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Precision theory and experiment
Precise deviations between Standard 

Model theory and experiment could be 
our best probes of physics beyond the 
Standard Model

New physics searches sensitive to low-
energy hadronic physics require 
nonperturbative QCD input

QCD path integrals turned into large but 
finite dimensional integrals by 
discretizing spacetime (UV regulator) 
and working in a finite volume         
(IR regulator)

Monte Carlo methods enable 
calculations on large but finite 
computers

W. Detmold
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Lattice QCD+QED

Precise LQCD+QED determinations of meson and baryon masses have 
reproduced experimental results and made new predictions

High precision calculations of physical quantities require including dynamical 
QED effects nonperturbatively in lattice QCD calculations

Extending precise LQCD+QED results to multi-hadron systems including 
nuclei faces both numerical and theoretical challenges

Borsanyi et al, Science, vol. 347 (2015)



New physics and nuclei
Nuclei are abundant and useful 

experimental targets
Xenon1T constraint on dark matter-nucleus

Converting between nuclear- and 
nucleon-level cross-sections requires

• Nuclear models (error bar ?s)  

• Direct LQCD calculations (impractical) 

• LQCD informed EFT + modeling

Next-generation accelerator neutrino experiments require 
few-percent level control of nuclear cross-sections

DUNEStandard Model predictions with controlled uncertainties essential

Abi et al, DUNE Technical Design Report arXiv:2002.03005

Aprile et al, PRD 103 (2021) 



Nuclei and lattice QCD

Parreño, MW et al [NPLQCD] PRD 103 (2021)

Exploratory calculations performed of nuclear matrix elements relevant for 
electroweak and beyond-Standard-Model processes

Systematic uncertainties not yet fully 
controlled (one lattice spacing, 
heavy quark masses, …)

Exponential signal-to-noise degradation limits LQCD calculations to lightest nuclei, 
and so far to unphysically heavy quark masses

Review, Davoudi, MW et al, Phys.Rept. 900 (2021)

Results provide proof-of-principle 
that LQCD can determine 
properties and interactions of 
multi-nucleon systems

Triton beta-decay
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QCD+QED phenomenology
Charged hadron scattering High charge-density systems

Boundaries of periodic table 
determined by competition between 
QCD and QED

LQCD+QED calculations in principle 
can disentangle nonperturbative 
QED and QCD effects in nuclei

Precise predictions of isospin-violating 
differences between pp, pn, and nn 
scattering lengths would improve 
nuclear EFTs

LQCD+QED can separate strong and 
electromagnetic isospin violation in 
nucleon-nucleon scattering lengths
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QCD+QED in a box
LQCD+QED for                nuclei faces several obstacles:

Exponential signal-to-noise degradation with increasing baryon number
— Not this talk. Start with LQCD+QED   for charged mesons with 

unphysically large      to explore high charge density systems at lower cost

Charged systems in a box with periodic 
boundary conditions violate Gauss’s law

—  QED   removes spatial zero-mode of photon, 
equivalent to adding uniform density of 
opposite charge

L

QCD+QED   preserves symmetries of QCD+QED but violates localityL

— Subtleties of nonlocal field theory must be understood in order to match 
LQCD+QED  results to hadronic EFTsL

Hayakawa and Uno, Prog. Theor. Phys. 120 (2008)Duncan et al, PRL 76 (1996) Blum et al, PRD 76 (2007)

L

↵Z > 1
<latexit sha1_base64="BrtdYWqws+XC6B7aiW79QTUd/3I=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0JMUvXisYD+wCWWy3bZLN8myuxFK6N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzQim4Nq777RRWVtfWN4qbpa3tnd298v5BUyepoqxBE5GodoiaCR6zhuFGsLZUDKNQsFY4up36rSemNE/iBzOWLIhwEPM+p2is5Pso5BDJI7kmXrdccavuDGSZeDmpQI56t/zl9xKaRiw2VKDWHc+VJshQGU4Fm5T8VDOJdIQD1rE0xojpIJvdPCEnVumRfqJsxYbM1N8TGUZaj6PQdkZohnrRm4r/eZ3U9K+CjMcyNSym80X9VBCTkGkApMcVo0aMLUGquL2V0CEqpMbGVLIheIsvL5PmWdU7r7r3F5XaTR5HEY7gGE7Bg0uowR3UoQEUJDzDK7w5qfPivDsf89aCk88cwh84nz89fpB/</latexit>

↵
<latexit sha1_base64="vJ0DjKp/7H4i62d8sCAN4zbogsQ=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0V9Bj04jGCeUCyhN7JbDJmdmaZmRVCyD948aCIV//Hm3/jJNmDJhY0FFXddHdFqeDG+v63t7K6tr6xWdgqbu/s7u2XDg4bRmWasjpVQulWhIYJLlndcitYK9UMk0iwZjS8nfrNJ6YNV/LBjlIWJtiXPOYUrZMaHRTpALulsl/xZyDLJMhJGXLUuqWvTk/RLGHSUoHGtAM/teEYteVUsEmxkxmWIh1in7UdlZgwE45n107IqVN6JFbalbRkpv6eGGNizCiJXGeCdmAWvan4n9fObHwdjrlMM8sknS+KM0GsItPXSY9rRq0YOYJUc3croQPUSK0LqOhCCBZfXiaN80pwUfHvL8vVmzyOAhzDCZxBAFdQhTuoQR0oPMIzvMKbp7wX7937mLeuePnMEfyB9/kDjCuPGg==</latexit>

Review: Patella, PoS LATTICE 2016 (2017)

— Either boundary conditions or photon field 
must be modified
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A charged particle in a box
A charged particle system in a finite volume (FV) requires care to define 

=

• Not gauge invariant — must gauge fix to 
obtain non-zero correlation functions

• Violates Gauss’s law — remove zero 
mode

=O

⇣
↵

L

⌘

<latexit sha1_base64="DhsMr8tNE8wxsz3AYAPlvumgWj8=">AAACCXicbVDLSsNAFJ34rPUVdelmsAh1UxKp6LLoxoVgBfuAJpTJdNIMnTyYuRFKyNaNv+LGhSJu/QN3/o3TNgttPXDhcM693HuPlwiuwLK+jaXlldW19dJGeXNre2fX3NtvqziVlLVoLGLZ9YhigkesBRwE6yaSkdATrOONriZ+54FJxePoHsYJc0MyjLjPKQEt9U186wjmQxU7viQ0c4hIApJnNzl2JB8GcNI3K1bNmgIvErsgFVSg2Te/nEFM05BFQAVRqmdbCbgZkcCpYHnZSRVLCB2RIetpGpGQKTebfpLjY60MsB9LXRHgqfp7IiOhUuPQ050hgUDNexPxP6+Xgn/hZjxKUmARnS3yU4EhxpNY8IBLRkGMNSFUcn0rpgHRkYAOr6xDsOdfXiTt05pdr53d1SuNyyKOEjpER6iKbHSOGugaNVELUfSIntErejOejBfj3fiYtS4ZxcwB+gPj8wcDU5nq</latexit>

O
�
e
�m⇡L

�
<latexit sha1_base64="fGL926qqK9iAGd2tGSO9Ez62+j0=">AAACBXicbVA9SwNBEN3zM8avU0stFoOgheFOFC1FGwvBCCYGcmfY28wlS/Y+2J0TwpHGxr9iY6GIrf/Bzn/jJl7h14OBx3szzMwLUik0Os6HNTE5NT0zW5orzy8sLi3bK6sNnWSKQ50nMlHNgGmQIoY6CpTQTBWwKJBwHfRPR/71LSgtkvgKByn4EevGIhScoZHa9saFJyHEbQo3+W7U9lJBz4fUU6Lbw522XXGqzhj0L3ELUiEFam373eskPIsgRi6Z1i3XSdHPmULBJQzLXqYhZbzPutAyNGYRaD8ffzGkW0bp0DBRpmKkY/X7RM4irQdRYDojhj392xuJ/3mtDMMjPxdxmiHE/GtRmEmKCR1FQjtCAUc5MIRxJcytlPeYYhxNcGUTgvv75b+ksVd196sHl/uV45MijhJZJ5tkm7jkkByTM1IjdcLJHXkgT+TZurcerRfr9at1wipm1sgPWG+fzuCXgQ==</latexit>

Massless photon exchange leads to power law FV effects different from 
exponentially suppressed FV effects associated with massive particles

Davoudi and Savage, PRD 90 (2014)

Infinite-volume 
Columb potential

Zero-mode removed 
Coulomb potential

p =
2⇡

L
n

<latexit sha1_base64="YF27wJHwFACgQjvUkHs+J4PpcoM=">AAACDnicbVDLSsNAFJ3UV62vqEs3g6XgqiSlohuh6MaFiwr2AU0ok+mkHTqZDDMToYR8gRt/xY0LRdy6duffOG0jaOuBC4dz7uXeewLBqNKO82UVVlbX1jeKm6Wt7Z3dPXv/oK3iRGLSwjGLZTdAijDKSUtTzUhXSIKigJFOML6a+p17IhWN+Z2eCOJHaMhpSDHSRurbFS9CehSEqcjgBfRCiXBa8wTN0pvsx+JZ3y47VWcGuEzcnJRBjmbf/vQGMU4iwjVmSKme6wjtp0hqihnJSl6iiEB4jIakZyhHEVF+OnsngxWjDGAYS1Ncw5n6eyJFkVKTKDCd0wvVojcV//N6iQ7P/ZRykWjC8XxRmDCoYzjNBg6oJFiziSEIS2puhXiETCTaJFgyIbiLLy+Tdq3q1qunt/Vy4zKPowiOwDE4AS44Aw1wDZqgBTB4AE/gBbxaj9az9Wa9z1sLVj5zCP7A+vgG3sucpw==</latexit>

Quantized momenta
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Two particles in a box

[E(L)� E(1)] / e��L

�L
<latexit sha1_base64="eP0UcBGDN6LZ1lT+XcBB4diKNEU="></latexit>

Infinite-volume bound state

[E(L)� E(1)] / a

ML3
<latexit sha1_base64="wjIZ2hu2OQhKPcJWew8593MVzHQ=">AAACE3icbVDLSgMxFM3UV62vqks3wSK0gmXGCrosSsFFhQr2ATNjyaSZNjSTGZKMMAz9Bzf+ihsXirh1486/MX0stPVA4HDOvdyc40WMSmWa30ZmaXlldS27ntvY3Nreye/utWQYC0yaOGSh6HhIEkY5aSqqGOlEgqDAY6TtDa/GfvuBCElDfqeSiLgB6nPqU4yUlrr5Y7tWrJfgCawVHcp9lZRc6EQijFQIHV8gnKJRegPr95VRN18wy+YEcJFYM1IAMzS6+S+nF+I4IFxhhqS0LTNSboqEopiRUc6JJYkQHqI+sTXlKCDSTSeZRvBIKz3oh0I/ruBE/b2RokDKJPD0ZIDUQM57Y/E/z46Vf+GmlEexIhxPD/kxgzrwuCDYo4JgxRJNEBZU/xXiAdJNKF1jTpdgzUdeJK3TslUpm7dnherlrI4sOACHoAgscA6q4Bo0QBNg8AiewSt4M56MF+Pd+JiOZozZzj74A+PzB828nEc=</latexit>

Infinite-volume scattering state

Volume-dependence of two-
particle states encodes 
scattering phase shifts

Huang, Yang, Phys. Rev. 105 (1957)

Lüscher, Commun. Math. Phys. 105 (1986)

Lüscher’s quantization 
condition and 
generalizations now used 
to study a wide range of 
hadronic resonances
Review: Briceño, Dudek, Young, 

Rev. Mod. Phys. 90 (2018)
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NRQED

Non-Relativistic QED (NRQED) describes low-energy QED for electromagnetic 
bound states, charged particle scattering, hadronic reactions and decays, …

Dual expansion:

↵
<latexit sha1_base64="vJ0DjKp/7H4i62d8sCAN4zbogsQ=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0V9Bj04jGCeUCyhN7JbDJmdmaZmRVCyD948aCIV//Hm3/jJNmDJhY0FFXddHdFqeDG+v63t7K6tr6xWdgqbu/s7u2XDg4bRmWasjpVQulWhIYJLlndcitYK9UMk0iwZjS8nfrNJ6YNV/LBjlIWJtiXPOYUrZMaHRTpALulsl/xZyDLJMhJGXLUuqWvTk/RLGHSUoHGtAM/teEYteVUsEmxkxmWIh1in7UdlZgwE45n107IqVN6JFbalbRkpv6eGGNizCiJXGeCdmAWvan4n9fObHwdjrlMM8sknS+KM0GsItPXSY9rRq0YOYJUc3croQPUSK0LqOhCCBZfXiaN80pwUfHvL8vVmzyOAhzDCZxBAFdQhTuoQR0oPMIzvMKbp7wX7937mLeuePnMEfyB9/kDjCuPGg==</latexit> p/M

