, loops are formed whenever a string self-intersects or
two curved strings collide. Sub-horizon sized loops decouple from the cosmological evolution and oscillate
under their own tension, emitting GWs in this process. The relativistic nature of the strings typically leads
them to form cusps, corresponding to points on the string momentarily moving at the speed of light [738].
Furthermore, intersections of strings will also generate discontinuities in their tangent vector known as kinks.
Cusps and kinks generate GW burst emissions [739, 740], which add up all throughout cosmic history to
form a SGWB.
Besides sub-horizon loops, the network also contains long strings that that stretch across a Hubble
volume. These are either infinite or super-horizon loops, and they are also expected to emit GWs. However,
16 The more recent work [415] shows that, depending on different assumptions on the astrophysical background and the
galactic foreground, the forecast sensitivity of LISA should be reduced this to Gµ & O(10−16 − 10−15 ).
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the dominant contribution is generically produced by the superposition of radiation from many sub-horizon
loops along each line of sight.
Cosmic string networks are expected to create one of the largest SGWB of cosmological origin known.
In the following we analyse the ability of LISA to probe the SGWB emitted by a network of cosmic strings,
considering leading models of the string networks as described in the literature. The prospects for detection
or, alternatively, for setting up new stringent constraints on string parameters, are very encouraging.

7.2

Network modelling

The SGWB generated by cosmic string networks in a given frequency f has, at the present time, contributions
from all the loops created throughout the history of the universe that have emitted GWs that have a frequency
f today. The number density n(l, t) of non-self-intersecting, sub-horizon, cosmic string loops of invariant
length l at any cosmic time t is then the crucial ingredient in this computation. In this section, we review
the models for the loop number density that have been proposed in the literature.
7.2.1

Model 1

We start by considering an analytical approach — originally developed in Ref. [741] and later extended in
Refs. [742–745] — which is based on two assumptions. The first assumption is that the production of loops
is the dominant energy-loss mechanism in the evolution of the long string network. In this case, as we shall
see, the loop production function f (l, t) dl — which gives us the number density of loops of lengths between
l and l + dl produced per unit time and per unit volume — is determined by the large-scale evolution of the
long string network. Here, we shall use the approach introduced in Ref. [745] and use the Velocity-dependent
One-Scale model [746, 747] to describe its evolution. This model provides an analytical description of the
evolution of the characteristic length L ≡ (µ/ρ∞ )1/2 — where ρ∞ is the energy density of the long string
network — and of the root-mean-squared velocity v̄ of the network [746, 747]:


 k(v̄)
dv̄
= 1 − v̄ 2
− 2H v̄ ,
(47)
dt
L
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(49)

The curvature parameter k(v̄) accounts (to some extent) for the effects of small-scale structure [747].
Here, c̃ is a phenomenological parameter that quantifies the efficiency of the loop-chopping mechanism,
that may be calibrated with simulations (for NG strings, c̃ = 0.23 ± 0.04 fits both radiation and matter era
simulations [747]). Using Eq. (48), we find that the energy lost as a result of loop production is given by
Z ∞
dρ∞
ρ∞
= c̃v̄
=µ
lf (l, t)dl ,
(50)
dt loops
L
0
and determines the normalisation of loop production function.
The second assumption of this model (which will be somewhat relaxed later) is that all the loops are
created with a length l that is a fixed fraction of the characteristic length of the long string network: l = αL L,
where αL < 1 is a (constant) free-parameter of the model. We then have
 
F c̃ v̄
δ (l − αL L) ,
(51)
f (l, t) =
fr l L3
where v̄ and L are given by Eqs. (47) and (48). Here the normalisation
of f (l, t) is determined using Eq. (51),
√
except for the correction factor fr and F . The first factor, fr ∼ 2, is introduced to account for the energy
lost as a result of the redshifting of the peculiar velocities of loops [731]. Also, since in general we do not
expect all loops to be created with exactly the same size but to follow a distribution of lengths, a second
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factor F is included to account for the effect of the spread of the distribution (See Refs. [744, 748] for a
detailed analysis of this effect.) For NG strings, F is estimated to be O(0.1) [749].
Note that Eq. (51) is valid throughout any cosmological era, even during the radiation-to-matter and
matter-to-dark-energy transitions (in which the network is not in a linear scaling regime). As a result, it
allows us to compute f (l, t) through cosmic history in a realistic cosmological background [745]. The number
density of loops n(l, t) at all times may then be found by solving
 0 3
Z t
a(t )
,
(52)
n(l, t) =
dt0 f (l0 , t0 )
a(t)
ti
while accounting for the decrease in the length of loops caused by the emission of GWs l = l0 + ΓGµ (t0 − t)
(where Γ is a dimensionless constant characterising GW emission efficiency — that we define more precisely
in Sec. 7.3 —, l is the length of a loop created at a time t0 with a length l0 at a later time t > t0 ).
The loop-size parameter αL may either be calibrated with numerical simulations (as we shall do in
Sec. 7.4), but may be also be treated as a free parameter of the model to explore a wider variety of scenarios
(as in Sec. 7.5.4). Although αL is the natural parameter of this model, we will express our results in terms
of α = αL ξr (where ξr is the value of L/t in the radiation era) in order to ease comparison with other loop
distribution models.
7.2.2

Model 2

The second model we consider is a loop number density distribution, n(l, t), extracted from large scale
numerical simulations of the string networks [749]. These number densities were first obtained from the
integration of the loop production function f (l, t) of non-self-intersecting loops computed directly from the
simulation. Recently, these loop number densities were also determined directly from simulations without
the intermediate use of a loop production function [750]. Both approaches produce the same result.
In the following we give the resulting distributions for three types of loops: those created in the radiation
era, emitting GWs in the radiation era; those created in the radiation era, emitting GWs in the matter era;
and those created in the matter era, emitting GWs in the matter era.
With Ωrad the fraction of the critical density in radiation, and understanding the redshift z to be a
function of time, we can write
0.18
nr,r (l, t) = 3/2
Θ(0.1 − l/t) ,
(53a)
t (1 + ΓGµt)5/2
√
0.18(2 Ωrad )3/2 (1 + z)3
nr,m (l, t) =
Θ(0.09 teq /t − ΓGµ − l/t) ,
(53b)
(l + ΓGµt)5/2
0.27 − 0.45(l/t)0.31
Θ(0.18 − l/t) ,
(53c)
nm,m (l, t) =
t2 (l + ΓGµt)2
where Θ(x) is the Heaviside step function, and the subscript “r,m” indicates “loops produced in the
(r)adiation era, emitting in the (m)atter era”, and so on. For Eqs. (53a) and (53c), the cutoffs are due
to the maximum size of loop which can be produced in these eras. For Eq. (53b), there is an additional
term in the cutoff which models the decay due to GW emission; that is, a loop formed in the radiation era
must have some minimum size in order to survive into the matter era. Eq. (53) contains all the information
necessary to compute the SGWB due to decaying loops, as outlined in Sec. 7.3.
Analysis of Eq. (53c), in comparison to Eqs. (53a) and (53b), shows it to be negligible for Gµ . 10−10
and thus for cosmic string tensions of interest to LISA. The cosmic string generated SGWB potentially to
be observed by LISA will be for radiation-era loops, integrated up to the present. Of particular interest are
radiation-era loops emitting in the matter era; these loops contribute to a “bump” in the SGWB spectrum
which may, depending on Gµ, fall within the LISA band (see Sec. 7.4). For this particular reason, but
also more broadly, it is important to understand how gravitational backreaction affects the evolution of
loops. At present, the decay of loops into GWs is accounted for by ΓGµ terms, but this does not take into
account potential changes to the loop population due to, e.g. loop fragmentation as a result of backreacted
trajectories. While current theoretical studies [751, 752], and numerical studies of simple models [753],
suggest that the change to loop trajectories will be small, it is important to keep in mind that no current,
simulation-inferred network model incorporates gravitational backreaction directly.
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7.2.3

Model 3

The third model we consider is based on the analytical studies of the small-scale structure and the correlation
functions of individual infinite strings [754–756]. This analysis predicts a power-law loop production function
in terms of scaling units, whose slope is parametrised by a parameter χ linked to the fractal dimension of the
strings. The production of cosmic string loops is suppressed by gravitational back-reaction, on scales below
γc = Υ(Gµ)1+2χ ,

(54)

in which Υ = O(20). The characteristics of the loop production function were later inferred from measurements of the loop number density in large-scale simulations of NG strings [757, 758].17 The numerically
inferred loop-production function is then extended from large scales down to the gravitational back-reaction
scale, resulting in an extra population of small loops.
The loop number density of Model 3 can be approximated by the following expressions
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if ΓGµ < γ
if γc < γ < Γd Gµ

(56)
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teq


(57)

in which (χr , χm ) = (0.2, 0.295). This extra population of small loops dominates the SBGW in the high
frequency spectrum as discussed in Refs. [414, 737, 760] and hence can lead to very different constraints on
Gµ to that of the two above-mentioned models. The energy density of these small loops is very large and
the question of energy balance, in the context of the one-scale model, has been raised in Ref. [761].
7.2.4

Field theory

The above modellings are all based on NG strings, which are infinitely thin. Cosmic strings appear however
naturally as solitonic solutions of classical field theory models [712], so in principle they can decay not only
by GW radiation but also directly into excitations of their elementary constituents. For example, it has been
observed with numerical simulations that global (axionic) strings decay into the massless Goldstone modes
present in the vacuum of the theory [762]. For local strings with no long-range interactions, the excitations
in the vacuum are however massive, and hence are naturally expected to be suppressed for long wavelengths
comparable to the length of the strings [763–765]. Furthermore, recent simulations of individual loops in
the Abelian-Higgs model [766] report that extrapolating their results to large loop sizes, the GW emission
should be expected to dominate over particle emission for loops larger than a certain critical length scale.
In contrast, large-scale field theory simulations of Abelian-Higgs strings [767–770] observe that the network of long strings reaches a scaling regime, thanks to energy loss into classical radiation of the scalar and
gauge fields involved. As a consequence of this, sub-horizon loops formed during the network evolution decay
17 Note

that the relationship between the loop number density and the loop production function is not always one-to-one, see
Ref. [759] for a review.
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very promptly. This intriguing discrepancy has been under debate for over twenty years, but the origin of
this radiation is not currently understood.
The similarities and differences between field theory and NG simulations of string networks can then be
summarised as follows: the infinite strings are rather similar in curvature radius and length density, but
loops decay into field modes in the field theory simulations. In field theory simulations, the string energy
density goes into radiated modes of the fields, which do not belong to the string network anymore. As a
consequence, the string loops decay within a Hubble time, and hence do not continue to contribute as a
source of GWs. In the NG picture, this channel does not exist, and instead the energy of the infinite strings
goes into loops, which then decay via GWs. Our analysis in the following is mostly based on the NG classical
evolution of strings. We assume, as supported by NG simulations, that loops are formed throughout cosmic
history, and they decay into GWs. Our discussion about the ability of LISA to measure a GW background
from cosmic strings is therefore based on this fundamental assumption.

7.3

Computation of the gravitational wave spectrum from loops

The incoherent superposition of GWs emitted from oscillating cosmic string loops leads to a SGWB. The
calculation of the SGWB from the cosmic string networks have been widely studied in the literature [734,
735, 742–745, 749, 771–787]. The generic form of a GW spectrum in logarithmic intervals of frequency,
introduced in Eq. (29), also applies to the case with cosmic strings. For the cosmic string application,
Eq. (29) is implemented by integrating over the GW emission from all the loops throughout cosmic history
that contribute to a certain frequency.18 In the following subsections, we review two methods of calculating
SGWB from string loops that have been developed in the literature along with recent updates. There are
ingredients that are common to both approaches. The first ingredient is n(l, t), the number density of nonself-intersecting, sub-horizon, cosmic string loops of invariant length l at cosmic time t, As shown in Sec. 7.2,
n(l, t) can be estimated by analytical or simulation-based methods. Another characteristic function is the
gravitational loop power spectrum PGW (f, l), which may be determined as an average based on simulations,
or approximated by focusing on the analytical high-frequency behaviour of particular events on the strings,
e.g. cusps and kinks.
7.3.1

Method I

The first method to calculate ΩGW (t0 , f ) [734, 742, 743, 745, 749, 771, 772, 777, 778, 781, 782, 784] assumes
that PGW (f, l) takes the form of
PGW (f, l) = Gµ2 lP (f l),

(58)

where P (f, l) is an averaged function that can be computed from an ensemble of loops of length l (but of
different shapes) based on simulations.
Integrating all emissions throughout the history of the universe and taking into account the redshift
effects, the GW energy density for a particular frequency f as measured today is
dρGW
(t0 , f ) = Gµ2
df

t0

Z


dt

0

a(t)
a0

4 Z

∞
0


dl l n(l, t)P


a0
fl .
a(t)

(59)

The GW radiation power of an isolated loop of length l can be computed using the standard formulae in
the weak gravity regime [771, 790, 791]. As a simple approximation, we assume that the loops evolve in flat
space in a periodic manner, and thus emit GW at discrete frequencies
ωn = 2πn/T,

(60)

where T = l/2 is the oscillation period, and the harmonic modes n = 1, 2, . . . . As a consequence, we
replace P (f l) by Pn , a discrete function of the harmonic mode number. For an individual loop, a simple
18 We neglect the GW contribution from long (horizon-spanning) strings as being subdominant to the GW contribution from
loops for NG strings. See Refs. [788, 789].
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(monochromatic) power spectrum can be obtained assuming the emission is dominated by specific events
(e.g. cusps, kinks) [771, 791–793]
Pn =

Γ −q
n ,
ζ(q)

(61)

P∞
where ζ(q) is Riemann zeta function and Γ = n=1 Pn is the total power of emission, which is found to be
highly peaked around Γ ∼ 50 [749, 751, 752, 772, 794–796]. The power law parameter q is 4/3, 5/3, or 2
for GW emissions dominated by cusps, kinks, or kink-kink collisions, respectively. 19 With this method, the
GW energy density today can be calculated by summing over loop harmonic modes [749, 772].
∞
X
dρGW
(t0 , f ) = Gµ2
Cn (f )Pn ,
df
n=1

(62)

where
Cn (f ) =

2n
f2

∞

Z
0

dz
n
H(z)(1 + z)4




2n
, t(z) .
(1 + z)f

(63)

Note that in practice, only a finite number of modes need to be included in calculations, but the necessary
number of modes to ensure a good convergence for a reliable result depends on the background cosmology.
For standard cosmology ΩGW (t0 , f ) converges by summing over 103 − 105 modes (depending on the value of
q) [744]. However, recent studies [787, 797, 798] demonstrated that more than 105 modes may be necessary
to ensure a convergence to the correct power law at high frequency. For instance, in the presence of an early
matter dominated era, summing over a small number of modes gives f −1 at high f while an f −1/3 relation
emerges with higher modes included.
7.3.2

Method II

The second method analytically estimates PGW (f, l) based on unresolved burst events on the strings [414,
735, 737, 743, 777, 781, 782, 786]. The cosmic string GW emission may be dominated by cusps, kinks, or
kink-kink collisions. The contribution to the SGWB from unresolved bursts is given by
Z ∞
Z ∞
d2 R(z, l)
dρGW
2
(t0 , f ) = f
dz
dl h2 (l, z, f )
,
(64)
df
dzdl
zmin
0
2

R(z,l)
denotes the burst rate per unit loop length l and per unit redshift z which is proportional to
where d dzdl
n(l, t). zmin will be defined shortly. The amplitude h(l, z, f ) is the Fourier transform of the waveform of the
bursts [739, 740, 777, 793] and reads

h(l, z, f ) = Aq (l, z)f −q ,

(65)

with
(q)

Aq (l, z) = g1

GµH0 l2−q
,
(1 + z)q−1 ϕr (z)

ϕr (z) ≡ H0

z

Z
0

dz 0
dz.
H(z 0 )

(66)

Again the power q is equal to 4/3, 5/3 and 2 for cusps, kinks and kink-kink collisions, respectively. The
(q)
calibration constant g1 accounts for loop geometry effects on different bursts. Since the cusps and kinks
radiate non-isotropically, the above waveform is only valid for directions near the cusp or kink direction. A
cutoff angle θcutoff is thus introduced to account for the geometric beaming effect:

θcutoff (l, z, f ) =

1
g2 f (1 + z)l

19 We

1/3
,

(67)

should keep in mind that the these simple power laws may not be a good approximation at low n. In this case, the
entire loop’s structure becomes important.
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with g2 =

√

3
4 .

The burst rate is then given by [739, 740, 778]


d2 R(z, l)
4πϕ2r (z)
n(l, t(z))
=2
∆(l, z, f ) ,
dzdl
(1 + z)3 H(z)H02 l(1 + z)

(68)

where the quantity

∆(l, z, f ) '

θcutoff (l, z, f )
2

3(2−q)
Θ (1 − θcutoff (l, z, f )) ,

(69)

represents the fraction of observable bursts [778].
Earlier burst events that cannot be resolved at a GW detector thereby contribute to a SGWB. Integrating
over z and l, the spectrum due to a given type of burst is

2
(q)
Z ∞ Z ∞
g1
g2q−2 N (Gµ)2
(f t(x))−2−q 1−q n(x)
q
3
dx
dz
x
(2πf
)
,
(70)
ΩGW (f ) =
2
4−3q
2
3 H0
(1 + z)4+q
H(z)
0
zmin (x,f )
where x ≡ l/t, zmin is the solution to θcutoff (l, zmin , f ) = 1, and Nq ∼ O(1) is the average number of bursts
per oscillation in a loop [735, 737, 786]. An alternative calculation of ΩGW (f ) by integrating over z, h is
shown in Ref. [797].
More recent bursts of large amplitude could be resolved individually and thus detected as transient events
by GW detectors, which is a different type of signal relative to a SGWB. If a burst is to be resolved in a
given frequency band f , it must produce a strain greater than the experimental sensitivity h > hexp with
rate less than f . The rate of such events is [414, 799]
Z z∗ Z hmax
d2 R
Rexp (f ) =
dz
dh
(h, z, f ) ,
(71)
dz dh
0
max(hmin ,hexp )
where z∗ enforces the rate condition and is given by
Z z∗ Z hmax
d2 R
f=
dz
dh
(h, z, f ) .
dz dh
0
hmin

(72)

For a given cosmic string model, the SGWB channel is usually more sensitive than individual bursts, providing
stronger constraints on parameters such as Gµ [737]. Nevertheless in certain motivated scenarios, such as
string formation before or during inflation, a SGWB could be suppressed and burst events would become
the leading channel for discovery [797].
In addition to the Gaussian SGWB and the resolvable burst events as discussed above, an unresolved
string signal from a set of infrequent bursts at low redshift z  1 emits a distinct non-Gaussian and noncontinuous popcorn-like signal. This effect is negligible on the current pulsar timing limit Gµ < 10−11
[466, 778], and has no effect on the SGWB that is emitted from a large loop size α ∼ 0.1 [772, 777, 778, 780].
However, if the burst occurs in our neighbourhood with strong amplitude, then GW detectors may be able
to identify the signal [800, 801]. Such a coherent signal may provide a complementary detection mechanism:
cosmic strings may generate a non-negligible amount of GW memory [802] that would not be captured by
SGWB probes [803].
7.3.3

Templates for the stochastic gravitational wave background generated by cosmic string
loops

Models 1 and 2 An analytical approximation for the contribution of each of three loop populations —
loops that decay in the radiation era, radiation-era loops that survive into the matter era, and loops created
in the matter era — to the SGWB was derived in Ref. [748]. Therein, they found that radiation-era loops
give rise to a SGWB of the form
"
#
3/2
Gµ
f
(1
+

)
128
r
ΩrGW (f ) =
πAr Ωr
−1 ,
(73)
9
r
Br Ωm /Ωr + f
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where we have defined r = α/(ΓGµ) and
vi
c̃
Ai = √ F 3
2 ξi

1/2

and

Bi =

2H0 Ωi
,
νi ΓGµ

(74)

and where the labels i = r, m are used to refer to the values of the corresponding variables in the radiation
and matter eras, respectively. In the radiation era, we have νr = 1/2, ξr = 0.271, vr = 0.662 and Ar = 5.4F .
This contribution dominates the high-frequency region of the SGWB spectrum (for f  Br Ωm /Ωr ), giving
rise to a plateau of amplitude
i
i
Gµ h
128
Gµ h
3/2
3/2
(r + 1) − 1 ' 1.02 × 10−2
(r + 1) − 1 .
(75)
πAr Ωrad h2
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The contribution of the loops that are created in the radiation era but survive into the matter era is of the
form
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and gives rise to a peak in the low-frequency portion of the spectrum (for f  Br Ωm /Ωr ).
Matter-era loops also give rise to a peak-like contribution in the same frequency range, albeit with a
different shape:
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3/2 Am m + 1 Bm
−
+ log
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, (77)
Γ
m
f
Bm (Bm + f ) f m (m + 1) f
 m Bm + f
where m = r ξm /ξr and we have νm = 2/3, ξm = 0.625, vm = 0.583 and Am = 0.39F . The shape of the
SGWB generated by cosmic string loops in this frequency range is then determined by the interplay between
these two contributions. For larger values of α, Ωrm
GW dominates, although its relative importance decreases
1/2
). So, for small enough α, the contribution of matter-era loops dominates
as α decreases (since Ωrm
GW ∼ α
the SGWB spectrum in the low-frequency range.
It was demonstrated in Ref. [748] that the SGWB is well described by an approximation of the form
m
ΩGW (f ) = ΩrGW (f ) + Ωrm
GW (f ) + ΩGW (f )

(78)

10

for α & ΓGµ and f < 3.5 × 10 /(1 + r ) Hz (larger frequencies are outside the sensitivity windows of the
current major GW experiments; see however Ref. [748] for a description of how to extend these results for
larger frequencies). For α . ΓGµ, loops survive significantly less than a Hubble time and decay effectively
immediately on cosmological times scales. In this case, no loops produced in the radiation era are expected
to survive into the matter era and, as a result, the contribution Ωrm
GW should be switched off. However, for
small enough α (i.e. α . 0.1ΓGµ), this approximation further simplifies to [748, 783]


3/2
H0 Ωm Am
Bm 1
64π
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GµΩr Ar + 54π
1−
.
(79)
3
m Γ f
m f
Note that, since Model 1 may be calibrated to describe Model 2 [414], Eq. (78) can also be used as a template
for this model by setting F = 0.1 and α = 0.1.20 Note also that, although these approximations only provide
a description of the SGWB generated by the fundamental mode of emission, one may use it to construct an
analytical approximation up to an arbitrary number of modes of emission n∗ for any q using
ΩGW (f, q, n∗ ) =
with E =

P n∗
m

n∗
X
j −q
j=1

E

ΩGW (f /j) ,

(80)

m−q .

discussed in Sec. 7.2.2, for Gµ . 10−10 , the contribution from matter-era loops Ωm
GW is negligible and does not need to
be included.
20 As
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Figure 10: Analytical approximation to the SGWB generated by cosmic string networks with Gµ = 10−10 and
different values of α for Model 1. The solid lines represent the approximation to the SGWB in Eq. (78), while the
dashed lines correspond to the SGWB obtained numerically. Figure taken from Ref. [748].

Model 3 A first review of the SGWB of Model 3 was conducted in Ref. [735], and we present below
analytical approximations derived in Ref. [414]. The loop distribution of Model 3 is similar on large scales
to the two above-mentioned models, but is also characterised by an extra population of small loops with
invariant lengths smaller than ΓGµt. This extra population is treated separated from the rest of the loop
distribution resulting in five contributions, i.e. the extra populations of small loops emitting GWs either
during the radiation era or the matter era, and the three populations mentioned in the previous section.
The contribution from radiation-era loops is given by
ΩrGW

64πCr Ωr
=
(ΓGµ)2χr
3Γ(2 − 2χr )
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1+
f ΓGµ

2χr −2

,
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where Cr = 0.08 and χr = 0.2. This formula is characterised by a plateau at high frequency. The loops
produced during radiation-era that survive during matter era also contribute to the SGWB
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Matter-era loops give rise to a SGWB given by
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where Cm = 0.015 and χm = 0.295, and 2 F1 is the Gauss hypergeometric function.
The extra population of small loops plays an important role in determining the SGWB, particularly at
high frequencies. Due to their small size (< ΓGµt) their contribution is cutoff at low frequencies and their
lifetime is too short for them to survive from the radiation-era to the matter-era. The contribution of the
extra population of small loops emitting GWs during the radiation era is given by the piece-wise formula
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(84)
if f < 4(1 + zeq )Hr (ΓGµ)−1
if f < 4(1 + zeq )Hr γc−1
if f > 4(1 + zeq )Hr γc−1

Figure 11: Figure to demonstrate the validity of the templates for Model III. The dark dashed line is the result from
numerical integration with only the fundamental mode and G(z) = 1.

and the contribution of the extra population of small loops emitting GWs during the matter era is given by
the piece-wise formula
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Similarly to the previous section, these approximations assume that the GW are emitted by the fundamental
mode, ie. by the oscillations of the loop. One can use Eq. (80) to construct predictions with an arbitrary
number of modes.

7.4

LISA detection prospects

Searches by current GW experiments (by LIGO/VIRGO and PTAs) on power spectra of the form Ω GW (f ) =
Af n have provided upper bounds on the amplitude A for different fixed values of the spectral index n [736,
804, 805]. Very recently, the NANOGrav and EPTA collaborations have even reported an excess that might
be due to a SGWB signal [385, 386], although the origin is still uncertain. As no statistical significant
evidence of the expected quadrupolar spatial correlations has been found, the detected signal can still be
ascribed to some unknown systematics. More data is needed in order to discern whether this signal is a real
SGWB or not, and if it is, whether it is due to BSM scenarios [806–808] or to astrophysics [154].
The PLS curve [809] is a useful construction that graphically quantifies the ability of a detector to measure
a SGWB with a spectrum characterised by a power-law in frequency. Recently, the LISA Cosmology Working
Group has presented a new technique for a systematic reconstruction of a SGWB signal without assuming
a power-law spectrum [589, 810]. This consists of separating the entire LISA band into smaller frequency
bins, and then to reconstruct the signal within each bin, where it can be locally well-approximated in terms
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of a power law. This method can be used to reconstruct signals with arbitrary spectral shapes, taking into
account instrumental noise at each frequency bin. The use of this technique for assessing the detectability
of the SGWB from a cosmic string network is particularly needed, as the spectral shape of the signal is not
a simple plateau for the lowest Gµ values that LISA can probe. Furthermore, the SGWB spectrum from
string networks can also exhibit scale-dependent features within the LISA frequency band, such as changes
in the number of relativistic degrees of freedom or the early universe EoS, see Sec. 9.
While a multi-bin analysis technique for the detection of the SGWB from string networks is currently
a work in progress, here we content ourselves with using the PLS as a criterion for detection; namely the
SGWB spectrum must be equal or above the PLS curve. We will use the LISA PLS as introduced by
Ref. [809], but using the most updated LISA sensitivity curves based on the final configuration of LISA and
new knowledge of its noise. (See Ref. [811] for all current LISA documentation.)
Claiming detection of a given SGWB from cosmic string loops (say for a given tension and other fixed
string network parameters), can be roughly interpreted as the detection of the signal after 3 years of accumulated data (corresponding to 4 years of LISA operation), with a SNR ≥ 10. Since the shape can be
more complicated than a simple power law, a more elaborated analysis following Refs. [589, 810] is required
to assess the SNR for a given detection, see also Ref. [812]. Here, for the moment, we simply quantify the
parameter space compatible with a detection, without quantifying the SNR associated to such detection.
We do not reconstruct such parameter space with appropriate statistical techniques, though such work is
already in the pipeline of coming work from the LISA collaboration.
In Figs. 12 and 13, we present numerical results for the SGWB generated by cosmic string loops, in a
standard cosmological background. The LISA band is well suited to set strong constraints on the string
tension, thanks to the natural shift of the “bump” in the SGWB to larger frequencies as Gµ decreases. This
effect can be clearly seen in these figures, where we show a sequence of SGWB spectra over the LISA PLS,
as we vary the string tension. We can find in this way the lowest Gµ for which an intersection between the
SGWB spectrum and the PLS still takes place. While the exact bound depends on our choice of model and
Pn , in the regime LISA will probe, all three models — Model 2 and Model 3, as well as Model 1 (when
calibrated to describe NG simulations by setting α = 0.1 and F = 0.1) — predict a string tension bound of
O(10−17 ). We note that the trailing edge of the bump of the SGWB (that scales as ΩGW ∝ f 3/2 ) will be
the last part of the spectrum to pass through the LISA sensitivity band.
Note also that for string tensions Gµ > 10−16 , LISA will probe the high-frequency side of the SGWB
bump, the particular shape of which depends on how the number of particle degrees of freedom change across
the universe history. This is relevant because while the three models predict roughly equal lower bounds for
the LISA window, Models 1 and 2 disagree with Model 3 at high frequencies. These discrepant regions will
pass through the LISA band and hence, in the event of a detection, we could discern among the different
models.
7.4.1

Anisotropies in the stochastic gravitational wave background

GW sources with an inhomogeneous spatial distribution would lead to anisotropies in the SGWB, in addition
to the anisotropies induced by the nature of spacetime along the line of propagation of GWs. The formalism
[786] to study anisotropies induced by the distribution of string loops was consequently applied for the string
distribution of Models 2 and 3. It has been shown that the angular spectrum of the 2-point correlator is
relatively insensitive to the particular choice of the string loop model: regardless of the model, the anisotropies
are driven by local Poisson fluctuations in the number of loops, and the resulting angular power spectrum is
spectrally white (i.e. C` = constant with respect to `) [786].
In Fig. 14 we show the amplitude of the SGWB angular power spectrum for models 2 and 3 as a function
of Gµ. We also include Model 1 with a small value of the initial loop size α, as this has been studied in the
literature as a source of significant anisotropies in the PTA frequency band [813]. We find that, regardless
of the loop model and the string tension, the predicted C` spectrum is unfortunately far too small to be
detected with LISA.
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Pn from simulation using Model II
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Figure 12: Solid red curves show cosmic string SGWB curves for a range of Gµ values. From the darkest most high
up line to the lightest lowest one these read: Gµ = 10−10 , Gµ = 10−13 , Gµ = 10−15 and Gµ = 10−17 . The Pn used
in computation of these spectra was inferred from simulations [772], and the loop number density is from Model 2.
The dashed orange curve shows the sensitivity of EPTA. The dark orange dash-dotted line shows the projected SKA
sensitivity. The dotted black line shows the LISA PLS of SNR = 10.

Pn ∝ n-43 using Model III
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Figure 13: Identical to Fig. 12, however, Pn ∝ n−4/3 and using the loop number density from Model 3 [758].
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Amplitude of the SGWB anisotropies for different cosmic string network models, as a function of the
string tension. We use a representative LISA-band
GW frequency of 1 mHz. Note that the spectra here are not
√
normalised with respect to the monopole, so C` is proportional to ΩGW . We note that the angular spectrum is
constant with respect to `, since the anisotropies are driven by local Poisson fluctuations in the number of loops.