<latexit sha1_base64="+JP/2R9+oBlQyjHGNFy2tALCzdg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU01U0GPRixehov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aPXBwOO9GWbmBYng2rjul1NYWl5ZXSuulzY2t7Z3yrt7TR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMrqd+6xGV5rF8MOME/YgOJA85o8ZK98nJba9ccavuDOQv8XJSgRz1Xvmz249ZGqE0TFCtO56bGD+jynAmcFLqphoTykZ0gB1LJY1Q+9ns1Ak5skqfhLGyJQ2ZqT8nMhppPY4C2xlRM9SL3lT8z+ukJrz0My6T1KBk80VhKoiJyfRv0ucKmRFjSyhT3N5K2JAqyoxNp2RD8BZf/kuap1XvrOrenVdqV3kcRTiAQzgGDy6gBjdQhwYwGMATvMCrI5xn5815n7cWnHxmH37B+fgG4ZuNhg==</latexit>

Power counting (on-shell matter particles):

Z
dE

Z
d3k ⇠ p5

M
<latexit sha1_base64="edT/vLULajEEpw8Vsn7nrP6HAp8=">AAACDXicbVDLSgMxFM34rPU16tJNsAquyoxVdFkUwY1QwT6gMy2ZTKYNTTJDkhHKMD/gxl9x40IRt+7d+Temj4W2Hgg5nHMv994TJIwq7Tjf1sLi0vLKamGtuL6xubVt7+w2VJxKTOo4ZrFsBUgRRgWpa6oZaSWSIB4w0gwGVyO/+UCkorG418OE+Bz1BI0oRtpIXfvQo0LD8BpO/k5lAD1FOfQiiXCWdM7y7Dbv2iWn7IwB54k7JSUwRa1rf3lhjFNOhMYMKdV2nUT7GZKaYkbyopcqkiA8QD3SNlQgTpSfja/J4ZFRQhjF0jyz01j93ZEhrtSQB6aSI91Xs95I/M9rpzq68DMqklQTgSeDopRBHcNRNDCkkmDNhoYgLKnZFeI+MjloE2DRhODOnjxPGidlt1J27k5L1ctpHAWwDw7AMXDBOaiCG1ADdYDBI3gGr+DNerJerHfrY1K6YE179sAfWJ8/BXCa6Q==</latexit>

⇠ 1

E � (p+ k)2/M
⇠ M

p2
<latexit sha1_base64="hkfX+S0wxKzxwwgNJDxZ0/LOSpk=">AAACGHicbVDLSsNAFJ3UV62vqEs3g0WoiG1SBV0WRXBTqGAf0KRlMp20QyfJMDMRSshnuPFX3LhQxG13/o3Tx6JWD1w4nHMv997jcUalsqxvI7Oyura+kd3MbW3v7O6Z+wcNGcUCkzqOWCRaHpKE0ZDUFVWMtLggKPAYaXrD24nffCJC0ih8VCNO3AD1Q+pTjJSWumbJkTSAji8QTuw0uYPnsMDPhqedcqmawgWzmia8U067Zt4qWlPAv8SekzyYo9Y1x04vwnFAQoUZkrJtW1y5CRKKYkbSnBNLwhEeoj5paxqigEg3mT6WwhOt9KAfCV2hglN1cSJBgZSjwNOdAVIDuexNxP+8dqz8azehIY8VCfFskR8zqCI4SQn2qCBYsZEmCAuqb4V4gHQOSmeZ0yHYyy//JY1y0b4oWg+X+crNPI4sOALHoABscAUq4B7UQB1g8AxewTv4MF6MN+PT+Jq1Zoz5zCH4BWP8AxOvnpA=</latexit>

Caswell and Lepage, Phys. Lett. 167B (1985)

Kong and Ravndal, Nucl. Phys. A 665 (2000)

Carrasco et al, PRD 91 (2015)
…

⇠ 1

p2
<latexit sha1_base64="5AamDB/jgHtnklbip+LY8rHyiOM=">AAAB/HicbVBNS8NAEJ3Ur1q/oj16WSyCp5JUQY9FLx4r2A9oYtlsN+3S3STsboQS4l/x4kERr/4Qb/4bt20O2vpg4PHeDDPzgoQzpR3n2yqtrW9sbpW3Kzu7e/sH9uFRR8WpJLRNYh7LXoAV5Syibc00p71EUiwCTrvB5Gbmdx+pVCyO7vU0ob7Ao4iFjGBtpIFdRZ5iAnmhxCRz8yx5aOQDu+bUnTnQKnELUoMCrYH95Q1jkgoaacKxUn3XSbSfYakZ4TSveKmiCSYTPKJ9QyMsqPKz+fE5OjXKEIWxNBVpNFd/T2RYKDUVgekUWI/VsjcT//P6qQ6v/IxFSappRBaLwpQjHaNZEmjIJCWaTw3BRDJzKyJjbHLQJq+KCcFdfnmVdBp197zu3F3UmtdFHGU4hhM4AxcuoQm30II2EJjCM7zCm/VkvVjv1seitWQVM1X4A+vzBxhGlGk=</latexit>

Relativistic formalism for FV effects on generic particle-number systems unknown 

Review: Hansen and Sharpe, Ann. Rev. Nucl. Part. Sci. 69 (2019)

Significant recent progress in deriving three-particle quantization conditions



11

Nonperturbative Coulomb

With multiple charged particles, 
loop expansion does not 
correspond to EFT expansion

⌘ =
↵M

2p
> 1

<latexit sha1_base64="3UYvzGuUbvnzkY/0OQuGvsYK1K0=">AAACCHicbVBNS8NAEN3Ur1q/oh49uFgETyWpgl6UohcvQgXbCk0pk+2mXbrZhN2NUEKOXvwrXjwo4tWf4M1/47bNQVsfDDzem2Fmnh9zprTjfFuFhcWl5ZXiamltfWNzy97eaaookYQ2SMQjee+DopwJ2tBMc3ofSwqhz2nLH16N/dYDlYpF4k6PYtoJoS9YwAhoI3XtfY9qwOfYCySQ1AMeDwDfZGkVxxm+wG7XLjsVZwI8T9yclFGOetf+8noRSUIqNOGgVNt1Yt1JQWpGOM1KXqJoDGQIfdo2VEBIVSedPJLhQ6P0cBBJU0Ljifp7IoVQqVHom84Q9EDNemPxP6+d6OCskzIRJ5oKMl0UJBzrCI9TwT0mKdF8ZAgQycytmAzARKJNdiUTgjv78jxpVivuccW5PSnXLvM4imgPHaAj5KJTVEPXqI4aiKBH9Ixe0Zv1ZL1Y79bHtLVg5TO76A+szx8lDJge</latexit>

⇠ ↵

p2
<latexit sha1_base64="/jU8Lo8S0vyEo/WzgF8OJFue4+k=">AAACAHicbVDLSgMxFM3UV62vURcu3ASL4KrMVEGXRTcuK9gHdMaSSTNtaJIJSUYow2z8FTcuFHHrZ7jzb0zbWWjrgQuHc+7l3nsiyag2nvftlFZW19Y3ypuVre2d3T13/6Ctk1Rh0sIJS1Q3QpowKkjLUMNIVyqCeMRIJxrfTP3OI1GaJuLeTCQJORoKGlOMjJX67lGgKYdBrBDOAsTkCOWZfKjnfbfq1bwZ4DLxC1IFBZp99ysYJDjlRBjMkNY935MmzJAyFDOSV4JUE4nwGA1Jz1KBONFhNnsgh6dWGcA4UbaEgTP190SGuNYTHtlOjsxIL3pT8T+vl5r4KsyokKkhAs8XxSmDJoHTNOCAKoINm1iCsKL2VohHyIZhbGYVG4K/+PIyaddr/nnNu7uoNq6LOMrgGJyAM+CDS9AAt6AJWgCDHDyDV/DmPDkvzrvzMW8tOcXMIfgD5/MH9LmWog==</latexit>

⇠ ↵

p2

✓
↵M

p

◆

<latexit sha1_base64="dBBefEO0dX5gVVbPLUgiVSymBUI=">AAACInicbZDLSsNAFIYnXmu9RV26GSxC3ZSkCuqu6MaNUMFeoIllMp00QycXZk6EEvosbnwVNy4UdSX4ME7bLGzrgYGf/zuHM+f3EsEVWNa3sbS8srq2Xtgobm5t7+yae/tNFaeSsgaNRSzbHlFM8Ig1gINg7UQyEnqCtbzB9Zi3HplUPI7uYZgwNyT9iPucEtBW17x0FA+x40tCM4eIJCCjLHmojrAjmA/lGYJvNdNE8n4AJ12zZFWsSeFFYeeihPKqd81PpxfTNGQRUEGU6thWAm5GJHAq2KjopIolhA5In3W0jEjIlJtNThzhY+30sB9L/SLAE/fvREZCpYahpztDAoGaZ2PzP9ZJwb9wMx4lKbCIThf5qcAQ43FeuMcloyCGWhAquf4rpgHRoYBOtahDsOdPXhTNasU+rVh3Z6XaVR5HAR2iI1RGNjpHNXSD6qiBKHpCL+gNvRvPxqvxYXxNW5eMfOYAzZTx8wuctKRP</latexit>

Power counting (on-shell matter particles):

Z
dE

Z
d3k ⇠ p5

M
<latexit sha1_base64="edT/vLULajEEpw8Vsn7nrP6HAp8=">AAACDXicbVDLSgMxFM34rPU16tJNsAquyoxVdFkUwY1QwT6gMy2ZTKYNTTJDkhHKMD/gxl9x40IRt+7d+Temj4W2Hgg5nHMv994TJIwq7Tjf1sLi0vLKamGtuL6xubVt7+w2VJxKTOo4ZrFsBUgRRgWpa6oZaSWSIB4w0gwGVyO/+UCkorG418OE+Bz1BI0oRtpIXfvQo0LD8BpO/k5lAD1FOfQiiXCWdM7y7Dbv2iWn7IwB54k7JSUwRa1rf3lhjFNOhMYMKdV2nUT7GZKaYkbyopcqkiA8QD3SNlQgTpSfja/J4ZFRQhjF0jyz01j93ZEhrtSQB6aSI91Xs95I/M9rpzq68DMqklQTgSeDopRBHcNRNDCkkmDNhoYgLKnZFeI+MjloE2DRhODOnjxPGidlt1J27k5L1ctpHAWwDw7AMXDBOaiCG1ADdYDBI3gGr+DNerJerHfrY1K6YE179sAfWJ8/BXCa6Q==</latexit>

⇠ 1

E � (p+ k)2/M
⇠ M

p2
<latexit sha1_base64="hkfX+S0wxKzxwwgNJDxZ0/LOSpk=">AAACGHicbVDLSsNAFJ3UV62vqEs3g0WoiG1SBV0WRXBTqGAf0KRlMp20QyfJMDMRSshnuPFX3LhQxG13/o3Tx6JWD1w4nHMv997jcUalsqxvI7Oyura+kd3MbW3v7O6Z+wcNGcUCkzqOWCRaHpKE0ZDUFVWMtLggKPAYaXrD24nffCJC0ih8VCNO3AD1Q+pTjJSWumbJkTSAji8QTuw0uYPnsMDPhqedcqmawgWzmia8U067Zt4qWlPAv8SekzyYo9Y1x04vwnFAQoUZkrJtW1y5CRKKYkbSnBNLwhEeoj5paxqigEg3mT6WwhOt9KAfCV2hglN1cSJBgZSjwNOdAVIDuexNxP+8dqz8azehIY8VCfFskR8zqCI4SQn2qCBYsZEmCAuqb4V4gHQOSmeZ0yHYyy//JY1y0b4oWg+X+crNPI4sOALHoABscAUq4B7UQB1g8AxewTv4MF6MN+PT+Jq1Zoz5zCH4BWP8AxOvnpA=</latexit>

⇠ 1

p2
<latexit sha1_base64="5AamDB/jgHtnklbip+LY8rHyiOM=">AAAB/HicbVBNS8NAEJ3Ur1q/oj16WSyCp5JUQY9FLx4r2A9oYtlsN+3S3STsboQS4l/x4kERr/4Qb/4bt20O2vpg4PHeDDPzgoQzpR3n2yqtrW9sbpW3Kzu7e/sH9uFRR8WpJLRNYh7LXoAV5Syibc00p71EUiwCTrvB5Gbmdx+pVCyO7vU0ob7Ao4iFjGBtpIFdRZ5iAnmhxCRz8yx5aOQDu+bUnTnQKnELUoMCrYH95Q1jkgoaacKxUn3XSbSfYakZ4TSveKmiCSYTPKJ9QyMsqPKz+fE5OjXKEIWxNBVpNFd/T2RYKDUVgekUWI/VsjcT//P6qQ6v/IxFSappRBaLwpQjHaNZEmjIJCWaTw3BRDJzKyJjbHLQJq+KCcFdfnmVdBp197zu3F3UmtdFHGU4hhM4AxcuoQm30II2EJjCM7zCm/VkvVjv1seitWQVM1X4A+vzBxhGlGk=</latexit>