7.5

Extended and alternative considerations

In the previous sections we focused on GW signals from cosmic string loops in most conventional scenarios,
i.e. NG strings evolving in the standard cosmology background with particle content of the SM. Nevertheless
there are well motivated variations encoding new physics that can lead to subtle or dramatic deviations to
the standard prediction of string SGWB spectra that we have demonstrated. In this section we review a
few representative cases. We will start with the fact that long strings also radiate a SGWB that add up
to the previously discussed SGWB from loops. We will also consider cosmic string scenarios with different
loop sizes and forecast the parameter space available for exploration with LISA. We will then move on to
the possible signals from networks of cosmic strings formed during a global symmetry breaking which as
we will see are quite distinct as then particle production and not GW production becomes the dominant
emission mode. Next we will turn to cosmic strings emerging from superstring theory and in particular the
possibility of smaller reconnection probability they can feature. We finally consider the case of metastable
cosmic strings.
Another key aspect is that the general broad band nature of cosmic strings SGWB enables cosmic
archaeology which would allow us to probe the expansion history prior to BBN as well as new particles
beyond the SM that are difficult to access by other means. We will not cover this method here, instead
referring the interested reader to Sec. 9 where methods of probing the expansion history are discussed and
specifically to its Sec. 9.2.3 dealing with cosmic strings.
7.5.1

Long strings

We have focused so far on the GW emission by sub-horizon size string loops. Long strings, however, either
infinite or super-horizon loops, emit also GWs. One contribution to this signal originates due to the relativistic motion of the long strings, as the network energy-momentum tensor adapts itself to maintain scaling
during cosmic evolution. As a result, an emission of GWs sourced by the anisotropic stress of the network,
takes place around the horizon scale at every moment [446, 814–816]. This SGWB background is actually
expected to be emitted by any scaling network of cosmic defects, independently of the topology and origin of
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the defects [446]. It represents an irreducible background generated by any defect network (that has reached
scaling). For NG cosmic string networks, such irreducible background represents however a sub-dominant
signal compared to the background emitted from the loops discussed before. In the case of field-theory string
networks (for which simulations to date indicate the absence of “stable” loops [767–770, 817]), it is instead
the dominant GW signal emitted by the network.
The energy density spectrum of this irreducible SGWB from long strings is predicted to be scale-invariant
for the modes emitted during radiation domination (RD) [446]. The amplitude of the background depends
on the fine details of the so called unequal-time-correlator of the network’s energy-momentum tensor, which
can be only accurately obtained from very large scale lattice simulations of defect networks. In the case of
global defects, the scale-invariant GW power spectrum has been analytically estimated in Refs. [815, 816].
The amplitude of the spectrum plateau for global strings has been recently calibrated in lattice field theory
simulations [818], obtaining
(0)

h20 ΩGW ' 3.13 · 10−13



Gµ
10−6

2
.

(86)

Using the latest Planck CMB constraints [819], Ref. [818] finds that the amplitude of the plateau satisfies
(0)

h2 ΩGW < 9.7 · 10−15 ,

(87)

with the number in the right hand side of the inequality corresponding to the amplitude when the CMB
bound 1012 (Gµ)2 ≤ 0.031 is saturated. The amplitude in Eq. (87) is larger, for instance, than the maximum
amplitude expected (as bounded by current CMB constraints [377]) for the quasi-scale invariant GW back(inf)
ground in slow-roll inflation [371], h20 ΩGW . 10−16 . It is however, still too small to be observed by LISA,
and it is clearly subdominant when compared to the amplitude of the dominant GW signal from the long
lived NG loops, which scales as (Gµ)1/2 .
One can also consider the contribution to the GW spectrum coming from the accumulation of small-scale
structure on long strings. These kinks are the product of the multiple intercommutations that infinite strings
suffer over the course of their cosmological evolution, and were noticed early on in numerical simulation of
cosmic networks [820, 821]. The emission of GW from individual infinite strings modulated by kinks has
been calculated in Refs. [822, 823]. Using these results, one can also compute the spectrum produced by
these kinks on a network assuming the simple model in which their characteristic scale is given by αt. At
high frequencies one can then estimate that the radiation-era plateau of this contribution should be [731]
h2 ΩGW '

128π 2 2
h Ωrad (Gµ)2 ,
3ξ 2 α

(88)

which, for α ≈ 0.1 and ξr = 0.271, shows a rough agreement with the value obtained from field theory
simulations. On the other hand, recently, Ref. [789] has calculated the GW spectrum produced by kink-kink
collisions on long strings, and found that the amplitude is larger than in previous estimates. This is because
the characteristic scale α turns out to be much smaller than 0.1 according to their semi-analytic estimation
of the kink number distribution.
7.5.2

Agnostic approach to loop size

In Sec. 7.4, we have analyzed the detection prospects for NG strings using either Model 1 (calibrated to NG
simulations) or simulation-inferred Models 2 and 3. Here, we extend the analysis a bit further, by using
Model 1 to study scenarios with different loop sizes. As we have seen in Sec. 7.3.3, although the typical
shape of the SGWB spectrum generated by cosmic strings is roughly independent of α, the amplitude of the
radiation-era plateau and the characteristics of the peak — its shape, height and broadness — are highly
dependent on the size of loops. As a matter of fact, the amplitude of the spectrum generally decreases with
decreasing α and, therefore, LISA should, in general, be less sensitive to scenarios in which loops are created
with a smaller size.
The (α, Gµ) parameter space available for exploration with LISA — which we plot in Fig. 15 — is
characterized in Ref. [414]. This analysis finds that LISA should be able to probe about 16 orders of
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Figure 15: Projected constraints on Gµ of the LISA mission for cosmic string scenarios characterised by different
loop-size parameter α for n∗ = 1 (dashed line) and n∗ = 105 , with q = 4/3 (dash-dotted line). The shaded area
corresponds to the region of the (α, Gµ) parameter space that will be fully available for exploration with LISA. The
dotted line corresponds to scenarios for which α = ΓGµ, so that the region above this line corresponds to cosmic
string models in which loops are small, while the region bellow corresponds to the large loop regime. Figure taken
from Ref. [414].
magnitude in loop size and, thus, it will have a good capability to detect string models that deviate from
the standard NG scenario. Note, however, that the projected constraints on cosmic string tension are also
less stringent as the loop size decreases. Nevertheless, LISA shall be able (conservatively) to probe cosmic
string scenarios in which loop production is significant up to tensions
Gµ < 8 × 10−12 ,

(89)

independently of loop size [414]. This corresponds to an improvement of almost 5 order of magnitude
over current equivalent constraints [744] and of more than 2 orders of magnitude over the projected SKA
constraints [779].
7.5.3

Global strings

Global cosmic strings are generically predicted in BSM frameworks with e.g. a post-inflationary global U(1)
symmetry breaking which may be associated to axion-like DM. The GW emission from global strings have
been less actively studied than that from NG strings, with only few papers having addressed an explicit
computation of the SGWB from global/axion strings, see Refs. [446, 785, 787, 815, 816, 818, 824, 825].
Studying this topic is however particularly timely given the increasing interest in axion DM. In the following
we review the semi-analytical approach taken in the recent work Ref. [785].
The approach taken in Ref. [785] systematically follows a similar procedure as for NG strings which is
reviewed in Sec. 7.2.1 but there are a few key differences for global strings. First, global strings have a
time-dependent string tension [731, 826, 827]
µ(t) = 2πη 2 ln (L/δ) ≡ 2πη 2 N,

(90)

where L ' H −1 ξ −1 is the string correlation length, ξ is the number of long strings per horizon volume,
δ ' 1/η is the string thickness, and N ≡ ln (L/δ) ' ln(ηξ −1 t) is time-dependent. Once reaching the scaling
regime, the long string energy density evolves as
ρ∞ = ξ(t)
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µ(t)
,
t2

(91)

where ξ(t) quickly approaches a constant for NG strings, yet needs to be determined for global strings.
In addition, global string loops have an additional significant decay channel, through Goldstone emission.
Taking these into account, the evolution equations of a global string network are as follows based on a
Velocity-dependent One-Scale model [731, 828]:





 k
v
dv
1 dL
= 2HL 1 + v 2 + cv + σ ,
= 1 − v2
− 2Hv ,
(92)
2−
N dt
N
dt
L
where k ∼ 0.28 is a momentum parameter, v ∼ 0.57 is the averaged long string velocity, c ∼ 0.5 is the loop
chopping parameter and σ ∼ 5.83 is the Golstone radiation parameter. These values are obtained [785] from
recent simulation results [829–832].
As presented in Eq.(90), reliable numerical simulations of global string networks require a huge scale
separation in string length L ∝ 1/H(t) and core width δ. Thus the global string simulation is much more
challenging. Nevertheless, it has seen rapid development in recent years [818, 829–833], while uncertainties
remain to be resolved with future higher resolution simulations. Due to the lack of dedicated simulation
results for global string loop distribution at formation time, a reasonable benchmark inspired by Model 2
for the NG case is considered while the effects of alternative possibilities of loop distribution are discussed
in Ref. [785].
Once formed, a loop oscillates and loses energy by the rate [731, 790, 834, 835]
dE/dt = −ΓGµ2 − Γa η 2 ,

(93)

where the right hand side represents GW and Goldstone radiation in order. Studies show that Γ ' 50
[749, 772, 773, 836], Γa ' 65 [731]. Consequently the length of a loop after its formation time ti would
evolve as
`(t) ' αti − ΓGµ(t − ti ) − κ(t − ti ),
(94)

where κ ≡ Γa /(2πN ). The SGWB from global strings can be computed following the similar procedure
of computing the SGWB for NG strings while taking into account these distinctions. Fig. 16 illustrates
the results with varying symmetry breaking scale η, assuming standard cosmic history, with the NG string
GW spectra shown in contrast. As can be seen, the global string amplitudes are more sensitive to scale η,
1
−17
4
NG
Hz due to the last
i.e. Ωglobal
GW ∝ η and the NG string ΩGW ∝ η. The spectrum falls off at f ∼ t0 ∼ 10
GW emissions, today. Meanwhile, in the late matter domination period, it follows the frequency dependence
−1/3
Ωglobal
for summation of higher oscillation normal modes n  105 as demonstrated in very
GW (f ) ∝ f
recent studies [797, 798]. Then, at f ∼ 10−8 Hz, the logarithmic time dependence of µ made a gradually,
logarithmically declining plateau towards high f on the GW spectrum, instead of a large plateau in NG
strings in RD period.
In very recent simulation studies [837], they have concluded that the global string loop lifetime is of
the order the loop initial length l ∼ αt which is in a good agreement with the prediction of Eq. (94) by
energy conservation. However, the amplitude of the SGWB from large-scale simulations of global string
networks from Refs. [446, 818], c.f. Eqs. (86) and (87), obtain an amplitude of the SGWB notably smaller
than the above semi-analytical prediction. More work is therefore needed, with further investigation and
improvements on both global string simulation and analytical analysis, in order to understand the origin of
this discrepancy.
7.5.4

Cosmic superstrings

Several brane-inflationary scenarios predict the copious production of cosmic superstrings (see e.g. Refs. [714,
838, 839]): fundamental strings – or F-strings – and 1-dimensional Dirichlet branes – or D-strings – that
grow to macroscopic sizes and play the cosmological role of cosmic strings. These cosmic superstrings, as
a result of their quantum nature, do not always exchange partners when they collide: strings may simply
pass through each other without intercommutation. In other words, the probability of intercommutation P
is – unlike that of ordinary strings [840, 841] – smaller than 1. In fact, it was shown that 10−3 . P . 1 in
collisions between F-strings and 10−1 . P . 1 for D-string collisions [842].
Cosmic superstring networks are then expected to lose energy less efficiently and, consequently, to be
significantly denser than networks of ordinary cosmic strings and to generate a SGWB with a higher amplitude as a result. As a matter of fact, the loop-chopping parameter – which quantifies the energy that is
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LISA

𝜂 = 1015 , 5 × 1014 , 1014 GeV

Figure 16: SGWB spectrum from a global (solid) and gauge (dashed) string network in standard cosmology with
loop length parameter α = 0.1, and symmetry breaking scale η = 1015 , 5 × 1014 , 1014 GeV for red, green, blue,
respectively. The grey region is the LISA sensitivity.

lost in the form of loops – is expected to be such that c̃ ∝ P γ , where γ > 0.21 For such weakly interacting
networks, with c̃  1, the amplitude of the SGWB is expected to roughly scale as [845, 846]
ΩGW ∝ c̃−2 ∝ P −2γ .

(95)

The constraints on Gµ derived on the previous sections for P = 1 are then conservative for cosmic superstrings: for P < 1 the bounds should necessarily be tighter.
Note, however, that the length of loops produced by cosmic superstring networks is not known, since
the precise number density of loops was not yet measured in simulations.22 Nevertheless, conservative “αindependent” constraints on cosmic superstring tension – obtained using the radiation-era plateau of the
SGWB generated by small loops – can be derived. In fact, LISA will be able to probe cosmic strings up to
a tension of Gµ ∼ 10−12 , 10−13 , 10−14 , for P = 10−1 , 10−2 , 10−3 respectively [414].23
Note also that there are relevant aspects of cosmic superstring dynamics that were not taken into account
when deriving these constraints. In particular, when superstrings of different types collide, they are expected
to bind together to create a (heavier) third type of string. This is expected to lead to networks with junctions
and a hierarchy of tensions – whose dynamics differ from that of ordinary string networks [714, 847–854] –
and to have an impact on the shape and amplitude of the SGWB [846, 855]. Moreover, there are several
other important aspects regarding the GW emission by cosmic superstrings that need to be clarified – most
notably the number and strength of the cusps [856] as well as the possible coupling of superstrings to other
fields – before a detailed study of the parameter space available to LISA can be performed.
7.5.5

Metastable strings

Up to this point, the discussion in this section focused on stable cosmic strings, i.e. cosmic superstrings
or strings whose stability is protected by the nontrivial vacuum topology in the underlying field theory.
However, in certain scenarios, cosmic strings can become metastable, with important implications for the
expected signal in GWs. In the following, we will discuss metastable strings in models with an enlarged
gauge group at higher energies, as they often arise in the context of grand unified theories. For other models
resulting in cosmic strings with a finite lifetime, see e.g. Refs. [857–859].
21 The exact value of the exponent γ is still a matter of debate – γ = 1/2 was observed in NG simulations in Minkowski
space [843] and γ = 1/3 in both radiation- and matter-era simulations [844] – and, thus, here we discuss the effects of P (mostly)
qualitatively.
22 There is some evidence that the reduction of the intercommuting probability is more efficient in suppressing the production
of large loops than that of small loops [844], which seems to indicate that smaller α (∼ ΓGµ) may be favoured for these networks.
23 For larger loop sizes, the strength of the constraints may increase by up to 6 orders of magnitude [414].

71

vB-L / [ln(8 g2 /λ)]1/2 [GeV]
1012
10
LISA

LIGO

1015

ET

10-7

+
++

EPTA excl

8
LISA observable

κ

h2 ΩGW

9

10-9

LIGO
design sensitivity

+

9

7

10-11
8

6

κ =6

7

m [GeV]

= 1014

10-13
-12

10

-8

10

-4

10

0

10

1016

4

1015

1016

CMB
excl

LIGO excl

SKA

1014

inflation, leptogenesis & dark matter

IPTA

1013

1017

5
-12

10

10

f [Hz]

-10

-8

10

10

10-6

Gμ

Figure 17: Left panel:
SGWB signals from a metastable string network for Gµ = 2 × 10−7 and α = 0.1, for
√

different values of κ; see Eq. (96). The solid lines represent the numerical result, the dashed lines show the
analytical approximation in terms of a flat plateau at high frequencies and an f 3/2 rise at low frequencies. Right
panel: Existing and future constraints on the metastable string parameter space. The hashed vertical band marks
the prediction of the U (1)B−L model in Ref. [679], where both plots appeared for the first time.

Consider a U (1) model giving rise to cosmic strings and its embedding in a gauge group G with symmetry breaking pattern G → H 0 × U (1) → H. The second symmetry breaking step will still produce cosmic
strings as before. However, if G and H are such that the vacuum manifold of the broken subgroup G/H is
simply connected, these cosmic strings are metastable, i.e. classically stable, but quantum mechanically unstable against the nonperturbative Schwinger production of monopole–antimonopole pairs [860–863]. These
monopoles are the topological defects associated with the first symmetry breaking step, G → H 0 × U (1).
They nucleate along the strings, such that the network breaks apart into individual string segments with a
monopole on the one end and an antimonopole on the other end. These dumbbell-like objects [864] keep
losing energy via the emission of GWs, until the defect network has fully disappeared. This late-time contribution to the GW spectrum requires further investigation. In the following, we will neglect it and focus
on the emission of GWs from string loops prior to their decay.
Models based on the symmetry breaking pattern G → H 0 × U (1) → H have recently been investigated in
Refs. [679, 865, 866]. While Refs. [679, 865] consider the breaking chain SO(10) → GSM × U (1)B−L → GSM ,
with GSM denoting the SM gauge group, Ref. [866] studies the breaking of G = SU (2)R × U (1)B−L in an
extended electroweak sector down to the hypercharge group H = U (1)Y via H 0 = U (1)R ⊂ SU (2)R . In
both cases, U (1)B−L is the Abelian gauge symmetry associated with baryon-minus-lepton number, B −L,
and both models thus predict the production of a network of metastable cosmic B −L strings.24
The lifetime of the collapsing string network is controlled by the monopole–antimonopole nucleation rate
per unit length [867] (see also Ref. [868]),
Γd =

µ −πκ
e
,
2π

κ=

m2
,
µ

(96)

where µ denotes the cosmic string tension and m is the mass of the monopoles nucleating on the string. The
parameter κ can, at least in principle, be calculated in terms of the parameters of the grand unified theory
model; see Ref. [866] for an example. The string network then decays around a redshift zd , which can be
estimated by equating the decay rate of an average-sized string with the expansion rate [679, 867],
1/4

Γd
zd ' 8.4 ΓGµ 2
.
H0

(97)

24 Both models also predict the production of a monopole gas during the first symmetry breaking step. These monopoles are,
however, diluted by a stage of inflation preceding the production of the metastable string network and are hence irrelevant.
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Here, Γ ∼ 50 is defined in Eq. (61) and H0 is the present-day Hubble parameter. In order to compute the
SGWB signal from the collapsing string network, the lower boundary in the redshift integral in Eq. (63)
needs to be replaced by zd . Fixing Gµ = 2 × 10−7 , this results in the GW spectra shown in the left panel
of Fig. 17. These spectra saturate the CMB bound on Gµ and are close to the sensitivity reach of existing
ground-based interferometers; see the right panel of Fig. 17. At high frequencies, the SGWB
√ signal exhibits
the usual plateau, while going to lower frequencies, it decays in proportion to f 3/2 . For κ . 6, the string
network
is only short-lived, such that the signal dies off at frequencies above the LISA band, whereas for
√
κ & 8, LISA will not be able to distinguish the signal from a standard string signal. In this case LISA will
be able to access Gµ values that would otherwise be excluded by PTA measurements. A LISA detection
of a standard√ string signal at Gµ in excess
of current PTA bounds would therefore point to metastable
√
κ
.
8.
In
fact,
values
of
κ
'
8 are probed by existing PTA observations [865]. Even larger
strings with
√
values of κ can leave√an imprint in CMB spectral distortions [869]. The most interesting
√ value from the
perspective of LISA is κ ∼ 7, which can be easily achieved in realistic models [866]. For κ ∼ 7, LISA will
see the turnover in the spectrum caused by the collapse of the string network and hence uncover valuable
information on new physics close to the energy scale of grand unification.
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Inflation

Section coordinators: E. Dimastrogiovanni. Contributors: D. Comelli, E. Dimastrogiovanni, M. Fasiello, D.G. Figueroa,
J. Fumagalli, L. Iacconi, A. Malhotra, S. Matarrese, A. Mazumdar, L. Pilo, S. Renaux-Petel, A. Ricciardone,
R. Rollo, G. Tasinato, V. Vennin, D. Wands, L. Witkowski.

8.1

Introduction

Can LISA detect GWs produced at the time of the big bang? This section aims to investigate such a
possibility focusing on cosmic inflation.
Inflation is the leading paradigm for describing the very early phases of cosmic expansion. Furthermore,
it offers a mechanism for GW production that can be probed with GW experiments. The inflationary
era is a short phase of accelerated expansion believed to have occurred within the first instants of the
history of our universe and leading to the hot big bang phase, which characterises the standard cosmological
evolution. This framework was initially proposed and developed to solve basic problems within the standard
big bang cosmology [870–873]. After the original proposal, it was soon realised that inflation comes equipped
with a mechanism of particle production, an inevitable consequence of quantum mechanics applied to an
accelerating cosmological spacetime. The same mechanism is responsible for generating both the primordial
scalar anisotropies [874–878] that source the evolution of cosmic structures at large scales, and a SGWB of
primordial GWs [879, 880].
The basic setup of GW production during inflation is as follows. Consider the dynamics of spin-2,
transverse-traceless fluctuations hij (t, ~x) around a flat FLRW line element
ds2 = −dt2 + a2 (t) [δij + hij (t, ~x)] dxi dxj

(98)

with a(t) being the scale factor. During inflation one typically assumes that the Hubble parameter H = ȧ/a
is nearly constant, leading to a quasi-exponential expansion. The dynamics of spin-2 fluctuations is obtained
by expanding the Einstein-Hilbert action at quadratic order in hij around the homogeneous FLRW solution
above. Cosmological perturbations can be quantized according to the basic rules of quantum field theory
(see e.g. Ref. [881]). Quantum mechanics converts the large gradients characterising the spacetime geometry,
associated with the rapid cosmological expansion, into the production of spin-2 quanta whose amplitude
freezes for wavelengths larger than the Hubble horizon H −1 .
After inflation ends, the Hubble scale starts to increase, reaching the size of the wavelength of the
fluctuations produced during inflation. The latter re-enter the horizon with a very large occupation number,
behaving as classical stochastic variables, and forming a primordial SGWB (see e.g. Refs. [289, 371] for
reviews). A detection of the (as of today undetected) inflationary SGWB would provide key information
on the physics of the early universe. Moreover, it would be the first direct experimental evidence of the
quantization (see [882] for a review and [883] for a discussion on the transition to a semi-classical behaviour)
of spin-2 gravitational interactions: the production of GWs is based on quantum mechanical notions applied
to cosmology.
The simplest class of inflationary models relies on a single scalar field, the inflaton, characterised by
a standard kinetic term and driving the acceleration. In this configuration, the inflaton homogeneous and
time-dependent profile rolls slowly down an almost flat potential throughout the inflationary phase [884, 885].
Such scenarios are associated to rather specific predictions in terms of the inflationary SGWB properties.
They consist in an almost scale-invariant spectrum, whose amplitude is too small for detection by direct GW
experiments such as LISA and whose slope is slightly red-tilted (the amplitude decreases as frequency increases). At present the most promising path to detection of an inflationary SGWB from standard single-field
slow-roll models is through its footprints on the B-mode polarisation of the CMB radiation (see e.g. Ref. [886]
for a review).
There are nevertheless plenty of good reasons to go beyond vanilla models of inflation. Such a step is
motivated for example by the need to embed inflationary physics in the broader context of particle physics
and especially within quantum theories of gravity. Upon exploring a richer inflationary dynamics, one must
also revisit the corresponding predictions of primordial GW properties.
Particularly relevant for this work is the fact that in scenarios beyond single-field slow-roll, the amplitude
of the primordial SGWB can be enhanced, and this may well occur in the LISA frequency band. As a
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result, LISA has the potential and the opportunity to probe our understanding of the early universe and, in
particular, of the inflationary phase. In this section we expand on such a possibility. We refer the reader to
Ref. [411] for previous work on the topic by the LISA Cosmology Working Group.
We shall consider here the following scenarios:
• When embedding inflation in particle physics and string theory setups [887, 888], several additional
fields may enter the game thereby changing the basic predictions of inflation. As we shall see in Sec. 8.2,
the presence of extra degrees of freedom brings about the possibility of enhanced cosmological correlators and associated signatures. Of particular interest for us will be the case where such dynamics affects
the tensor sector and leads to an amplification of the primordial GW signal. Additional properties
of the SGWB that may reveal a multi-field mechanism include chirality, non-Gaussianity, and specific
frequency profiles that can help distinguish the primordial signal from its astrophysical counterpart.
• A SGWB with sufficiently large amplitude to allow detection by LISA can be induced at second order
in perturbations by a boosted scalar power spectrum. The mechanism leading to such enhancement
typically gives rise also to oscillatory features. In Sec. 8.3 we discuss the characteristic oscillatory
frequency profiles of the SGWB that can be probed in the LISA frequency ranges. In the process,
we discuss novel methods to identify the different signatures associated to a number of inflationary
models.
• The inflationary mechanism can be realised in scenarios with alternative spacetime symmetry breaking
patterns, in which the background of the fields driving inflation depends also on space coordinates. As
we discuss in Sec. 8.4, the dynamics of the corresponding tensor sector are different than in standard
scenarios, and can lead to a primordial SGWB signal within reach of LISA.
• Explicit UV completions of inflation motivated by non-local versions of Starobinsky’s R + α R2 model
are discussed in Sec. 8.5. There we also show how considering such approaches reflects on the properties
of the primordial GW spectrum.
• Inflation is an early period of accelerated expansion that must come to end so as to give way to
cosmological evolution within the framework of standard big bang cosmology. In the transition phase
the inflaton field couples with or decays into SM particles. This process may lead to GW production
and to a SGWB spectrum whose properties are investigated in Sec. 8.6.
• All the scenarios mentioned above point to the fact that the primordial SGWB from inflation can be
produced by qualitatively distinct mechanisms, all of which are markedly different from astrophysical
processes. Sec. 8.7 aims to put together and investigate the features of the inflationary SGWB –
chirality, frequency profile, anisotropies – that can be probed by LISA.

8.2
8.2.1

Gravitational waves sourced by additional fields during inflation
Axion-gauge field inflation

Ubiquitous in particle physics, the existence of axion-like particles driving inflation has received considerable
attention (see Ref. [889] for a comprehensive review) starting with the well-known natural inflation proposal
[890, 891]. The appeal of such a setup relies in part on their approximately shift-symmetric potential
protecting the inflaton mass from large corrections. As a result of non-perturbative contributions from
gauge field configurations (instantons), the potential acquires the typical cosine profile
"
 #
χ
4
.
(99)
V (χ) = Λ 1 + cos
fχ
The axion-like field χ is driven by a potential at a scale Λ and with decay constant fχ . In the absence of
other fields, a nearly scale-invariant scalar spectral index, as required by CMB observations, leads to a large
axion decay parameter fχ ∼ MP . On the other hand, a number of reasons favour inflationary realisations
with a sub-Planckian fχ : (i) quantum gravity effects are expected to break the shift symmetry, as well as
any global symmetry, at the Planck scale through the formation of a (virtual) BH; (ii) in typical string
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Figure 18: Axion-Abelian gauge field coupling can produce a large amplitude and varying width GW background
depending on the evolution of fields during inflation. One can have a bump/Gaussian peak at scales where the axion
rolls fast. The figure shows three examples that are relevant for current and forthcoming/future interferometers,
namely PTA (frequencies around 10−10 − 10−7 Hz), LISA (frequencies 10−5 − 10−1 Hz) and Advanced LIGO-Advanced
Virgo-KAGRA (around 1-100 Hz). In all those examples, the upper limit of the GW background is set by constraints
from enhanced curvature perturbations and PBH bounds. Interestingly, density perturbations peaked at PTA and
LISA scales can also generate PBHs which can be phenomenologically relevant and possibly constitute some fraction
of DM. Figure adapted from Refs. [892, 893].

theory constructions one finds fχ < MP [894]. It follows that a field content allowing for a smaller decay
constant whilst preserving the naturalness of the potential, is of interest in this context. Coupling the axioninflaton with gauge fields is a simple and intriguing possibility. Perhaps the most studied example is that of
a Chern-Simons-type coupling
χ
F F̃ ,
(100)
λ
4 fχ
which preserves the shift symmetry and “dissipates” some of the inflaton kinetic energy into the gauge sector,
in so flattening its effective potential without the need to resort to a large fχ . Several specific axion-gauge
fields realisations are found in the literature, employing both Abelian [895] and non-Abelian [896] gauge
modes. Their phenomenology is a rich one, but we shall focus here mostly on the gravity (i.e. tensor) sector.
The Abelian and non Abelian scenarios share some key features:
• Inspection of the equations of motion for the gauge sector in Eqs. (101) and (102), reveals that the effect
of the coupling to the axion-like inflaton depends also on the popularisation of the gauge field, and it is
controlled by the parameter ξ ≡ λχ̇/(2fχ H). More specifically, denoting by A± the mode functions of the
two circular polarisations of the gauge field, one has [895–898]


2k
00
2
Abelian case :
A± + k ±
ξ A± = 0 ;
(101)
τ
"

non Abelian case :

t00±

#
2
+ k + 2 (mQ ξ ± kτ (mQ + ξ)) t± ' 0 ;
τ
2

(102)

where τ is conformal time. The quantity t in Eq. (102) is the wave-function associated with the tensor degrees
of freedom tia , stemming from choosing SU(2) as the gauge group [899]; the parameter mQ is defined as
mQ ≡ gQ/H where g is the gauge coupling, H the Hubble rate, and Q the background of one of the (three)
gauge sector scalar modes. We note the slow roll relation ξ ' mQ + 1/mQ , so that the two parameters that
control the production in the Abelian and non Abelian case coincide in the large ξ limit.
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It is intuitively clear then that the effect of the Chern-Simons coupling, driven by ξ, is stronger as one
approaches the end of inflation where a large kinetic term χ̇ breaks the slow-roll condition.
• Given that the amplitude of the relevant gauge degrees of freedom is enhanced by the coupling, and that
these modes source GWs, the tensor power spectrum is typically blue in these scenarios. This makes them
of immediate interest for GW detectors, such as LISA (see e.g. Figs. 18 and 19, respectively for the Abelian
and for the non-Abelian cases).
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Figure 20: Feynman diagrams for the GW power spectrum. Left panel: The gauge fields Aµ source GW non-linearly
in the Abelian case. Right panel: The SU (2) scenario, where gauge tensor degrees of freedom tij source GWs already
at tree level.

LISA and PTAs. They can also produce peaked density perturbations that can seed an abundance of PBHs
compatible with that of DM [892, 905–907], as we briefly touch upon in Sec. 8.2.3. We shall also point to
the intriguing possibility of similar scenarios being responsible for the matter-antimatter asymmetry of the
universe [908, 909].
For the sake of completeness we should also mention some caveats one may extract from recent literature
on the subject as well as several emerging new research paths. Coupling the axion with the gauge sector
allows for a sub-Planckian dynamics by essentially feeding the axion kinetic energy into the gauge sector.
This effect is regulated by the coupling λ. The ensuing flattening of the inflaton effective potential makes
for a viable scalar spectral index ns at large scales. At the same time, the (enhanced) gauge sector also
sources GWs. It turns out that the parameter space granting the appropriate ns may correspond to an
overproduction of GWs [910].
In addition, the amplified gauge fields also source scalar density perturbations, and it challenging to
generate observable GW without overproducing scalar modes [390, 902, 911, 912]. Several routes have been
explored to preserve the intriguing GW phenomenology of these models whilst also satisfying CMB and
PBH bounds. One of the most economical choices is to introduce a spectator scalar field [394, 902, 913].
This weakens the production of density perturbations and the corresponding scalar sector constraints on the
axion-like particle and delivers viable scenarios both in the Abelian and non-Abelian cases. The back-reaction
dynamics [395, 914] as well as the requirements stemming from perturbativity bounds [395, 911, 912, 915, 916]
have been recently studied for these setups.
The possibility of Schwinger pair production has been explored in the same context as well as the coupling
with fermionic fields [917, 918]. In the same spirit, it is natural to investigate couplings with SM particles
[919, 920]. Also of note are several successful embeddings of axion gauge fields models within supergravity
and string theory constructions [921–923].
8.2.2

Non-minimally coupled (spinning) fields

As a useful approach that is complementary to the one in the previous section, we will briefly expand here
on a recently introduced EFT of non-minimally coupled (spinning) fields [924]. The presence of multiple
fields during inflation is completely natural from the top-down perspective [888]. The benefit of an effective
approach to such dynamics lies in the fact it provides a general, unified, description of the inflationary field
content and the ensuing cosmological signatures. It is well-known that the presence of spinning fields makes
for a richer phenomenology25 , one that is certainly worth exploring.
The presence of increasingly demanding unitary constraints as one goes up the spin ladder, typically
implies that higher (s ≥ 2) spin fields decay within of a few e-folds during inflation, to the detriment of their
imprints on early universe observables. This is remedied by coupling the extra spinning content directly to
the inflaton: the background breaks de Sitter isometries and weakens the related unitarity constraints, thus
allowing for a lighter (more long-lived) particle content. As a result, extra spin-2 fields can for example
directly source the GW spectrum providing the leading contribution to the signal [924].
It is instructive to report a few of the leading operators in the Lagrangian coupling an extra spin-2 field
σ with the standard tensor modes γij and the Goldstone boson π, related to the scalar curvature ζ via
25 For example, scalar and mixed non-Gaussianities display a characteristic extra angular behaviour in the squeezed limit
[925]. Even more relevant in this context is the fact that extra tensor modes, such as those of spin-2 particles, can directly
source GWs.
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ζ ∼ −Hπ:
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(2)
(2)
(3)
dt d3 x a3 Lfree + Lint + Lint
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1
3
(σ̇ ij )2 − c22 a−2 (∂i σ jk )2 − (c20 − c22 )a−2 (∂i σ ij )2 − m2 (σ ij )2
4
2
ρ
1
−√
a−2 ∂i ∂j πc σ ij + ργ˙c ij σ ij
2
2H
ρ
−2
a (∂i πc ∂j πc σ̇ ij + 2H∂i πc ∂j πc σ ij ) − µ(σ ij )3 + . . . ,
−
21 H 2 MPl

where ci is the sound speed for the helicity-i mode of the spin-2 particle σ. The first line of Eq. (103) contains
the free quadratic Lagrangian for σ whilst the second and third lines respectively describe the quadratic and
cubic mixing of σ with standard scalar and tensor modes. In addition to vacuum fluctuations, the GW
power spectrum receives a contribution proportional to the quadratic coupling ρ, which may well be the
leading one. Upon allowing a time dependent ρ or a time dependent helicity-2 sound speed c2 , it is possible
to obtain a blue GW spectrum [926, 927] and, more in general, one with a non-trivial scale dependence (see
Fig. 21). There is a substantial portion of parameter space in this EFT that delivers a GW power spectrum
detectable by LISA.

Figure 21: The GW energy density of the EFT when including the contribution of an extra spin-2 field whose
helicity-2 mode has a time-dependent sound speed. The two colours correspond to different values of ρ/H, respectively
(3 × 10−3 , 4 × 10−4 ), supporting a signal within reach for both SKA and LISA, or for LISA only. In generating both
lines, the time dependence of the sound speed has been kept constant to s2 ≡ ċ2 /(Hc2 ) ' −0.2. Figure taken from
Ref. [927].

Further, even within bounds ensuring perturbativity control, lack of gradient instabilities, and compliance
with CMB bounds, this setup supports large squeezed non-Gaussianities, including the purely tensorial threepoint function. It follows that the EFT field content may also be tested by probing GW anisotropies (see
Sec. 8.7.3) as well as via cross-correlating the SGWB with the CMB (see Sec. 8.7.4 below).
8.2.3

Models that produce peaks in the power spectrum of scalar perturbations

Primordial density waves in the early radiation-dominated universe interact gravitationally with GWs and
therefore generate a SGWB [928–930]. As discussed in Sec. 10.3, LISA is sensitive to GWs with frequency
f generated from primordial density perturbations with power spectrum Pζ (f ) ≈ 10−4 which re-entered
the Hubble-horizon at a temperature T ≈ 105 (f /mHz) GeV. These density waves can be generated from
quantum fluctuations that are swept up by the accelerated expansion during a preceding period of inflation
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and exit the Hubble-scale N e-folds before the end of inflation. By assuming instantaneous reheating (a
finite period of reheating can reduce this number), one obtains
!


1/4
V∗
f
N ≈ 22 + ln
− ln
,
(104)
1015 GeV
mHz
R
where N = H dt is the integrated expansion, and V∗ is the energy density during inflation.
It is often assumed that the power spectrum of primordial density perturbations from inflation can be
described by a power law, Pζ ∝ f n−1 , whose amplitude and spectral index are fixed by observations on
CMB scales, where Pζ ≈ 10−9 and n < 1. This is not general [931]. However, within slow roll, the deviation
from a simple power law (running of the spectral index) is limited (second order in slow-roll parameters) and
thus a significant enhancement in the primordial power spectrum on the scales probed by LISA requires the
breakdown of the usual slow-roll approximations.
Quantum fluctuations in the fields driving the accelerated expansion naturally generate primordial density
fluctuations in the subsequent radiation era, and there may be additional fluctuations from fields that,
although subdominant during inflation (so-called spectator fields), affect the subsequent evolution between
the end of inflation and the epoch when modes re-enter the Hubble-horizon. The dimensionless density
contrast, ζ, can be identified with the perturbation in the local integrated expansion, ζ = δN . In the
large-scale limit (neglecting spatial gradients) this can be related to the field fluctuations at first order
~ · δ Φ,
~ where N (Φ)
~ corresponds to the background expansion as a function of the local field
ζ = (∂N /∂ Φ)
~
values, Φ, during inflation.
For a single inflaton field (or more generally for adiabatic field fluctuations in a multi-field setting [932,
933]) ∂N /∂ϕ = H/ϕ̇ while the amplitude of quantum field fluctuations at Hubble exit are given by Pδϕ '
H/2πcs , where cs is the sound speed. Given that the Hubble rate at Hubble-exit (k = aH) necessarily
decreases during inflation, there are essentially two ways to boost the primordial density perturbations in
single field models. Either one can decrease the speed of the inflaton, ϕ̇ faster than the slow-roll evolution,
known as ultra-slow roll [934, 935], or one can rapidly decrease the sound speed, cs , e.g. due to non-decoupling
of massive fields [936]. Ultra-slow roll describes a regime where the potential gradient becomes negligible
and the field becomes friction dominated, ϕ̇ ∝ e−3N , which can occur in models with a near-inflection point
in the potential. Typically the ultra-slow roll phase is transient, leading to a localised step [408, 937] or
broad peak [938] in the power spectrum. In some cases the departure from slow-roll may interrupt inflation,
before inflation restarts in an ultra-slow roll phase [939–941].
1/4
If the energy scale of inflation is as low as V∗ ∼ 106 GeV then LISA could be sensitive to physical
processes that end inflation and reheat the universe. The coherent oscillation of the inflaton (and, possibly,
other field) that characterised this stage may lead to resonant amplification of scalar metric perturbations
near the Hubble scale at the end of inflation, a phenomenon known as metric preheating [942–945]. Density
perturbations produced close to the Hubble scale at this stage may become large in models where inflation
ends due to an instability, triggering a phase transition. This may be second-order, as in hybrid inflation
models [946, 947], where a tachyonic instability in a second “waterfall” field leads to the rapid growth of
quantum fluctuations, or in the geometrical destabilisation of inflation, due to a geometrical instability in a
negatively-curved field-space [948]. A FOPT at the end of inflation requires the rapid nucleation of bubbles
of a broken symmetry phase, whose collisions both reheat the universe and can generate GWs [412].
More generally fluctuations in fields orthogonal to the instantaneous trajectory in field-space, and hence
independent of the adiabatic field fluctuations, can enhance the primordial scalar power spectrum, Pζ ,
after Hubble exit [949]. Any non-geodesic “turn” in field space during inflation converts isocurvature field
perturbations at Hubble-exit into an additional source of curvature perturbations on super-Hubble scales [933,
950–952]. In a different mechanism, spectator axion fields might also exhibit a brief phase of fast roll during
inflation, generating a localised peak in the power of density perturbations [902]. Alternatively, the effect of
spectator fields may be completely subdominant during inflation but boost the primordial power spectrum
after the end of inflation as in the curvaton [953–955] or other modulated reheating [956, 957] scenarios.
Quite generally we expect otherwise light scalar fields present during inflation to acquire effective masses of
order the Hubble scale during inflation [958, 959], suppressing their fluctuations on large scales, leading to a
steep blue tilt, dominating the power spectrum on small scales, as in the axion-like curvaton model [960].
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8.3

Small-scale primordial features

Embeddings of inflation in high energy theory motivate the exploration of inflationary mechanisms beyond
the single-field slow-roll framework. For example, UV completions of inflation in string compactifications
typically introduce many new degrees of freedom that ultimately contribute to the inflationary dynamics.
Thus, from the UV point of view, single-field slow roll models have the semblance of toy-models that capture
the essence of inflation without being fully realistic.
Avenues for going beyond single-field slow-roll are plentiful and, as a result, a large number of models
have been constructed. However, instead of proceeding model by model, there is also a more systematic way
for going beyond the simplest version of inflation. The idea is to characterise departures from single-field
slow-roll in terms of their effect on the scalar power spectrum.
These signatures of a departure from single-field slow-roll have been termed “features” after corresponding
characteristic properties of the scalar power spectrum. See Refs. [931, 961, 962] for reviews on this topic.
Using the language of features, departures from single-field slow-roll inflation can be assigned to one of the
two following broad classes:26
1. A so-called “sharp feature” is characterised by an oscillation in the scalar power spectrum that is
periodic in the wavenumber k. This arises whenever there is some sudden transition during inflation,
like e.g. a step in the inflation potential or a sharp turn in the trajectory.
2. A so-called “resonant feature” denotes an oscillation in the scalar power spectrum in log(k). It arises
when some components of the background oscillate with a frequency larger than the Hubble scale,
inducing a resonance with the oscillations of the quantum modes of the density perturbations, a typical
example being axion monodromy inflation [397, 963].
Over the relevant range of scales, the scalar power spectrum corresponding to each class can be written as
h
i
Sharp: Pζ (k) = P0 (k) 1 + Alin cos ωlin k + ϑlin ,
(105)
h
i

Resonant: Pζ (k) = P0 (k) 1 + Alog cos ωlog log(k/k? ) + ϑlog ,
(106)
with k? being some arbitrary reference scale introduced for dimensional reasons. That is, a sharp or resonant
feature is described by an oscillation with amplitude Alog/lin about an envelope P0 (k). The precise form
on the envelope will depend on the model, but can be taken as sufficiently smooth over the period of
oscillations.27 For sharp features, the frequency ωlin ∼ 1/kf , where kf corresponds to the scale that crosses
the Hubble radius at the time of the feature. As for resonant ones, one has ωlog ∼ M/H, where M is the
frequency of the background oscillations.
At large scales (k . 1 Mpc−1 ) features are severely constrained by CMB and LSS data, which mandate
a nearly scale-invariant power spectrum with amplitude Pζ ∼ 10−9 . In contrast, at small scales (k 
1 Mpc−1 ), CMB and LSS constraints do not apply and the scalar power spectrum can depart significantly
from scale-invariance. This opens the possibility that the feature constitutes the dominant contribution to
the scalar power spectrum at small scales.
For such contribution to be sufficiently large to make the SGWB detectable by current or forthcoming
interferometers, the scalar power spectrum at the scale of the feature needs to be significantly enhanced
compared to its value at CMB scales. Specifically, Pζ should increase from ∼ 10−9 to ∼ 10−4 by moving
k from the CMB to the LISA momentum scale. GW observatories such as LISA are thus sensitive to
feature models where the scalar power spectrum exhibits a peak at small scales, where the CMB and LSS
constraints do not apply, as previously explained in Sec. 8.2.3. This is not an unrealistic expectation: such
localised enhancements of the power spectrum occur frequently in inflation models with features. In fact,
the mechanism of amplification of scalar fluctuations is often also responsible for producing the oscillatory
feature and vice versa, as observed e.g. in Refs. [398, 399, 951, 952, 964–966]. GW observatories such as
LISA can thus test models of inflation at scales inaccessible to CMB and LSS surveys.
26 Oscillations

of heavy fields act as “primordial standard clocks”, leading to feature signals resembling that of a sharp feature
at larger scales and of a resonant feature at smaller scales.
27 In realistic models the amplitude and frequency of the oscillation as well as phase offset can run with the scale k, but if
this running is sufficiently “slow”, the templates (105) and (106) will still be applicable over a suitable range of scales.
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What is interesting for GW astronomy is that features in the scalar power spectrum lead to corresponding
features in the frequency profile of the corresponding scalar-induced GWs [399, 966, 967]. Here we focus
on the contribution to the SGWB sourced by scalar fluctuations when they re-enter the horizon during RD
after inflation, see Sec. 10.3.28 Remarkably, this inherently nonlinear effect does not lead to oscillations being
washed out. One rather finds that a sharp feature leads to a periodic modulation in the spectral shape of
the SGWB contribution, while a resonant feature produces a corresponding log-periodic modulation. As a
result, over some range of scales the spectral shape of ΩGW (k) can be matched by the following templates
[399, 966, 967]:
h
i
gw
k + φlin ,
(107)
Sharp: ΩGW (k) = ΩGW (k) 1 + Alin cos ωlin
h

(108)
Resonant: ΩGW (k) = ΩGW (k) 1 + Alog,1 cos ωlog log(k/k? ) + φlog,1
i
+ Alog,2 cos 2ωlog log(k/k? ) + φlog,2 ,
gw
with ωlin
=

√

3ωlin . Here, ΩGW (k) refers to the GW fraction with the oscillatory component averaged out.
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Figure 22: Scalar power spectrum Pζ (a) and the scalar-induced GW energy density ΩGW (b) for two inflation
models (see text for details) with a sharp feature and enhanced fluctuations from a strong turn in the inflationary
trajectory, together with the PLS for SNR threshold SNRth = 1 and total observation time T = 3 years assumed
in the analysis of [399]. The black dashed line in (a) shows the envelope of Pζ and in (b) the corresponding GW
energy density ΩGW . The O(1)-oscillations in Pζ are processed into O(10%) modulations on the principal peak of
ΩGW . Over the frequency range of the principal peak, the modulations in ΩGW can be modelled as cosine-oscillations
about ΩGW , as can be seen in (c). To translate k/k? into f / Hz, we considered N? = 31.5, i.e. the peak in Pζ occurs
at wavenumber k = k? , which is 31.5 e-folds larger than the CMB value. Figures adapted from Ref. [399].
28 In addition, there will also be a scalar-induced contribution to the SGWB sourced during inflation. The latter is slow-roll
suppressed compared to the post-inflationary contribution and will be ignored in the following, even though it can dominate in
selected models, see e.g. Ref. [968].
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The above is best illustrated by an example. As has been observed in Refs. [951, 952], an amplification of
scalar fluctuations can be achieved in multi-field inflation when the inflationary trajectory exhibits a strong
turn. If the turn is also sufficiently sharp, i.e. it is executed in a short time interval, this leads to a sharp
feature. In simple cases the scalar power spectrum can then be computed analytically as [399, 951]
√
!!
κ
Pζ (k)
e2 (2−κ)κ η⊥ δ
2
−δ/2
κη⊥ + arctan p
,
(109)
=
× sin e
P0
2(2 − κ)κ
(2 − κ)κ
which is valid for κ ≤ 2 and where κ ≡ k/k? = k/(kf η⊥ ). Here η⊥ quantifies the strength of the turn in
terms of the departure from a geodesic, δ is the duration of the turn in units of e-folds and kf is the scale
crossing the Hubble radius at the time of the sharp turn (see Ref. [399] for generalisations). As can easily
be checked, Eq. (109) is indeed of the form of Eq. (105) characteristic of a sharp feature.
In Fig. 22 (a) we plot Pζ (k) in Eq. (109) for two example models and in Fig. 22 (b) the corresponding
GW energy density ΩGW (k). We can then make the following observations, which will not only hold for the
model at hand, but will be generic for a sharp feature and can be also generalised to the case of a resonant
feature:
• The overall spectral shape ΩGW (k) is determined by the envelope P0 (k). If this is sufficiently narrowlypeaked, the spectral shape of ΩGW (k) consists of a broad lower peak at lower frequencies and a narrow
principal peak
√ at higher frequencies. This is what is observed in Fig. 22 (b). The principal peak occurs
at k = 2/ 3 k? , where k? is the frequency where the envelope P0 has its maximum, and this can be
understood to arise from resonant amplification [969].
• The oscillatory running of the SGWB induced by the feature is visible as a modulation of Ω GW (k)
on the principal peak, see again Fig. 22 (b). In the vicinity of the maximum the modulation is wellmatched by the template in Eq. (107) for a sharp feature, as can be seen in Fig. 22 (c) where we plot
the ratio ΩGW (k)/ΩGW (k): Especially near the centre of the peak this exhibits a sinusoidal oscillation
with near-constant amplitude.
• The modulation in ΩGW (k) can be understood as a superposition of resonance peaks sourced by the
individual maxima of Pζ (k). Labelling the maxima in Pζ (k) by ki , the resonance analysis predicts a
series of peaks in ΩGW (k) at [970]:
1
kmax,ij = √ (ki + kj ) ,
3

with

kmax,ij > |ki − kj | .

(110)

Applying this to the sharp and resonant feature case one can show that this predicts the periodic
structure recorded in the templates Eq. (107) and Eq. (108) [399, 967].
• The amplitude of oscillation in ΩGW (k) is typically attenuated compared to the amplitude of oscillation
in Pζ (k). For example, a sharp feature with Alin = 1 leads to a modulated GW spectrum with
Alin ∼ O(10%) [399, 966].
• Consider a feature in the scalar power spectrum with an associated peak at k? = kcmb eN? , with N? the
number of e-folds after horizon-crossing of the CMB modes. This bump in Pζ (k) will produce a peak
in ΩGW whose frequency fpeak is related to N? as


fpeak
+ 37 .
(111)
N? ≈ ln
Hz
For the peak to fall into the frequency range of maximal sensitivity of LISA, f = 10−3 - 10−2 Hz, the
enhancement and the feature in Pζ (k) has to occur N? ∼ 30 - 32 e-folds after the generation of the
CMB modes, making LISA sensitive to a wide range of models producing features during the later
stages of inflation.
We thus find that features in the scalar power spectrum, encoding departures from single-field slow-roll
inflation, lead to corresponding features in the scalar-induced contribution to the SGWB. If the feature is
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associated with a sufficient enhancement of the relevant scalar fluctuations, the resulting contribution to
the SGWB is in principle detectable by GW observatories like LISA. As features encode departures from
single-field slow-roll without reference to explicit models, this leads to the exciting prospect that SGWB
measurements can be used to learn about inflation in a model-independent fashion.

8.4

Effective Field Theory of broken space-reparametrisations

LISA can shed light also on the symmetries characterising the early universe, and in particular the inflationary
period. Standard models of inflation are based on the assumption that the inflaton background field is only
time dependent, and this is well described within the EFT of inflation framework [321]. However within
the standard EFT framework, it is hard to produce GWs which have an amplitude large enough to be
detected by interferometers. On the other hand, if space-diffeomorphisms are broken during inflation, and
so the background field can have a space-dependent vacuum expectation value, then GWs are amplified
at small scales becoming a potential target for GW detectors, like LISA. In particular, the breaking of
space-diffeomorphism allows the graviton to be massive, since there are no symmetries preventing tensor
fluctuations from acquiring a mass during inflation. If this is the case, the graviton is characterised by an
action which is the most general one for tensor fluctuations:
Z
h
i
MP2
ij
(2)
d4 xa2 (η) h0ij h0 − (k 2 + a2 (η)m2g )hij hij ,
(112)
ST =
8
where a(η) is the scale factor and mg is the graviton mass, which is the distinctive feature of a setup
that breaks space-diffeomorphism. Whereas such action can be derived within an EFT framework, there are
models which realise such a possibility, like Solid [400] and Supersolid [401–404] inflation. They are described
by Lagrangians which contain three (or four) scalar fields, which respect some internal symmetries ensuring
the homogeneity and isotropy of the background. Such models can lead to a blue spectrum for tensor modes,
as well as to other distinctive properties in the tensor spectrum [400, 402, 404–407]. Such an action leads,
in the small graviton mass limit (|mh /H|  1), to a tensor primordial power spectrum like
  nT
2 H2
k
Ph = 2 2
,
(113)
π MP k ∗
with the tensor spectral index equal to

2 m2h
.
(114)
3 H2
Notice that a blue spectrum, nT > 0, requires a positive m2h . This is the case of interest, since it enhances
the tensor spectrum at small scales, and can lead to a signal detectable by LISA. A model-independent
analysis of such kind of models, and the possibility to detect the GW signal in the range of frequencies and
energy densities probed by LISA has been carried out in Ref. [411].
nT =

ϕ0 = ϕ̄(t),

ϕ a = xa ,

a = 1, 2, 3 ;

(115)

this time 4D diffeomorphisms are completely broken, leaving only a global symmetry as a leftover, where
an SO(2) rotation is performed both to the fields and to the spatial coordinates. To allow for a FLRW
background solution, the action for the scalar fields dynamics needs to be symmetric under internal rotations
and shift transformations
ϕa → Rab ϕb ,

R tR = 1 ,

ϕ A → ϕA + c A ,

A = 0, 1, 2, 3 .

(116)

In general, the fluctuations around Eq. (116) can be interpreted as the phonons of a supersolid [971, 972],
while the special case where only the “spatial” Stueckelberg fields ϕa (with a = 1, 2, 3) are present corresponds
to a solid [973]. Similar models have been proposed as massive deformation of gravity [974, 975]. In the
scalar sector there are two propagating degrees of freedom that mix non-trivially both at early and late
times and, after exiting the horizon, give rise to non-trivial cross-correlations with distinctive features for
primordial non-Gaussianity. One key feature is that the production of GWs during inflation can be enhanced
by the cubic interaction of the graviton with phonons [976]; the spectral index of the secondary produced
GWs is blue-tilted with the amplitude within the LISA sensitivity.
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8.5

UV complete models of R + αR2 model

Starobinsky’s R + αR2 model of inflation matches the latest CMB data extremely well [374, 977]. Since
massless gravity contains only derivative interactions, it invites higher and infinite covariant derivative contributions as well. One particularly attractive model of higher derivative theory of gravity which contains
infinite covariant derivatives and generalizes the quadratic curvature theory of gravity has been presented
in Refs. [978–980]. It has several cosmological implications, from providing the initial conditions from a
non-singular cosmology to modifying the power spectrum for the primordial GWs [981, 982]. One particular
subset of the action has been studied deeply, which generalizes Starobinsky’s model and recovers it in the
IR limit:

!
Z
Mp2
λ
µνρσ
4 √
R+
RF1 (s )R + Wµνρσ F2 (s )W
.
(117)
S = d x −g
2
2
Here s = /Ms2 with Ms being the scale of non-locality, and λ is a dimensionless parameter useful to control
the effect of higher curvature contributions. In the limit Ms → ∞, one recovers the local Starobinsky’s
model of inflation. The ghost-free condition around an inflationary, i.e. approximate de Sitter background,
constrains the gravitational form factors F1 and F2 [983, 984]. Noticeably, the scalar power spectrum does
not get any modification compared to the local Starobinsky’s model of R + αR2 inflation [977]. However,
the gravitational power spectrum, the tilt and the tensor to scalar ratio r all get modified in an interesting
manner [981, 982]:
PT

=

nT

≡

r

=

2
1
(1 − 3)e−2γT (−R̄/2Ms ) |k=aH ,
2
2
1 (m /Ms )
d ln PT
3
3
2
R̄
R̄
|k=aH ≈ −
−( +
)
γT (−
)|k=aH ,
d ln k
2N 2
N
2N 2 2Ms2
2Ms2
12 −2γT (−R̄/2Ms2 )
e
|k=aH .
N2

12π 2 F

(118)

The crucial difference here in comparison with the local Starobinsky model is that the tensor power spectrum
is scaled by an exponential factor of γT evaluated at the pole of the tensor mode R̄/(6Ms2 ), where R̄ =
3.7 × 10−8 (55/N∗ )3 Mp2 denotes the Ricci scalar evaluated at the pivot scale k∗ = aH, and N∗ denotes
the number of e-foldings of inflation corresponding to the pivot scale. Accordingly, also the tensor tilt gets
modified. The ghost-free condition demands that γT is an entire function (namely, that it can be represented
as a power series that converges everywhere in the complex plane) [983, 984]. In the local R2 model one
obtains r = 12/N 2 = 3(1−ns )2 as it follows from the original computation of scalar and tensor power spectra
generated during inflation [977]. From the CMB data [377] we can infer that the constraint r < 0.036 implies
γT > −1.05 at N∗ = 55, while there are no constraints on the tilt in the tensor power spectrum, due to
lack of data. LISA could be able to test it, although there are indications that at LISA frequencies the
nonlocal model is indistinguishable from local Starobinsky inflation [981, 985] (section 9.3). Additional
mechanisms [411] or a modification in the theory (e.g., in the form factor) could reopen this opportunity.

8.6

Preheating

Preheating is characterised by non-perturbative particle production mechanisms [986–995], which typically
take place after inflation in many models of particle physics (see Refs. [996–998] for reviews). Following
the end of inflation, interactions between the inflaton and some other field species – the preheat field(s) –
can induce an exponential growth of the modes of the preheat field(s) within certain bands of momenta. A
paradigmatic example of this is parametric resonance [987, 993, 994, 999], though there are other mechanisms
(see below). The field gradients created during this stage can generate a sizeable anisotropic stress to
source GWs, with the specific details of the resulting GW spectrum depending strongly on the considered
scenario [816, 1000–1009]. In general, preheating mechanisms are very efficient in transferring a significant
fraction of the total energy available from the inflationary sector into the preheat field(s), and as a result, a
large amount of GWs are radiated in the process. Furthermore, if the inflaton-preheat field coupling is tuned
to certain values, the resulting SGWBs may develop large anisotropies at cosmological scales [1010, 1011].
For illustrative purposes, let us consider a standard scenario where the inflaton oscillates around the
minimum of its potential after the end of inflation. For example we can consider a power-law potential
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V (φ) = p1 λµ4−p φp , with λ a dimensionless coefficient, µ some mass scale, and p an integer index p ≥ 2.
Denoting as t? the end of inflation, the inflaton oscillates for t & t? with a time-dependent frequency
√
(p/2−1)
, where φ? ≡ φ(t? ) [999]. To be specific, let us also consider
Ωosc ≡ ω? (t/t? )1−2/p , ω? ≡ λµ(2−p/2) φ?
a quadratic interaction g 2 φ2 χ2 between the inflaton φ and a the preheat field χ, with g a dimensionless
coupling constant. If the resonance parameter q? ≡ g 2 φ2? /ω?2 is much larger than unity q?  1, the preheat
field is excited through a process of broad resonance during the inflaton oscillations, with the amplitude of the
1/4
resonant modes growing exponentially inside a Bose-sphere of radius k . k? ∼ q∗ ω? . This radiates GWs
efficiently within a similar band of momenta. At the end of the process the resulting energy density spectrum
of GWs exhibits a peak with amplitude and location (redshifted to frequencies today) given by [1012]
!
1
1
ω?
9
4
4 +η

q
Hz ,
(119a)
f ' 8 · 10
?
?
1/4
ρ?
Ω0GW (f ) ' O(10−9 ) × ? C

ω?6
− 1 +δ
q? 2 ,
2
ρ? M p

(119b)

where ρ? is the total energy density at t = t? , η and δ are parameters that account for non-linearities of the
system, and C is a constant that characterises the strength of the resonance. The factor ? ≡ (a? /aRD )1−3w
parametrises the expansion history between the end of inflation and the onset of RD, assuming an averaged
EoS w 6= 1/3 during this period (if w = 1/3 then ∗ = 1). The values for C, η, and δ, can only be determined
with classical lattice simulations in a model by model basis.
Leaving aside non-linear effects for simplicity, we observe that the frequency and amplitude of the peak,
1/4
−1/2
roughly scale as f ∼ q? and ΩGW,0 ∼ q?
. This means that in order to shift the peak to observable
frequencies, we need to decrease q? ; but in doing so, we further decrease the amplitude of the signal. Using
this linear approximation we see that decreasing the peak frequency say by an order of magnitude, implies
the reduction of the amplitude of the background by two orders of magnitude. Furthermore, we see that
these backgrounds can only be expected down to a minimum frequency, as efficient GW production requires
q∗ > 1 to sustain broad resonance during the field instability, and hence q∗ = 1 marks a minimum frequency
we can think of. Even though such scaling behaviours are modified when considering corrections due to
non-linearities, the logic persists [1012], and as a result these backgrounds are forced to be peaked at highfrequencies way above those accessible by LISA. To be concrete, considering for instance a quartic potential
around the minimum, we obtain f ' (107 − 108 ) Hz and ΩGW,0 ' (10−13 − 10−11 ), when assuming the range
q? ∈ (1, 104 ).29 For a quadratic potential around the minimum of the potential, we find instead (assuming
? = 1) a frequency f ' (108 − 109 ) Hz and amplitude ΩGW,0 ' (10−12 − 10−11 ), when considering a
resonance parameter q? ∈ (104 , 106 ). The conclusion is clear, these backgrounds are completely out of reach
of current and (so far) planned direct detection GW experiments.
If the scalar field interactions induce a tachyonic effective mass in the preheat species, GWs can also be
strongly produced, e.g. during hybrid preheating [1003, 1004, 1006]. In this case, contrary to parametric
resonance, the present day frequency and amplitude of the generated SGWB might be tuned to peak at
small frequencies, while retaining a large amplitude. This depends on the model parameters, but in general
a strong fine-tuning is required for this to happen. A similar circumstance arises in the case of the GWs
produced from oscillons produced during hilltop preheating [1013–1015], which upon similar fine tuning of
the potential parameters, can also lead to observable GW backgrounds at low frequencies.
If the field species involved in preheating are of a different nature than just scalar fields, then new channels
of GW production open up. For example, GWs can be produced during the out-of-equilibrium excitation of
fermions after inflation, both for spin-1/2 [1016–1018] and spin-3/2 [1019] fields. In this case a SGWB with
large amplitude is also forced to peak at high frequencies. GWs can also be generated when the preheat
fields are (Abelian and non-Abelian) gauge fields. For example gauge fields could be coupled to a charged
scalar field via standard gauge covariant derivatives like in Refs. [1020–1022], or to a pseudo-scalar field
through a derivative axial coupling as in Refs. [1023–1025]. Preheating can be remarkably efficient in the
second case [1026, 1027], with the energy density produced in GWs possibly reaching up to ∼ 1% of the
total energy in the system for the strongest coupling strengths [1024, 1025]. The peak frequency is however
also very large in these scenarios as well.
29 The

GW spectrum in the quartic potential case also features additional peaks, see Ref. [1012] for more details.

86

In conclusion, preheating mechanisms are capable of creating very large SGWBs, but these are naturally
peaked at very high frequencies, which are typically beyond the LISA window. Some particular models can
sustain a sizeable amplitude at LISA frequencies, but only at the expense of a strong fine-tuning of their
parameters.