Coulomb ladder diagrams 
must be resumed for 

Applying power counting:
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Two Charged Particles in a Box
In finite-volume with PBCs, momenta are quantized p =

2⇡

L
n, n 2 Z3

<latexit sha1_base64="1VKD+Z1opSPYEuc8DS1YPDIkU+k=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0VQkJK0gm6EohsXLirYBzaxTKaTduhkEmYmQgn5Bjf+ihsXirh15c6/cdJmoa0HLhzOuZd77/EiRqWyrG+jsLC4tLxSXC2trW9sbpnbOy0ZxgKTJg5ZKDoekoRRTpqKKkY6kSAo8Bhpe6PLzG8/ECFpyG/VOCJugAac+hQjpaWeeRTBc+j4AuGk6kQ0Ta5TyI+hA7lDOXQCpIael9yl97WeWbYq1gRwntg5KYMcjZ755fRDHAeEK8yQlF3bipSbIKEoZiQtObEkEcIjNCBdTTkKiHSTyUspPNBKH/qh0MUVnKi/JxIUSDkOPN2Z3ShnvUz8z+vGyj9zE8qjWBGOp4v8mEEVwiwf2KeCYMXGmiAsqL4V4iHS+SidYkmHYM++PE9a1Ypdq1g3J+X6RR5HEeyBfXAIbHAK6uAKNEATYPAInsEreDOejBfj3fiYthaMfGYX/IHx+QM445yT</latexit>

Coulomb ladder diagrams must be nonperturbatively resumed for large enough 
volumes that                                  ↵M/p ⇠ ↵ML � 1

<latexit sha1_base64="ZmFixeFoqc1zZgIxip6Tey7ylIk=">AAACC3icbVDLSgMxFM3UV62vUZduQovgqs6ooMuiGxcKFewDOkPJpJk2NMmEJCOUoXs3/oobF4q49Qfc+Tem7SBaPXDhcM693HtPJBnVxvM+ncLC4tLySnG1tLa+sbnlbu80dZIqTBo4YYlqR0gTRgVpGGoYaUtFEI8YaUXDi4nfuiNK00TcmpEkIUd9QWOKkbFS1y0HiMkBgtfwEEoYaMrht3IFg34f+l234lW9KeBf4uekAnLUu+5H0EtwyokwmCGtO74nTZghZShmZFwKUk0kwkPUJx1LBeJEh9n0lzHct0oPxomyJQycqj8nMsS1HvHIdnJkBnrem4j/eZ3UxGdhRoVMDRF4tihOGTQJnAQDe1QRbNjIEoQVtbdCPEAKYWPjK9kQ/PmX/5LmUdU/rno3J5XaeR5HEeyBMjgAPjgFNXAJ6qABMLgHj+AZvDgPzpPz6rzNWgtOPrMLfsF5/wLrwZhq</latexit>

Beane and Savage, PRD 90 (2014)

For intermediate volumes                                    Coulomb effects are perturbative
1

m⇡
⌧ L ⌧ 1

↵M
<latexit sha1_base64="YXReNrGgeTACgaaJzvz//tDcXMQ=">AAACFXicbVDLSgMxFM3UV62vUZdugkVwIWVGBV0W3bhQqGAf0BmGTJppQ5PMkGSEMsxPuPFX3LhQxK3gzr8xbQfR1gP3cjjnXpJ7woRRpR3nyyotLC4tr5RXK2vrG5tb9vZOS8WpxKSJYxbLTogUYVSQpqaakU4iCeIhI+1weDn22/dEKhqLOz1KiM9RX9CIYqSNFNhHXiQRztw844GX0Bx6jMHrSf9xPMSSAYI3eWBXnZozAZwnbkGqoEAjsD+9XoxTToTGDCnVdZ1E+xmSmmJG8oqXKpIgPER90jVUIE6Un02uyuGBUXowiqUpoeFE/b2RIa7UiIdmkiM9ULPeWPzP66Y6OvczKpJUE4GnD0UpgzqG44hgj0qCNRsZgrCk5q8QD5AJQ5sgKyYEd/bkedI6rrknNef2tFq/KOIogz2wDw6BC85AHVyBBmgCDB7AE3gBr9aj9Wy9We/T0ZJV7OyCP7A+vgHZpp6b</latexit>

C2
⌘(p)p cot � + ↵Mh(⌘) = � 1

aC
+

1

2
r0p

2 + . . . =
1

⇡L
SC

✓
pL

2⇡

◆
+ ↵M


ln

✓
4⇡

↵ML

◆
� �E

�

<latexit sha1_base64="FasboCpEQyXCm07m4QyqAeO2ESI="></latexit>

Beane and Savage derived generalized Lüscher quantization condition relating FV 
energy shifts and scattering phase shifts accurate to O(↵), O(↵ML)

<latexit sha1_base64="I9Qlp5PzsQkzfwocyTT+86jeRrs=">AAACFnicbVDLSgNBEJyNrxhfqx69DAYhAQ27Kugx6MWDYgTzgOwSeiezyZDZBzOzQljyFV78FS8eFPEq3vwbZ5McNLGgoajqprvLizmTyrK+jdzC4tLySn61sLa+sbllbu80ZJQIQusk4pFoeSApZyGtK6Y4bcWCQuBx2vQGl5nffKBCsii8V8OYugH0QuYzAkpLHfPICUD1CfD0dlRygMd9KB86eF7FN/i63DGLVsUaA88Te0qKaIpax/xyuhFJAhoqwkHKtm3Fyk1BKEY4HRWcRNIYyAB6tK1pCAGVbjp+a4QPtNLFfiR0hQqP1d8TKQRSDgNPd2bnylkvE//z2onyz92UhXGiaEgmi/yEYxXhLCPcZYISxYeaABFM34pJHwQQpZMs6BDs2ZfnSeO4Yp9UrLvTYvViGkce7aF9VEI2OkNVdIVqqI4IekTP6BW9GU/Gi/FufExac8Z0Zhf9gfH5A40jnlA=</latexit>

Range of validity of Beane-Savage regime needs to be explored in LQCD+QED L

— technically challenging unsolved problem
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Lattice QCD+QEDL
Dynamical QCD + QED  ensembles generated by CSSM/QCDSF/UKQCD collaborations 

a = 0.068(2) fm
<latexit sha1_base64="JyriwWmRWtDJA7gMuvCe60B35iY=">AAACAHicbVDLSsNAFJ34rPUVdeHCzWAR6qYkVbQboejGZQX7gCaUyXTSDp08mLkRS8jGX3HjQhG3foY7/8Zpm4W2HrhwOOde7r3HiwVXYFnfxtLyyuraemGjuLm1vbNr7u23VJRIypo0EpHseEQxwUPWBA6CdWLJSOAJ1vZGNxO//cCk4lF4D+OYuQEZhNznlICWeuYhwVfYqlgXtXL11MEOsEdI/SDrmSWtToEXiZ2TEsrR6JlfTj+iScBCoIIo1bWtGNyUSOBUsKzoJIrFhI7IgHU1DUnAlJtOH8jwiVb62I+krhDwVP09kZJAqXHg6c6AwFDNexPxP6+bgF9zUx7GCbCQzhb5icAQ4UkauM8loyDGmhAqub4V0yGRhILOrKhDsOdfXiStasU+q1h356X6dR5HAR2hY1RGNrpEdXSLGqiJKMrQM3pFb8aT8WK8Gx+z1iUjnzlAf2B8/gBWVZRY</latexit>

Horsley et al, J. Phys. G 43 (2016) Horsley et al, J. Phys G 46 (2019)Horsley et al, JHEP 1604 (2016)

↵ = 0.1
<latexit sha1_base64="oBOojJ/ei/3R3N5yzGzYQCpuhTw=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0hU0ItQ9OKxgrWFJpTJdtMu3WzC7kYopX/DiwdFvPpnvPlv3LY5aOuDgcd7M8zMizLBtfG8b6e0srq2vlHerGxt7+zuVfcPHnWaK8qaNBWpakeomeCSNQ03grUzxTCJBGtFw9up33piSvNUPphRxsIE+5LHnKKxUhCgyAZIronn+t1qzXO9Gcgy8QtSgwKNbvUr6KU0T5g0VKDWHd/LTDhGZTgVbFIJcs0ypEPss46lEhOmw/Hs5gk5sUqPxKmyJQ2Zqb8nxphoPUoi25mgGehFbyr+53VyE1+FYy6z3DBJ54viXBCTkmkApMcVo0aMLEGquL2V0AEqpMbGVLEh+IsvL5PHM9c/d737i1r9poijDEdwDKfgwyXU4Q4a0AQKGTzDK7w5ufPivDsf89aSU8wcwh84nz8RCJBi</latexit>

L

m
K

0 = 404(1)(12) MeV
<latexit sha1_base64="tEghsvkEC9sUyjO1jTRz+4Q1+HM=">AAACFHicbVDLSgMxFM34tr6qLt0Ei9AilJla0I0guhFEULBV6IxDJr1tg5kHyR2xDPMRbvwVNy4UcevCnX9jWrvQ6oHA4Zxzk9wTJFJotO1Pa2Jyanpmdm6+sLC4tLxSXF1r6jhVHBo8lrG6CpgGKSJooEAJV4kCFgYSLoObo4F/eQtKizi6wH4CXsi6kegIztBIfnE79DM3NonBBdlJfm3ndJ/W7XrZqZSdWsWlLsIdZqfQzP1iya7aQ9C/xBmREhnhzC9+uO2YpyFEyCXTuuXYCXoZUyi4hLzgphoSxm9YF1qGRiwE7WXDpXK6ZZQ27cTKnAjpUP05kbFQ634YmGTIsKfHvYH4n9dKsbPnZSJKUoSIfz/USSXFmA4aom2hgKPsG8K4EuavlPeYYhxNjwVTgjO+8l/SrFWdnWrtvF46OBzVMUc2yCYpE4fskgNyTM5Ig3ByTx7JM3mxHqwn69V6+45OWKOZdfIL1vsXjzKcmg==</latexit>

aL = 32, 48
<latexit sha1_base64="EENRXjjrBF6rrpraQkXHLB4FJgE=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBg5SkrdiLUPTiwUMF+wFNKJvtpl262YTdjVBC/4YXD4p49c9489+4bXPQ1gcDj/dmmJnnx5wpbdvfVm5tfWNzK79d2Nnd2z8oHh61VZRIQlsk4pHs+lhRzgRtaaY57caS4tDntOOPb2d+54lKxSLxqCcx9UI8FCxgBGsjufgeXaNq5cJFtXq/WLLL9hxolTgZKUGGZr/45Q4ikoRUaMKxUj3HjrWXYqkZ4XRacBNFY0zGeEh7hgocUuWl85un6MwoAxRE0pTQaK7+nkhxqNQk9E1niPVILXsz8T+vl+ig7qVMxImmgiwWBQlHOkKzANCASUo0nxiCiWTmVkRGWGKiTUwFE4Kz/PIqaVfKTq18+VArNW6yOPJwAqdwDg5cQQPuoAktIBDDM7zCm5VYL9a79bFozVnZzDH8gfX5A9fxj50=</latexit>

                    quark flavors with masses tuned to symmetric point where all neutral 
pseudoscalar mesons are degenerate, muu ⇡ mdd = mss

<latexit sha1_base64="XkFtRs+T+k1jxF9lQIdfwd5iXB4=">AAACKHicbVDNS8MwHE3n15xfVY9egkPwNFoV9CIOvXic4D5gLSVN0y0sbUqSiqP0z/Hiv+JFRJFd/UtMtx7c5oPA4733S/J7fsKoVJY1MSorq2vrG9XN2tb2zu6euX/QkTwVmLQxZ1z0fCQJozFpK6oY6SWCoMhnpOuP7gq/+0SEpDx+VOOEuBEaxDSkGCkteeZN5GUO14nigizN0xw6KEkEf4ZzTpAHObye12Quc8+sWw1rCrhM7JLUQYmWZ344AcdpRGKFGZKyb1uJcjMkFMWM5DUnlSRBeIQGpK9pjCIi3Wy6aA5PtBLAkAt9YgWn6t+JDEVSjiNfJyOkhnLRK8T/vH6qwis3o3GSKhLj2UNhyqDisGgNBlQQrNhYE4QF1X+FeIgEwkp3W9Ml2IsrL5POWcM+b1gPF/XmbVlHFRyBY3AKbHAJmuAetEAbYPAC3sAn+DJejXfj25jMohWjnDkEczB+fgHS6qji</latexit>