8.7

Summary of distinctive gravitational wave observables from inflation

In what follows we describe the relevant observables that can be used to break possible degeneracies between
the SGWB from inflation, and the one due to other cosmological sources, as well as to astrophysical ones.
8.7.1

Chirality

Although parity violation has so far been observed only in weak interactions, it is important to investigate
whether the same phenomenon may occur also in the very early universe, during inflation. In the primordial
context, we shall refer to chirality whenever the two polarisations
P of GWs have different solutions. For
convenience, one may introduce the parameter χ ≡ |PγL − PγR |/ λ P λ , whose range extends up to χ = 1.
Several mechanisms for generating chiral GWs are found in the literature. The common trait to such
realisations is the presence of a Chern-Simons-type interaction. In the case of the EM field strength such
term reads
g(χ)Fµν F̃ µν ,
(120)
where F̃ µν is the dual EM field. The reader will recognise the similarities between Eq. (100) and (120). The
comparison underscores the fact that the field strength F need not be that of electromagnetism nor is it
limited to Abelian gauge fields. In modified gravity theories, Chern-Simons gravity is obtained by promoting
the three dimensional gravitational Chern-Simons term to 4D [1028, 1029]:
f (φ)Rσµνρ R̃σµνρ ,

(121)

where R̃ is the dual Riemann tensor. The matter field φ is conveniently identified as the inflaton in models
of the early phase acceleration. The parity violation ensuing from Chern-Simons-type coupling in the early
universe can be tested across a vast range of scales, from CMB [463, 1030] to interferometers [458, 459, 465],
including LISA. Both types of interactions in Eqs. (120) and (121) have been extensively studied [895, 1031–
1037]), sometimes considered together [1030, 1038], and investigated as emerging from quantum gravity (in
the sense of Hořava-Lifshitz [1039] theories) [1040].
8.7.2

Frequency profile

The single-field slow-roll inflationary paradigm predicts a slightly red-tilted GW spectrum. The tilt of the
tensor power spectrum is indeed proportional to the slow-roll parameter, nT ' −2  1. Such a GW
signal is well below the sensitivity of LISA and could even elude detection from more sensitive instruments,
including the proposed BBO. This is the key notion behind the claim that a detection of primordial GWs
by LISA would be a smoking gun for an inflationary mechanism that goes beyond the single-field slow-roll
scenario. With some interesting exceptions [410] one may go further and state that a primordial signal at
LISA scales (and sensitivity) is strongly suggestive of multi-field (or multi-clock) dynamics.
A typical case in point is that of GW sourced by extra fields during inflation. Whenever the sourced
contribution goes beyond vacuum fluctuations, the richer multi-field dynamics can give rise to a non-trivial
frequency dependence, from a blue GW spectrum to a “bump-like” structure and to oscillatory features
mimicking the ones of the scalar power spectrum. For all these examples there exist explicit realisations, as
detailed in Secs. 8.2 and 8.3.
In studying the SGWB frequency profile one ought to be aware of the bounds at CMB scales, those set
at intermediate scales by PTAs and, perhaps most importantly for LISA, those set at the relatively close
frequencies accessed by LIGO/Virgo.
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8.7.3

Anisotropies

The angular resolution of the LISA detector might enable a detection of another peculiar feature useful
in the SGWB characterisation process: the anisotropy (direction dependence) in the energy density. Such
anisotropies contain information about the generation process of GWs and their propagation across cosmic
inhomogeneities. Using a Boltzmann equation approach, the contribution coming from the generation mechanism retains a frequency dependence, which is peculiar of the SGWB, and, due to the non-thermal nature
of the graviton distribution function at their decoupling time [449, 450]. The contribution arising from the
propagation of GWs through large-scale cosmological scalar (and tensor) background perturbations, happens to be larger compared to the same effect for CMB photons. So, in a similar way to CMB photons, the
SGWB from e.g. inflation is affected by the Sachs-Wolfe and the Integrated Sachs-Wolfe effects. The former
is a gravitational redshift, due to the difference of the gravitational potential at the moment of the SGWB
production and today. The latter is due to the variation of the gravitational potential along the line of sight
from the SGWB production to its the detection, integrated in time [449, 450].
It turns out that LISA is sensitive to these effects in the angular power spectrum if the SGWB isotropic
energy density is ΩGW & 10−12 [449, 450, 452]. For a representative inflationary model, namely axion
inflation [391, 905], it was shown that the predicted SGWB can be within the reach of LISA and exhibits
anisotropies with a large frequency dependence, a possible distinctive target for the SGWB detection and
characterisation in LISA.
In the remaining part of this subsection we will discuss GW anisotropies that result from squeezed
primordial non-Gaussianity. This is yet another case in point for the use of GW anisotropies as a probe of
the production mechanism for GWs. Let us briefly describe the genesis of these non-Gaussianity-sourced
anisotropies. A squeezed primordial bispectrum encodes a coupling between two short-wavelength modes
and one long-wavelength mode. The effect of the very same coupling is also manifest at the level of the
power spectrum of the short-wavelength modes, in the form of a modulation by the long-wavelength mode
[1041–1045]. The magnitude and form of this modulation depends on the specific type of interactions (as
dictated by the inflationary Lagrangian) and on the nature (e.g scalar vs. tensor) of the long-wavelength
mode. Let us consider the case of a tensor bispectrum:
hhk1 hk2 hq i = (2π)3 δ (3) (k1 + k2 + q)B ttt (k1 , k2 , q) .

(122)

In the squeezed limit, q  k1 ' k2 , and for models preserving statistical isotropy and parity, the long
wavelength tensor mode imprints a quadrupolar modulation in the primordial power spectrum of the shortwavelength modes [1046]:
Phmod (k, x) = Ph (k) [1 + Q`m (k, x) n̂` n̂m ] ,
(123)
where k = kn̂ and we have defined

Q`m (k, x) ≡

Z

d3 q iq·x X λ3
ttt
e
h`m (q)FNL
(k, q) .
(2π)3

(124)

λ3

ttt
Here FNL
(k, q) is the amplitude of the tensor bispectrum in the squeezed limit, normalised by the product
of the power spectra, Ph (k) · Ph (q). The anisotropy in Eq. (123) determines a contribution to the energy
density contrast (see Eq. (35) for the definition of δGW ) given by

δGW (k, n̂) = Q`m (k, d) n̂` n̂m ,

(125)

where d = −n̂d, d ≡ η0 − ηin being the separation in conformal time between horizon re-entry of the k-mode
and the present time.
In a similar way, for inflationary models predicting a long-short mode coupling between scalars and
tensors, a long-wavelength scalar fluctuation will modulate the power spectrum of GWs on small scales:


Z
d3 q iq·x
stt
e
ζ(q)F
(k,
q)
.
(126)
Phmod (k, x) = Ph (k) 1 +
NL
(2π)3
This generates an anisotropic component for the GW energy density measured at present time, which leads
to
Z
d3 q −idn̂·q
stt
δGW (k, n̂) =
e
ζ(q)FNL
(k, q) ,
(127)
(2π)3
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Figure 23: Left panel: Auto-correlation of GW anisotropies induced by a scalar-tensor-tensor squeezed bispectrum
stt
with FNL
∼ O(103 ) (red line), and of GW anisotropies arising from propagation through the perturbed background
(blue line). Right panel: Cross-correlation of GW anisotropies and CMB temperature anisotropies in the same two
cases.

stt
withFNL
(k, q) being the amplitude of the scalar-tensor-tensor bispectrum in the squeezed limit, normalised
by Pζ (q) · Ph (k).
Primordial non-Gaussianity is one of the most informative probes of field interactions during inflation.
Already at the level of the bispectrum (the lowest-order non-Gaussian correlator), a variety of constraints can
be placed on inflationary models based on its momentum dependence (a.k.a. shape) and overall amplitude.
In particular, bispectra that receive substantial contribution in the squeezed momentum configuration are
a smoking gun for inflationary dynamics that go beyond the single-field slow-roll realisation. This is due
to the fact that, whenever the inflationary dynamics is guided by a single effective degree of freedom, the
leading order contribution to the squeezed bispectrum can be removed by a gauge transformation [1047–
1049]. Single-clock models therefore predict a suppressed bispectrum. On the other hand, typical classes of
models that can lead to sizeable soft limits for cosmological correlators include multiple fields, excited initial
states, or an inflationary background that breaks space diffeomorphism invariance.
While at large (e.g. CMB) scales primordial bispectra can be directly constrained, this is not the case
at small scales due to loss of coherence from propagation in the perturbed universe (see e.g. discussion in
Sec. 10.3). Anisotropies are therefore a key observable for constraining tensor and mixed non-Gaussianity
at interferometer scales.
As an example, in the left panel of Fig. 23 we display the auto-correlation hδGW,`1 m1 δGW,`2 m2 i =
δ`1 `2 δm1 m2 C`GW
arising from anisotropies of the kind described in Eq. (127) (red line). For the sake of
1
comparison, in the same plot we show the auto-correlation for anisotropies imprinted as gravitons travel in
the perturbed background after horizon re-entry (blue line) [180, 447, 449, 450].
The recent works [455, 1050] study the capability of LISA to access the SGWB anisotropies. See Sec. 12
for more details.

8.7.4

Cross-correlations

Anisotropies such as those just discussed in Sec. 8.7.3 are produced by the effect of long-wavelength (scalar
or tensor) perturbations and are therefore correlated with anisotropies in the CMB [1051, 1052]. These
cross-correlations provide an additional observable for constraining primordial non-Gaussianity (see right
stt
panel of Fig. 23 for an application). As an example, we report in Fig. 24 the error in determining FNL
using
a measurement of these cross-correlations. The calculation of the error follows that of Ref. [1052] and it is
adapted here, under that assumption that Taiji and LISA should happen to fly together [460, 1053]. We see
stt
that for the combination {r = 0.05, nT = 0.30} one would be able to detect FNL
of order 104 or larger.
For any given inflationary model generating non-trivial scalar-tensor-tensor or tensor-tensor-tensor bispectra in the squeezed limit, the overall level of the GW anisotropies is determined by the specific form of
the angular dependence of the bispectra and by the magnitude of the FNL parameters. Typically, there exist
minimum values of FNL below which the GW anisotropy map is dominated by noise. Cross-correlations
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can be particularly helpful in these cases as they have the potential to constrain smaller levels of nonGaussianity [1052].
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Figure 24: The expected 1σ error in determing FNL

GW anisotropies, as a function of `max .
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9

Tests of non-standard pre-Big-Bang nucleosynthesis cosmology
via the SGWB

Section coordinator: G. Calcagni. Contributors: G. Calcagni, C-F. Chang, Y. Cui, D.G. Figueroa, S. Kuroyanagi,
M. Lewicki, A. Mazumdar, G. Servant, P. Simakachorn.

9.1

Introduction

In the standard model of cosmology, the universe begins with a inflationary epoch that first induces an
exponential growth of the universe and then reheats it with a very hot plasma. In the standard picture, it is
the energy density of such a plasma that dominates the expansion of the universe until the matter and DE
domination final stages. It is however worth remembering that this picture is based on several theoretical
assumptions and has only been tested up to temperatures T ≈ 5 MeV thanks to data from CMB [85] and
successful predictions of BBN [373]. The period between that temperature and inflation still holds many
unknowns [1054]. In this section, we will discuss how detection of a SGWB by LISA would allow us to probe
the evolution of the universe during that time. We will begin with the possibility of probing the expansion
rate including the number of relativistic degrees of freedom thanks to the SGWB sources discussed in the
previous sections and move on to possible departures from GR.
According to the standard inflationary paradigm in GR, scalar and tensor perturbations are generated
during an early era of accelerated expansion induced by a slow-rolling phase. In the vanilla inflationary
scenario, the primordial tensor spectrum is red-tilted at CMB scales, i.e. its amplitude decreases with frequency. If inflation is followed by the long-lasting RD period, then also the produced SGWB, late-time
remnant of the primordial tensor spectrum, turns out to be red-tilted and its amplitude at the mHz – Hz
frequencies remains too small to be detected by any present or planned near-future GW detector. However,
both deviations from the vanilla inflationary scenario (see Sec. 8) and the usual RD epoch of the standard
model of cosmology can enhance the SGWB to amplitudes large enough to reach the LISA sensitivity. In
the latter case, for instance, if the expansion rate of the universe between the end of inflation and the onset
of RD, is dictated by an effective EoS parameter w 6= 1/3, the inflationary SGWB is naturally tilted at high
frequencies, for the modes that re-entered the Hubble radius during such non-standard epoch. If the EoS is
stiff, i.e. w > 1/3, then the tilt is blue, thus enhancing the power of the GW spectrum at large frequencies,
and hence making this branch of the spectrum potentially observable with LISA. If, on the contrary, the
EoS is w < 1/3, then the tilt at high frequencies is red, and hence the spectrum goes below the standard
plateau amplitude due to modes crossing during RD.
Any modification of the expansion rate occurring after a FOPT also leaves its imprint on the SGWB
produced by that phase transition. The modified redshift results in an overall shift of the entire signal but,
more interestingly, characteristic features might also be produced in the signal. This is possible for modes
with lengths larger than the horizon size at the time of the transition. If these modes enter the horizon
during a time of modified expansion, the typical f 3 slope at low frequencies will be modified allowing us
to decode the EoS at that time. However, as this feature is always present significantly below the main
amplitude peak of the FOPT SGWB (see Sec. 6), measuring the expansion using this method will always
be much more challenging than the initial detection of the spectrum.
Cosmic strings are another possible GW source which would also allow us to probe the expansion history.
As a network of strings would continuously produce GWs throughout most of cosmological history (see
Sec. 7), also the expansion history is encoded in the resulting spectral shape. This, in fact, includes not only
drastic modifications such as periods of non-standard expansion, but also subtler modifications including the
number of degrees of freedom contributing to the radiation dominating at early times. As we will see, an
accurate observation of a SGWB from cosmic strings will always give us some information on the expansion
rate of the very early universe.
Finally, we will also explore the possibility to test quantum gravity cosmological models via SGWB
observations at LISA. After excluding a plethora of models whose SGWB does not reach the instrument’s
sensitivity curve, we single out two pre-big-bang scenarios as candidates that could generate a signal relevant
for LISA science.
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9.2
9.2.1

Non-standard expansion histories
Inflation

During inflation, tensor perturbations are expected to be excited due to quantum fluctuations at sub-Hubble
scales. Due to the exponential expansion, the initially small wavelengths of these tensors are stretched to
scales exponentially larger than the inflationary Hubble radius. As a result, when inflation ends the universe
is filled with a stochastic tensor background with a (quasi-)scale invariant power spectrum at super-horizon
scales [879, 880, 1055, 1056]. The spectrum is usually parametrised as
hij (t, x)hij (t, x) ≡

dk
Ph (t, k)
k

Z

⇐⇒

Ph (k) '

2
π2
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r
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with k∗ a pivot scale, Hinf is the inflationary Hubble scale when k∗ exited the Hubble radius during inflation
and Ph is the dimensionless tensor power spectrum (here MPl is the reduced Planck mass). In an exact
de Sitter background, the tensor spectrum would be exactly scale invariant, i.e. with nT = 0. In slow-roll
inflation, however, a small (“slow-roll suppressed”) red tilt is developed, with an amplitude smaller than
(but of the order of amplitude of) the tensor-to-scalar ratio r evaluated at k∗ . Since the latter is constrained
(at k∗ /a0 = 0.05 Mpc−1 ) by the B-mode in the CMB as r . 0.036 [377], we can immediately infer an upper
bound on the scale of inflation as Hinf . Hmax ' 5.1 × 1013 GeV. This also implies naturally that the red
tilt can only be very small, −nT ≤ 0.005  1.
During the expansion history following inflation, the tensor modes re-enter successively back inside the
Hubble radius, turning into a proper classical (yet stochastic) background of GWs. Once the modes become
sub-Hubble, they start oscillating with a decaying amplitude hij ∝ 1/a (this is independent of the expansion
rate [371]), propagating as relativistic degrees of freedom. Since modes with different wavelengths re-enter
the Hubble radius at different moments of cosmic evolution, different modes may propagate through different periods of expansion. As a result, modes with very different wavelengths may sustain very different
amplitudes with respect to each other, depending on the rate of expansion of the universe at their time
of Hubble-crossing. To characterise the spectrum of the SGWB today, we can write the energy density
2
spectrum normalised to the critical density ρcrit = 3MPl
H 2 , as [371]
k2
1 dρGW (t, k)
=
∆2 (t, k) ,
ρcrit d ln k
12a2 (t)H 2 (t) h

2
1 ak
∆2h (t, k) ≡ Th (t, k)∆2h,inf (k) , Th (t, k) '
,
2 a(t)
ΩGW (t, k) ≡

(129)

where Th (t, k) is the transfer function characterising the expansion history between the moment t = tk
of horizon re-entry of a given mode k, and a later moment t > tk . Here tk is implicitly defined from the
condition ak Hk ≡ k, with ak ≡ a(tk ), and Hk ≡ H(tk ). The factor 1/2 is due to the time-average of the
rapidly-oscillating sub-horizon wave.
The transfer function today can be evaluated as
Th (k) '
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where gs and g∗ are the relativistic number density of species contributing to the total entropy and energy
(0)
densities, respectively. Using Ωrad ' 9 · 10−5 , gs,0 ' 3.91, g∗,0 = 2, and gs,k ' g∗,k ' 106.75, so that
Gk ' 0.65, we obtain that tensor modes crossing during the RD epoch lead to an energy density spectrum
with amplitude
(0)
ΩGW
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12π



Hinf
mPl

2 

Hinf
Hmax

2 

f
fPl

nT
' 5 × 10

−16



Hinf
Hmax

2 

f
fPl

n T
,
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with nT given by the original inflationary tilt. In other words, the RD energy spectrum retains the (quasi-)
scale invariant spectral shape of the original inflationary tensors. We note that in evaluating Eq. (131) we
have considered for concreteness that gs,k , g∗,k equal the SM degrees of freedom before electroweak symmetry
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breaking, and hence they are independent of k. In reality the number of SM relativistic degrees of freedom
change with the scale, but for simplicity in Eq. (131) we considered an identical suppression for all the modes
as Gk ' 0.65, so that we can provide a single number for the amplitude of this plateau.
If between the end of inflation and the onset of RD there is a period of expansion characterised by an EoS
different than that of radiation w 6= 1/3, the inflationary GW energy density spectrum develops a tilt within
the range of scales corresponding to the modes crossing the Hubble radius during such period. As a result, the
(quasi-)scale invariance of the original tensor spectrum is lost. This feature is actually quite interesting from
an observational point of view, as we might detect or constrain in this way the post-inflationary expansion
history, and hence the properties of the fields driving the expansion between inflation and RD [1057–1067].
In order to understand better the above discussion, let us consider that between the end of inflation
and the onset of RD, the expansion rate is dictated by an effective EoS parameter w 6= 1/3. In scenarios
where the inflaton potential is a monomial, V (φ) ∝ φp , the inflaton oscillates around the minimum of
such a potential after inflation, so that an effective EoS, averaged over inflaton oscillations, emerges as
w ' (p − 2)/(p + 2) [1068, 1069]. For p < 4 the EoS is in the range 0 < w < 1/3. For p = 2, the
oscillations of a massive free field lead to an energy density redshifting on average (over one oscillation cycle)
as hρφ iosc ∝ 1/a3 , analogous to that of non-relativistic particle species. Thus, an EoS of w ' 0 emerges
in that case. Nothing prevents however the possibility of a stiff dominated stage with EoS w = ws for
1/3 < ws < 1. Such a case can be actually achieved quite naturally if the kinetic energy of the inflaton
dominates after inflation, either through inflaton oscillations [1068] under a steep potential (e.g. V (φ) ∝ φp
with p > 4), or simply by an abrupt drop of the inflationary potential at at moment that triggers itself the
end of inflation.
Propagating the inflationary tensor modes through the epoch starting immediately after the end of
inflation, leads to a GW energy density spectrum today, expressed as a function of present-day frequencies
f = k/(2πa0 ), like [1066]

1
, f  fRD

2( 3w−1


)
3w+1
f
(0)
(0)
(0)
' ΩGW
×
(132)
ΩGW (f ) = ΩGW
× W(f /fRD ) × Cw

2( 3w−1
3w+1 )

fRD
inf
inf
f
 Cw
,
f

f
RD
fRD
with Cw a numerical prefactor in the range 1 < Cw < 25/2 /π ' 1.80 for 1/3 < w < 1, and where fRD ≡
kRD /(2πa0 ) is the frequency corresponding to the horizon scale at the onset of RD, kRD = aRD HRD , and W(x)
is a window function connecting the two sides of the spectrum: the high-frequency branch on the one hand,
corresponding to modes crossing during the non-standard period (f  fRD ), and the low frequency branch
corresponding to modes crossing during RD (f  fRD ). The tilt in Eq. (132) indicates that models with a stiff
epoch between the end of inflation and the onset of RD are actually very appealing observationally, as in these
scenarios a blue tilt is developed in the GW energy density spectrum at large frequencies, with 0 < nT < 1
[371, 1057, 1058, 1061, 1066, 1070–1075]. This potentially opens up the possibility of detection by upcoming
direct detection GW experiments, including LISA. The presence of a stiff period is actually well-motivated
theoretically in scenarios like Quintessential inflation [1076–1084], gravitational reheating [1085, 1086] (with
the caveats explained in Ref. [1065]), the Higgs-reheating scenario [1087] and generalisations [1088, 1089].
The GW spectrum in these scenarios is controlled by w, fRD , and Hinf , and the parameter space compatible
with a detection by various experiments has been recently analysed in Refs. [1066, 1075]. In Fig. 25 we can
see the form of the spectrum in the left panel (including scale-dependent changes in Gk due to changes in
the number of relativistic species). In the right panel of the same figure we plot the parameter space that
LISA can probe.30
Consistency with upper bounds on SGWBs, like the BBN and CMB constraints, rules out a significant
fraction of the observable parameter space. (See discussion at the end of Sec. 5.1.) This renders for instance
this signal as unobservable by Advanced LIGO, independently of the parameter space {w, fRD , Hinf } [1066].
The GW background remains detectable in LISA, but only in a small island of parameter space, see right
panel of Fig. 25 corresponding contrived scenarios having a low EoS 0.46 . w . 0.56, a high inflationary
30 A short kination era disconnected from the inflation sector may also occur inside the radiation era due to e.g. axion
dynamics. This would largely impact the inflationary SGWB as well as other primordial backgrounds, with striking enhanced
prospects at LISA [1067, 1090, 1091].
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Figure 25: Left panel: GW energy spectra including changes in the number of relativistic degrees of freedom,
depending on whether the transition from stiff domination to RD takes place before (red dashed line) or after (blue
solid line) than the QCD phase transition. For comparison we show the corresponding spectra (grey solid line) without
correcting for changes in the number of degrees of freedom. Figure taken from Ref. [1066]. Right panel: Parameter
space region that LISA can probe after removing the region (above the dashed horizontal line) incompatible with the
BBN bound on GW backgrounds. Here ws refers to the EoS for a stiff background.

scale Hinf & 1013 GeV at the same, and a low transition frequency 10−11 Hz . fRD . 3.6 × 10−9 Hz (or
equivalently a low reheating temperature 1 MeV . TRD . 150 MeV).
If there is an intermediate phase with EoS in the range 0 ≤ w < 1/3, the transfer function of the
inflationary GW spectrum in Eq. (132), develops instead a red-tilted high-frequency branch, corresponding
to the modes propagating through that phase. If we could detect the (quasi-)scale invariant GW plateau
part of the spectrum, the transition to the high-frequency branch due to the non-standard era, could be used
to determine the reheating temperature TRD of the universe. This is because the end of the non-standard era
also corresponds to the onset of RD, and hence the pivot frequency fRD separating the two branches in the
energy density spectrum informs directly about the energy scale at the onset of RD [1062, 1063, 1092, 1093].
Unfortunately, given the suppression of the amplitude of the plateau, c.f. Eq. (131), the determination of TRD
by this method cannot be probed with LISA, and only a futuristic experiment like BBO or DECIGO [72,
1094, 1095] might have a chance.
Another interesting opportunity is to look for a signal of particles beyond the SM. When particles becomes
non-relativistic as the temperature drops below the mass and decouple from thermal equilibrium, they no
longer contribute to the radiation energy density. This can be seen as a change in the values of g∗,k and
gs,k , resulting in a temporary speed-up of the Hubble expansion rate. SM particles induce changes in g∗,k
and gs,k in the frequency range of ∼ 10−12 to 10−5 Hz [1060], which is beyond the range of LISA sensitivity
curve. However, any change due to BSM particles with mass near 100 TeV leave an imprint on the SGWB
spectrum at the LISA sensitivity. This effect is not detectable in the case of standard slow-roll inflation, since
the amplitude of the SGWB is far below the LISA sensitivity as in Eq. (131), while a strongly blue-tilted
primordial spectrum would provide an opportunity to test BSM physics by LISA [1096].
9.2.2

Phase transitions

We discussed the production of GWs in FOPTs in detail in Sec. 6. We will now discuss the impact a period
of non-standard evolution would have on these backgrounds. The first most obvious change will come in
through modified red-shifting of the spectra from the time of their production until today [1054, 1067]. Simply
parametrising the non standard evolution through a barotropic parameter w we find for the abundance
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and for the frequency
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where the asterisk (∗) denotes quantities at the time of the transition, while “RD” refers to the moment
when the universe becomes radiation dominated. In a decelerating universe H∗ /HRD > 1 and the direction of
these modifications depends on the barotropic parameter. In radiation domination, w = 1/3, the amplitude
does not change as GWs redshift at the same rate as the background. For an expansion dominated by energy
density redshifting slower than radiation w < 1/3 the amplitude will keep decreasing while in the opposite
case of an extra component redshifting faster w > 1/3 the abundance would increase looking at only the
effect of redshift.
Another crucial modification comes from the conditions at the time of the transition. While typically the
GW production is not crucially modified [1097, 1098], the transition is linked to the radiation component
and if that is subdominant the GW abundance also needs to be corrected. In terms of the strength of the
transition this leads to a simple modification by
−1
α ∝ ρ−1
,
R → (ρtot − ρV )

(134)

where ρR is radiation density while ρV is the difference between the initial and final state energy densities.
Finally ρtot is the total energy density which in domination of any additional component is of course the
dominant contribution.
This modification makes observation of scenarios where the transition occurs during the domination of
an extra component rather unlikely. Even in the optimistic case of kination (with w = 1) where the redshift
3w−1
of the signal would increase the amplitude from Eq. (134) we get (ρV /ρtot )2 ≈ (H∗ /HRD )−4 3w+3 which
results in an overall suppression. Due to this, to get any hope of observation we would need the modified
expansion to end almost immediately after the transition [1097] despite the fact that the two are governed
by completely separate mechanisms. Thus, the most promising models from the observational point of view
are the ones in which the transition occurs in standard circumstance, but it is strong enough to itself modify
the expansion history, as in this case Eq. (134) does not apply. One example here would be a very strong
transition in which the field dominates the total energy density and after the transition as the field oscillates
around its minimum it is causing a matter dominated period which will last until the field decays [551].
All the modifications of the spectrum we discussed up to now, essentially come down to shifts of the
entire spectrum that could also be mimicked by simple changes in the parameters of the transition. We
now switch to a modification changing the spectral shape which could provide a smoking gun signal for a
modified expansion period.
This modification has to do with the fact that at scales larger than the horizon size at the time of the
transition the features of our source become irrelevant. The source at this large scale is effectively just
white noise and GWs entering the horizon at later time during RD always predict a spectrum proportional
to f 3 [445, 893, 1099] at frequencies corresponding to superhorizon scales f < fH∗ = a∗ H(a∗ )/2π. This
behaviour, however, depends on the expansion rate at the time when GWs enter the horizon [1100]. In our
relevant example of matter domination, it would create an f 1 plateau in the spectrum for fHRD < f < fH∗ .
The main issue with observation of this feature comes from the fact that the peak of the signal has to do
with the characteristic scale of the transition, which is typically much smaller than horizon size such that
f∗ /fH∗ ∝ β/H, which is typically much bigger than one. As a result, this feature will typically appear
significantly below the peak and, given that the abundance decreases quickly off peak, it will also have a
much smaller abundance. Concerning LISA scales, in Fig. 26, we show several examples of this modification
on bubble collision spectra calculated according to Ref. [1101] using parameter examples not difficult to
realise in classically conformal models [551]. From top to bottom the lines show the decay width of the
scalar field Γφ /H = 1, Γφ /H = 10−2 and Γφ /H = 10−4 which results in longer matter-dominated periods
and reheating temperatures of TRD = 104 GeV, TRD = 103 GeV and TRD = 102 GeV, respectively. We also
stress that departure from standard cosmology that we have just explained, is not the only option leading
to relevant chances of the SGWB frequency profile. For instance, the occurrence of an intermediate matter
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Figure 26: The lines show the GW spectrum produced in FOPT by bubble collisions for the indicated transition
parameters. From top to bottom, the decay width of the scalar field decreases leading to a lengthening period
of effectively matter-dominated expansion as the field oscillates around its minimum before finally decaying. The
resulting reheating temperatures read TRD = 104 GeV, TRD = 103 GeV and TRD = 102 GeV, respectively.

and kination era inside the radiation epoch as motivated by e.g. early axion dynamics also impacts the
low-frequency slope of the SGWB signal [1091].
9.2.3

Cosmic strings

We now turn to the case of GW spectra produced by cosmic strings that we first discussed in Sec. 7. We focus
on analytical modelling described in Sec. 7.2.1 with numerical factors set to agree with Model 2 described
in Sec. 7.2.2.
These spectra are very convenient laboratories to study the expansion history of the early universe, since
in RD they simply produce a flat plateau. Any features beyond that can be linked to modifications of the
expansion rate from minor modifications caused by variations in the number of degrees of freedom to simply
a different power-law caused by domination of energy density red-shifting differently than radiation [784, 787,
1102, 1103]. The feature will appear in the spectrum above at the characteristic frequency fRD corresponding
to the temperature TRD at which the expansion begins to follow the standard radiation-dominated picture
(with SM number of degrees of freedom) [784]:

  −11 1/2  SM
8 
7
TRD
10
g∗ (TRD ) 6 gsSM (T0 ) 6
−3
fRD = (8.67 × 10 Hz)
,
(135)
GeV
Gµ
g∗SM (T0 )
gsSM (TRD )
where Gµ is the tension characterising the string network. We stress that, for local strings, the relevant
energy scale is not the size of the horizon, in contrast with phase transitions for instance. This is because
loops do not suddenly decay after production, in contrast with other cosmological sources of GW. So, for
LISA, the cosmic-strings GW spectrum is sensitive to MeV scale, rather than the 100 GeV−TeV scale [787].
In Fig. 27, we show the part of the (Gµ, TRD ) parameter space in which LISA can probe the spectra at fRD
testing the standard cosmological expansion rate.
For global strings, the turning-point frequency turns out to be [787]


  SM
1 (
8.9 × 10−7 Hz for 10 %,
0.1
g∗ (TRD ) 4
TRD
(136)
fRD =
×
GeV
α
g∗SM (T0 )
7.0 × 10−8 Hz for 1 %,
where α is the loop size with respect to the Hubble horizon and the percentage indicates the relative deviation
|(Ωst − Ωnonst )/Ωst | of the non-standard spectrum with respect to the standard one. Thus, in contrast to
local strings,the turning-point frequency is independent of the string tension (cf. Eqs. (135) and (136)).
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Figure 27: Range of temperature TRD to which LISA can probe the cosmological expansion rate using a spectrum
from a cosmic string network with the indicated string tension Gµ. The grey region indicates temperatures where
modifications of the expansion rate would already be in tension with BBN.

Coming back to the local-string case, assuming that at earlier times the expansion is governed by a simple
EoS with ρ ∝ a3(1+w) , we can approximate the slope of the spectrum at f > fRD as
( 3w−1
f 2 3w+1 for w ≥ 5/21,
ΩGW (f > fRD ) ∝
(137)
f −1/3
for w < 5/21.
We show examples of modified spectra for spectrum from a cosmic string network Gµ = 10−10 including
early matter domination (with w = 0) and kination (with w = 1) lasting up until TRD = 5 MeV and TRD = 5
GeV in Fig. 28. A change in the number of degrees of freedom would instead create a smooth step in the
spectrum with the total change in abundance given by [784],
ΩGW (f  fRD ) '

ΩSM
GW (f )



g∗SM
SM
g∗ + ∆g∗

 31
,

(138)

where the SM index denotes quantities computed assuming the number of degrees of freedom as in the SM
while ∆g∗ is the number of new degrees of freedom decoupling at TRD . According to this simple formula
probing the abundance of the plateau with O(1%) accuracy would allow us to discover inclusion of even
several new degrees of freedom with larger amounts requiring less accuracy. The range of temperatures
we can survey is again given by Fig. 27 although ascertaining the exact accuracy concerning our possible
estimation of the number of degrees of freedom in this range would require further scrutiny. It was also shown
that measurements of the turning-point frequency in the SGWB from cosmic strings due to a temporary
matter era induced by a massive unstable particle can enable to probe unstable particles with lifetime in the
range 10−8 to 0.1 second, extending significantly the well-known BBN bound [1103].
In addition to the potential of probing a new EoS and new relativistic degrees of freedom with a SGWB
from cosmic strings, (pre-)inflationary dynamics may leave distinctive imprints in GW signals. Although
a cosmic string network formed during or before inflation is diluted by inflation, it may come back into
horizon at later times and lead to detectable GW signals. In this case, the SGWB typically gets suppressed
especially at higher frequencies [1104]. Nevertheless, well-motivated BSM scenario of an intermediate short
inflationary period inside the radiation era can lead to detectable effects. With LISA, intermediate inflation
scales in the range 0.1 − 1012 GeV can be probed [787]. Besides, a GW burst signal could be significant
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Figure 28: GW spectrum produced by a cosmic string network with Gµ = 10−10 together with spectra produced
if that network evolved in an early matter domination period (with w = 0) or kination (with w = 1) lasting up until
TRD = 5 MeV and TRD = 5 GeV. We note that the blue tilted branches in the figure are only shown for representative
purposes, as they violate BBN and CMB constraints [recall discussion at the end of Sec. 5.1], so for a realistic effect
compatible with those bounds, a much smaller stiff EoS is required, somehow larger than (but very close to) w ≈ 1/3.

and be the leading signal [797], in contrast to the conventional cases where the SGWB is the more sensitive
means to probe cosmic strings. The dedicated study of the correlated burst and SGWB signals could reveal
information about when the strings come back into the horizon as well as related inflationary dynamics.
Non-standard pre-BBN cosmology can significantly distort the vanilla shape of the SGWB from cosmic
strings. It can turn it into a peaked shape [787]. Note that a peaked shape can also be generated in standard
cosmology in the presence of a particle production cut-off. However, this works only for small string tension
and lies outside of LISA. So, a peaked GW spectrum from comic strings is a smoking-gun signature of a
non-standard era (less stiff than radiation, i.e. matter or inflationary era). Note that this peak is much
broader than the peak from the FOPT SGWB signal and can be distinguished.

9.3

SGWB in quantum gravity

In Sec. 4.1 we saw some modifications to the propagation of GWs of astrophysical origin that could happen in
quantum gravity. Here we will concentrate on the potential quantum-gravity effects on primordial SGWBs.
(See Ref. [1105] for an overview of the experimental and theoretical constraints on quantum gravity.)
Early-universe models embedded in or inspired by theories of quantum gravity have the potential to leave
an observable imprint in the SGWB. In fact, these cosmological scenarios usually predict modifications in the
shape of the primordial scalar and tensor spectra, which are generated either from the quantum fluctuations
of an inflationary field or by an alternative mechanism. If these modifications include a blue tilt at high
frequencies, they could overcome the CMB bounds and still give rise to a primordial SGWB Ω GW (f ) reaching
the sensitivity curves of the present or future interferometers.
We can classify early universe models related to quantum gravity according to the tilt of the tensor
spectrum, which we call Pt (f ) to distinguish the full spectrum from the exact power-law parametrization
∆2h,inf in Eq. (128).
This classification is based on the overall trend of the full spectrum. We should note that in some models
a positive tensor index nT > 0 at CMB scales does not imply a blue tilt at higher frequencies. The models
are the following (see Ref. [985] for a full list of references):
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• Red-tilted tensor spectrum: the large class of string-cosmology models with flux compactification (not
to be confused with the cosmic-strings models discussed above); one semi-classical solution in Wheeler–
DeWitt canonical quantum cosmology; loop quantum cosmology, where gravity is quantized canonically
using the Ashtekar–Barbero connection. There are three main approaches to describe perturbations in
loop quantum cosmology: with a dressed metric, in hybrid quantization and with effective constraints,
the latter in turn being characterised by the presence of inverse-volume corrections, holonomy corrections or both. The first two and the third in the presence of inverse-volume corrections predict a
red-tilted tensor spectrum.
• Blue-tilted tensor spectrum: another semi-classical solution in Wheeler–DeWitt canonical quantum
cosmology; loop quantum cosmology in the effective-constraints approach in the presence of holonomy
corrections; non-local Starobinsky inflation, a model embedded in non-local quantum gravity where
early-universe acceleration is driven by curvature; string-gas cosmology (again, unrelated to cosmicstrings models), where primordial spectra are generated by a thermal bath of strings most of which are
wrapped around compact extra dimensions; new ekpyrotic scenario, where the spectra are generated by
the collision of branes; Brandenberger–Ho non-commutative inflation, an inflationary stage realised in
a geometry which is fuzzy at microscopic scales; multi-fractional inflation, an inflationary era realised in
a geometry whose dimension changes with the probed scale; pre-big-bang scenario, where the dualities
of string theory suggest the existence of a phase prior to the big bang.
Models with red-tilted tensor spectrum do not generate a observable SGWB detectable at ground- or spacedbased interferometers. Regarding models with a blue-tilted spectrum, quantum modifications in Wheeler–
DeWitt canonical cosmology are too small to be observable by any of the present or planned interferometers
[985]. Loop quantum cosmology in the effective-constraints approach in the presence of holonomy corrections
is already ruled out observationally [1106]. The tensor spectrum of non-local Starobinsky inflation (see
Sec. 8.5) tends asymptotically to the spectrum of local Starobinsky inflation, hence it is unobservable even
if the amplitude at interferometer scales is larger than at CMB scales [985]. String-gas cosmology, the new
ekpyrotic scenario, Brandenberger–Ho non-commutative inflation and multi-fractional inflation can all reach
the sensitivity of DECIGO but, unfortunately, not of LISA [985].
A model worth further investigation is the pre-big-bang scenario [1107], where CMB constraints are
respected and, at the same time, the amplitude of the SGWB at high frequencies can increase to touch the
sensitivity curves of GW experiments, possibly including LISA [1108]. In Ref. [1108], the sensitivity threshold
of a six-link, 5M-km-arm-length configuration was assumed [412]. An updated analysis could determine the
parameter space of the model opening an observational window.
While the above model has a singular hypersurface at which perturbations are matched, another nonstandard pre-BBN expansion history is realised by bouncing models where the universe slowly contracts
[1109–1111], and then expands without a big-bang singularity or inflation (e.g. [1112, 1113] for reviews).
In conformal time, before the bounce the scale factor goes as a(η) ∼ (−η)b , where 0 < b  1 for slow
contraction. Considering vacuum fluctuations on top of this background metric and using the standard powerlaw parametrization Ph ∼ f nT , the expected SGWB spectral tilt from vacuum fluctuations is nT,vacuum '
3 − |2b − 1| ' 2 + 2b, resulting in a blue spectrum [880, 1111, 1114] possibly slashing through the LISA
sensitivity band. Hence, the SGWB signal is directly probing the geometry of the universe a(η) making
LISA the natural arena to test alternatives to inflation. As is well known, bouncing models with only one
scalar field typically predict vacuum fluctuations generating spectra with nT,vacuum = ns,vacuum − 1 ∼ 2. One
still has to make sure that the slow-contracting bouncing models actually generate a viable scalar spectrum in
accord with CMB observations, for instance by a curvaton mechanism or some other alternative. Specifically,
coupling to gauge fields has been considered with an interaction term L ∝ I 2 (φ)(F 2 − γF F̃ ), where I is a
function of the scalar. As seen in Sec. 8.7.1, gauge fields can provide an additional source of chiral GWs,
whose tilt we denote by nT,sourced and is such that nT,sourced = ns,sourced − 1 ≈ −0.04 in accord with CMB
observations, however r ∼ 1/9 which is above current bounds. Hence, the scalar spectrum needs to be
generated by some curvaton or entropic mechanism from a second scalar field. Contrary to the inflationary
case in Sec. 8.2.1, the spectral tilt nT,sourced is constant in the bouncing case [1109, 1110]. Once CMB
observations are determined by a curvaton mechanism, then depending on the parameters of the model the
sourced tensor spectrum may be detected by LISA with 0.15 < nT,sourced < 0.31 or 0.85 < nT,sourced < 1.1. If
one wishes to match CMB observations solely with the sourced spectrum, then one open question is carrying
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out the calculation of the spectra across the bounce and check that the model consistently generates sourced
spectra observed at CMB scales and vacuum spectra observed by LISA. This is the opposite to what happens
in the inflationary models discussed in Sec. 8.2, where the tensor spectrum observed on CMB scales must
be the vacuum one while LISA can only observe the sourced spectrum.
Another model worth exploring in the LISA context might be the non-perturbative gravity and bouncing
universe of Refs. [978, 1115, 1116], where it is possible to explore a pre-big-bang phase by modelling it by a
string-gas dominated Hagedorn phase [1117, 1118]. In this non-perturbative extension of Einstein’s gravity,
there exists a bouncing phase given by the scale factor a(t) = cosh λt in the presence of radiative matter
and a non-zero cosmological constant. Such a solution would also permit a stiff fluid in a Hagedorn phase
where the universe is primarily dominated by string winding modes [1117, 1118]. Their eventual decay into
radiation, and exit from the bounce would yield the standard big-bang cosmology. Primordial perturbations
are created during the thermal phase with thermal statistical initial conditions which lead, specifically, to
a blue tilt in the tensor power spectrum, while keeping the amplitude of the matter spectrum within the
Planck observation. The blue tilt in the power spectrum, along with the matter power spectrum, constrains
the scale entering in the gravitational sector to be around 10−4 MPl [1118].
In parallel with the observability of these and any other model related to quantum gravity with a bluetilted SGWB (e.g. Ref. [1119]), it will be important to assess their theoretical robustness, which we have not
discussed here. In general, models directly derived from quantum gravity should yield more rigid predictions
and be better falsifiable than those only inspired by quantum-gravity phenomena. A faithful and realistic
description of a high-energy, high-curvature generation mechanism would move this sector of GW astronomy
beyond the level of ad hoc model building towards a mini-program contributing to LISA science, according
to the following algorithm:
1. Selection or construction of early-universe models embedded into or inspired by quantum gravity, under
the criterion of giving a blue-tilted spectrum Pt (f ) of primordial tensor fluctuations.
2. Control of the underlying theoretical steps leading from the fundamental theory to the cosmological
model: assumptions, approximations, parameter space, fine tunings.
3. Generation of the SGWB spectrum ΩGW (f ) from the primordial spectrum Pt (f ) via transfer functions.
4. Comparison of the theoretical SGWB with the LISA sensitivity curve and constraints on the parameter
space of the model. Non-detection of a SGWB can be used to rule out theories or to constrain their
parameter space. If it was detected, one could further investigate characteristics of the SGWB such
as anisotropies or the local spectral tilt at LISA frequencies to extract information on the underlying
physics.
In order to achieve the last goal, we will capitalise on the LISA SGWB search and use some of the pipelines
described in Sec. 12.
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10.1

Introduction

The idea that BHs may have formed in the early universe comes back to the late 1960’s with the precursor
work of Zel’dovich and Novikov [1120] and to the 1970’s with the works of Hawking and Carr [1121–1123]
and of Chapline [1124]. Already in Refs. [1122, 1124] it was mentioned that such PBHs could contribute to
the suspected DM in the universe or to the seeds of MBHs. The first formation scenarios in the context of
inflation were proposed in the 1990’s [1125–1127] but these usually led to (evaporating) PBHs of very small
mass. In the late 1990’s stellar-mass PBHs have been seriously considered as a DM candidate, following the
possible detection (e.g. in the MACHO survey) of several microlensing events towards the Magellanic clouds
[1128, 1129]. However, the EROS [1130] and OGLE [1131–1134] surveys later set more stringent limits on
the PBH abundance, and at the same time, very stringent constraints from CMB observations were claimed
in Ref. [1135]. Fig. 29 summarizes the current constraints on the PBH abundance in the idealized limit that
all PBHs have the same mass.
Since 2016, the real game-changer that has rekindled the idea that PBHs may exist and constitute from
a significant fraction to the totality of the DM [176, 1136, 1137] has been the first GW detection from a BH
merger by Advanced LIGO/Virgo [1138]. Nowadays, the importance of the different PBH binary formation
channels, the possible abundance of PBHs, and their viable mass function, are subject to an intense activity
and are under discussion (for recent reviews, see e.g. Refs. [1139, 1140]). Furthermore, since PBHs are
formed by the collapse of large density perturbations, PBHs are accompanied by a SGWB sourced by these
perturbations at second-order. It has been calculated that if BHs detected by LIGO/Virgo have primordial
origin, there is an inevitable accompanying SGWB peaking around PTA frequencies [892, 1141].31 In late
2020 NANOGrav has claimed the possible detection of a SGWB at nHz frequencies [385], which could have
been sourced by the density perturbations at the origin of stellar-mass PBH formation [807, 1142, 1142]. In
this context, LISA will search for the GW signatures of PBHs [892, 893, 904, 1143] and will be complementary
to ground-based GW detectors [1144, 1145] and EM probes [1146], in order to prove or exclude the existence
of PBHs, to evaluate the possible contribution to the DM, to the seeds of MBHs at high redshift, and to
distinguish PBHs from SOBHs, on a wide range of mass scales. Any firm detection would open a new
window on the physics at play in the very early universe and a possible way to solve various long-standing
astrophysical and cosmological puzzles [1147, 1148].
This section is organized as follows: after reviewing the principal formation scenarios (Sec. 10.2), we will
consider the principal sources of GWs related to PBHs and their detectability with LISA, which are the
SGWB generated at second-order by the non-linear cosmological density fluctuations at the origin of PBH
formation (Sec. 10.3), the PBH binaries and hyperbolic encounter (Sec. 10.4) which may unveil a possible
primordial origin of MBH seeds if they are detected at high redshifts (Sec 10.5).

10.2

Formation scenarios

Hereafter we first provide a rapid overview of the principal mechanisms that can lead to large curvature
fluctuations and PBH formation, which can be related to the early-universe phenomena discussed in Secs. 6,
7 and 8. We then review the general theory of PBH formation from large curvature fluctuations. Finally we
discuss some recent developments related to PBH formation, such as non-linear and non-Gaussian effects,
thermal history, that are all relevant for the estimation of the curvature threshold to lead to PBH formation,
as well as their possible abundance and mass distribution.
31 This SGWB is ineludible in the sense that it does not require any further assumption other than GR and large density
perturbations. It is a standard SGWB formed by anisotropic stress which is quadratic order in scalar perturbations.
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10.2.1

Origin of curvature fluctuations

There exists a broad variety of scenarios leading to large curvature fluctuations and PBH collapse, which
can be classified as below. Some scenarios are detailed in the corresponding sections of this white paper.
1. Single-field inflation: Slow-roll single field inflation models can produce a power spectrum amplitude
of curvature fluctuations on smaller scales larger than the ones probed by CMB and large scale structures observations. The simplest example is to have two subsequent inflationary phases, the second one
lasting less than 50 e-folds (roughly). Potentials with inflection points [938, 1149], like critical Higgs
inflation [1150], can also lead to a transient enhancement of the primordial power spectrum. More
generically, in the slow-roll approximation, any potential leading to a transient reduction of the speed
of the inflaton will lead to large curvature fluctuations, eventually leading to PBH formation. Another
possibility is to invoke a variation of the sound speed during inflation, see e.g. Ref. [1151].
2. Multi-field inflation: Large curvature fluctuations may also arise in multi-field models, e.g. during
the waterfall phase of hybrid inflation [1152] or due to turning trajectories in the inflationary landscape [952]. Eventually, the power spectrum will not only exhibit a broad or sharp peak on scales that
are relevant for PBHs, but for a sufficiently sharp turn, this is accompanied by oscillatory features that
may lead to specific signatures in the PBH population and to oscillatory patterns in the scalar-induced
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Figure 29: Most stringent limits on the DM fraction made of PBHs, fPBH , coming from the Hawking evaporation
producing extragalactic gamma-ray (EGγ), e± observations by Voyager 1 (Ve± ), positron annihilations in the Galactic
Center (GCe+ ), gamma-ray observations by INTEGRAL (INT), microlensing searches by Subaru HSC (HSC), MACHO/EROS (E), OGLE (O) and Icarus (I), from CMB limits (CMB), GW observations by LIGO/Virgo (LVC), wide
binaires in the galactic halo (WB), the ultra-faint dwarf galaxies Eridanus II (EII) and Segue 1 (S1), X-rays towards
the galactic center (XrB) and Lyman-α limits (Lα). For microlensing and CMB limits, the different lines indicate
some degree of uncertainties, respectively due to PBH clustering and disk vs. spherical accretion. Microlensing limits
only apply to the fraction of PBHs uniformly distributed in galactic halos and are less stringent if a non-negligible
fraction fclust of PBHs are in clusters. We show the limits for fclust = 0, 0.4 and 0.8. For LVC, the rate suppression of
early binaries still allows fPBH & 0.1. All these limits apply to monochromatic models and can be model dependent.
Recasting them to realistic PBH models with arbitrary mass functions requires a careful analysis. Figure adapted
from Ref. [807].
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SGWB [399, 951, 966]. It is also possible that curvature fluctuations are generated by the tunneling of
the inflaton towards a local minimum of the field space [1153–1155] and the subsequent bubble collapse.
Another intriguing possibility has been proposed by employing axions and their interaction with the
gauge fields to enhance primordial density perturbations and producing PBHs [892, 905–907, 1156–
1158]. In Natural Inflation [890, 891], the inflaton is a pseudo-scalar particle protected from quantum
corrections for super-Planckian excursions via the shift symmetry. Also, theories with UV completion
predict a large number of pseudo-scalar particles that could be the inflaton or spectator fields. In this
scenario, curvature fluctuations are sourced by enhanced vector modes and can have a non-Gaussian
distribution.
3. Quantum diffusion: The backreaction of quantum fluctuations during inflation makes the dynamics
of the fields stochastic, and allow them to explore wider regions of the inflationary potential. This
makes the tails of the distribution functions of primordial density fluctuations much heavier [1159–
1162], since they decay exponentially instead of in a Gaussian way, which boosts the production of
PBHs afterwards.
4. Curvaton and stochastic spectator fields: PBHs could have formed due the existence of a curvaton
field, e.g. with a simple modification of the original curvaton scenario [954]. The primordial curvature
perturbations on CMB scales are produced by the inflaton, which acts very similarly to the standard
single-field scenario, while the curvaton field becomes responsible for perturbations on smaller scales,
at the origin of PBH formation. In another scenario [1163], a stochastic spectator field experiences
quantum fluctuations during inflation making it exploring a wide range of the potential, including its
slow-roll part but without having any impact on the inflationary dynamics. In regions where the field
acquires a value allowing slow-roll, after inflation but when these are still super-horizon, additional
expansion is produced locally, which generates curvature fluctuations that later collapse into PBHs.
This model has the advantage that the primordial curvature power spectrum remains at level observed
at CMB scales almost everywhere, except in PBH-forming regions.
5. Preheating: If inflation is followed by a preheating, when the inflaton oscillates coherently at its
ground state and decays to other degrees of freedom, resonant amplification of the quantum field
fluctuations take place [987, 993]. These are accompanied with a resonant amplification of curvature
fluctuations [943, 1164–1166], which may collapse and form PBHs [1167, 1168]. The PBHs that form
are typically very light and only if reheating completes at very low energy (below the electroweak scale)
the formed PBHs would have a relevant mass for the LISA frequency range (for GW radiation from
PBH binaries). It is however also possible that these curvature fluctuations source a detectable SGWB
at second order [1169].
6. Phase transitions: The formation of PBHs may have been facilitated in FOPTs [1170], in nonequilibrium second order phase transitions [1171] and in specific realizations of the QCD transition [1172].
7. Early matter era: The curvature threshold for the PBH collapse depends on the EoS of the universe.
It goes to zero in a matter dominated era, and so it is possible that PBH have formed from standard
O(10−5 ) inflationary curvature fluctuation if the early universes has undergone a transient matterdominated era. Several mechanisms have been proposed to be at the origin of such early matter era,
see e.g. Refs. [1173–1175].
8. Cosmic strings, domain walls: Topological defects may have lead to the production of PBHs. For
instance, cosmic string cusps can collapse gravitationally into PBHs with a mass function that could
extend up to stellar masses [1176]. The collapse of domain walls, e.g. produced by tunnelling during
inflation [1177, 1178] or in QCD axion models [1179, 1180] is another class of PBH formation scenarios.
9. Primordial magnetic fields: It is suspected that the required seeds for extragalactic magnetic fields
have an origin in the early universe. These primordial magnetic fields induce an anisotropic stress that
can act as a source of large super-Hubble curvature fluctuations, leading to PBH formation with a
broad possible range of masses [1181].
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10.2.2

Standard theory of primordial black holes formation from Gaussian curvature fluctuations

If PBHs have been formed due to the collapse of large primordial curvature perturbations, the fraction of
the density of the universe made of PBHs at the time of their formation, βform (usually defined per unit of
logarithmic mass interval), is determined by the probability that the amplitude of a primordial curvature
fluctuation, measured in terms of the mass excess of the density contrast δ is above a certain threshold δc
when the perturbation re-enter the cosmological horizon, corresponding to the Hubble length 1/H, where H
denotes the Hubble parameter. The corresponding PBH mass M is therefore linked to the Hubble horizon
mass of the collapsing fluctuation, and so also to its size and its corresponding wavenumber kM = aH (and
a is the scale factor),


3H 2 c3
,
(139)
M = γMH =
8πG H 3
where γ is the ratio between the final PBH mass and the collapsing Horizon mass, which depends on
the formation model details (a realistic range is 0.1 ÷ 1). This should take into account that, when the
perturbation amplitude δ is close enough to the threshold δc (i.e. (δ − δc ) . 10−2 ), the mass follows the
scaling law of critical collapse:
M = K(δ − δc )Γ MH ,
(140)
where Γ depends only on the EoS (Γ ' 0.36 in the radiation dominated universe) and K depends on the
shape of the perturbation (typically 1 ÷ 10).
If the curvature fluctuations originate from inflation, the PBH mass can be related to the time of Hubble
exit of the corresponding scale during inflation, expressed in terms of the number of e-folds before the end
of inflation N∗ (see e.g. Ref. [1127]), which gives, in the case of instantaneous reheating,
M ∼ 4π

2
MPl
e2N∗ ,
Hinf

(141)

where MPl is the reduced Planck mass and Hinf is the (almost constant) Hubble rate during inflation.
In most inflationary scenarios, the distribution of primordial curvature fluctuations is Gaussian, or almost
Gaussian. Some recent scenarios have proposed more complex distributions that can be useful to alleviate
or reduce the need of a large power spectrum amplitude. These are shortly discussed later and assuming
that the curvature fluctuations are described by a Gaussian distribution the fraction of PBHs at formation
is then usually given by




Z ∞
δ2
1
δc
δc
− 2σ
2
√
βform (M ) = 2
e
dδ = 1 − erf √
= erfc √
.
(142)
2πσ
2σ
2σ
δc
This expression however does not take into account that when δ is larger then a certain value δmax (originally
estimated δmax ∼ 1 by Bernard Carr in 1975 [1123]) the perturbation forms a separate closed universe,
topologically disconnected. A more accurate version can nevertheless be obtained re-normalizing the previous
expression as
δmax

Z

βform (M ) = Zδcδmax
0
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δc
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√
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e
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erf √
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√
e− 2σ2 dδ
2σ
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(143)

The variance of the field of density perturbations σ, according to the Gaussian distribution of δ used before,
is given by
Z∞
Z∞
dk
16
dk
2
2
σ = hδ i =
Pδ (k, r) =
(kr)4 W̃ 2 (k, r)T 2 (k, r)Pζ (k) ,
(144)
k
81
k
0

0

where Pδ (k, r) and Pζ (k) are the density and the curvature power spectrum, while W̃ (k, r) = 3(sin
√kr −
3
kr cos kr)/(kr) is the Fourier transform of the top-hat smoothing function and T (k, r) = W̃ (k, r/ 3) is
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the linear transfer function, both computed at the horizon crossing scale. All this shows that a larger power
spectrum could increase significantly the fraction of PBHs because the abundance of PBHs is exponentially
sensitive to the value of the amplitude.
One can then calculate the contribution of PBHs to the density of the universe today, in terms of the
fraction of DM that they represent, given by
r
Meq
,
(145)
fPBH (M ) ∼ 2.4 × βform (M )
M
where Meq ' 2.8 × 1017 M is the horizon mass at matter-radiation equality, and the numerical factor
corresponds to 2 × (1 + Ωb /ΩCDM ). In this standard scenario, where PBHs form from Gaussian curvature
pertubations, one does not expect spatial clustering at formation larger than the one predicted by the Poisson
distribution [1182–1185].
10.2.3

Beyond Gaussianity

The above formalism applies to Gaussian perturbations but it can be generalized to non-Gaussian distributions, by replacing the integrand in the left-hand side of Eq. (143) with the appropriate distribution
function.
At the perturbative level, even a small amount of local non-Gaussianity [1186, 1187], or the inevitable
non-linear (and hence non-Gaussian) relation between the primordial curvature perturbations and density
perturbations can have important effects [1188–1191]. In the regime of large non-Gaussianity [905, 1156,
1192], the amplitude of the power spectrum can produce same abundance of PBHs even if it is many orders
of magnitude smaller with respect to Gaussian case. The existence of non-Gaussianity also influences the
amount of SGWB accompanying the PBHs [892, 893, 1143, 1193]. The fact that the power spectrum needs to
deviate from the quasi scale invariance observed on CMB scales to reach fluctuations allowing PBHs to form
also implies that it is natural to expect the non-Gaussianity to be strongly scale dependent too. Moreover,
the merger rate of PBHs is strongly impacted by non-Gaussianity [1194, 1195], because non-Gaussianity
couples the long and short wavelength primordial density perturbations, leading to initial spatial clustering
of the PBHs.
Since PBHs require large fluctuations to form, a perturbative description may not be sufficient. Quantum
diffusion of the inflationary fields leads to large deviations from Gaussian statistics on the tails of the distribution functions of primordial density fluctuations [1160, 1162, 1196–1198], which acquire an exponential
(rather than Gaussian) profile [1159–1162, 1198]. It implies that PBHs can be formed with a much smaller
amplitude of the power spectrum than what would be inferred using Gaussian statistics. This cannot be
properly taken into account with the usual, perturbative parametrisation of non-Gaussian statistics (such as
those based on computing the few first moments of the distribution and the non-linearity parameters fNL ,
gNL , etc.), which can only account for polynomial modulations of Gaussian tails, and needs to be described
with a non-perturbative approach such as the stochastic-δN formalism [1159, 1199].
10.2.4

The threshold for primordial black holes and the impact of thermal history

A crucial parameter of the formalism presented above is the critical value δc , distinguishing between cosmological perturbations collapsing into PBHs (δ > δc ) and those ones bouncing back into the surrounding
medium (δ < δc ). This is a fundamental parameter because the resulting PBH abundance is exponentially
sensitive to its value. The analysis of the gravitational collapse of curvature perturbations to form PBHs
and the appropriate threshold condition has been an active line of research in the past years [1200–1202].
It has been estimated using analytical methods [1201] but the best approach is to use fully relativistic simulations of PBH formation in spherical symmetry [1203]. Important results having emerged from recent
studies are that its exact value is impacted by non-linear and non-Gaussian effects, and that it depends on
the radial profile of the overdensity [1190, 1191, 1204, 1205] as well as on the shape of the primordial power
spectrum [1206, 1207].
Very recently, a new semi-analytical method tested against simulations in numerical relativity has been
proposed in Ref. [1208], computing δc from the shape of the power spectrum, applied to a few particular
cases (power-law spectra, log-normal or Gaussian peak, . . . ). In the radiation dominated universe the typical
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range of the threshold lies within 0.4 < δc < 0.6, with the larger values corresponding to a more peaked
shape of the peak of the power spectrum.
On super horizon scales the non-linear amplitude of the curvature profile ζ is important for the formation
of PBHs, and the energy density contrast δρ/ρb , when the universe is radiation dominated, is expressed in
terms of ζ as
ρ(r, t) − ρb (t)
1 8
δρ
≡
= − 2 2 e−5ζ(r)/2 ∇2 eζ(r)/2 .
(146)
ρb
ρb (t)
a H 9
It can be shown that the amplitude δ is a quadratic function of the curvature profile (see for example
Ref. [1204] for more details)


2
3
δ = − ζ 0 (rm ) [2 + rm ζ 0 (rm )] = δG 1 − δG ,
(147)
3
8
where δG ≡ − 43 rm ζ 0 (rm ) is the linear component of the amplitude δ. The value of rm is defined by the
location of the peak of the compaction function C ≡ 2∆M/R (where ∆M = M − Mb is the excess of mass
with respect the background) and is given by ζ(rm ) + rm ζ 0 (rm ) = 0. Given the value of δc the threshold
value of the linear component δG is included within 0.5 . δc,G . 0.9, and from Eq. (147) we see that
δmax = 8/3, corresponding to the maximum value of δG , above which δ becomes negative, and does not
describe a cosmological perturbation of our universe.
The threshold δc is also sensitive to the EoS at the time of formation. For example, the QCD phase
transition makes the EoS to drop, increasing the production of PBHs of mass O(M ) [1209, 1210]. The
reheating at the end of inflation should have filled the universe with radiation. In the absence of extensions
beyond the SM, the universe remains dominated by relativistic particles with an energy density decreasing as
the fourth power of the temperature as the universe expands. The number of relativistic degrees of freedom
remains constant (g∗ = 106.75) until around 200 GeV, when the temperature of the universe falls to the
mass thresholds of SM particles.
The first particle to become non-relativistic is the top quark at T ' mt = 172 GeV, followed by the Higgs
boson at 125 GeV, and the Z and W bosons at 92 and 81 GeV, respectively. These particles become nonrelativistic at nearly the same time and this induces a significant drop in the number of relativistic degrees
of freedom down to g∗ = 86.75. There are further changes at the b and c quark and τ -lepton thresholds
but these are too small to appear in Fig. 30. Thereafter g∗ remains approximately constant until the QCD
transition at around 200 MeV, when protons and neutrons condense out of the free light quarks and gluons.
The number of relativistic degrees of freedom then falls abruptly to g∗ = 17.25. A little later the pions
become non-relativistic and then the muons, giving g∗ = 10.75. Thereafter g∗ remains constant until e+ e−
annihilation and neutrino decoupling at around 1 MeV, when it drops to g∗ = 3.36.
Whenever the number of relativistic degrees of freedom suddenly drops, it changes the effective EoS
parameter w. There are thus four periods in the thermal history of the universe when w decreases. After
each of these, w resumes its relativistic value of 1/3 but each sudden drop modifies the probability of
gravitational collapse of any large curvature fluctuations present at that time, as shown in Fig. 30.
As illustrative examples, we have computed the PBH mass functions for two models with an (almost)
scale-invariant power spectrum and two different values of the spectral index, ns = 0.97 (Model 1) and
ns = 1 (Model 2). We assumed γ = 0.8 in both cases. The imprints of the thermal history on the PBH mass
function are clearly visible. It is worth noticing that these features rely on known physics and are therefore
unavoidable for any PBH model with a wide mass function. The former case corresponds to the scenario
proposed in Refs. [1148, 1211] and the latter in Refs. [807, 1210]. They can both account for the totality of
the DM and somehow explain some LIGO/Virgo GW events, but produce different abundances in the stellar
mass range: fPBH (M ) ≈ 0.8 in the first case, fPBH (M ) ≈ 10−4 in the second case where the peak lies in
the sub-lunar range. We stress that the second example avoids the bounds in the LIGO/Virgo range.

10.3

Stochastic gravitational wave background sourced at second order by curvature fluctuations

If PBHs are generated by the collapse of large density perturbations, they are unavoidably associated to the
emission of induced GWs at second order by the same scalar perturbations due to the intrinsic nonlinear
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Figure 30: Left panel: Evolution of the relativistic degrees of freedom g∗ as a function of the temperature. The
grey vertical lines correspond to the masses of the electron, pion, proton/neutron, W , Z bosons and top quark,
respectively. Right panel: Effect of the evolution of g∗ on the critical overdensity δc leading to PBH formation, as a
function of the Hubble horizon mass (related to the PBH mass by M = γmH ).