Quark mass tuning removes strong isospin breaking between       and       masses, 
remaining mass difference pure QED

⇡+
<latexit sha1_base64="+Ve8wb6gAuJRkZvFN0PIqBYax4Y=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBZBEEqigh6LXjxWMG2hjWWznbZLN5uwuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwkRwbVz32ymsrK6tbxQ3S1vbO7t75f2Dho5TxdBnsYhVK6QaBZfoG24EthKFNAoFNsPR7dRvPqHSPJYPZpxgENGB5H3OqLGS30n441m3XHGr7gxkmXg5qUCOerf81enFLI1QGiao1m3PTUyQUWU4EzgpdVKNCWUjOsC2pZJGqINsduyEnFilR/qxsiUNmam/JzIaaT2OQtsZUTPUi95U/M9rp6Z/HWRcJqlByeaL+qkgJibTz0mPK2RGjC2hTHF7K2FDqigzNp+SDcFbfHmZNM6r3kXVvb+s1G7yOIpwBMdwCh5cQQ3uoA4+MODwDK/w5kjnxXl3PuatBSefOYQ/cD5/AGy0jmw=</latexit> K

0
<latexit sha1_base64="RPXCO2y/saejEqAM5JWywVho4/M=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBFclZkq6LLoRnBTwT6gnZZMmmlDM8mQZJQy9D/cuFDErf/izr8x085CWw8EDufcw705QcyZNq777aysrq1vbBa2its7u3v7pYPDppaJIrRBJJeqHWBNORO0YZjhtB0riqOA01Ywvsn81iNVmknxYCYx9SM8FCxkBBsr9brSmlk2vZv23H6p7FbcGdAy8XJShhz1fumrO5AkiagwhGOtO54bGz/FyjDC6bTYTTSNMRnjIe1YKnBEtZ/Orp6iU6sMUCiVfcKgmfo7keJI60kU2MkIm5Fe9DLxP6+TmPDKT5mIE0MFmS8KE46MRFkFaMAUJYZPLMFEMXsrIiOsMDG2qKItwVv88jJpViveeaV6f1GuXed1FOAYTuAMPLiEGtxCHRpAQMEzvMKb8+S8OO/Ox3x0xckzR/AHzucPqAiSmw==</latexit>

QED effects explored by comparing systems of 1-12        mesons with systems of 
1-12         mesons

⇡+
<latexit sha1_base64="+Ve8wb6gAuJRkZvFN0PIqBYax4Y=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBZBEEqigh6LXjxWMG2hjWWznbZLN5uwuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwkRwbVz32ymsrK6tbxQ3S1vbO7t75f2Dho5TxdBnsYhVK6QaBZfoG24EthKFNAoFNsPR7dRvPqHSPJYPZpxgENGB5H3OqLGS30n441m3XHGr7gxkmXg5qUCOerf81enFLI1QGiao1m3PTUyQUWU4EzgpdVKNCWUjOsC2pZJGqINsduyEnFilR/qxsiUNmam/JzIaaT2OQtsZUTPUi95U/M9rp6Z/HWRcJqlByeaL+qkgJibTz0mPK2RGjC2hTHF7K2FDqigzNp+SDcFbfHmZNM6r3kXVvb+s1G7yOIpwBMdwCh5cQQ3uoA4+MODwDK/w5kjnxXl3PuatBSefOYQ/cD5/AGy0jmw=</latexit>

K
0

<latexit sha1_base64="RPXCO2y/saejEqAM5JWywVho4/M=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBFclZkq6LLoRnBTwT6gnZZMmmlDM8mQZJQy9D/cuFDErf/izr8x085CWw8EDufcw705QcyZNq777aysrq1vbBa2its7u3v7pYPDppaJIrRBJJeqHWBNORO0YZjhtB0riqOA01Ywvsn81iNVmknxYCYx9SM8FCxkBBsr9brSmlk2vZv23H6p7FbcGdAy8XJShhz1fumrO5AkiagwhGOtO54bGz/FyjDC6bTYTTSNMRnjIe1YKnBEtZ/Orp6iU6sMUCiVfcKgmfo7keJI60kU2MkIm5Fe9DLxP6+TmPDKT5mIE0MFmS8KE46MRFkFaMAUJYZPLMFEMXsrIiOsMDG2qKItwVv88jJpViveeaV6f1GuXed1FOAYTuAMPLiEGtxCHRpAQMEzvMKb8+S8OO/Ox3x0xckzR/AHzucPqAiSmw==</latexit>

Nf = 2 + 1
<latexit sha1_base64="gvwKg+doG50nPHFPxJp2AZOI7Gw=">AAAB8nicbVBNSwMxEM36WetX1aOXYBEEoeyWil6EohdPUsF+wHYp2TTbhmaTJZkVytKf4cWDIl79Nd78N6btHrT1wcDjvRlm5oWJ4AZc99tZWV1b39gsbBW3d3b39ksHhy2jUk1ZkyqhdCckhgkuWRM4CNZJNCNxKFg7HN1O/fYT04Yr+QjjhAUxGUgecUrASv59L8LXuIrPsdcrld2KOwNeJl5OyihHo1f66vYVTWMmgQpijO+5CQQZ0cCpYJNiNzUsIXREBsy3VJKYmSCbnTzBp1bp40hpWxLwTP09kZHYmHEc2s6YwNAselPxP89PIboKMi6TFJik80VRKjAoPP0f97lmFMTYEkI1t7diOiSaULApFW0I3uLLy6RVrXi1ysVDrVy/yeMooGN0gs6Qhy5RHd2hBmoiihR6Rq/ozQHnxXl3PuatK04+c4T+wPn8AUkVj04=</latexit>

Beane, MW et al, PRD 103 (2021)
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Charged Hadron Masses

L

e�mL
<latexit sha1_base64="wXxa+FMESaK+55UsayTh/9javYY=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgxbCrgh6DXjx4iGAekKxhdtKbDJnZXWdmhbDkJ7x4UMSrv+PNv3HyOGhiQUNR1U13V5AIro3rfju5peWV1bX8emFjc2t7p7i7V9dxqhjWWCxi1QyoRsEjrBluBDYThVQGAhvB4HrsN55QaR5H92aYoC9pL+IhZ9RYqYkP2Ykkt6NOseSW3QnIIvFmpAQzVDvFr3Y3ZqnEyDBBtW55bmL8jCrDmcBRoZ1qTCgb0B62LI2oRO1nk3tH5MgqXRLGylZkyET9PZFRqfVQBrZTUtPX895Y/M9rpSa89DMeJanBiE0XhakgJibj50mXK2RGDC2hTHF7K2F9qigzNqKCDcGbf3mR1E/L3lnZvTsvVa5mceThAA7hGDy4gArcQBVqwEDAM7zCm/PovDjvzse0NefMZvbhD5zPH2odj40=</latexit>

FV effects on       mass 
described by NRQED  at 
NLO (1 fit parameter) for 
L = 32, 48

         FV effects clearly present 
at L=24 for        and       , 
volume excluded from 
analysis

⇡+
<latexit sha1_base64="+Ve8wb6gAuJRkZvFN0PIqBYax4Y=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBZBEEqigh6LXjxWMG2hjWWznbZLN5uwuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwkRwbVz32ymsrK6tbxQ3S1vbO7t75f2Dho5TxdBnsYhVK6QaBZfoG24EthKFNAoFNsPR7dRvPqHSPJYPZpxgENGB5H3OqLGS30n441m3XHGr7gxkmXg5qUCOerf81enFLI1QGiao1m3PTUyQUWU4EzgpdVKNCWUjOsC2pZJGqINsduyEnFilR/qxsiUNmam/JzIaaT2OQtsZUTPUi95U/M9rp6Z/HWRcJqlByeaL+qkgJibTz0mPK2RGjC2hTHF7K2FDqigzNp+SDcFbfHmZNM6r3kXVvb+s1G7yOIpwBMdwCh5cQQ3uoA4+MODwDK/w5kjnxXl3PuatBSefOYQ/cD5/AGy0jmw=</latexit>

⇡+
<latexit sha1_base64="+Ve8wb6gAuJRkZvFN0PIqBYax4Y=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBZBEEqigh6LXjxWMG2hjWWznbZLN5uwuxFK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwkRwbVz32ymsrK6tbxQ3S1vbO7t75f2Dho5TxdBnsYhVK6QaBZfoG24EthKFNAoFNsPR7dRvPqHSPJYPZpxgENGB5H3OqLGS30n441m3XHGr7gxkmXg5qUCOerf81enFLI1QGiao1m3PTUyQUWU4EzgpdVKNCWUjOsC2pZJGqINsduyEnFilR/qxsiUNmam/JzIaaT2OQtsZUTPUi95U/M9rp6Z/HWRcJqlByeaL+qkgJibTz0mPK2RGjC2hTHF7K2FDqigzNp+SDcFbfHmZNM6r3kXVvb+s1G7yOIpwBMdwCh5cQQ3uoA4+MODwDK/w5kjnxXl3PuatBSefOYQ/cD5/AGy0jmw=</latexit>

Horsley et al, J. Phys. G 43 (2016)

FV effects on proton mass 
described by NRQED  , 
suppressed compared to pion               

          FV effects on neutron 
mass appear negligible

e�mL
<latexit sha1_base64="wXxa+FMESaK+55UsayTh/9javYY=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgxbCrgh6DXjx4iGAekKxhdtKbDJnZXWdmhbDkJ7x4UMSrv+PNv3HyOGhiQUNR1U13V5AIro3rfju5peWV1bX8emFjc2t7p7i7V9dxqhjWWCxi1QyoRsEjrBluBDYThVQGAhvB4HrsN55QaR5H92aYoC9pL+IhZ9RYqYkP2Ykkt6NOseSW3QnIIvFmpAQzVDvFr3Y3ZqnEyDBBtW55bmL8jCrDmcBRoZ1qTCgb0B62LI2oRO1nk3tH5MgqXRLGylZkyET9PZFRqfVQBrZTUtPX895Y/M9rpSa89DMeJanBiE0XhakgJibj50mXK2RGDC2hTHF7K2F9qigzNqKCDcGbf3mR1E/L3lnZvTsvVa5mceThAA7hGDy4gArcQBVqwEDAM7zCm/PovDjvzse0NefMZvbhD5zPH2odj40=</latexit>

L

↵/(MpL) ⌧ ↵/(m⇡+L)
<latexit sha1_base64="dKieLMQoovawK0UONOgI2pqWCY0=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0WsCDWRii6LblwoVLAPaGKYTCft0EkyzEyEEvoJbvwVNy4UcevSnX/jtI2grQcuHM65l3vv8TmjUlnWl5Gbm19YXMovF1ZW19Y3zM2thowTgUkdxywWLR9JwmhE6ooqRlpcEBT6jDT9/sXIb94TIWkc3aoBJ26IuhENKEZKS5657yDGe+iodO1xeHUAHcbgjxR6qcPp3eFQG55ZtMrWGHCW2Bkpggw1z/x0OjFOQhIpzJCUbdviyk2RUBQzMiw4iSQc4T7qkramEQqJdNPxQ0O4p5UODGKhK1JwrP6eSFEo5SD0dWeIVE9OeyPxP6+dqODMTWnEE0UiPFkUJAyqGI7SgR0qCFZsoAnCgupbIe4hgbDSGRZ0CPb0y7OkcVy2K+WTm0qxep7FkQc7YBeUgA1OQRVcghqoAwwewBN4Aa/Go/FsvBnvk9ackc1sgz8wPr4BWYCa5w==</latexit>

K
0

<latexit sha1_base64="0rX6IoenAjdkd8fV9RKJ4KT3jdA=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIosuiG8FNBfuAdloyaaYNzSRDklHK0P9w40IRt/6LO//GTDsLbT0QOJxzD/fmBDFn2rjut1NYWV1b3yhulra2d3b3yvsHTS0TRWiDSC5VO8CaciZowzDDaTtWFEcBp61gfJP5rUeqNJPiwUxi6kd4KFjICDZW6nWlNbNsejftuf1yxa26M6Bl4uWkAjnq/fJXdyBJElFhCMdadzw3Nn6KlWGE02mpm2gaYzLGQ9qxVOCIaj+dXT1FJ1YZoFAq+4RBM/V3IsWR1pMosJMRNiO96GXif14nMeGVnzIRJ4YKMl8UJhwZibIK0IApSgyfWIKJYvZWREZYYWJsUSVbgrf45WXSPKt659WL+/NK7TqvowhHcAyn4MEl1OAW6tAAAgqe4RXenCfnxXl3PuajBSfPHMIfOJ8/qVKSnw==</latexit>
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Many Charged Mesons
Correlation functions for up to N=12 charged pions can be computed from one pair 

of point-to-all quark propagators, as in previous NPLQCD studies without QED

Thermal effects become increasingly important for larger particle number

G(N, t) =
X

n

Zn

⇣
e�En(N)t + e�En(N)(��t)

⌘

<latexit sha1_base64="8MBKeJ5w3ss2NLMFF1eaaWvr9Ic="></latexit>

+

[n/2]X

k=1

eZk
0

⇣
e�E0(k)te�E0(N�k)(��t) + e�E0(k)(��t)e�E0(N�k)t + . . .

⌘

<latexit sha1_base64="6yzqeQD5LEK0bc5nNiQUBs1xCaY="></latexit>

Fit results for k < N particles used to determine thermal effects for N particles 

Z↵  1.2
<latexit sha1_base64="jGRaXLKCN5dMFIZaimOlGm4xloQ=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5BUQY9FLx4r2A9sQtlsN+3SzSbubpRS+1O8eFDEq7/Em//GbZuDtj4YeLw3w8y8MOVMadf9tgorq2vrG8XN0tb2zu6eXd5vqiSThDZIwhPZDrGinAna0Exz2k4lxXHIaSscXk391gOViiXiVo9SGsS4L1jECNZG6trlO+Rjng4w8jm9R55T7doV13FnQMvEy0kFctS79pffS0gWU6EJx0p1PDfVwRhLzQink5KfKZpiMsR92jFU4JiqYDw7fYKOjdJDUSJNCY1m6u+JMY6VGsWh6YyxHqhFbyr+53UyHV0EYybSTFNB5ouijCOdoGkOqMckJZqPDMFEMnMrIgMsMdEmrZIJwVt8eZk0q4536rg3Z5XaZR5HEQ7hCE7Ag3OowTXUoQEEHuEZXuHNerJerHfrY95asPKZA/gD6/MHK/6Sog==</latexit>

Allows study of large charge densities:

Detmold et al, PRD 78 (2008)Beane et al, PRL 100 (2008) Detmold and Savage, PRD 82 (2010)

Z↵

L3
. 0.12 fm�3

<latexit sha1_base64="1ZFAmfAD9EMZXtj75K9u5r/5NpU=">AAACG3icbVA9SwNBEN3zM8avqKXNYhBsDHeJoGXQxsIiglExF8PeZs4s7t4du3NiOO5/2PhXbCwUsRIs/DduYgpNfDDweG+GmXlBIoVB1/1ypqZnZufmCwvFxaXlldXS2vq5iVPNocljGevLgBmQIoImCpRwmWhgKpBwEdweDfyLO9BGxNEZ9hNoK3YTiVBwhlbqlKp+qBnPrnwmkx7Ls5PrWk59CcYYoahb8arUpz7CPWahyq+z3VreKZXdijsEnSTeiJTJCI1O6cPvxjxVECGXzJiW5ybYzphGwSXkRT81kDB+y26gZWnEFJh2Nvwtp9tW6dIw1rYipEP190TGlDF9FdhOxbBnxr2B+J/XSjE8aGciSlKEiP8sClNJMaaDoGhXaOAo+5YwroW9lfIes2GhjbNoQ/DGX54k59WKV6u4p3vl+uEojgLZJFtkh3hkn9TJMWmQJuHkgTyRF/LqPDrPzpvz/tM65YxmNsgfOJ/fAGqgvQ==</latexit>
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Many Fits
Wide range of possible fit ranges 

sampled using automated procedure

Weighted average of all fits determines 
final results
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Charged Hadron Interactions

↵MpL ⇠ 1.3, 1.9
<latexit sha1_base64="J7fJ2tv6oe5eTv1mDrbMdSltKaU=">AAACBHicbVDLSgMxFM3UV62vUZfdBIvgQoYZK6i7ohsXChXsAzrDkEkzbWgyE5KMUEoXbvwVNy4UcetHuPNvTNtZaOuBezmccy/JPZFgVGnX/bYKS8srq2vF9dLG5tb2jr2711RpJjFp4JSlsh0hRRhNSENTzUhbSIJ4xEgrGlxN/NYDkYqmyb0eChJw1EtoTDHSRgrtso+Y6CN4Gwp4A31FOfSc6rFv+kVoV1zHnQIuEi8nFZCjHtpffjfFGSeJxgwp1fFcoYMRkppiRsYlP1NEIDxAPdIxNEGcqGA0PWIMD43ShXEqTSUaTtXfGyPElRryyExypPtq3puI/3mdTMfnwYgmItMkwbOH4oxBncJJIrBLJcGaDQ1BWFLzV4j7SCKsTW4lE4I3f/IiaZ44XtVx704rtcs8jiIogwNwBDxwBmrgGtRBA2DwCJ7BK3iznqwX6936mI0WrHxnH/yB9fkDnu6VfA==</latexit>

Is this consistent with NRQED  ?L

Coulomb effects on              FV 
energy shift might be expected to 
be large since

⇡+⇡+
<latexit sha1_base64="MLsNSzNdq6fBdLEnpTc7aZwZvKY=">AAAB8XicbVBNSwMxEJ31s9avqkcvwSIIQtlVQY9FLx4r2A9s15JNs21oNrsks0Ip/RdePCji1X/jzX9jut2Dtj5IeLw3w8y8IJHCoOt+O0vLK6tr64WN4ubW9s5uaW+/YeJUM15nsYx1K6CGS6F4HQVK3ko0p1EgeTMY3kz95hPXRsTqHkcJ9yPaVyIUjKKVHjqJeDzNvm6p7FbcDGSReDkpQ45at/TV6cUsjbhCJqkxbc9N0B9TjYJJPil2UsMTyoa0z9uWKhpx44+zjSfk2Co9EsbaPoUkU393jGlkzCgKbGVEcWDmvan4n9dOMbzyx0IlKXLFZoPCVBKMyfR80hOaM5QjSyjTwu5K2IBqytCGVLQhePMnL5LGWcU7r7h3F+XqdR5HAQ7hCE7Ag0uowi3UoA4MFDzDK7w5xnlx3p2PWemSk/ccwB84nz/WL5Bc</latexit>

QED effects < 10% of total shift, even 
at largest volume

Nucleon-nucleon systems have 
stronger Coulomb effects, still not 
resolved despite

�E⇡+⇡+ = 7.4(1.7) MeV
<latexit sha1_base64="QfcE4rbL7i43QzWkfO3c2duuOfg=">AAACFXicbVDJSgNBEO1xjXGLevTSGARFGWY0EC9CcAEvQgQThUwMPZ1K0tiz0F0jhmF+wou/4sWDIl4Fb/6NnZiD24MqHu9V0V3Pj6XQ6Dgf1tj4xOTUdG4mPzs3v7BYWFqu6yhRHGo8kpG69JkGKUKooUAJl7ECFvgSLvzrw4F/cQNKiyg8x34MzYB1Q9ERnKGRWoVt7wgkMnrcSr1YXG0NW0b3adkubbh2edOjHsItpqdQz1qFomM7Q9C/xB2RIhmh2iq8e+2IJwGEyCXTuuE6MTZTplBwCVneSzTEjF+zLjQMDVkAupkOr8roulHatBMpUyHSofp9I2WB1v3AN5MBw57+7Q3E/7xGgp29ZirCOEEI+ddDnURSjOggItoWCjjKviGMK2H+SnmPKcbRBJk3Ibi/T/5L6ju2u2vvnJWKlYNRHDmyStbIBnFJmVTICamSGuHkjjyQJ/Js3VuP1ov1+jU6Zo12VsgPWG+fdJmcfw==</latexit>

�E⇡+⇡+ ��EK0K0 = 0.26(58) MeV
<latexit sha1_base64="pIVOdnFIsJImunQ9ULVWFudUvio="></latexit>

↵m⇡+L ⇠ 0.50, 0.74
<latexit sha1_base64="bAz3trijCPcH4Syf9Dxaplbf9Fg=">AAACDXicbVC7TsMwFHXKq5RXgJHFoiAhgaqkFJWxgoWBoUj0ITUhclyntWonke0gVVF/gIVfYWEAIVZ2Nv4Gp80AhSNd3aNz7pV9jx8zKpVlfRmFhcWl5ZXiamltfWNzy9zeacsoEZi0cMQi0fWRJIyGpKWoYqQbC4K4z0jHH11mfueeCEmj8FaNY+JyNAhpQDFSWvLMAwexeIgg91InpnfHE3gNHUm5A63KmXWStXrNM8tWxZoC/iV2TsogR9MzP51+hBNOQoUZkrJnW7FyUyQUxYxMSk4iSYzwCA1IT9MQcSLddHrNBB5qpQ+DSOgKFZyqPzdSxKUcc19PcqSGct7LxP+8XqKCczelYZwoEuLZQ0HCoIpgFg3sU0GwYmNNEBZU/xXiIRIIKx1gSYdgz5/8l7SrFfu0Ur2plRsXeRxFsAf2wRGwQR00wBVoghbA4AE8gRfwajwaz8ab8T4bLRj5zi74BePjGxgQmPw=</latexit>
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Nonlocality
Details of NRQED   must be understood to interpret LQCD+QED   results in EFTL

Significant recent progress in understanding NRQED  subtleties for single hadronsL

— locality violation from zero-mode subtraction allows IR scales such as L to 
appear in coefficients of UV divergences and renormalized couplings

— careful matching between QED   and NRQED    allows nonlocal counterterms to 
be determined

How do non-local counterterms modify 2-body interactions? 
Are non-local 2-body effects enhanced by Coulomb ladder diagrams?

Remaining questions for multi-particle systems:

L L

= +( ) )(
L L

QED NRQED

�m ⇠ 1

mL3
<latexit sha1_base64="rjFSb7bJQ4ibj03UdCPm+KbqkWY=">AAACBnicbVDLSgMxFM3UV62vUZciBIvgqsxYQZdFNy5cVLAP6Iwlk8m0oUlmSDJCGWblxl9x40IRt36DO//GtJ2Fth64l8M595LcEySMKu0431ZpaXllda28XtnY3NresXf32ipOJSYtHLNYdgOkCKOCtDTVjHQTSRAPGOkEo6uJ33kgUtFY3OlxQnyOBoJGFCNtpL596IWEaQQ59BQ1LZIIZ26ecXhzX8/7dtWpOVPAReIWpAoKNPv2lxfGOOVEaMyQUj3XSbSfIakpZiSveKkiCcIjNCA9QwXiRPnZ9IwcHhslhFEsTQkNp+rvjQxxpcY8MJMc6aGa9ybif14v1dGFn1GRpJoIPHsoShnUMZxkAkMqCdZsbAjCkpq/QjxEJgltkquYENz5kxdJ+7Tm1mvO7Vm1cVnEUQYH4AicABecgwa4Bk3QAhg8gmfwCt6sJ+vFerc+ZqMlq9jZB39gff4A+16YKg==</latexit>

Borsanyi et al, Science, vol. 347 (2015)

Lee and Tiburzi, PRD 93 (2016)

Davoudi and Savage, PRD 90 (2014) Fodor et al, Phys. Lett. B 755 (2016)

Davoudi, Harrison, Jüttner, Portelli, and Savage, PRD 99 (2019)

Matzelle and Tiburzi, PRD 95 (2017)

L
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Matching NRQED   and QEDL L

=
LQED LNRQED

Tree-level QED  2 -> 2 amplitude reproduced by NRQED   with  =
p
2MeiMt'

<latexit sha1_base64="mfPKLnAc6vTRZ54DB6y5/Bs1NDU=">AAACC3icbVC7SgNBFJ2Nrxhfq5Y2Q4JgFXajoI0QtLEJRDAPyK5hdjKbDJl9OHM3EJbtbfwVGwtFbP0BO//GyaPQxAMXDufcy733eLHgCizr28itrK6tb+Q3C1vbO7t75v5BU0WJpKxBIxHJtkcUEzxkDeAgWDuWjASeYC1veD3xWyMmFY/COxjHzA1IP+Q+pwS01DWLTqw4vsSOepCQVmoZZvcpxzUMGXZGRMYD3jVLVtmaAi8Te05KaI561/xyehFNAhYCFUSpjm3F4KZEAqeCZQUnUSwmdEj6rKNpSAKm3HT6S4aPtdLDfiR1hYCn6u+JlARKjQNPdwYEBmrRm4j/eZ0E/As35WGcAAvpbJGfCAwRngSDe1wyCmKsCaGS61sxHRBJKOj4CjoEe/HlZdKslO3TsnV7VqpezePIoyNURCfIRueoim5QHTUQRY/oGb2iN+PJeDHejY9Za86YzxyiPzA+fwB4zZoO</latexit>L L