Figure 31: PBH density fraction at formation βform (left panel) and the corresponding PBH mass function fPBH
today (right panel), neglecting the effect of PBH growth by accretion and hierarchical mergers, for two models with
a power-law power spectrum and including the effects of thermal history: Model 1 from Refs. [1148, 1211] with
spectral index ns = 0.97; Model 2 from Refs. [807, 1210] with ns = 1. and a cut-off mass of 10−14 M . The transition
between the large-scale and small-scale power spectrum is fixed at k = 103 Mpc−1 . The power spectrum amplitude is
normalized such that both models produce an integrated PBH fraction fPBH = 1, i.e. PBH constitute the totality of
DM. A value of γ = 0.8 was assumed.
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nature of gravity [928, 1212]. The phenomenological implications have been investigated in various contexts
also associated to PBHs [399, 892, 893, 904, 929, 930, 941, 1141, 1213–1222]. If the enhancement of the
scalar power spectrum responsible for the generation of PBHs occurs around characteristic scales associated
with frequencies between 10−7 and 10−2 Hz, this SGWB becomes detectable by GW experiments like LISA.
It is worth emphasizing that contrary to the PBH abundance that is exponentially sensitive to the power
spectrum, this SGWB depends on the power spectrum amplitude to the second power. This way, LISA will
even be able to exclude the existence of an extremely tiny fraction of DM made of PBHs (even a single PBH
in our universe) [1217], within a wide mass range.
Figure 31 presents the PBH density fraction at formation βform (left panel) and the corresponding PBH
mass function fPBH today (right panel) for two models with a power-law power spectrum (see the caption of
the Figure for details). The SGWB associated with one of these two models is shown in Figure 32, where it is
confronted with several current or forecasted experimental limits. The SGWB covers a wide frequency range.
In the ultra-low frequency range, around nHz, PTA experiments like PPTA [1223], NANOGrav [805] and
EPTA [804] give the most stringent constraints on the GWs abundance. Future experiments like SKA [44]
(see also Ref. [1224]) will greatly improve the sensitivity. In the LIGO/Virgo frequency range, an additional
constraint has been set by the non-observation of a SGWB after O1-O2 [736] and O3 runs [381]. All these
searches can be translated into a constraint on the amplitude of the comoving curvature perturbation at
the corresponding scales [1192, 1213, 1225, 1226]. Those bounds are also affecting the maximum allowed
PBHs fraction of DM with the hypothesis that they originate from the collapse
density
perturbations.
 −20 of−18

Detailed studies with the LIGO/Virgo data affecting the mass range M
∈
10
,
10
M
are
reported in

Ref. [1227], while very tight bounds in the mass range M ∈ 10−3 , 1 M are obtained in Ref. [1228] using
the latest NANOGrav data; see also Ref. [1229] where the dependence of the result to non-Gaussianities is
also investigated, finding that local non-Gaussianity can for example alleviate the bounds (see Sec. 10.2.3 for
details). Finally, the next generation multimessenger experiments, CMB distortion (PIXIE) and PTA-SKA,
can test the PBH scenario over solar mass robustly, namely they can conclusively detect or rule out the
PBHs over solar-mass and the intriguing proposal that the seeds of the MBHs are formed by PBHs [1192]
independent of i) statistical properties of perturbations, ii) accretion and merger history and iii) clustering
effects.
LISA will be able to provide insights in the intermediate frequencies, and corresponding masses. Since the
emission mostly comes when the corresponding scales cross the horizon, one can relate the GWs frequency
to the PBHs mass M as (see for example Refs. [892, 1214])
−1/2
 γ 1/2 
M
,
f ' 3 mHz
0.2
10−12 M

(148)

where the factor γ is capturing the relation between the horizon mass at formation and the PBH mass after
the collapse. Notice that
 the peak frequencies fall within the LISA sensitivity band for PBH masses around
M ∼ O 10−15 ÷ 10−8 M and for this mass range, the PBHs can constitute the totality of the DM. Hence,
Ref. [892] proposed PBHs in this mass range as DM and further found that density perturbations forming
PBHs lead to GWs detectable by LISA. This proposal has been studied in more detail in Refs. [893, 904,
1143, 1216].
The computation of the resulting SGWB spectrum was originally performed in Ref. [929]. We provide
here the main result, assuming a generic form for the power spectrum of curvature fluctuation. The current
GW abundance can then be obtained as

4/3
a4f ρGW (ηf , k)
g∗ (ηf ) g∗S (η0 )
Ωr,0 =
Ωr,0 ΩGW (ηf , k),
(149)
ΩGW (η0 , k) =
ρr (η0 )
g∗ (η0 ) g∗S (ηf )
in terms of the present radiation energy density fraction Ωr,0 if the neutrinos were massless. The crucial
quantity is ΩGW (ηf , k), that is the fractional GW energy density for log interval at the emission epoch ηf ,
related to the critical energy density of a spatially flat universe ρc = 3H 2 Mp2 . Assuming that the scalar
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Figure 32: SGWB sourced at second order by the density perturbations at the origin of PBH formation, for Model 2
of Fig. 31. On top of the plot, we show the PBH mass associated to a given GW frequency as in Eq. (148). The LISA
sensitivity [58] and the hint for a detection by NANOGrav 12.5 yr [385] are represented, as well as the constraints
coming EPTA [804], PPTA [1223], NANOGrav 11 yrs [805, 1230] and future sensitivity curves for planned experiments
like SKA [1231], DECIGO/BBO [1232], CE [1233], ET [1234], Advanced LIGO + Virgo collaboration [1235], Magisspace (MS) and Magis-100 (M100) [1236], AEDGE [1237] and AION [1238]. Figure taken from Ref. [807].

perturbations ζ are Gaussian, it can be calculated as
Z
hρGW (η, ~x)i ≡ ρc (η)
d ln k ΩGW (η, k)
4

=

2π Mp2
81η 2 a2

Z

3

3

d k 1 d p1 1
6
4
(2π) k1

h

p21 − (~k1 · p~1 )2 /k12
p31 k~1 − p~1

3

i2


Pζ (p1 )Pζ (|k~1 − p~1 |) Ic2 (~k1 , p~1 ) + Is2 (~k1 , p~1 ) ,

(150)

where the functions Ic,s are found in Refs. [969, 1239]. The integrals need to be done numerically for general
power spectra (see Refs. [1213, 1214] for analytical calculations in the specific case of a monochromatic or
Gaussian curvature spectrum).

1/4
For the frequencies of interest, using f ' 8 mHz (g∗ /10)
T /106 GeV , one can show that the emission
of GWs takes place at ηf well before the time at which top quarks start annihilating, above which we can
assume a RD universe with constant effective degrees of freedom.
The non-linear coupling with the curvature perturbation naturally leads to an intrinsically non-Gaussian
GWs signal imprinted in phase correlations. However, the coherence is washed out by the propagation of the
waves in the perturbed universe mainly due to time delay effects originated from the presence of large scale
variations of gravitational potential [904, 1215, 1216, 1240]. This is simply a consequence of the central limit
2
theorem applied to a number N ∼ (k? η0 ) ≫ 1 of independent lines of sight [904], k? being the characteristic
perturbation wave-number roughly proportional to the the inverse horizon size at GW emission. Possible
small deformations smearing the GWs spectrum can also arise from similar effects [1241].
An interesting primordial signal that is potentially observable is related to scenarios where the scalar
power spectrum presents oscillations of sufficiently large amplitude, characteristic of large particle production
mechanisms, leading to oscillatory O(10%) modulations in the frequency profile of the scalar-induced SGWB
[399, 966], see Sec. 8.3 for details.
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10.4

Resolved sources and stochastic gravitational wave backgrounds from primordial black holes binaries and hyperbolic encounters

PBHs can source GWs in several ways, which will be probed as individual and resolved sources, as a SGWB,
or continuous wave signals with LISA. One can distinguish:
• GW chirps from the merging of PBH binaries
• SGWB from PBH binaries
• Continuous GWs from PBH binaries far from the merging time.
• Bursts from close BH-BH interactions
The amplitude of these signals depends on the PBH mass function and the resulting merger rates,
which themselves depend on the PBH binary formation channel. Two main channels have been identified:
at formation in the early universe and by tidal capture in dense PBH clusters. For each we provide an
estimation of the corresponding merger rates. We then compute the expected signals for a few example
models. For the purpose of calculating the PBH merging/encounter rates and the resulting GW signatures,
we use a general mass distribution f (mPBH ) that would be specified by the underlying formation model.
10.4.1

Binary formation channels and merger rates

Primordial binaries may have been created before the epoch of matter-radiation equality, when two PBHs
formed sufficiently close to each other for their dynamics to be independent of the expansion the universe.
If this binary takes a time of the order of the age of the universe to merge, the resulting GWs could be
detected. One can estimate the merger rate of such binaries [1242, 1243] in the simplest scenario where
PBHs are not clustered at formation and only contribute to less than about 10% of the DM as

− 34

− 32
37
37
53
1.6 × 106 37
t m1 m2
m1 + m2
dRprim
=
f
S(m
,
m
,
f
)
f (m1 )f (m2 )
1
2
PBH
PBH
d(ln m1 )d(ln m2 )dz
Gpc3 yr
t0 (m1 + m2 )2
M
(151)
where m1 and m2 are the BH masses and S accounts for the suppression factor of the merger rate coming
from binary disruption in early
R universe substructures [1243]. We use the definition of the PBH mass function
f (m) normalised to unity as f (m)d ln m = 1.
Notice that accretion onto PBHs in binaries can be effective for masses above O(10)M with an impact
on the merger rate [1244, 1245]. When fPBH & 0.1, N-body simulations [1243] have shown that PBH clusters
can rapidly form and change the lifetime of PBH binaries, due to their tidal force. However, the fraction
of unperturbed binaries at the present time is at least of the order of 10−2 for fPBH = 1 [1246–1248].
Furthermore, one should also recall that not all the binaries end up inside halos, about 10 −3 to 10−2 remain
isolated. For instance, this gives a primordial merger rate still above the inferred LIGO/Virgo rate, even for
large PBH abundances.
It is worth mentioning that, as investigated in Ref. [1249], an overall PBH abundance of the order
fPBH ∼ 10−4 would be enough to explain the rate of events in the pair-instability mass gap as inferred by
the LIGO/Virgo observations [102]. This result depends on the rate of PBH accretion which is needed to
avoid CMB constraints in that relevant mass window [1250]. The redshift dependence of the GW source
merger rate at high redshift is a key feature which can be explored to distinguish between the astrophysical
BHs and PBHs from LIGO/Virgo [1251] and CE and ET [1252]. LISA will be able to observe events in that
mass window [1253] and thus potentially help in constraining the population properties of events falling in
the pair-instability mass gap (see Ref. [1254] and references therein).
Capture in PBH clusters: The second most important PBH binary formation channel is through dynamical capture in dense PBH clusters. Therefore the PBH clustering properties, which are still uncertain and
highly model-dependent, mostly determine their overall merger rate. In the absence of additional clustering
−3
compared to ΛCDM expectations, one has a rate R ≈ O(1) yr−1 Gpc for equal-mass binaries [176]. But
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in the case of wide mass functions, clustering may be boosted as well as the merger rates, up to the values
inferred by LIGO/Virgo if stellar-mass PBHs constitute a significant fraction of the DM. One can encode
the clustering uncertainties in a single, rescaling parameter Rclust [1246, 1247]. Then, the rate distribution
can be approximated as [176, 1136, 1255]
(m1 + m2 )10/7
dRcapt
f (m1 )f (m2 ).
≈ Gpc−3 yr−1 fPBH Rclust
d ln m1 d ln m2
(m1 m2 )5/7

(152)

One has to notice though that both in the LIGO/Virgo and LISA mass ranges there are various severe
constraints on the PBH abundance [1140], which are not sensitive to uncertainties on the PBH clustering,
e.g. those coming from the CMB anisotropies [1256–1259].
Model 1 (ns = 0.97)

Model 2 (ns = 1)

Figure 33: Expected merger rates of PBH of mass m1 and m2 for the Model 1 (top panels) and Model 2 (bottom
panels) mass distributions displayed in Fig. 31 due to the binary formation channels “primordial binaries” (left panels)
and “tidal capture in halos” (right panels) coming from Eq. (151) and Eq. (152) respectively.

10.4.2

Gravitational wave chirps from primordial black holes binaries

The merger rates expected for the two illustrative PBH models considered here are represented on Fig. 33,
for the two binary formation channels detailed in the previous section. From these rates, one can identify
three types of GW sources that are relevant for LISA.
Intermediate-mass binaries: The LISA frequency range is ideal to detect IMBBH mergers with mass
above 103 M . PBHs can produce such merger events with rates of order ∼ 10−2 yr−1 Gpc−3 for PBHs in
clusters, which could therefore be detected by LISA given the expected astrophysical reach for such events,
typically above Gpc. The rate of equal-mass primordial binaries roughly goes like ∼ M −1 for primordial
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binaires and is thus relatively low, while it is constant for binaries in clusters. Merger rates are also much
larger for Model 1 than for Model 2, due to a much larger PBH density fraction in this range. It must
be pointed out that this fraction is restricted by CMB limits. These are not calculated for such wide-mass
distributions of highly clustered PBHs, and so they should not be directly applied to the models.
Extreme mass ratios: Another distinctive feature of PBHs with wide mass distributions is to predict
large merger rates of binaries with extreme mass ratios, especially those involving a PBH from the QCD
peak, merging with an intermediate mass PBH, as shown in Fig. 33. For Model 1 and tidal capture in
clusters, these rates can be larger than 103 yr−1 Gpc−3 . Therefore LISA could detect such extreme mass ratio
coalescences, because of the ideal sub-Hertz GW frequency of such mergers and the large merger rates that
allow for the compensation of the reduced strain sensitivity of LISA compared to the one of ground-based
detectors at higher frequencies.
Continuous waves from galactic binaries: Models with an important PBH fraction at planetary-masses
and below typically lead to very high merger rates at low mass, which could allow for the detection of such
binaries within our galaxy. This is especially motivated for the Model 2 and for primordial binaries. But
in the LISA range, such binaries are still far from the time of merger, when the strain evolution is almost
constant over the duration of an observing run. For these kind of signals the continuous wave searches (see
e.g. [1260]) look promising. The sensitivity of LISA to planetary-mass PBHs using such search techniques is
still to be determined.
10.4.3

Stochastic gravitational wave background

The overlap of GWs from PBH binaries that are close to merger form together a SGWB that could be
detected by LISA. The possible spectral shape of this SGWB for the two possible binary formation channels,
the constraints coming from observations and their implications for PBH models, have been discussed in the
recent literature [418, 1219, 1261–1264]. Hereafter we review the basic principle and formula to compute
this SGWB and present some predictions for particular PBH models.
The amplitude of the SGWB is given by summing up the energy spectrum of each binary system by taking
into account the merger rate distribution as well as its possible evolution with redshift. For binary systems
with a circular orbit and for a generic PBH mass function leading to merger rates R(m1 , m2 ), e.g. given by
Eq. (151) for primordial binaries and by Eq. (152) for capture in halos, one gets [1261]
Z
1
8π 5/3 G5/3 2/3 zmax
f
dz
ΩGW (f ) =
9H02
H(z)(1
+ z)4/3
0
Z
Z
×
d ln m1 d ln m2 R(m1 , m2 , z)M5/3
(153)
c (m1 , m2 )
where Mc is the chirp mass. The maximum frequency in the observer’s frame is determined by the innermost
stable circular orbit which is given by fISCO ≈ 4.4kHz M /((m1 + m2 )(1 + z). This can be translated to
the maximum redshift as zmax = f /fISCO − 1.
As an example, we used a peaked mass distribution around 2.5M (motivated by the QCD peak) and
computed the corresponding SGWB, for binaries formed in halos. This SGWB is clearly detectable by LISA
but probably below the sensitivity of LIGO/Virgo. By probing the amplitude and spectral index of this
SGWB, LISA would be able to distinguish between different mass functions, different clustering properties,
as well as the dominant binary formation channel. Indeed, the lower limit of the frequency range covered
by PBH binaries depends on their relative velocity when the binary is formed, which itself depends on the
typical cluster mass and radius.
10.4.4

Bursts from hyperbolic encounters

If PBHs are at present grouped in clusters, a fraction of BH encounters will not end up producing bound
systems, but a single scattering event. This could happen e.g. when the relative velocity is too high for the
capture to be possible. The GW signals from hyperbolic encounters can have frequencies, strain amplitudes
and characteristic time durations that create GWs signals that can be detected by LISA. These events would
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Figure 34: Example of SGWB expected for PBH binaries formed by tidal capture in clusters, with rates given by
Eq. (152) and different virial velocities (2km/s in green, 20km/s in blue and 200km/s in red) and a peaked PBH mass
distribution around 30M . Figure taken from Ref. [1261].

have unique signatures [1265, 1266] and would provide direct information about the orbital parameters and
spatial distribution of these BHs, thereby providing complementary information to inspiral binaries, and
strong evidence in favor of the scenario of clustered PBHs.
The waveforms of the GW emission in hyperbolic encounters are very different from those of the inspiraling
binaries, since the majority of the energy is released near the point of closest approach, generating a burst
of GWs with a characteristic ”tear-drop” shape of the emission in the time-frequency domain [1265, 1266].
The burst has a characteristic peak frequency
fpeak = 0.32 mHz ×

β(e + 1) AU
,
(e − 1) b

(154)

which corresponds to the maximum GW amplitude and depends only onpthe impact parameter b, the total
mass of the system M and the eccentricity of the hyperbolic orbit e = 1 + b2 v04 /G2 M 2 ), where v0 is the
asymptotic relative velocity of the encounter and β ≡ v0 /c. The burst duration can be of the order of a few
milliseconds to several hours (depending on the PBH masses and encounter parameters) and bright enough
to be detected at distances up to several Gpc. The maximum strain amplitude of the GW burst is given by
hmax
c

=

Pmax (e)

=

RS (km) qβ 2 gmax
dL (Gpc) (1 + q)2
q 2 β 10 (e + 1)
5.96 × 1026 L
,
(1 + q)4 (e − 1)5
3.24 × 10−23

(155)
(156)

where L is the solar luminosity,
p RS is the Schwarzschild radius, q ≡ m1 /m2 is the black hole mass ratio,
m1 = qm2 ≥ m2 and gmax = 2 18(e + 1) + 5e2 /(e − 1).
GWs detectable by LISA could be generated by close encounters of an intermediate-mass BH and a
MBH as expected at the centers of galaxies, as well as from encounters of two MBHs that could occur
during galactic collisions at low redshift. In the first case, an intermediate-mass BH of mass m2 = 103 M
and a MBH of mass m1 = 106 M , with an impact parameter b = 1AU and velocity v0 = 0.05 c, gives
an eccentricity parameter e = 1.031 with event duration of about 440 s. The maximum stress amplitude
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Figure 35: Redshift range of LISA according to the analysis of [1271] for equal-mass BBH coalescences as a function
of the total system mass, and comparison with the range of other detectors and pulsar timing arrays. The color scale
represents the expected SNR emerged from the study. Figure taken from Ref. [1271].

= 1.02 × 10−19 at a distance dL = 1 Gpc, with the peak at frequency fpeak = 1.05 mHz,
would be hmax
c
well within the sensitivity band of LISA [17]. In a hyperbolic encounter between two MBHs of equal mass
m1 = m2 = 106 M with impact parameter b = 10 AU and relative velocity v0 = 0.015c, the eccentricity is
low e = 1.01 and the stress amplitude is huge hmax
= 2.22 × 10−17 at fpeak = 1.51 × 10−4 Hz, again right in
c
the middle of the LISA observational band. Such an event would be clearly detectable.

10.5

Massive black hole seeds from primordial black holes at high redshift

It is challenging to explain how MBHs can exist in only partially reionized environments at redshifts z &
7 [1267]. The first populations of stars or the direct collapse of gas into BHs are two possible astrophysical
mechanisms to generate the seeds of these MBHs. But even if one invokes super-Eddington accretion, it
is very challenging for these seeds to reach sufficiently large masses to explain observations. PBHs are an
alternative explanation to the existence of MBHs since they can provide seeds of intermediate-mass BHs at
higher redshift than for the other astrophysical mechanisms [1152, 1268–1270]. The easiest way to distinguish
PBH seeds from other candidates is therefore to observe IMBBHs at z & 20, before star formation.
The astrophysical range of LISA will allow will allow for the observation of IMBBH mergers at redshifts
z > 20 with a SNR larger than five, for equal-mass mergers and progenitor masses between 103 M and
106 M , as shown in Fig. 35. The possible merger rates of PBHs for a broad mass function with the imprints
of the thermal history, shown in Fig. 33, can be larger than O(1)yr−1 for primordial IMBBHs that would be
formed in PBH clusters at high redshift. The existence of these clusters is relevant since they would also form
in the standard Press-Schechter theory. LISA observations will be complementary to those of Earth-based
GW detectors, like CE and ET, which will probe mergers with lower masses, and to future PTA limits from
SKA, which will probe eventual mergers of MBHs at similar redshifts.
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11

Tools/pipelines for the analysis of transient signal data in cosmology

Section coordinator: L. Lombriser. Contributors: T. Baker, E. Belgacem, G. Calcagni, S. Clesse, G. Congedo,
J.M. Ezquiaga, J. Garcia-Bellido, D. Laghi, L. Lombriser, M. Maggiore, A. Raccanelli, M. Sakellariadou, N. Tamanini,
M. Zumalacarregui.
This section presents a discussion of the tools available and in need of development for the analysis of the LISA
transient signal data, including codes, pipelines, algorithms, and methodologies. Sec. 11.1 focuses on standard sirens
tests of the cosmic expansion (see Sec. 2). Sec. 11.2 is devoted to the tools for GW lensing (Sec. 3). Tools for tests of
modified gravity (Sec. 4) are presented in Sec. 11.3, and finally Sec. 11.4 discusses the tools for PBHs (see Sec. 10).

11.1

Tools for testing the cosmic expansion with standard sirens

As presented in Sec. 2, GW observations are natural cosmological probes because their amplitude directly traces
the luminosity distance as predicted by GR. When additional redshift information is obtained, GW events become
standard sirens. Depending on whether the redshift information comes directly from an EM counterpart or from
statistical inference, we will refer to them as bright and dark sirens respectively. In both cases, modern GW data
analysis techniques are based on Bayesian inference. In the following we describe them independently.

11.1.1

Bright sirens

For bright sirens, the posterior for the cosmological parameters H = {H0 , Ωm , Ωk , ΩΛ } given GW data DGW and
EM-wave data DEM can be written as [83]
Z
~
~
~
~
p(DGW |Θ)p(D
EM |Θ)ppop (Θ|H)dΘ
Z
p(H|DGW , DEM ) = p(H)
,
(157)
~ pop (Θ|H)d
~
~
pdet (Θ)p
Θ
~ represents all the binary parameters. The population prior
where p(H) is the prior probability density on H, and Θ
~
~ under our assumption of the rate evolution. The
ppop (Θ|H) is the probability density of binaries with parameters Θ
detection probability is given by
Z
~ =
~
~
pdet (Θ)
p(DGW |Θ)p(D
(158)
EM |Θ)dDGW dDEM ,
DGW >GWthr
DEM >EMthr

in which the integration is only carried out over the data above the GW and EM detection thresholds, GW thr and
EMthr , respectively.
GW and EM-wave observations can both introduce systematic uncertainties to the standard siren measurements.
The measurements of the host redshifts can suffer from peculiar motions of the hosts [53–55]. The measurements of
the binary luminosity distances are affected by the detector calibration uncertainty [77, 1272], lensing [80, 81], and the
accuracy of the waveforms [79]. In addition, as shown in Eq. (157), our understanding of the possible observational
selection effects [83] as well as the astrophysical rate evolution (see e.g. Fig. 12 of Ref. [52] for an application to
LIGO-Virgo data) are critical to the accuracy of the standard siren as well.

11.1.2

Dark sirens

In the absence of an EM counterpart, one may extract redshift information by putting a prior on potential hosts
from a galaxy catalogue.32 In this case, since the galaxy catalogue is compiled in redshift and does not carry any
dependence on the parameters H, the natural choice is to make a change of variables dL 7→ z(dL , H) in Eq. (157),
~ 33 Denoting Θ
~ = {dL , Ω̂, Θ
~ 0 }, Eq. (157) reads
and use the redshift z instead of the luminosity distance dL ∈ Θ.
Z
p(H)
~ 0 p(DGW |dL (z, H), Ω̂, Θ
~ 0 )ppop (z, Ω̂, Θ
~ 0 |H) ,
dzdΩ̂dΘ
(159)
p(H|DGW ) =
α(H)
32 This
33 Note

DGW .

method assumes that the true source is not of primordial origin.
~ is unaffected by this transformation since it is a PDF with respect to the data
that the GW likelihood p(DGW |Θ)
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R
~ pop (Θ|H)d
~
~ and we set p(DEM |Θ)
~ = 1, being in the absence of a counterpart. Note that
where α(H) ≡ pdet (Θ)p
Θ
the GW likelihood now carries an explicit dependence on the parameters H. The population prior on redshift and
position is now naturally expressed as
X
ppop (z, Ω̂|H) ∝
wi p(zi , Ω̂i |z, Ω̂) ,
(160)
i

where p(zi , Ω̂i |z, Ω̂) is the likelihood of the redshift and position of the i-th galaxy in the catalogue, with observed
values zi , Ω̂i . The angular position can be assumed to be known with very good precision – since the GW likelihood
does not vary significantly over the scale of the galaxy location – and the corresponding distribution is just a delta
function about the observed values. As for the redshift, one can further put a prior that is usually taken as uniform
in comoving volume [49, 1273, 1274], while the likelihood can be approximated by a Gaussian centered around the
observed redshift zi and with standard deviation given by the redshift uncertainty.34 Finally, the factors wi in
Eq. (160) represent the possibility of assigning different weights to the galaxies. Common choices are the B-band
luminosity, which traces the star formation rate, or K-band luminosity that traces the total stellar mass.
One has then to deal with the fact that galaxy catalogues are in general not complete. This requires one to include
information on the missing galaxies, and the prior in Eq. (160) must be supplemented by a suitable “completion”
term [49–52], which requires two pieces of information. The first is the knowledge on the “completeness” of the
catalogue, that is usually computed by comparing the luminosity distribution in the catalogue to the one given by
a Schechter function [49, 50, 52].35 The second is to specify a “completion” procedure, i.e. to determine how the
missing galaxies are spatially distributed. The simplest options can be to distribute them uniformly [49, 50], or
to assume that the catalogue traces well the actual structures, hence assigning higher weight to the galaxies that
are in low completeness regions [52], or even assuming that completion is not needed [47, 1273, 1274]. Eventually,
the best choice depends on the galaxy survey, its sky coverage and on the completeness of the catalogue. A more
refined procedure is to use the uniform, uninformative distribution in regions of low completeness, while switching
to the second option where the galaxy survey traces the actual structures fairly well [52]. This aspect will become
more important as the precision on the localisation increases but will remain a limiting factor until catalogues with
very large completeness are available. Since the completeness drops drastically with increasing redshift, this can be
limiting for LISA sources at high redshift when using catalogues that have a large sky coverage but limited redshift
range. Another option is to use deeper catalogues with limited sky coverage, but this requires to take into account
the variation of the completeness with the angular position in the sky [52]. In any case, the availability of complete
galaxy catalogues, accurate determination of the redshifts, and small GW localisation regions will be crucial in order
for the statistical method to give competitive constraints on cosmological parameters.
Finally, a good understanding and an accurate computation of the selection bias is required [52, 83]. This is
related to other relevant systematic uncertainties that deserve further investigation, related to our limited knowledge
of the population properties of BBHs. In particular, the population prior should encode information on the mass
distribution of the system’s component and on the rate of BBH formation as a function of redshift. At the moment,
very mild constraints exist on both in the case of SOBBH [56, 1275], but their impact – especially of the evolution of
the BBH merger rate – can be relevant [52].
A public Python code implementing the completion procedures described above, as well as calculation of selection
effects, is available at https://github.com/CosmoStatGW/DarkSirensStat. The code has been applied to the latest
data release from the LIGO-Virgo collaboration for constraining H0 and modified GW propagation and supports the
combination with the GLADE, DES and GWENS galaxy catalogues, but it could easily be be adapted for LISA and
other galaxy catalogues.

11.2

Tools for gravitational wave lensing

GW lensing has attracted considerable attention recently, leading to different groups developing tools to compute
amplification factors and lensed waveforms. In order to maximise the science yield of gravitational lensing with LISA,
it is important to develop codes to compute amplification factors for general lenses and including wave effects.
LensingGW is a publicly available tool for GW lensing in geometric optics. It is a Python package designed
to compute amplification factors for general lenses, adapted to the needs of GW observations [1276]. Currently,
LensingGW operates in the geometric optics regime, using a selective sub-tiling to find microimages, their associated
magnifications and time delays, cf. Eq. (14). The code is based on the lenstronomy package [1277], allowing it to
draw from its library of algorithms and lens models.
34 However,

the true PDF should be used when available, and this choice can have a non-negligible impact on the result [1274].
slightly different, though comparable, approach is to include the possibility that the true host is not in the catalogue in
the formalism [51].
35 A
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It is necessary to develop wave optics codes able to solve Eq. (15). The diffraction integral is highly oscillatory, which makes numerical solutions challenging. Proposed methods to address this problem use the time delay
function [1278] and Fourier transforms to the frequency domain. Variants of these ideas have been implemented in
Refs. [252, 253] and others. These codes are not publicly available. An alternative approach employs Picard-Lefschetz
theory [1279]. This is valid only for lensing potentials that are meromorphic functions, which may be used to approximate non-analytic lensing potentials. Finally, corrections to geometric optics rely on higher derivatives of the
Fermat potential around images [223] and could be easily implemented in a geometric optics formalism.
Predictions on GW propagation beyond GR are notoriously complicated. Ref. [211] develops a Python package
to study GW birefringence. The code is able to (1) compute static spherical backgrounds in Horndeski theory; (2)
compute the local propagation eigenstates and their speed as a function of position and direction; (3) solve the
geodesics in the Born approximation to compute time delays and deflection angles for each eigenstate; and (4) obtain
the waveform, including birefringence. Future tools to study GW lensing should improve by (a) including higher-order
corrections in the Wentzel-Kramers-Brillouin (WKB) expansion to compute the amplitude and diffraction effects (or
optimally, arrive at a full wave optics expression); (b) include more general theories of gravity; and (c) work with
more general backgrounds (for instance, performing GW ray tracing on modified gravity simulations). These codes
could be interfaced with a statistical sampler to analyse real or mock data.

11.3

Tools for testing modified gravity

The sensitivity of LISA to modified GW propagation introduced by a frequency independent modification of the
damping term was investigated in Ref. [12]. A MCMC analysis was conducted on LISA mock catalogues of MBBHs
with EM counterparts, where luminosity distances were evaluated according to a fiducial ΛCDM cosmology. As
discussed in Refs. [12, 291], in the context of late-time modifications of GR invoked for DE studies, the most relevant
parameters affecting GW propagation are the high-redshift ratio of GW to EM luminosity distances Ξ 0 , defined
in Eq. (21), the DE EoS w0 , the Hubble parameter H0 , and the current matter energy density fraction Ωm . The
exponent n of the parametrisation in Eq. (21) plays a less important role and was fixed to a reference value. In order
to reduce the degeneracies among those parameters and assess the potential of LISA for cosmological parameter
inference, in addition to LISA mock catalogues, the analysis in Ref. [12] also included further currently available
datasets such as CMB measurements from Planck 2015, Type Ia Supernovae (JLA catalog), and a collection of BAO
measurements. The likelihood of the LISA mock data given the parameters {H0 , Ωm , w0 , Ξ0 } was assumed to follow
ln(L(H0 , Ωm , w0 , Ξ0 )) = −

2
Ns  GW
1 X dL (zi ; H0 , Ωm , w0 , Ξ0 ) − di
,
2 i=1
σi2

(161)

where an additive constant in the logarithm of the likelihood from normalization is omitted. Here Ns is the number
of mock sources in the catalogue, dLGW (zi ; H0 , Ωm , w0 , Ξ0 ) is the theoretical value of the GW luminosity distance
for the i-th source (at redshift zi ), σi is the error on luminosity distance taking also into account the error on
redshift determination, and di is the “measured” value of the luminosity distance of each event contained in the
catalogue (obtained by scattering the fiducial ΛCDM prediction with a Gaussian distribution with variance σi2 ). The
MCMC code of Ref. [12] explores the cosmological parameter space, accepting or rejecting sampled points following a
Metropolis-Hastings algorithm. The total likelihood used in the algorithm is obtained by multiplying the independent
contributions from each of the four datasets employed, namely from CMB, Type Ia supernovae, BAO, and LISA. The
cosmological evolution, both at the level of the background and perturbations, is computed using the CLASS Boltzmann
code. The modified version of CLASS, implementing the GW luminosity distance parametrisation in Eq. (21), is
available at https://github.com/enisbelgacem/class_public. The MCMC code is built on MontePython with the
inclusion of the LISA mock source catalogues and the likelihood from Eq. (161), which uses the modified CLASS
version. The code is available at https://github.com/enisbelgacem/montepython_public.
In addition to the test of the model-independent parameters {Ξ0 , n}, similar analyses have been carried out
using the modified luminosity distances of specific gravity models, e.g. Horndeski gravity [284, 294] or f (Q) gravity [281]. These make use of the modified Boltzmann codes hi CLASS [1280, 1281] and EFTCAMB [1282, 1283], respectively. A wrapper to interface hi CLASS with the MCMC code Cosmosis [1284] is available at https://github.com/
itrharrison/hi_class.
Current tools are predominantly specialised to probing the effects of frequency-independent modifications of
the GW propagation, although frequency-dependent effects have been studied in the context of GW oscillations in
bigravity [12], where the associated numerical tools have however not been made publicly available yet. The desire
for UV-completion of modified gravity theories, whilst maintaining IR phenomenology, also motivates frequencydependent modifications of the GW propagation equation [326]. Such modifications could be detectable in the LISA
band whilst being suppressed to irrelevant levels in the band of ground-based detectors (∼10 – 1000 Hz). Their
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basic phenomenology corresponds to a frequency-dependent GW luminosity distance or a frequency-dependent GW
propagation speed.
To study the detectability of these effects, one must first construct a motivated and manageable parameterisation
for the frequency and redshift dependence of cT (f, z) and δ(f, z) that appear in Eq. (19). One then needs to solve
for the amplitude and phase evolution of the waveform under this parameterisation, up to some appropriate postNewtonian order. A Fisher forecast code, ideally calibrated against a smaller, more rigorous (but computationally
expensive) MCMC forecast, can analyse the ability of LISA to constrain the frequency-dependent modifications to
cT and dGW . The parameterisation must be carefully chosen to minimise degeneracies between the MG and standard
source parameters. The creation of these tools is in progress [1285].
Finally, we note that sources of anisotropic stress in the universe act as source terms on the right-hand side of
Eq. (19). Neutrinos are one such example, although their effects on GW propagation in the late-time universe are
expected to be extremely small. However, their effects on GWs travelling through the early universe may be more
significant. Analytical tools for solving GW evolution in the presence of neutrino anisotropic stress are presented in
Ref. [1286] and could likely be adapted for a generic imperfect fluid with anisotropic stress.