One-level QED   2 -> 2 amplitude includes antiparticle pole contributions not 
present in NRQED

+
LQED

LNRQED

=
Explicit calculation shows antiparticle pole contribution suppressed by

Antiparticle poles in Coulomb ladder diagrams further suppressed, nonlocal quartic 
interactions in NRQED   only arise as high-order relativistic corrections

L

L

L

↵

(ML)3
<latexit sha1_base64="QhbgEEuXi1+feiYZiul2GaY0FFY=">AAAB/nicbVDLSsNAFJ34rPUVFVduBotQNyVpBV0W3bhQqGAf0MRyM520QycPZiZCCQF/xY0LRdz6He78G6dtFtp64MLhnHu59x4v5kwqy/o2lpZXVtfWCxvFza3tnV1zb78lo0QQ2iQRj0THA0k5C2lTMcVpJxYUAo/Ttje6mvjtRyoki8J7NY6pG8AgZD4joLTUMw8dXwBJHeDxELK0fHtz+lDLembJqlhT4EVi56SEcjR65pfTj0gS0FARDlJ2bStWbgpCMcJpVnQSSWMgIxjQrqYhBFS66fT8DJ9opY/9SOgKFZ6qvydSCKQcB57uDEAN5bw3Ef/zuonyL9yUhXGiaEhmi/yEYxXhSRa4zwQlio81ASKYvhWTIeg8lE6sqEOw519eJK1qxa5VqndnpfplHkcBHaFjVEY2Okd1dI0aqIkIStEzekVvxpPxYrwbH7PWJSOfOUB/YHz+AKcRlUY=</latexit>
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Matching pNRQED   and NRQEDL L

Dominant contributions arise from 
diagrams with Coulomb photon 
exchange between space-like 
separated particles 

Coulomb photon contributions reproduced in Rayleigh-Schrödinger perturbation 
theory with potential

hp01, p02|V |p1, p2i =
"✓

4⇡a

ML3

◆
+

↵

⇡L

X

i2Z3

0 1

|i|2

#
�p1+p2�p0

1�p0
2

<latexit sha1_base64="0hk7tlm4wDf9L+pHyjta3AaRXLw="></latexit>

Contributions from radiation 
photon diagrams suppressed 
by 1/(ML)

<latexit sha1_base64="fnAAee8E5f13udzLjZSjGGApfj8=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXuquCnosevGgUMF+QLuUbJptY7PJkmSFsvQ/ePGgiFf/jzf/jWm7B219MPB4b4aZeUHMmTau++3klpZXVtfy64WNza3tneLuXkPLRBFaJ5JL1QqwppwJWjfMcNqKFcVRwGkzGF5P/OYTVZpJ8WBGMfUj3BcsZAQbKzW8k/Ld7XG3WHIr7hRokXgZKUGGWrf41elJkkRUGMKx1m3PjY2fYmUY4XRc6CSaxpgMcZ+2LRU4otpPp9eO0ZFVeiiUypYwaKr+nkhxpPUoCmxnhM1Az3sT8T+vnZjw0k+ZiBNDBZktChOOjEST11GPKUoMH1mCiWL2VkQGWGFibEAFG4I3//IiaZxWvLOKe39eql5lceThAA6hDB5cQBVuoAZ1IPAIz/AKb450Xpx352PWmnOymX34A+fzB+DgjgI=</latexit>

L LDefines leading-order potential NRQED  (pNRQED ) accurate up to            effects, 
higher-order potential computable as in infinite-volume pNRQED/pNRQCD

1/(ML)
<latexit sha1_base64="fnAAee8E5f13udzLjZSjGGApfj8=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXuquCnosevGgUMF+QLuUbJptY7PJkmSFsvQ/ePGgiFf/jzf/jWm7B219MPB4b4aZeUHMmTau++3klpZXVtfy64WNza3tneLuXkPLRBFaJ5JL1QqwppwJWjfMcNqKFcVRwGkzGF5P/OYTVZpJ8WBGMfUj3BcsZAQbKzW8k/Ld7XG3WHIr7hRokXgZKUGGWrf41elJkkRUGMKx1m3PjY2fYmUY4XRc6CSaxpgMcZ+2LRU4otpPp9eO0ZFVeiiUypYwaKr+nkhxpPUoCmxnhM1Az3sT8T+vnZjw0k+ZiBNDBZktChOOjEST11GPKUoMH1mCiWL2VkQGWGFibEAFG4I3//IiaZxWvLOKe39eql5lceThAA6hDB5cQBVuoAZ1IPAIz/AKb450Xpx352PWmnOymX34A+fzB+DgjgI=</latexit>

Pineda and Soto, Nucl. Phys. Proc. Suppl. 64 (1998) Pineda and Soto, PRD 59 (1999)

All nonlocal effects suppressed by 
powers of 1/(ML)

<latexit sha1_base64="fnAAee8E5f13udzLjZSjGGApfj8=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXuquCnosevGgUMF+QLuUbJptY7PJkmSFsvQ/ePGgiFf/jzf/jWm7B219MPB4b4aZeUHMmTau++3klpZXVtfy64WNza3tneLuXkPLRBFaJ5JL1QqwppwJWjfMcNqKFcVRwGkzGF5P/OYTVZpJ8WBGMfUj3BcsZAQbKzW8k/Ld7XG3WHIr7hRokXgZKUGGWrf41elJkkRUGMKx1m3PjY2fYmUY4XRc6CSaxpgMcZ+2LRU4otpPp9eO0ZFVeiiUypYwaKr+nkhxpPUoCmxnhM1Az3sT8T+vnZjw0k+ZiBNDBZktChOOjEST11GPKUoMH1mCiWL2VkQGWGFibEAFG4I3//IiaZxWvLOKe39eql5lceThAA6hDB5cQBVuoAZ1IPAIz/AKb450Xpx352PWmnOymX34A+fzB+DgjgI=</latexit>

+…
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Many Charged Particles in a Box
3+ particle systems achieve higher charge density in fixed volume, eventually 

probe nonperturbative relativistic QED effects

Radiation photon diagrams again suppressed by 

1/(ML)
<latexit sha1_base64="fnAAee8E5f13udzLjZSjGGApfj8=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXuquCnosevGgUMF+QLuUbJptY7PJkmSFsvQ/ePGgiFf/jzf/jWm7B219MPB4b4aZeUHMmTau++3klpZXVtfy64WNza3tneLuXkPLRBFaJ5JL1QqwppwJWjfMcNqKFcVRwGkzGF5P/OYTVZpJ8WBGMfUj3BcsZAQbKzW8k/Ld7XG3WHIr7hRokXgZKUGGWrf41elJkkRUGMKx1m3PjY2fYmUY4XRc6CSaxpgMcZ+2LRU4otpPp9eO0ZFVeiiUypYwaKr+nkhxpPUoCmxnhM1Az3sT8T+vnZjw0k+ZiBNDBZktChOOjEST11GPKUoMH1mCiWL2VkQGWGFibEAFG4I3//IiaZxWvLOKe39eql5lceThAA6hDB5cQBVuoAZ1IPAIz/AKb450Xpx352PWmnOymX34A+fzB+DgjgI=</latexit>

— comparison of LQCD+QED   and NRQED   for multi-pion systems provides 
strong tests of validity of NRQED  

L L
L

pNRQED   suitable for calculations of many-pion energy shifts up to             effects

1/(ML)
<latexit sha1_base64="fnAAee8E5f13udzLjZSjGGApfj8=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXuquCnosevGgUMF+QLuUbJptY7PJkmSFsvQ/ePGgiFf/jzf/jWm7B219MPB4b4aZeUHMmTau++3klpZXVtfy64WNza3tneLuXkPLRBFaJ5JL1QqwppwJWjfMcNqKFcVRwGkzGF5P/OYTVZpJ8WBGMfUj3BcsZAQbKzW8k/Ld7XG3WHIr7hRokXgZKUGGWrf41elJkkRUGMKx1m3PjY2fYmUY4XRc6CSaxpgMcZ+2LRU4otpPp9eO0ZFVeiiUypYwaKr+nkhxpPUoCmxnhM1Az3sT8T+vnZjw0k+ZiBNDBZktChOOjEST11GPKUoMH1mCiWL2VkQGWGFibEAFG4I3//IiaZxWvLOKe39eql5lceThAA6hDB5cQBVuoAZ1IPAIz/AKb450Xpx352PWmnOymX34A+fzB+DgjgI=</latexit>

L

Coulomb photon contributions accessible 
to pNRQED   dominantL
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Relativistic Corrections
Relativistic corrections to NRQED also arise at higher order 

LECs for relativistic corrections can be obtained by matching threshold expansion 
of quantization condition (without QED)

Hansen and Sharpe, PRD 93 (2016)

Matching on to potential NRQED   givesL
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FV Energy Shifts in pNRQED
n-boson energy shifts given by Rayleigh-Schrödinger perturbation theory

L

Huang and Yang, Phys. Rev. 105 (1957)

Effective range and relativistic corrections act as modification to scattering length

Higher-orders, e.g. N  LO in strong interactions + NLO in QED

Beane, Detmold, and Savage, PRD 76 (2007)

Hansen and Sharpe, PRD 93 (2016)
Extends: Beane and Savage, PRD 90 (2014)

3

Lüscher, Commun. Math. Phys. 105 (1986)
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FV Energy Shifts in pNRQED

Important features:

2-body log involves FV analog of Coulomb expansion parameter

Coulomb photon effects enter as power series in       with O(1) coefficients

FV Coulomb perturbative when                 , including↵ML

4⇡
⌧ 1

<latexit sha1_base64="mDulk0cANvOpw8kgkJpDuJOOl4o=">AAACBnicbVBNS8NAEJ3Ur1q/oh5FWCyCp5JoQY9FLx4UKtgPaErZbDft0s0m7G6EEnLy4l/x4kERr/4Gb/4bt20O2vpg4PHeDDPz/JgzpR3n2yosLa+srhXXSxubW9s79u5eU0WJJLRBIh7Jto8V5UzQhmaa03YsKQ59Tlv+6Gritx6oVCwS93oc026IB4IFjGBtpJ596AUSk9TDPB5idItusrTqxSxDHufI7dllp+JMgRaJm5My5Kj37C+vH5EkpEITjpXquE6suymWmhFOs5KXKBpjMsID2jFU4JCqbjp9I0PHRumjIJKmhEZT9fdEikOlxqFvOkOsh2rem4j/eZ1EBxfdlIk40VSQ2aIg4UhHaJIJ6jNJieZjQzCRzNyKyBCbXLRJrmRCcOdfXiTN04p7VnHuquXaZR5HEQ7gCE7AhXOowTXUoQEEHuEZXuHNerJerHfrY9ZasPKZffgD6/MHwHGYAA==</latexit>

↵ML ⇠ 1
<latexit sha1_base64="UsWrvof1FvZnv7gF/enGvj6TVM8=">AAAB+nicbVBNSwMxEJ2tX7V+bfXoJVgET2VXBT0WvXhQqGA/oLuUbJptQ5PskmSVUvtTvHhQxKu/xJv/xrTdg1YfDDzem2FmXpRypo3nfTmFpeWV1bXiemljc2t7xy3vNnWSKUIbJOGJakdYU84kbRhmOG2nimIRcdqKhpdTv3VPlWaJvDOjlIYC9yWLGcHGSl23HGCeDjC6Qdco0Ewgv+tWvKo3A/pL/JxUIEe9634GvYRkgkpDONa643upCcdYGUY4nZSCTNMUkyHu046lEguqw/Hs9Ak6tEoPxYmyJQ2aqT8nxlhoPRKR7RTYDPSiNxX/8zqZic/DMZNpZqgk80VxxpFJ0DQH1GOKEsNHlmCimL0VkQFWmBibVsmG4C++/Jc0j6v+SdW7Pa3ULvI4irAPB3AEPpxBDa6gDg0g8ABP8AKvzqPz7Lw57/PWgpPP7MEvOB/fNTeSqA==</latexit>

Physical quark mass 
protons with ↵ = 0.1

<latexit sha1_base64="oBOojJ/ei/3R3N5yzGzYQCpuhTw=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0hU0ItQ9OKxgrWFJpTJdtMu3WzC7kYopX/DiwdFvPpnvPlv3LY5aOuDgcd7M8zMizLBtfG8b6e0srq2vlHerGxt7+zuVfcPHnWaK8qaNBWpakeomeCSNQ03grUzxTCJBGtFw9up33piSvNUPphRxsIE+5LHnKKxUhCgyAZIronn+t1qzXO9Gcgy8QtSgwKNbvUr6KU0T5g0VKDWHd/LTDhGZTgVbFIJcs0ypEPss46lEhOmw/Hs5gk5sUqPxKmyJQ2Zqb8nxphoPUoi25mgGehFbyr+53VyE1+FYy6z3DBJ54viXBCTkmkApMcVo0aMLEGquL2V0AEqpMbGVLEh+IsvL5PHM9c/d737i1r9poijDEdwDKfgwyXU4Q4a0AQKGTzDK7w5ufPivDsf89aSU8wcwh84nz8RCJBi</latexit>

↵ML

4⇡
⌧ 1

<latexit sha1_base64="mDulk0cANvOpw8kgkJpDuJOOl4o=">AAACBnicbVBNS8NAEJ3Ur1q/oh5FWCyCp5JoQY9FLx4UKtgPaErZbDft0s0m7G6EEnLy4l/x4kERr/4Gb/4bt20O2vpg4PHeDDPz/JgzpR3n2yosLa+srhXXSxubW9s79u5eU0WJJLRBIh7Jto8V5UzQhmaa03YsKQ59Tlv+6Gritx6oVCwS93oc026IB4IFjGBtpJ596AUSk9TDPB5idItusrTqxSxDHufI7dllp+JMgRaJm5My5Kj37C+vH5EkpEITjpXquE6suymWmhFOs5KXKBpjMsID2jFU4JCqbjp9I0PHRumjIJKmhEZT9fdEikOlxqFvOkOsh2rem4j/eZ1EBxfdlIk40VSQ2aIg4UhHaJIJ6jNJieZjQzCRzNyKyBCbXLRJrmRCcOdfXiTN04p7VnHuquXaZR5HEQ7gCE7AhXOowTXUoQEEHuEZXuHNerJerHfrY9ZasPKZffgD6/MHwHGYAA==</latexit>

L ⌧ 2.1 fm
<latexit sha1_base64="0t0EB16CJqby57KR115tiFcVxpQ=">AAAB/XicbVDLSgNBEJz1GeNrfdy8DAbBU9hVQY9BLx48RDAPyIYwO5lNhszMLjO9YlyCv+LFgyJe/Q9v/o2TZA+aWNBQVHXT3RUmghvwvG9nYXFpeWW1sFZc39jc2nZ3dusmTjVlNRqLWDdDYpjgitWAg2DNRDMiQ8Ea4eBq7DfumTY8VncwTFhbkp7iEacErNRx929wIAQ+KfsBDoA9QBbJUccteWVvAjxP/JyUUI5qx/0KujFNJVNABTGm5XsJtDOigVPBRsUgNSwhdEB6rGWpIpKZdja5foSPrNLFUaxtKcAT9fdERqQxQxnaTkmgb2a9sfif10ohumhnXCUpMEWni6JUYIjxOArc5ZpREENLCNXc3oppn2hCwQZWtCH4sy/Pk7pN7rTs3Z6VKpd5HAV0gA7RMfLROaqga1RFNUTRI3pGr+jNeXJenHfnY9q64OQze+gPnM8f0FGULg==</latexit>

L ⌧ 26 fm
<latexit sha1_base64="XYCKZyVaTgA1EdaXMQT7RGpKEtA=">AAAB/HicbVBNS8NAEN3Ur1q/oj16WSyCp5JUUY9FLx48VLAf0ISy2W7apZtN2J2IJdS/4sWDIl79Id78N27bHLT1wcDjvRlm5gWJ4Boc59sqrKyurW8UN0tb2zu7e/b+QUvHqaKsSWMRq05ANBNcsiZwEKyTKEaiQLB2MLqe+u0HpjSP5T2ME+ZHZCB5yCkBI/Xs8i32hMC1cw97wB4hC6NJz644VWcGvEzcnFRQjkbP/vL6MU0jJoEKonXXdRLwM6KAU8EmJS/VLCF0RAasa6gkEdN+Njt+go+N0sdhrExJwDP190RGIq3HUWA6IwJDvehNxf+8bgrhpZ9xmaTAJJ0vClOBIcbTJHCfK0ZBjA0hVHFzK6ZDoggFk1fJhOAuvrxMWrWqe1p17s4q9as8jiI6REfoBLnoAtXRDWqgJqJojJ7RK3qznqwX6936mLcWrHymjP7A+vwBaSOT+w==</latexit>

↵ML ⌧ 1
<latexit sha1_base64="kEjVp7IGkpVJANvom7LDpYmuv+E=">AAAB+XicbVDLSgNBEOyNrxhfqx69DAbBU9hVQY9BLx4UIpgHZJfQO5lNhsw+mJkNhCV/4sWDIl79E2/+jZNkDxotaCiquunuClLBlXacL6u0srq2vlHerGxt7+zu2fsHLZVkkrImTUQiOwEqJnjMmpprwTqpZBgFgrWD0c3Mb4+ZVDyJH/UkZX6Eg5iHnKI2Us+2PRTpEMk9uSOeEMTt2VWn5sxB/hK3IFUo0OjZn14/oVnEYk0FKtV1nVT7OUrNqWDTipcpliId4YB1DY0xYsrP55dPyYlR+iRMpKlYk7n6cyLHSKlJFJjOCPVQLXsz8T+vm+nwys95nGaaxXSxKMwE0QmZxUD6XDKqxcQQpJKbWwkdokSqTVgVE4K7/PJf0jqruec15+GiWr8u4ijDERzDKbhwCXW4hQY0gcIYnuAFXq3cerberPdFa8kqZg7hF6yPb19Hki0=</latexit>

L

⌘L =
↵M

2p
=

↵ML

4⇡
<latexit sha1_base64="My/v6to82WswpVCCdSKMTQ785a8=">AAACH3icbVBNS8NAEN34WetX1aOXxSJ4Kkkt6kUoevFQoYL9gKaUyXbTLt0ky+5GKCH/xIt/xYsHRcRb/43bNgdtfTDweG+GmXme4Exp255YK6tr6xubua389s7u3n7h4LCpolgS2iARj2TbA0U5C2lDM81pW0gKgcdpyxvdTv3WE5WKReGjHgvaDWAQMp8R0EbqFS5cqqFXw9fY9SWQxAUuhoDv06Qs0iUV19Kk4gqW9gpFu2TPgJeJk5EiylDvFb7dfkTigIaacFCq49hCdxOQmhFO07wbKyqAjGBAO4aGEFDVTWb/pfjUKH3sR9JUqPFM/T2RQKDUOPBMZwB6qBa9qfif14m1f9VNWChiTUMyX+THHOsIT8PCfSYp0XxsCBDJzK2YDMEkok2keROCs/jyMmmWS855qfxQKVZvsjhy6BidoDPkoEtURXeojhqIoGf0it7Rh/VivVmf1te8dcXKZo7QH1iTH0/0oes=</latexit>

⌘L
<latexit sha1_base64="+lOcJqmnINxJFJYsNluIcZkoun0=">AAAB7XicbVA9SwNBEJ3zM8avqKXNYhCswl0UtAzaWFhEMB+QHGFvM5es2bs9dveEcOQ/2FgoYuv/sfPfuEmu0MQHA4/3ZpiZFySCa+O6387K6tr6xmZhq7i9s7u3Xzo4bGqZKoYNJoVU7YBqFDzGhuFGYDtRSKNAYCsY3Uz91hMqzWX8YMYJ+hEdxDzkjBorNbtoaO+uVyq7FXcGsky8nJQhR71X+ur2JUsjjA0TVOuO5ybGz6gynAmcFLupxoSyER1gx9KYRqj9bHbthJxapU9CqWzFhszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvkZj5PUYMzmi8JUECPJ9HXS5wqZEWNLKFPc3krYkCrKjA2oaEPwFl9eJs1qxTuvVO8vyrXrPI4CHMMJnIEHl1CDW6hDAxg8wjO8wpsjnRfn3fmYt644+cwR/IHz+QNazI77</latexit>
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Power Counting

Hierarchy between QCD and QED effects volume dependent, two reasonable 
power counting for this range of volumes

With                                           and volumes 

↵m⇡L

4⇡
⇠ a⇡⇡

L
<latexit sha1_base64="NMk16A0nboYbNWq5PaariScsQrI=">AAACHnicbVDLSgMxFM3UV62vUZdugkVwVWa0osuiGxddVLAP6JThTpppQ5OZIckIZZgvceOvuHGhiOBK/8b0sdDWAyGHc84luSdIOFPacb6twsrq2vpGcbO0tb2zu2fvH7RUnEpCmyTmsewEoChnEW1qpjntJJKCCDhtB6Obid9+oFKxOLrX44T2BAwiFjIC2ki+feGFEkjmAU+GgIXvJQzX86xq7hx7igk8C4CfGWmi5lk99+2yU3GmwMvEnZMymqPh259ePyapoJEmHJTquk6iexlIzQineclLFU2AjGBAu4ZGIKjqZdP1cnxilD4OY2lOpPFU/T2RgVBqLAKTFKCHatGbiP953VSHV72MRUmqaURmD4UpxzrGk65wn0lKNB8bAkQy81dMhmDq0KbRkinBXVx5mbTOKu55xbmrlmvX8zqK6Agdo1PkoktUQ7eogZqIoEf0jF7Rm/VkvVjv1scsWrDmM4foD6yvH0ueozo=</latexit>

↵m⇡L

4⇡
⇠

⇣a⇡⇡
L

⌘2

<latexit sha1_base64="TelrT9NmotYp1N8iK0Lrlk8XE5Y="></latexit>

PC1 PC2

Results for PC1 computed to NNLO

Known higher-order results for pure QCD allow PC2 to be extend to N  LO3

Beane, Detmold, and Savage, PRD 76 (2007)

L = 2.2 fm, 3.2 fm
<latexit sha1_base64="WGE+sW8pgWUq3xr+OUQOjRzWpuk=">AAACDHicbVC7SgNBFJ31GeMramkzGAQLCbuJoI0QtLGwiGAekF3C7GQ2GTKzu8zcFcOSD7DxV2wsFLH1A+z8GyfJFibxwMDhnHO5c48fC67Btn+speWV1bX13EZ+c2t7Z7ewt9/QUaIoq9NIRKrlE80ED1kdOAjWihUj0hes6Q+ux37zgSnNo/AehjHzJOmFPOCUgJE6heItvsTlUtnFLrBHSAM5OnVxZUYwKbtkT4AXiZORIspQ6xS+3W5EE8lCoIJo3XbsGLyUKOBUsFHeTTSLCR2QHmsbGhLJtJdOjhnhY6N0cRAp80LAE/XvREqk1kPpm6Qk0Nfz3lj8z2snEFx4KQ/jBFhIp4uCRGCI8LgZ3OWKURBDQwhV3PwV0z5RhILpL29KcOZPXiSNcsmplOy7s2L1Kqsjhw7RETpBDjpHVXSDaqiOKHpCL+gNvVvP1qv1YX1Oo0tWNnOAZmB9/QKLmplx</latexit>

Hansen and Sharpe, PRD 93 (2016)

a⇡⇡
L

= 0.10, 0.07
<latexit sha1_base64="6WlSJlZ5rKxE7xv8rYcezzvVSl0=">AAACC3icbVC7SgNBFL0bXzG+Vi1thgTBQsJuFGIjBG0sLCKYB2SXMDuZTYbMPpiZFcKyvY2/YmOhiK0/YOffOEm20MTDDPdwzr3M3OPFnEllWd9GYWV1bX2juFna2t7Z3TP3D9oySgShLRLxSHQ9LClnIW0ppjjtxoLiwOO0442vp37ngQrJovBeTWLqBngYMp8RrLTUN8uOLzBJcT91YqZPlqW3GbpEVtW2Th1drHrfrOgyA1omdk4qkKPZN7+cQUSSgIaKcCxlz7Zi5aZYKEY4zUpOImmMyRgPaU/TEAdUuulslwwda2WA/EjoGyo0U39PpDiQchJ4ujPAaiQXvan4n9dLlH/hpiyME0VDMn/ITzhSEZoGgwZMUKL4RBNMBNN/RWSEdThKx1fSIdiLKy+Tdq1qn1Vrd+eVxlUeRxGOoAwnYEMdGnADTWgBgUd4hld4M56MF+Pd+Ji3Fox85hD+wPj8Ae/KmQI=</latexit>