11.4

Tools for PBHs

The recent developments in the field of PBHs have revealed a rather rich phenomenology, e.g. related to PBH formation
with a broad variety of primordial power spectra and new classes of models relying on non-trivial modifications of the
statistical distribution of curvature fluctuations; related to the history of PBH clustering, accretion and mergings,
etc. The computations of GW observables therefore need to become more accurate and have to take into account
model dependencies and various astrophysical uncertainties. It becomes increasingly difficult to integrate all the
recent development in new analyses. Therefore, there is need in the community for an advanced numerical tool that
progressively integrates all these recent developments at various levels (theoretical models, PBH formation, clustering,
accretion, merging rates, SGWBs) in a unified and modular manner. This is the main objective of an ongoing project
of the LISA Cosmology Working Group that is developing the PrimBholes toolbox for the computation of modeldependent gravitational observables that are relevant for LISA and other GW experiments. The PrimBholes toolbox
is currently under development and will be made publicly available soon along with both a code companion paper
and a review paper on PBHs.
The different computations performed with PrimBholes and the possible options and effects that will be implemented for selection are the following:
1. For the primordial curvature fluctuations this will include (a) several phenomenological models of power spectra
(power-law, log-normal, Gaussian, broken power-law, etc.); (b) Gaussian and non-Gaussian perturbations with
a generic distribution function and some specific realisations; and (c) generic power spectra and/or distribution
functions imported from a file provided by the user.
2. The SGWB from second-order perturbations will be calculated for general as well a number of specific shapes
of the primordial power spectrum.
3. The computation of the PBH formation and density distribution β(mPBH ) at formation will be performed
following (a) the standard formalism of Sec. 10.2.2 and (b) an advanced method and algorithm presented in
Ref. [1208] accounting for non-linear effects and the shape of the primordial power spectrum. This will include
(c) effects of the evolution of the EoS through the thermal history of the universe and (d) a reversed method
to rescale the amplitude of primordial curvature fluctuations in order to get a fixed value of fPBH .
4. To obtain the late-time PBH mass function f (mPBH ), PrimBholes will rely on the standard formalism and
include additional effects from accretion and hierarchical mergers.
5. The distribution of merging rates R(m1 , m2 ) will be computed for (a) primordial binaries, accounting for the
effects from the formation of early clusters due to the Poisson noise, from matter inhomogeneities and from
nearby BHs, and (b) for tidal capture in clusters, accounting for different clustering histories and halo mass
functions. This will include (c) the dependence on the redshift of the merging rates.
6. Finally, PrimBholes will include the spin distribution, based on Ref. [1287]; (7) the rate of hyperbolic encounters,
based on Ref. [1265]; and (8) the SGWB from primordial binaries, for the two aforementioned formation
channels.
PrimBholes will also provide plotting modules that will facilitate the production and exportation of key figures.
Examples are given in Figs. 31 and 33.
In a first step, the PrimBholes code will focus on the computation of GW observables without including a
likelihood module for LISA. However, it will be made modular so that it can be used in combination with other codes
such as the LISA analysis code for the SGWBs or the Botzmann code CLASS [1288]. Later, likelihood modules for the
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MontePython code [1289] could be included for the computation of the various astrophysical and cosmological limits
on the PBH abundance.
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12

Tools/pipelines for the analysis of stochastic gravitational wave
background data

Section coordinators: N. Karnesis, M. Peloso, M. Pieroni. Contributors: N. Bartolo, G. Boileau, N. Christensen,
C. Contaldi, V. Desjacques, R. Flauger, N. Karnesis, V. Mandic, S. Mataresse, M. Peloso, M. Pieroni, A. Renzini,
A. Ricciardone, J. Romano, M. Sakellariadou, L. Sorbo, J. Torrado.

The SGWB to be measured by LISA consists mainly of the confusion noise created by the overlapping signals
from unresolved astrophysical events, and possibly of a cosmological component due to one or more physical
mechanisms taking place at different stages of the late or early universe (e.g. the mechanisms discussed
in Secs.8, 7 and 6). LISA will open a completely new window into the parameter space of each of these
phenomena and has the potential to produce new discoveries about the physics of the early universe through
the characterisation of this primordial SGWB component. A careful characterisation of the total background
is also necessary to aid the detection and identification of individual events. In this section, we discuss the
features of each contribution to the background signal, the instrumental noise, and the different tools we
need to develop to separate and characterise all of of them.
We start with Sec. 12.1 which summarises the main characteristics of the noise in LISA. We comment on
existing noise models, the assumptions on which they are built, and on possible improvements. In Sec. 12.2
we discuss foregrounds (i.e. astrophysical sources of a SGWB) by describing the possible sources and the
characteristics and main properties of the different signals. In Sec. 12.3 we then focus on frequency shape
reconstruction methods i.e. methods which aim at recovering the spectral profile of an unknown SGWB. We
proceed by discussing anisotropy reconstruction i.e. recovering the angular structure hidden in the signal. For
this topic both theoretical and data oriented approaches are covered in Sec. 12.4 and in Sec. 12.5 respectively.
Finally, in Sec. 12.6 we frame the different topics touched in this section in the big picture of the so called
global fit problem. For all of these points the discussion covers both existing techniques and possible further
developments.

12.1

Noise modelling

The instrumental noise in LISA is expected to be non-stationary, and at the same time we expect noise transients that cause the statistical properties of the noise to depart from Gaussianity. At a first approximation
we can assume that the short noise transients (i.e. glitches) will be modelled, identified, and removed from
the data streams [1290]. However, slow variations of the noise, like for example the slow decrease of the
acceleration noise of the test-masses due to outgassing [1291], are due to known effects that can be properly
modelled and considered in the analysis. We can tackle those problems by adopting a piecewise analysis,
where we can consider that each data segment can be assumed as stationary and Gaussian. In order to
eliminate the dominant noise sources (i.e. fluctuations of the laser central frequency and displacements of
the of the optical benches), LISA will employ time domain interferometry (TDI) techniques [1292–1298]. In
the simplified scenario considered in most of the literature [449, 455, 460, 589, 810, 1299, 1300] the residual
noise for each arm link has two main components: the “acceleration” and the “interferometric” noise components. The acceleration component is associated with the random force noise acting on the test masses
inside each of the three satellites, due for example to local environmental disturbances, and it dominates the
low frequency part of the LISA band. The interferometric noise is directly connected to the interferometry
metrology system (IMS). It describes the random readout noise of the optical system (mostly due to shot
noise), and dominates the spectrum at high frequencies. For the 1.5 TDI variables [1301, 1302], one can
follow the recipe of Ref. [810] and construct a likelihood based on the {X, Y, Z} TDI channels. In principle,
analogous procedures can be defined for any kind of TDI variable combination. In order to remove noise correlations between different channels, it is customary to introduce an alternative TDI basis, typically dubbed
the AET basis, which diagonalises the noise matrix. The total noise spectra for both XY Z and AET basis
are shown in the right panel of Fig. 36. On the other hand the left panel of Fig. 36 shows the acceleration
and IMS noise power spectra.
Naturally, searching for SGWB signals requires a sufficient knowledge of the noise spectral shape, and
it is possible that a simplified model such as the two-parameter model described above might not suffice
for the signal search. Any instrument calibration mismatch will impact the joint fit of the noise and signal
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Figure 36: Left panel: IMS and acceleration noise power spectra expressed in the simplified scenario where all
test-mass and laser noises are equal for all space-crafts. Right panel: LISA noise spectra in the XY Z and AET basis
as given in e.g. in Ref. [810]. Plots taken from Ref. [810].

parameters, which may jeopardise our abilities to measure the underlying SGWB spectrum. Therefore, a
possible solution to this problem would be to incorporate the calibration of the instrument in the analysis,
by allowing a flexible model of the noise spectral shape. The development of methods (and of corresponding tools) which do not explicitly depend on analytical parameterisation for the noise spectra, will be an
interesting research line to be explored over the years before the launch of LISA.
Another important aspect for searching for SGWB signals is assessing the quality of the data before
they reach the designated pipelines. The use of signal subtraction, if implemented for LISA data, could
result in imperfect subtraction and hence residuals, which in turn would affect the statistical properties of
the noise [1303–1306]. The impact of theses residuals on the search for SGWBs with LISA is yet to be
investigated. A better framing of this problem in the broader picture of the global fit problem for LISA is
presented in Sec. 12.6.

12.2

Expected astrophysical foregrounds

Due to the richness of the sky in the milliHertz band LISA will be sensitive to a wide variety of sources
such as MBBHs with masses ∼ 104 − 107 M , SOBBHs, EMRIs, and GBs. Beyond the resolvable sources,
measurements by LISA will also be affected by a huge number of unresolvable events which will sum up incoherently, leading to the generation of a SGWB [1307–1310]. At least two SGWB components are guaranteed
to be present in the LISA band: a contribution due to signals originating from compact GBs is expected to
dominate the LISA band at low frequencies (up to ∼ 10−3 Hz), and a contribution from extragalactic BBH
mergers is expected to be present at slightly larger frequencies (∼ 10−3 − 10−2 Hz). A plot of the impact of
these signals as described in Ref. [810] on data measured in in the self correlations of the A and T channels
(denoted by AA and T T , respectively; we note that the self correltion EE is identical to AA) is shown in
Fig. 37. While the latter is expected to be isotropic and stationary, the GB contribution is expected to be
anisotropic (since the binaries mostly lie on the galactic plane). Moreover, as discussed in Ref. [1311], due to
the yearly rotation of the satellite constellation, this signal is expected to present a yearly modulation. Both
these features are thus expected to be, at least partially, present in the total SGWB measured by LISA.
The characteristics of the GBs, i.e. being almost monochromatic, and the majority of them being located
in our galactic neighbourhood, will allow us to build reliable models for their residual foreground noise
contribution [1312, 1313]. The same applies to the case of the isotropic signal due to SOBBH events, where
the spectral model of the residual confusion noise will be constructed based on the priors from ground
observations [1314] and the actual measurements with LISA. There is a possibility to measure a foreground
signal component due to EMRIs [1315], but a more detailed study on this type of source is needed in order
to make robust predictions on their expected level. A generic method to make a first-level characterisation
of the stochastic signals originating from compact binaries populations is studied in Ref. [1316].
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The classical central-limit theorem is violated when the single source variance is infinite, which is the
case of e.g. astrophysical backgrounds produced by compact mergers. As a consequence, the convergence
to a Gaussian distribution can be much slower depending on the event rates (which determines the average
number of sources overlapping in the detector frequency band(s)) and the properties of the source distribution [1306]. If the sources are a spatial Poisson process, the resulting (non-Gaussian) distribution of the
observed strain can be predicted (both in the time and frequency domains) using the techniques outlined
in Ref. [1306]. This approach can be extended to include the subtraction of bright sources, which (partly)
gaussianises the signal [1317], and to furnish predictions for the distribution of the background of unresolved
binary mergers. Quantifying deviations from Gaussianity is necessary to optimise searches for this confusion
background [1303, 1305] and backgrounds of cosmological origin [449], and for their shape reconstruction.

Figure 37: Theoretical models for the LISA sensitivity in the self-correlation of the A and T TDI data channels (AA
and T T , respectively) and for the SGWBs due to GBs and SOBBHs as specified in Ref. [810]. Mock data for the
sum of all these theoretical templates are shown for reference.
Models for the residual foreground contributions can be provided when attempting a frequency shape
reconstruction (see Sec. 12.3), so that the reconstructed spectrum can be expected to consist of contributions
from unknown, possibly cosmological sources. The energy spectrum of the foreground due to unresolved
GBs can be modelled by a broken power law. Indeed, at sufficiently large frequencies the number of sources
decreases, which produces a break in the α = 2/3 power law behaviour. On the other hand, the foreground
due to SOBBHs and BNSs is expected to be a power law with slope α = 2/3. Studies of SOBBH and BNS
populations, such as Ref. [1318], predict ΩGW (25 Hz) ' 4.97 × 10−9 − 2.58 × 10−8 . Ground detectors [381]
set an upper limit for this foreground at Ω2/3 (fref = 25 Hz) . 5.8 × 10−9 . Clearly, these residual foreground
models must account for the right amount of statistical uncertainty, or we risk overestimating the significance
of a detection or of a spectral shape reconstruction. This includes, at descending levels in the Bayesian
hierarchy, the possibility of different population models being used (mass or spin distribution, merger rate at
different redshifts, etc), the uncertainty on the parameters of a given population when inferred from resolved
events by LIGO/Virgo and LISA, and the possibility of residuals being left by the imperfect subtraction of
these resolved events, either because of a sub-optimal SNR that leads to imperfect characterisation of the
waveform to be subtracted, or to the very waveform not representing the actual events with perfect accuracy.
Beyond these problems, as discussed in the previous paragraph, the statistical properties of the SGWBs of
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astrophysical origin (either before and after the removal of loud sources) may be dominated by strong nonGaussianities which have to be appropriately modelled. A careful study is thus required to asses the impact
of each of these sources of statistical uncertainty. A computational pipeline that, for each component of the
residual confusion noise, can take a number of resolved events with their associated parameter uncertainties,
and assuming a Bayesian-hierarchical population model (or family of them), can generate a probability
distribution for each component of the foreground confusion noise needs to be developed. Preliminary work
along this line has been developed for current- and next-generation ground-based detectors [381, 1313, 1318],
but a comprehensive study is needed in the framework of LISA.

12.3

Spectral shape reconstruction: existing tools and future developments

The richness of sources in the LISA frequency band requires the development of techniques and tools to disentangle the different contributions. These may include both a residual background of unresolved astrophysical
sources (see Sec. 12.2), a stochastic cosmological component sourced by topological defects, phase transitions,
or inflationary mechanisms, among others. Different cosmological sources are expected to produce SGWBs
of characteristic frequency shapes [411–414]. The reconstruction of the spectral shape of the SGWBs, regardless of its origin, is expected to play a special role in the separation of its different components. The
correct estimation of the SGWB and its associated uncertainty is also essential for the characterisation and
subtraction of resolved events, for which this background plays the role of an additional noise component,
together with the instrumental noise.
Most of the SGWB detectability studies and ground-based searches have so far only focused on power-law
templates [736, 804, 805, 809, 1311] (and a few on more complicated, but fixed templates [444, 1319]). In
the context of preparations for the LISA mission, some recent works [589, 810, 812, 1300] have attempted an
agnostic template-free frequency shape reconstruction. One such reconstruction can take into account more
complicated scenarios where the overall signal can be the superposition of several unknown signals, and can
be extremely useful both for the disentanglement of the GW sources and for the constraining power that
they have on astrophysical and cosmological parameters of the underlying theories (see previous sections).
An example of reconstruction obtained with the method of Refs. [589, 810] in the presence of the foreground
due to GBs is shown in Fig. 38.

Figure 38: Reconstruction of a broken power law signal in presence of GB foreground. Figure taken from Ref. [810].
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In Refs. [589, 810, 812], under the assumption of stationary, Gaussian, and isotropic signals, TDI data
is processed into a set of frequency bins whose amplitudes are jointly estimated in the presence of noise. In
the state-of-the art iteration [810], the number of bins is dynamically chosen using Bayesian criteria, and in
each of the bins, together with the signal amplitude, a power-law tilt is also considered, leading to a more
accurate reconstruction with fewer bins. On the other hand, the procedure employed in Ref. [1300] first
expresses the signal as a linear combination of an arbitrarily dense basis of Gaussians and then selects the
components associated with large eigenvalues of the Fisher information matrix. While technically different,
this strategy follows the same philosophical approach set by Refs. [589, 810, 812] and offers an interesting
alternative to the methods developed therein. For example, in Ref. [812], after proper assumptions about
the Gaussianity of the instrument noise, one can construct a posterior distribution for the level of the excess
of spectral power, caused by an unmodelled SGWB signal at each frequency of the analysis.
All of the methods discussed in this section are focused on spectral shape reconstruction at the power
spectrum level only. While in the most general set up this could be performed by only assuming the noise
to be Gaussian, the techniques described here all assume (at the likelihood level) approximate Gaussianity
of the SGWB as well. As long as the SNR per frequency mode is small, this is a good approximation
but should be revisited for a bright signal. As discussed in Sec. 12.2 the assumption of Gaussianity can
be violated for SGWBs of astrophysical origin. On the other hand, for SGWBs of cosmological origin
any intrinsic non-Gaussianity in the metric perturbations is expected to be washed out by propagation
effects [904, 1216, 1240]. Notice however that, as pointed out in Ref. [450], non-Gaussianities in the energy
density of the SGWB could be non-zero. For a better discussion of propagation effects see Sec. 5.3.2. If the
backgrounds are expected to be significantly non-Gaussian, spectral shape reconstruction methods based on
the observed strain distributions will have to be modified accordingly.
It is also worth mentioning that all the methods discussed in this section are applied to time-averaged
data. While it could be difficult to induce any intrinsic time modulation in SGWBs of either cosmological
or astrophysical origin, the motion of the detector with respect to the SGWB source frame is expected to
naturally induce a yearly modulation in the amplitude of SGWB. While for isotropic SGWBs the effect
is expected to be very small (of order of the velocity of the detector in units of the speed of light), for
intrinsically anisotropic SGWBs (as for unresolved GBs) this effect could become sizeable [1311]. In order
to model these effects it would be necessary to modify the existing pipelines to keep track (both at the
generation and at the data analysis level) of the measurement time associated with each data segment. Such
a modification in the existing tools would simultaneously improve their suitability to be applied to real data
and possibly their capability of disentangling the different components contributing to the SGWB.
The methods discussed in this section do not consider possible angular structure in the signal. While
techniques for reconstruction of anisotropies are more extensively discussed in the next section, it is worth
mentioning that for most SGWB sources different angular structure is expected to be associated with different
spectra (namely, with a different frequency-dependence). As a consequence, by simultaneously tackling the
frequency shape and the angular reconstruction it could be possible to break degeneracies between different
components contributing to the observed signal. This could potentially lead to a significant improvement
of the existing component separation techniques. For this reason embedding this possible method in the
present pipelines may be an interesting possibility for future developments.
We conclude this section by commenting on the impact of foregrounds on the minimal SGWB intensity
that would yield a detectable signal and allow us to attempt reconstruction. While detection thresholds
are clearly model dependent, i.e. different amplitudes and SNRs are required in order to make quantitative
statements for different SGWB shapes, some studies (see Sec. 12.6 for details) have already demonstrated
the possibility of performing component separation with LISA. This implies that SGWB reconstruction
can typically be performed even in the presence of foregrounds. However, it is worth mentioning that a
crucial ingredient for component separation is the absence of degeneracies between the foregrounds and other
SGWB components. Otherwise, unless this degeneracy is broken by the prior knowledge on the foreground
parameters, the detection of the SGWB originating from cosmological sources could be negatively affected.

12.4

Anisotropy reconstruction

The intensity of astrophysical and cosmological SGWBs are in general anisotropic. These anisotropies could
allow one to differentiate between these two backgrounds. They can be generated both at the moment of
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the GW production and by the GW propagation in the perturbed universe. In the case of the cosmological
SGWB the anisotropies contain information about the primordial generation mechanism and moreover they
can be a new probe of the primordial non-Gaussianity of the large-scale cosmological perturbations [449–
451]. In the case of the astrophysical SGWB they contain information about the angular distribution of the
sources and astrophysical properties, and they can be used as a tracer of large-scale structure; in both cases
they also allow one to test the particle physics content of the universe [452]. The LIGO/Virgo collaboration
has already produced upper limits on the SGWB anisotropy in the 20-500 Hz band [1320]. The poor angular
resolution of second-generation ground-based interferometers will probably not allow for the detection of the
anisotropies of the SGWB, however future third-generation ground-based experiments like ET and CE will
be sensitive to such a signal especially if it is characterised by a large monopole amplitude. For future space
missions, like LISA, DECIGO, and BBO, prospects for reconstruction and measurement of the anisotropies
in the SGWB, both astrophysical and cosmological, have been explored in the literature (see e.g. Refs. [1321–
1326]). An updated analysis for LISA, using the most up-to-date specifications, is ongoing [1050], and in the
next sections we report some main results. While in this section we discuss anisotropy reconstruction from
a more theoretical point of view, in Sec. 12.5 we present data analysis techniques to tackle this problem.
12.4.1

LISA response function

The reconstruction of an isotropic SGWB has been studied for instance in Ref. [810], combining measurements
in the A,E,T channels. This computation can be readily extended to an anisotropic SGWB. Details of this
extension can be found in Ref. [1050]. Here we simply report the main result.
For a Gaussian SGWB, the object of our study is the two point correlation function of the GW signal.
From the standard decomposition
Z +∞ Z

 
X 
hab (x, t) =
df dΩk̂ e2πif (t−k̂·x)
h̃λ f, k̂ eλab k̂ ,
(162)
−∞

λ

where, for definiteness, λ denotes the GW polarisation in the chiral basis. We are interested in the intensity
of an unpolarised signal, for which
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where Ỹ`m k̂ ≡ 4π Y`m k̂ , are rescaled spherical harmonics, normalised so that Ỹ00 = 1. In this way


the isotropic case corresponds to I f, k̂ = I˜00 (f ).
The multipole coefficients I˜`m of the intensity are related to those of the fractional density by [1050]
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where the latter are defined from
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with ωGW f, k̂ being the fractional energy density before angular integration,
Z
ΩGW (f ) =



d2 k̂ ωGW f, k̂ /4π .

In Eq. (165), H0 is the present value of the Hubble rate.
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(167)

For definiteness, we consider a statistically isotropic signal, so that the unbiased estimators δ̂GW,`m for
coefficients of the decomposition δGW,`m , have expectation value 36
∗
δGW,`m δGW,`
= C`GW δ``0 δmm0 .
0 m0

(168)

The expectation value of the SNR can be then expressed as the sum hSNRi ≡
Each term is formally of the type

SNR2` = Tobs

∞

Z
0

qP

`

SNR2` over multipoles.

2
q
C`GW ΩGW (f ) h2
 ,
df 
Ω`GW,n (f ) h2

(169)

where Tobs is the observation time, and Ω`GW,n (f ) h2 denotes the LISA sensitivity to the `−th multipole.
The sensitivity to the first few multipoles are shown in Fig. 39. The mathematical form of the sensitivity,
and its derivation, are given in Ref. [1050].
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Figure 39: LISA Sensitivity (169) to various multipoles of the SGWB. Figure taken from Ref. [1050].
36 Notice that the brackets in Eq. (163) denote an ensemble average. Since we have a single realisation of the observable
∗
universe, an estimator Ĉ`GW for C`GW is typically built by averaging the measured value of δGW,`m δGW,`
0 m0 over the different
m indices.

126

12.4.2

Cosmic dipole

One would expect that LISA sensitivity degrades as the multipole order increases. While this is generally
true, as can be also seen from Fig. 39, due to the symmetries of the system, LISA turns out to be more
sensitive to the quadrupole than to the dipole. Nevertheless, once the isotropic component of the SGWB is
detected, a naturally expected value of the amplitude and the direction of the dipole will be determined by
the velocity of the Earth with respect to the cosmic rest frame, providing a first target for the detection of
SGWB anisotropies.
There are only two correlators sensitive to the dipole, namely the one between the A and the T channel,
and the one between the E and the T channel. Remarkably, moreover, these AT and ET correlators vanish
for the SGWB monopole. The SNR for the dipole induced by the Earth’s motion with speed β with respect
to the cosmic rest frame is given, in the noise dominated regime, by the formula

2
2 Z Tobs Z

JT
R
n̂(t)
·
β̂
2
X
`=1
df
3 H0 ΩGW
dt
,
(170)
SNR2A/ET = 6 β 2
6
4π 2
f
NJ NT
0
J=A, E

ET
where NJ is the noise in mode J (see the right panel of Fig. 36) and RAT
`=1 = R`=1 measures the amplitude
of the ` = 1 mode of the angular response (see Ref. [1050]), evaluating to ∼ 10−2 for f = 0.1 Hz and to
∼ 10−3 for f = 0.01 Hz. Also, β̂ is the direction of the dipole, whereas n̂(t) is the unit normal to the LISA
configuration, whose direction changes over the course of the year.
Assuming a flat energy spectrum in the LISA band, the SNR takes the approximate value


s
β
ΩGW
Tobs
SNR ' 0.5 ×
,
(171)
10−3
6 × 10−8
1 year

where β is normalised to its value with respect to the CMB rest frame, and ΩGW is normalised to its upper
bound from LIGO/Virgo [736]. While Eq. (171) suggests a small SNR already for a SGWB that saturates
the current constraint, it is important to note that the bound [736] holds at LIGO/Virgo frequencies, and
there is no reason for the SGWB spectrum to be flat all the way to LISA frequencies.
Remarkably, due to the higher sensitivity to the quadrupole, LISA will have comparable sensitivity to
the dipole and to the quadruple induced by the motion of the Solar System with respect to the cosmic rest
frame, despite the fact that the quadrupole has an amplitude that is a factor of β ≈ 10−3 smaller than the
dipole.
It is also worth pointing out that LISA will be much more sensitive to the dipole if the SGWB contains
a chiral component. In this case, in fact, the AE correlator is not vanishing, leading to a SNR [465]


s
β
Ω
Tobs
GW
SNR ' 103 δχ
,
(172)
−3
−8
10
6 × 10
1 year
where 0 ≤ δχ ≤ 1 measures the degree of chirality of the SGWB, see Sec. 8.7.1.

12.5

Gravitational wave map making with LISA

An available mapping algorithm tailored to the LISA detector is based on an optimal quadratic estimator [455]. The mapper takes advantage of the time-dependent sky response of the LISA constellation to scan
the sky over a long observation times. It reconstructs full-sky stochastic signals and their anisotropies. A
prime example of anisotropic SGWB signal in the LISA band is the statistical signal from unresolved white
dwarf GBs. This signal is expected to trace out the distribution of white dwarfs in the Milky Way. Beyond
this, the astrophysical SGWB from extragalactic stellar mass compact binaries is also expected to have some
degree of angular anisotropy, as do many of the cosmological backgrounds reviewed in this paper. More
details on anisotropic SGWB sources potentially detectable by LISA may be found in Ref. [1050].
The sky response used assumes equal arms and heliocentric circular orbits, which are considered to be
good approximations until full, time-dependent flight solutions become available after launch. These are the
same assumptions made throughout Sec. 12.4.1. The frequency transfer function included in the response
127

Figure 40: Normalised auto-correlated response of TDI channel X at time t = 0 in the Solar System barycentre
reference frame, at frequencies f = 10−4 Hz, f = 10−1 Hz, f = 5 × 10−1 Hz from left to right respectively. Estimates
based on Ref. [455].

induces a frequency dependence in the sky modulation, as may be seen in Fig. 40. This drives the effective
angular resolution as a function of frequency sensitivity and determines the resolution of final maps. The
map-making can be based on a broad-band integration of frequencies or the integration can be split into
narrower frequency bands [455].
The estimator is based on the assumption that the signal and noise components in the timestream data are
Gaussian and maximises the standard Gaussian likelihood. This approach is similar to optimal map-making
steps in CMB analysis (see e.g. Ref. [1327]). In this case, the likelihood for the data is parametrised by the
sky-signal covariance as function of direction. The maximum-likelihood solution for the covariance (signal
intensity) is obtained using a quadratic, iterative estimator which effectively inverts the time-integrated
projection of the sky-signal onto the data. A noise model is added to the total covariance in the likelihood.
The algorithm is tailored to and applied in the pixel domain but it can also be applied in the spherical
harmonic domain. The two choices differ in the use of regularisation methods that need to be applied to the
ill-conditioned problem.
In practice, the data are segmented into short-duration frames, throughout which the sky response of
the detector is considered to be constant. The time-frame length is a key element in the analysis: it sets the
lower limit of frequency space probed, while also setting the maximum pixelisation scale to ensure a smooth
transition on the sky, frame by frame. The covariance of the signal is initially estimated by subtracting
the noise model from the data covariance, and is then noise-weighted over frequencies and projected onto
the sky via the response operator to obtain a map. This operation is performed over all time-segments and
subsequently averaged. The pixel-pixel Fisher matrix relative to the measurement is similarly calculated
and inverted, using singular-value-decomposition techniques to regularise the inversion. The inverse Fisher
matrix is then applied to the sky-and-noise weighted data to extract the optimal map solution. This is
performed iteratively, until convergence requirements are satisfied.
Fig. 41 shows the `-mode transfer function T` for sky-map reconstruction presented in Ref. [455] in the
case of very high SNR injections. This shows the effective angular resolution of LISA at different frequency
pivot points. This is calculated by combining sets of 50 simulations for each frequency window examined.
Each simulation consists of the injection and reconstruction of an `2 C` -flat Gaussian realisation for the sky
GW intensity. The procedure works under the assumption that the frequency and directional dependence
can be separated:
ΩGW (f, n) = Ω(f )P(n).
(173)
For simplicity, the spectral dependence of the signal is taken to be a simple power law, with spectral
index α = 3. The transfer function is defined as T` = C`out /C`in . In this extremely high signal scenario, the
solution converges after a single iteration. As shown in Fig. 41, the higher angular modes are well preserved
when allowing the reconstructor to integrate up to higher frequencies, where there is finer structure in the
response pattern, whereas they are aliased into lower modes when integrating over lower frequencies only.
In the best case scenario of a strong signal at high frequencies, the map-maker can recover anisotropies up
to scales of `max ∼ 15. The reconstruction of a simplified model for the GB background is also tested; it is
found that even though the signal has a relatively high SNR, it peaks above the noise around 10 −3 Hz and
hence may be recovered at best at `max ∼ 5.
The estimator currently assumes a fixed instrumental noise model, however it is possible to include
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Figure 41: Transfer functions T` for the average reconstructed C` s obtained with different frequency cutoffs fmax ,
drawn from Ref. [455]. Each simulation set consists of 50 maps, each a different realisation of the same C` input
(dashed grey baseline). There appears to be a clear one-to-one relation between the resolution `max of the instrument
and the frequency cutoff.
independent noise estimates for each time segment. A possible extension of this method would fit for both
signal and noise components simultaneously. The current noise model employed in the mapping pipeline
is the one presented in Sec. 12.1. It is also possible to extend the estimator to include different spectral
shapes for the signal, beyond a simple power law, or alternatively solve for maps in narrow frequency bands to
attempt a model-independent directional search. Furthermore, it is important to note that the Fisher matrix
is highly singular and requires heavy conditioning before inversion; this is a delicate process which may bias
the outcome of the mapping, and further investigation is required to assess its impact. The implications of
the inversion for certain high and low SNR stationary SGWB signals are discussed in Ref. [455].
Going a step further, a recently developed Bayesian formalism [1328] allows for simultaneous estimation
of the frequency and directional content of a SGWB with LISA.37 One again starts with the assumption in
Eq. (173), where a frequency dependence of choice could be inserted, for example a simple power law (as for
example in [589, 810, 1311, 1329]), while the angular dependence can be decomposed with respect to a basis
on the sphere, such as spherical harmonics.
One can then divide LISA data into segments of duration Tseg and compute the Fourier transforms of the
LISA TDI channels in each segment (in either the X-Y-Z or A-E-T configuration). It is then straightforward
to define the likelihood function
!
Y
2 d˜∗t,f C(t, f )−1 d˜t,f
1
˜
L(d|Np , Na , α, Ωα , {bl,m }) =
× exp −
,
(174)
2πTseg |C(t, f )|
Tseg
t,f

where d˜t,f = [d˜X (t, f ), d˜Y (t, f ), d˜Z (t, f )] is the array of data in the Fourier domain for the three LISA
channels (in the time segment t and at frequency f ), and C(t, f ) is the 3 × 3 covariance matrix for the
three channels. The covariance matrix can be modelled to include both instrumental noise (here described
by position and acceleration noise parameters Np and Na ), as well as the astrophysical and cosmological
contributions to the GWB. In this example, we use the amplitude Ωα and spectral index α to describe
the frequency dependence of the astrophysical/cosmological contributions, and the bl,m , coefficients of the
decomposition onto spherical harmonics, to describe the directional dependence. Using this likelihood in
Bayesian parameter estimation, with suitable choices for prior distributions on the free parameters, allows
37 The

code for this analysis pipeline can be found at https://github.com/sharanbngr/blip.
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Figure 42: Simulation (left) and recovery (right) of the white dwarf GB foreground energy density in GWs at 1 mHz,
using one year of data in the Solar System barycentric frame. The bright spot in the map corresponds to the galactic
central bulge. Figure taken from Ref. [1328].

for the recovery of the free parameters. In particular, the recovery of simulated noise and a cosmological
background up to l = 2 is achievable [1328]. The same technique can be applied to study the galactic
foreground due to white dwarf binaries, as shown in Figure 42. Of course, additional model complexity could
be added to this method: for example a more complex instrument noise model, or frequency dependence of
bl,m coefficients, or polarisation dependence of the cosmological model.

12.6

Global fit

One of the main data analysis challenges that LISA will face is to disentangle the various sources that
overlap in time and in frequency. To tackle this problem, the LISA Consortium will employ a global fit
scheme [1330, 1331] for detecting, separating and eventually identifying/classifying many overlapping signals
of astrophysical and hopefully early-universe origin. Different strategies could be employed to tackle this
compelling task. A fully consistent Bayesian framework, ideally the most accurate approach to this problem,
would perform a simultaneous fit of all resolvable sources and SGWBs. From a computational point of view
this would be extremely difficult due to very high dimensionality of the parameter space that would need to
be explored.
A possible approach (for a first step in this direction see Ref. [1316]) would alternate between a step
in which, given some current estimation of co-added background noise (instrumental noise, astrophysical
confusion noise and a possible stochastic cosmological component), resolved events are detected, characterised and subtracted from the data streams, and a step in which the resulting “residual” data is used to
update the knowledge on this background noise. In this step the residual is treated as a component which
simultaneously models instrumental noise as well as the expected confusion noise inferred from the current
catalogues of resolved sources (see Sec. 12.2), and a free-form SGWB spectrum (see Sec. 12.3). The advantage of this approach is that the dimensionality of the parameter inference problem at each of these steps is
significantly lower (since technically we are performing conditional – or Gibbs – sampling at each step) and
could be easily dealt with using standard techniques. Hereafter we discuss the state of the art on integrating
SGWB detection, characterisation and component separation into a LISA global fit pipeline, and the further
developments which are crucial for LISA to match its scientific goals regarding this problem.
The detection of an astrophysical SGWB with an accurate modelling, in the presence of the instrumental
noise has been established in e.g. Refs. [1329, 1332, 1333]. In what concerns the simultaneous estimation of a
cosmological component and one or more astrophysical confusion backgrounds, a number of approaches have
been explored. We anticipate that their conclusions must be considered as preliminary since they all rely on
some simplifying assumptions on the noise modelling, response functions and contamination from resolvedevent misreconstructions, among others. Properly addressing these aspects is one of the main priorities in
the forthcoming years.
Ref. [810] demonstrates the capability of LISA to separate between general astrophysical templates and
a free-form cosmological component of sufficient intensity. In this work the three LISA TDI channels are
fully exploited, using the AET basis [1329, 1334], in particular the ability of the closed-path T channel to
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Figure 43: Measurement of the orbital modulation of the white dwarf binary foreground. In grey: 1500 estimates of
2 2
4π 2
c
Ai (Ai amplitude of the characteristic strain). In red: 50 MCMC results with 8 parameters (2
ΩMod,i = 3H
2πL
0
parameters for BBHs, 4 parameters for white dwarf binaries, 2 parameters for the LISA noise). In green, fit to the
50 MCMC run results to estimate the modulation
from the LISA antenna pattern amplitude at 3 mHz. Modulation

2
2
+ F×,i
. Figure taken from Ref. [1339].
model: ΩMod,i = ΩuDWD,LF F+,i

place strong, independent constraints on the instrumental noise, using the noise model of Sec. 12.1. The
proposed pipeline determines an optimal binning for the reconstruction of the cosmological signal using
maximum likelihood estimation. This binning is then used in a fully Bayesian pipeline implemented in the
Cosmological sampling framework Cobaya [1335], to jointly estimate the parameters of the noise model,
the amplitude of an astrophysical foreground template, and the free-form binned cosmological component.
Using the Monte Carlo Nested Sampler PolyChord [1336], it turns out that a sufficiently high-SNR brokenpower-law signal can be efficiently reconstructed in the presence of either a power-law model for extragalactic
binaries consistent with LIGO/Virgo observations [736], or a foreground of GBs modelled as in Ref. [1337].
On the contrary, SGWBs with SNR . 10 such as flat signal with ΩGW . 10−13 are likely to escape the LISA
searches.
Another step in this direction is taken in Ref. [1338] and Ref. [1339] which progressively increase the
complexity of the foreground. The analyses adopt a Bayesian strategy based on an Adaptive MCMC algorithm [1340, 1341] analysing the A, E and T channels given by the LISA model of Ref. [1299]. The
Adaptive MCMC results are independently confirmed by an analysis from the Fisher information matrix.
Also with these analyses, it turns out that the LISA T channel helps to efficiently estimate the LISA noise
parameters and to thus measure the SGWB in the A and E channels. Ultimately, it comes out that LISA
can detect (power-law) cosmological backgrounds in the presence of astrophysical foregrounds. In particular,
given the expected LISA noise and the astrophysical foreground consistent with LIGO/Virgo observations,
it is possible to observe a flat power-law SGWB with amplitude larger than ΩGW,Cosmo ≈ (1 − 10) × 10−13
after 4 years of LISA observations [1338]. Ref. [1339] makes this lower bound more robust by adding the
foreground due to GBs simulated with the binary catalogues of Ref. [1310]. The study takes into account
that the GB foreground measured by LISA has a yearly modulation (see Fig. 43). It implements a Bayesian
analysis for each week in the year, and the corresponding variation of the LISA pattern antenna. Based
on this analysis, the reconstruction of the amplitude of a flat SGWB has uncertainties below 50% when
ΩGW,Cosmo & 8 × 10−13 (see Fig. 44).
Similar efforts is carried out in the context of ground-based experiments. Ref. [1342] explores a method for
the simultaneous estimation of astrophysical and cosmological SGWBs in the frequency band of current and
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Figure 44: Cosmological amplitude uncertainty estimates from the Fisher Information study denoted by solid lines
and from the MCMC by crosses. The upper horizontal dashed line represents the error level 50%. Figure taken from
Ref. [1339].

future terrestrial interferometers. As an example, the detection of cosmological signals with GW fractional
energy density 4.5 × 10−13 at 25 Hz, for cosmic strings, and 2.2 × 10−13 , for a broken power-law model of
an early universe phase transition, turns out to be possible in the presence of astrophysical confusion noise
from compact binary coalescences, assuming a detector network containing CE and ET. In these approaches,
reasonable levels of individual source subtraction are always assumed [1313, 1343–1345], given that future
detector networks should be sensitive enough to accurately resolve a large fraction of the compact binary
mergers in the visible universe.
Ref. [1346] explores an alternative method to source subtraction. It proposes a Bayesian framework for
simultaneously measuring individual compact binary mergers and a confusion foreground of these sources,
together with a cosmological background. This method, in which the parameters of individual events are
approximately marginalised-over, takes into account the non-Gaussian nature of the astrophysical signal (see
Sec. 12.2), increasing the sensitivity to the Gaussian cosmological background. The capability of the method
is demonstrated with a combination of an astrophysical foreground of merging BBHs and a cosmological
background with a power-law spectrum.
The methods of both Refs. [1342, 1346] could be adapted for the space-based detector LISA. In doing
so, one should keep in mind that the corresponding spectral separation study for LISA would be more
involved due to the nature of the TDI and the necessity to simultaneously estimate the LISA noise. A
successful contribution separation will give us valuable information on the one hand about merger rates and
population models and the astrophysics of exotic objects, and on the other about phenomenology in early
universe models. This is indeed a research line that should be incentivated over the next years.
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Research Project PGC2018-094773-B-C32 [MINECO-FEDER]; Research Project PGC2018-094773-B-C32
[MINECO-FEDER]; ROMFORSK grant Project. No. 302640; Royal Society grant URF/R1/180009 and
ERC StG 949572: SHADE; Shota Rustaveli National Science Foundation (SRNSF) of Georgia (grant FR/181462); Simons Foundation/SFARI 560536; SNSF Ambizione grant; SNSF professorship grant (No. 170547);
Spanish MINECO’s “Centro de Excelencia Severo Ochoa” Programme grants SEV-2016-0597 and PID2019133

110058GB-C22; Spanish Ministry MCIU/AEI/FEDER grant (PGC2018-094626-B-C21); Spanish Ministry of
Science and Innovation (PID2020-115845GB-I00/AEI/10.13039/501100011033); Spanish Proyectos de I+D
via grant PGC2018-096646-A-I00; STFC Consolidated grant ST/T000732/1; STFC Consolidated Grants
ST/P000762/1 and ST/T000791/1; STFC grant ST/S000550/1; STFC grant ST/T000813/1; STFC grants
ST/P000762/1 and ST/T000791/1; STFC under the research grant ST/P000258/1; Swiss National Science Foundation (SNSF), project The Non-Gaussian Universe and Cosmological Symmetries, project number: 200020-178787; Swiss National Science Foundation Professorship grants No. 170547 and No. 191957;
SwissMap National Center for Competence in Research; “The Dark Universe: A Synergic Multi-messenger
Approach” number 2017X7X85K under the MIUR program PRIN 2017; UK Space Agency; UKSA Flagship
Project, Euclid.

References
[1] LISA, P. Amaro-Seoane et al., 1702.00786.
[2] LISA Science Study Team, LISA Science Requirements Document, 2018.
[3] LISA Astrophysics Working Group, P. Amaro-Seoane et al., 2203.06016.
[4] LISA Data Challenge Working Group.
[5] LISA Fundamental Physics Working Group.
[6] LISA Waveform Working Group.
[7] B.F. Schutz, Nature 323 (1986) 310.
[8] LIGO Scientific, Virgo, 1M2H, Dark Energy Camera GW-E, DES, DLT40, Las Cumbres Observatory,
VINROUGE, MASTER, B.P. Abbott et al., Nature 551 (2017) 85, 1710.05835.
[9] D.E. Holz and S.A. Hughes, Astrophys. J. 629 (2005) 15, astro-ph/0504616.
[10] N. Tamanini et al., JCAP 04 (2016) 002, 1601.07112.
[11] N. Tamanini, J. Phys. Conf. Ser. 840 (2017) 012029, 1612.02634.
[12] LISA Cosmology Working Group, E. Belgacem et al., JCAP 07 (2019) 024, 1906.01593.
[13] LIGO Scientific, Virgo, B.P. Abbott et al., Phys. Rev. Lett. 119 (2017) 161101, 1710.05832.
[14] LIGO Scientific, Virgo, 1M2H, Dark Energy Camera GW-E, DES, DLT40, Las Cumbres Observatory,
VINROUGE, MASTER, B.P. Abbott et al., Nature 551 (2017) 85, 1710.05835.
[15] LIGO Scientific, VIRGO, KAGRA, R. Abbott et al., 2111.03604.
[16] J. Kormendy and L.C. Ho, Ann. Rev. Astron. Astrophys. 51 (2013) 511, 1304.7762.
[17] A.W. Graham, Astrophys. Space Sci. Libr. 418 (2016) 263, 1501.02937.
[18] J.E. Greene, J. Strader and L.C. Ho, Ann. Rev. Astron. Astrophys. 58 (2020) 257, 1911.09678.
[19] J. Salcido et al., Mon. Not. Roy. Astron. Soc. 463 (2016) 870, 1601.06156.
[20] M.L. Katz et al., Mon. Not. Roy. Astron. Soc. 491 (2020) 2301, 1908.05779.
[21] M. Volonteri et al., Mon. Not. Roy. Astron. Soc. 498 (2020) 2219, 2005.04902.
[22] M. Volonteri, F. Haardt and P. Madau, Astrophys. J. 582 (2003) 559, astro-ph/0207276.
[23] E. Barausse et al., Astrophys. J. 904 (2020) 16, 2006.03065.
[24] A. Ricarte and P. Natarajan, Mon. Not. Roy. Astron. Soc. 481 (2018) 3278, 1809.01177.
134

[25] A. Trinca et al., Mon. Not. Roy. Astron. Soc. 511 (2022) 616, 2201.02630.
[26] R. Valiante et al., Mon. Not. Roy. Astron. Soc. 474 (2018) 3825, 1801.08165.
[27] A. Klein et al., Phys. Rev. D 93 (2016) 024003, 1511.05581.
[28] A. Sesana et al., Phys. Rev. D 83 (2011) 044036, 1011.5893.
[29] M. Bonetti et al., Mon. Not. Roy. Astron. Soc. 486 (2019) 4044, 1812.01011.
[30] A. Mangiagli et al., Phys. Rev. D 102 (2020) 084056, 2006.12513.
[31] S. Marsat, J.G. Baker and T. Dal Canton, Phys. Rev. D 103 (2021) 083011, 2003.00357.
[32] V. Baibhav, E. Berti and V. Cardoso, Phys. Rev. D 101 (2020) 084053, 2001.10011.
[33] B.D. Farris et al., Mon. Not. Roy. Astron. Soc. 447 (2015) L80, 1409.5124.
[34] Y. Tang, Z. Haiman and A. Macfadyen, Mon. Not. Roy. Astron. Soc. 476 (2018) 2249, 1801.02266.
[35] S. D’Ascoli et al., Astrophys. J. 865 (2018) 140, 1806.05697.
[36] T. Dal Canton et al., Astrophys. J. 886 (2019) 146, 1902.01538.
[37] LSST Science, LSST Project, P.A. Abell et al., 0912.0201.
[38] J.D. Schnittman and J.H. Krolik, Astrophys. J. 684 (2008) 835, 0802.3556.
[39] E.M. Rossi et al., Mon. Not. Roy. Astron. Soc. 401 (2010) 2021, 0910.0002.
[40] C. Palenzuela, L. Lehner and S.L. Liebling, Science 329 (2010) 927, 1005.1067.
[41] A. Khan et al., Phys. Rev. D 97 (2018) 044036, 1801.02624.
[42] C. Yuan et al., Astrophys. J. Lett. 911 (2021) L15, 2101.05788.
[43] K. Nandra et al., 1306.2307.
[44] P.E. Dewdney et al., IEEE Proceedings 97 (2009) 1482.
[45] Extremely large telescope, https://elt.eso.org/, Accessed: 2021-04-06.
[46] W. Del Pozzo, A. Sesana and A. Klein, Mon. Not. Roy. Astron. Soc. 475 (2018) 3485, 1703.01300.
[47] D. Laghi et al., Mon. Not. Roy. Astron. Soc. 508 (2021) 4512, 2102.01708.
[48] L. Speri et al., Phys. Rev. D 103 (2021) 083526, 2010.09049.
[49] H.Y. Chen, M. Fishbach and D.E. Holz, Nature 562 (2018) 545, 1712.06531.
[50] LIGO Scientific, Virgo, M. Fishbach et al., Astrophys. J. Lett. 871 (2019) L13, 1807.05667.
[51] R. Gray et al., Phys. Rev. D 101 (2020) 122001, 1908.06050.
[52] A. Finke et al., JCAP 08 (2021) 026, 2101.12660.
[53] C. Howlett and T.M. Davis, Mon. Not. Roy. Astron. Soc. 492 (2020) 3803, 1909.00587.
[54] S. Mukherjee et al., Astron. Astrophys. 646 (2021) A65, 1909.08627.
[55] C. Nicolaou et al., Mon. Not. Roy. Astron. Soc. 495 (2020) 90, 1909.09609.
[56] LIGO Scientific, Virgo, R. Abbott et al., Astrophys. J. Lett. 913 (2021) L7, 2010.14533.
[57] K. Kyutoku and N. Seto, Phys. Rev. D 95 (2017) 083525, 1609.07142.
135

[58] LISA, P. Amaro-Seoane et al., 1702.00786.
[59] C.J. Moore, D. Gerosa and A. Klein, Mon. Not. Roy. Astron. Soc. 488 (2019) L94, 1905.11998.
[60] S. Babak et al., Phys. Rev. D 95 (2017) 103012, 1703.09722.
[61] Z. Barkat, G. Rakavy and N. Sack, Phys. Rev. Lett. 18 (1967) 379.
[62] W.A. Fowler and F. Hoyle, Astrophys. J. Suppl. 9 (1964) 201.
[63] A. Heger and S.E. Woosley, Astrophys. J. 567 (2002) 532, astro-ph/0107037.
[64] C.L. Fryer, S.E. Woosley and A. Heger, Astrophys. J. 550 (2001) 372, astro-ph/0007176.
[65] A. Heger et al., Astrophys. J. 591 (2003) 288, astro-ph/0212469.
[66] K. Belczynski et al., Astron. Astrophys. 594 (2016) A97, 1607.03116.
[67] R. Farmer et al., 1910.12874.
[68] R. Farmer et al., Astrophys. J. Lett. 902 (2020) L36, 2006.06678.
[69] W.M. Farr et al., Astrophys. J. Lett. 883 (2019) L42, 1908.09084.
[70] J.M. Ezquiaga and D.E. Holz, (2022), 2202.08240.
[71] J.M. Ezquiaga and D.E. Holz, Astrophys. J. Lett. 909 (2021) L23, 2006.02211.
[72] N. Seto, S. Kawamura and T. Nakamura, Phys. Rev. Lett. 87 (2001) 221103, astro-ph/0108011.
[73] A. Nishizawa et al., Phys. Rev. D 85 (2012) 044047, 1110.2865.
[74] C. Bonvin et al., Phys. Rev. D 95 (2017) 044029, 1609.08093.
[75] N. Tamanini et al., Phys. Rev. D 101 (2020) 063002, 1907.02018.
[76] K. Inayoshi et al., Phys. Rev. D 96 (2017) 063014, 1702.06529.
[77] S. Karki et al., Rev. Sci. Instrum. 87 (2016) 114503, 1608.05055.
[78] H.Y. Chen et al., Astrophys. J. Lett. 908 (2021) L4, 2011.01211.
[79] LIGO Scientific, Virgo, B.P. Abbott et al., Phys. Rev. X 9 (2019) 011001, 1805.11579.
[80] D.E. Holz and E.V. Linder, Astrophys. J. 631 (2005) 678, astro-ph/0412173.
[81] C.M. Hirata, D.E. Holz and C. Cutler, Phys. Rev. D 81 (2010) 124046, 1004.3988.
[82] G. Cusin and N. Tamanini, Mon. Not. Roy. Astron. Soc. 504 (2021) 3610, 2011.15109.
[83] H.Y. Chen, Phys. Rev. Lett. 125 (2020) 201301, 2006.02779.
[84] L. Verde, T. Treu and A.G. Riess, Nature Astron. 3 (2019) 891, 1907.10625.
[85] Planck, N. Aghanim et al., Astron. Astrophys. 641 (2020) A6, 1807.06209,
tron.Astrophys. 652, C4 (2021)].

[Erratum: As-

[86] ACT, S. Aiola et al., JCAP 12 (2020) 047, 2007.07288.
[87] DES, T.M.C. Abbott et al., Mon. Not. Roy. Astron. Soc. 480 (2018) 3879, 1711.00403.
[88] A.G. Riess et al., Astrophys. J. 876 (2019) 85, 1903.07603.
[89] A.G. Riess et al., (2021), 2112.04510.
136

[90] K.C. Wong et al., Mon. Not. Roy. Astron. Soc. 498 (2020) 1420, 1907.04869.
[91] D.W. Pesce et al., Astrophys. J. Lett. 891 (2020) L1, 2001.09213.
[92] W.L. Freedman et al., 1907.05922.
[93] LIGO Scientific, Virgo, VIRGO, B.P. Abbott et al., Astrophys. J. 909 (2021) 218, 1908.06060,
[Erratum: Astrophys.J. 923, 279 (2021)].
[94] S. Nissanke et al., 1307.2638.
[95] B.S. Sathyaprakash, B.F. Schutz and C. Van Den Broeck, Class. Quant. Grav. 27 (2010) 215006,
0906.4151.
[96] W. Zhao et al., Phys. Rev. D 83 (2011) 023005, 1009.0206.
[97] R.G. Cai and T. Yang, Phys. Rev. D 95 (2017) 044024, 1608.08008.
[98] S.J. Jin et al., JCAP 03 (2020) 051, 2001.05393.
[99] K. Kyutoku and N. Seto, Mon. Not. Roy. Astron. Soc. 462 (2016) 2177, 1606.02298.
[100] C.L. MacLeod and C.J. Hogan, Phys. Rev. D 77 (2008) 043512, 0712.0618.
[101] B. Henriques et al., Mon. Not. Roy. Astron. Soc. 431 (2013) 3373, 1212.1717.
[102] LIGO Scientific, Virgo, R. Abbott et al., Phys. Rev. Lett. 125 (2020) 101102, 2009.01075.
[103] A. Toubiana et al., Phys. Rev. Lett. 126 (2021) 101105, 2010.06056.
[104] M.J. Graham et al., Phys. Rev. Lett. 124 (2020) 251102, 2006.14122.
[105] N. Muttoni et al., Phys. Rev. D 105 (2022) 043509, 2109.13934.
[106] D. Spergel et al., 1503.03757.
[107] L. Amendola et al., Living Rev. Rel. 21 (2018) 2, 1606.00180.
[108] Pan-STARRS1, D.M. Scolnic et al., Astrophys. J. 859 (2018) 101, 1710.00845.
[109] D. Laghi, 55th Rencontres de Moriond on Gravitation, 2021, 2106.02053.
[110] R.G. Cai et al., Phys. Rev. D 97 (2018) 103005, 1712.00952.
[111] G. Risaliti and E. Lusso, Nature Astron. 3 (2019) 272, 1811.02590.
[112] H. Velten and S. Gomes, Phys. Rev. D 101 (2020) 043502, 1911.11848.
[113] T. Yang, A. Banerjee and E.O. Colgáin, Phys. Rev. D 102 (2020) 123532, 1911.01681.
[114] A. Banerjee et al., 2102.02098.
[115] eROSITA, A. Merloni et al., 1209.3114.
[116] Euclid, R. Barnett et al., Astron. Astrophys. 631 (2019) A85, 1908.04310.
[117] M. Chevallier and D. Polarski, Int. J. Mod. Phys. D 10 (2001) 213, gr-qc/0009008.
[118] E.V. Linder, Phys. Rev. Lett. 90 (2003) 091301, astro-ph/0208512.
[119] C. Wetterich, Nucl. Phys. B 302 (1988) 668, 1711.03844.
[120] I. Zlatev, L.M. Wang and P.J. Steinhardt, Phys. Rev. Lett. 82 (1999) 896, astro-ph/9807002.
137

[121] C. Armendariz-Picon, V.F. Mukhanov and P.J. Steinhardt, Phys. Rev. Lett. 85 (2000) 4438, astroph/0004134.
[122] C. Deffayet et al., JCAP 10 (2010) 026, 1008.0048.
[123] C. Wetterich, Astron. Astrophys. 301 (1995) 321, hep-th/9408025.
[124] L. Amendola, Phys. Rev. D 62 (2000) 043511, astro-ph/9908023.
[125] A.Y. Kamenshchik, U. Moschella and V. Pasquier, Phys. Lett. B 511 (2001) 265, gr-qc/0103004.
[126] M. Li, Phys. Lett. B 603 (2004) 1, hep-th/0403127.
[127] E.J. Copeland, M. Sami and S. Tsujikawa, Int. J. Mod. Phys. D 15 (2006) 1753, hep-th/0603057.
[128] M. Li et al., Commun. Theor. Phys. 56 (2011) 525, 1103.5870.
[129] M. Ishak, Living Rev. Rel. 22 (2019) 1, 1806.10122.
[130] D. Huterer and D.L. Shafer, Rept. Prog. Phys. 81 (2018) 016901, 1709.01091.
[131] E. Di Valentino et al., Class. Quant. Grav. 38 (2021) 153001, 2103.01183.
[132] E. Di Valentino, A. Melchiorri and O. Mena, Phys. Rev. D 96 (2017) 043503, 1704.08342.
[133] E. Di Valentino, A. Melchiorri and J. Silk, Phys. Lett. B 761 (2016) 242, 1606.00634.
[134] R.E. Keeley et al., JCAP 12 (2019) 035, 1905.10198.
[135] M. Raveri, Phys. Rev. D 101 (2020) 083524, 1902.01366.
[136] L. Knox and M. Millea, Phys. Rev. D 101 (2020) 043533, 1908.03663.
[137] R.G. Cai, N. Tamanini and T. Yang, JCAP 05 (2017) 031, 1703.07323.
[138] C. Caprini and N. Tamanini, JCAP 10 (2016) 006, 1607.08755.
[139] V. Sahni and A. Starobinsky, Int. J. Mod. Phys. D 15 (2006) 2105, astro-ph/0610026.
[140] U. Alam et al., Mon. Not. Roy. Astron. Soc. 344 (2003) 1057, astro-ph/0303009.
[141] D. Huterer and G. Starkman, Phys. Rev. Lett. 90 (2003) 031301, astro-ph/0207517.
[142] J. Baker et al., Exper. Astron. 51 (2021) 1441, 1908.11410.
[143] DESI, A. Aghamousa et al., 1611.00036.
[144] EUCLID, R. Laureijs et al., 1110.3193.
[145] R.O.L.S.S.S. Collaboration et al., The scientific impact of the vera c. rubin observatory’s legacy
survey of space and time (lsst) for solar system science, 2020, 2009.07653.
[146] M. Hazumi et al., Space Telescopes and Instrumentation 2012: Optical, Infrared, and Millimeter
Wave, edited by M.C. Clampin et al., , Society of Photo-Optical Instrumentation Engineers (SPIE)
Conference Series Vol. 8442, p. 844219, 2012.
[147] H. Zhan and J.A. Tyson, Rept. Prog. Phys. 81 (2018) 066901, 1707.06948.
[148] J.Z. Qi et al., JCAP 12 (2021) 042, 2102.01292.
[149] A. Loeb, Astrophys. J. Lett. 499 (1998) L111, astro-ph/9802122.
[150] C. Bonvin, R. Durrer and M.A. Gasparini, Phys. Rev. D 73 (2006) 023523, astro-ph/0511183, [Erratum: Phys.Rev.D 85, 029901 (2012)].
138

[151] C. Bonvin, R. Durrer and M. Kunz, Phys. Rev. Lett. 96 (2006) 191302, astro-ph/0603240.
[152] A. Nishizawa, A. Taruya and S. Saito, Phys. Rev. D 83 (2011) 084045, 1011.5000.
[153] S. Mukherjee et al., Phys. Rev. D 103 (2021) 043520, 2007.02943.
[154] A. Sesana, Phys. Rev. Lett. 116 (2016) 231102, 1602.06951.
[155] P. Amaro-Seoane and L. Santamaria, Astrophys. J. 722 (2010) 1197, 0910.0254.
[156] K. Jani, D. Shoemaker and C. Cutler, Nature Astron. 4 (2019) 260, 1908.04985.
[157] M.A. Sedda et al., Class. Quant. Grav. 37 (2020) 215011, 1908.11375.
[158] D. Gerosa et al., Phys. Rev. D 99 (2019) 103004, 1902.00021.
[159] A. Mangiagli et al., Astrophys. J. Lett. 883 (2019) L27, 1907.12562.
[160] W.H. Ruan et al., Int. J. Mod. Phys. A 35 (2020) 2050075, 1807.09495.
[161] L.F. Wang et al., JCAP 11 (2020) 012, 1907.01838.
[162] L.F. Wang et al., Sci. China Phys. Mech. Astron. 65 (2022) 210411, 2101.11882.
[163] R. Wang et al., 2010.14732.
[164] P. Baral, S.K. Roy and S. Pal, Mon. Not. Roy. Astron. Soc. 500 (2020) 2896, 2005.07231.
[165] Z.W. Zhao et al., Sci. Bull. 65 (2020) 1340, 1912.11629.
[166] P. Laguna et al., Astrophys. J. Lett. 715 (2010) L12, 0905.1908.
[167] S. Camera and A. Nishizawa, Phys. Rev. Lett. 110 (2013) 151103, 1303.5446.
[168] M. Oguri, Phys. Rev. D 93 (2016) 083511, 1603.02356.
[169] A. Raccanelli et al., Phys. Rev. D 94 (2016) 023516, 1605.01405.
[170] A. Raccanelli, Mon. Not. Roy. Astron. Soc. 469 (2017) 656, 1609.09377.
[171] G. Scelfo et al., JCAP 09 (2018) 039, 1809.03528.
[172] G. Scelfo et al., JCAP 10 (2020) 045, 2007.08534.
[173] S. Mukherjee and B.D. Wandelt, 1808.06615.
[174] C. Bonvin and R. Durrer, Phys. Rev. D 84 (2011) 063505, 1105.5280.
[175] S. Libanore et al., JCAP 02 (2021) 035, 2007.06905.
[176] S. Bird et al., Phys. Rev. Lett. 116 (2016) 201301, 1603.00464.
[177] K. Osato, Phys. Rev. D 98 (2018) 083524, 1807.00016.
[178] S. Mukherjee, B.D. Wandelt and J. Silk, Mon. Not. Roy. Astron. Soc. 494 (2020) 1956, 1908.08951.
[179] S. Mukherjee, B.D. Wandelt and J. Silk, Phys. Rev. D 101 (2020) 103509, 1908.08950.
[180] C.R. Contaldi, Phys. Lett. B 771 (2017) 9, 1609.08168.
[181] G. Cusin, C. Pitrou and J.P. Uzan, Phys. Rev. D 96 (2017) 103019, 1704.06184.
[182] G. Cusin, C. Pitrou and J.P. Uzan, Phys. Rev. D 97 (2018) 123527, 1711.11345.
[183] G. Cusin et al., Phys. Rev. Lett. 120 (2018) 231101, 1803.03236.
139

[184] A.C. Jenkins et al., Phys. Rev. Lett. 122 (2019) 111101, 1810.13435.
[185] A.C. Jenkins and M. Sakellariadou, Phys. Rev. D 98 (2018) 063509, 1802.06046.
[186] A.C. Jenkins et al., Phys. Rev. D 98 (2018) 063501, 1806.01718.
[187] G. Cusin et al., Phys. Rev. D 100 (2019) 063004, 1904.07797.
[188] G. Cusin et al., Mon. Not. Roy. Astron. Soc. 493 (2020) L1, 1904.07757.
[189] A.C. Jenkins and M. Sakellariadou, Phys. Rev. D 100 (2019) 063508, 1902.07719.
[190] A.C. Jenkins, J.D. Romano and M. Sakellariadou, Phys. Rev. D 100 (2019) 083501, 1907.06642.
[191] D. Bertacca et al., Phys. Rev. D 101 (2020) 103513, 1909.11627.
[192] C. Pitrou, G. Cusin and J.P. Uzan, Phys. Rev. D 101 (2020) 081301, 1910.04645.
[193] S. Mukherjee and J. Silk, Mon. Not. Roy. Astron. Soc. 491 (2020) 4690, 1912.07657.
[194] D. Alonso et al., Phys. Rev. D 102 (2020) 023002, 2002.02888.
[195] G. Cusin, R. Durrer and P.G. Ferreira, Phys. Rev. D 99 (2019) 023534, 1807.10620.
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