↵m⇡L

4⇡
= 0.04, 0.06

<latexit sha1_base64="6c+fnL0Uh60nDJz06OBXfjhsz20=">AAACEnicbVDLSsNAFJ34rPUVdelmsAgKUpJa1I1QdOPCRQX7gCaEyXTSDp1MwsxEKCHf4MZfceNCEbeu3Pk3TtostPXCcA7n3Mude/yYUaks69tYWFxaXlktrZXXNza3ts2d3baMEoFJC0csEl0fScIoJy1FFSPdWBAU+ox0/NF17nceiJA04vdqHBM3RANOA4qR0pJnHjuBQDh1EIuHCIaeE1N4m6V1jRm8hFbVqp84OZx5ZkXDpOA8sQtSAUU1PfPL6Uc4CQlXmCEpe7YVKzdFQlHMSFZ2EklihEdoQHqachQS6aaTkzJ4qJU+DCKhH1dwov6eSFEo5Tj0dWeI1FDOern4n9dLVHDhppTHiSIcTxcFCYMqgnk+sE8FwYqNNUFYUP1XiIdIZ6R0imUdgj178jxp16r2abV2V680roo4SmAfHIAjYINz0AA3oAlaAINH8AxewZvxZLwY78bHtHXBKGb2wJ8yPn8AMnGbNA==</latexit>
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EFT Fits

NNLO fits with both power counting give 

EFT parameters             ,              and three-body couplings                 ,                 
determined from global fit to all FV shifts with 2-12 mesons and correlated 
differences 

aK
0K0

<latexit sha1_base64="TeOMgx1qGgT+uctuTxrlhRFbDPA=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRbBU9lVQY9FL4KXCvYD222ZTdM2NJtdkqxQlv4LLx4U8eq/8ea/MW33oK2PBB7vzTAzL4gF18Z1v53cyura+kZ+s7C1vbO7V9w/qOsoUZTVaCQi1QxQM8ElqxluBGvGimEYCNYIRjdTv/HElOaRfDDjmPkhDiTvc4rGSo/YSe86rn2TbrHklt0ZyDLxMlKCDNVu8avdi2gSMmmoQK1bnhsbP0VlOBVsUmgnmsVIRzhgLUslhkz76WzjCTmxSo/0I2W/NGSm/u5IMdR6HAa2MkQz1IveVPzPayWmf+WnXMaJYZLOB/UTQUxEpueTHleMGjG2BKnidldCh6iQGhtSwYbgLZ68TOpnZe+87N5flCrXWRx5OIJjOAUPLqECt1CFGlCQ8Ayv8OZo58V5dz7mpTkn6zmEP3A+fwC4qJBJ</latexit>

a⇡
+⇡+

C
<latexit sha1_base64="xifkQZdqNS6QSqQCnhUpGQxUgM0=">AAAB+HicbVDLSsNAFL3xWeujUZduBosgFEqigi6L3bisYB/QpmEynbRDJ5MwMxFq6Je4caGIWz/FnX/jtM1CWw/cy+Gce5k7J0g4U9pxvq219Y3Nre3CTnF3b/+gZB8etVScSkKbJOax7ARYUc4EbWqmOe0kkuIo4LQdjOszv/1IpWKxeNCThHoRHgoWMoK1kXy7hP16P+slrF8xrTL17bJTdeZAq8TNSRlyNHz7qzeISRpRoQnHSnVdJ9FehqVmhNNpsZcqmmAyxkPaNVTgiCovmx8+RWdGGaAwlqaERnP190aGI6UmUWAmI6xHatmbif953VSHN17GRJJqKsjioTDlSMdolgIaMEmJ5hNDMJHM3IrICEtMtMmqaEJwl7+8SloXVfey6txflWu3eRwFOIFTOAcXrqEGd9CAJhBI4Rle4c16sl6sd+tjMbpm5TvH8AfW5w8dZ5K6</latexit>

⌘⇡
+⇡+⇡+

<latexit sha1_base64="jSsAMwyns3TCe+CYI5+KqOx3hqc=">AAAB/3icbVDLSsNAFL3xWesrKrhxM1gEQSiJCrosunFZwT6gSctkOmmHTiZhZiKU2IW/4saFIm79DXf+jdM2oLYeuJfDOfcyd06QcKa043xZC4tLyyurhbXi+sbm1ra9s1tXcSoJrZGYx7IZYEU5E7Smmea0mUiKo4DTRjC4HvuNeyoVi8WdHibUj3BPsJARrI3Usfc9qnE78xLWPvlpo45dcsrOBGieuDkpQY5qx/70ujFJIyo04Viplusk2s+w1IxwOip6qaIJJgPcoy1DBY6o8rPJ/SN0ZJQuCmNpSmg0UX9vZDhSahgFZjLCuq9mvbH4n9dKdXjpZ0wkqaaCTB8KU450jMZhoC6TlGg+NAQTycytiPSxxESbyIomBHf2y/Okflp2z8rO7XmpcpXHUYADOIRjcOECKnADVagBgQd4ghd4tR6tZ+vNep+OLlj5zh78gfXxDWRpla8=</latexit>

�EN⇡+ ��ENK0
<latexit sha1_base64="Wl7d/w1MM+BkMB3tnNkHl6frIPM=">AAACDnicbVDLSsNAFJ3UV62vqEs3g6UgiCVRQZfFBwiCVLAPaNIwmU7boZNJmJkIJeQL3Pgrblwo4ta1O//GaZtFbT1w4XDOvdx7jx8xKpVl/Ri5hcWl5ZX8amFtfWNzy9zeqcswFpjUcMhC0fSRJIxyUlNUMdKMBEGBz0jDH1yO/MYjEZKG/EENI+IGqMdpl2KktOSZJeeKMIXgtZfcQSei7cMUHsFp8bZtpZ5ZtMrWGHCe2BkpggxVz/x2OiGOA8IVZkjKlm1Fyk2QUBQzkhacWJII4QHqkZamHAVEusn4nRSWtNKB3VDo4gqO1emJBAVSDgNfdwZI9eWsNxL/81qx6p67CeVRrAjHk0XdmEEVwlE2sEMFwYoNNUFYUH0rxH0kEFY6wYIOwZ59eZ7Uj8v2Sdm6Py1WLrI48mAP7IMDYIMzUAE3oApqAIMn8ALewLvxbLwaH8bnpDVnZDO74A+Mr1/BFpoD</latexit>

N LO fits (pc 2) add three-body forces, better agreement3

�2/dof ⇠ 1.3
<latexit sha1_base64="u4SbdqjlZi559WuYf2I1mi8504E=">AAACBXicbVC5TsNAEF2HK4TLQAnFigiJytgJEpQRNJRBIocUm2i9XierrA/tjhGRlYaGX6GhACFa/oGOv2FzFJDwpJGe3pvRzDw/FVyBbX8bhaXlldW14nppY3Nre8fc3WuqJJOUNWgiEtn2iWKCx6wBHARrp5KRyBes5Q+uxn7rnknFk/gWhinzItKLecgpAS11zUOX9vldBZ9iF9gD5EESjrCreIQdq9o1y7ZlT4AXiTMjZTRDvWt+uUFCs4jFQAVRquPYKXg5kcCpYKOSmymWEjogPdbRNCYRU14++WKEj7US4DCRumLAE/X3RE4ipYaRrzsjAn01743F/7xOBuGFl/M4zYDFdLoozASGBI8jwQGXjIIYakKo5PpWTPtEEgo6uJIOwZl/eZE0K5ZTtSo3Z+Xa5SyOIjpAR+gEOegc1dA1qqMGougRPaNX9GY8GS/Gu/ExbS0Ys5l99AfG5w8+Opcf</latexit>

�2/dof ⇠ 0.8
<latexit sha1_base64="9VPV+Vq6BFKbbIaJJMUZjJw5gRw=">AAACBXicbVC5TsNAEF2HK4TLQAnFigiJytgBiZQRNJRBIocUm2i9XierrA/tjhGRlYaGX6GhACFa/oGOv2FzFJDwpJGe3pvRzDw/FVyBbX8bhaXlldW14nppY3Nre8fc3WuqJJOUNWgiEtn2iWKCx6wBHARrp5KRyBes5Q+uxn7rnknFk/gWhinzItKLecgpAS11zUOX9vldBZ9iF9gD5EESjrCreIRtq9o1y7ZlT4AXiTMjZTRDvWt+uUFCs4jFQAVRquPYKXg5kcCpYKOSmymWEjogPdbRNCYRU14++WKEj7US4DCRumLAE/X3RE4ipYaRrzsjAn01743F/7xOBmHVy3mcZsBiOl0UZgJDgseR4IBLRkEMNSFUcn0rpn0iCQUdXEmH4My/vEiaFcs5syo35+Xa5SyOIjpAR+gEOegC1dA1qqMGougRPaNX9GY8GS/Gu/ExbS0Ys5l99AfG5w9ESJcj</latexit>

⌘K
0
K

0
K

0

<latexit sha1_base64="OlviumneE1YDCuRxSM0Yt8bOcKw=">AAACGnicfVDLSgMxFM34rPU16tJNsAiuykwVdFl0I7ipYB/QmZZMmmlDM8mQZIQyzHe48VfcuFDEnbjxb8y0s9BWPBA4Oefem9wTxIwq7Thf1tLyyuraemmjvLm1vbNr7+23lEgkJk0smJCdACnCKCdNTTUjnVgSFAWMtIPxVe6374lUVPA7PYmJH6EhpyHFSBupb7se0aiXesIU5TPSm6zn/HfL+nbFqTpTwEXiFqQCCjT69oc3EDiJCNeYIaW6rhNrP0VSU8xIVvYSRWKEx2hIuoZyFBHlp9PVMnhslAEMhTSHazhVf3akKFJqEgWmMkJ6pOa9XPzL6yY6vPBTyuNEE45nD4UJg1rAPCc4oJJgzSaGICyp+SvEIyQR1ibNsgnBnV95kbRqVfe0Wrs9q9QvizhK4BAcgRPggnNQB9egAZoAgwfwBF7Aq/VoPVtv1vusdMkqeg7AL1if3zrSojg=</latexit>
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EFT Fits

Negative sign arises from zero-mode subtraction, full QED effects reproduced 
by Coulomb effects in NRQEDL

QED effects resolved at              for systems of              mesons1� 2�
<latexit sha1_base64="LDtGyGVEo60NIp0c/Wp08iZSqaA=">AAAB8XicbVBNSwMxEJ34WetX1aOXYBG8WHaroMeiF48V7Ae2S8mm2TY0yS5JVihL/4UXD4p49d9489+YtnvQ1gcDj/dmmJkXJoIb63nfaGV1bX1js7BV3N7Z3dsvHRw2TZxqyho0FrFuh8QwwRVrWG4FayeaERkK1gpHt1O/9cS04bF6sOOEBZIMFI84JdZJj/55FXcNH0jSK5W9ijcDXiZ+TsqQo94rfXX7MU0lU5YKYkzH9xIbZERbTgWbFLupYQmhIzJgHUcVkcwE2eziCT51Sh9HsXalLJ6pvycyIo0Zy9B1SmKHZtGbiv95ndRG10HGVZJapuh8UZQKbGM8fR/3uWbUirEjhGrubsV0SDSh1oVUdCH4iy8vk2a14l9UqveX5dpNHkcBjuEEzsCHK6jBHdShARQUPMMrvCGDXtA7+pi3rqB85gj+AH3+AEGOj/8=</latexit>

3� 12
<latexit sha1_base64="Mi8VeKxffbR2E1kS9xp5rqtOwMg=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBi2W3Leix6MVjBfsB7VKyabYNTbJLkhXK0r/gxYMiXv1D3vw3Zts9aOuDgcd7M8zMC2LOtHHdb6ewsbm1vVPcLe3tHxwelY9POjpKFKFtEvFI9QKsKWeStg0znPZiRbEIOO0G07vM7z5RpVkkH80spr7AY8lCRrDJpPqVVxuWK27VXQCtEy8nFcjRGpa/BqOIJIJKQzjWuu+5sfFTrAwjnM5Lg0TTGJMpHtO+pRILqv10cescXVhlhMJI2ZIGLdTfEykWWs9EYDsFNhO96mXif14/MeGNnzIZJ4ZKslwUJhyZCGWPoxFTlBg+swQTxeytiEywwsTYeEo2BG/15XXSqVW9erX20Kg0b/M4inAG53AJHlxDE+6hBW0gMIFneIU3RzgvzrvzsWwtOPnMKfyB8/kDyRiNaQ==</latexit>
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EFT Results

Three-body forces clearly resolved, no QED effects visible on strength of three-
body forces

Coulomb scattering length for            differs from            scattering length⇡+⇡+
<latexit sha1_base64="MLsNSzNdq6fBdLEnpTc7aZwZvKY=">AAAB8XicbVBNSwMxEJ31s9avqkcvwSIIQtlVQY9FLx4r2A9s15JNs21oNrsks0Ip/RdePCji1X/jzX9jut2Dtj5IeLw3w8y8IJHCoOt+O0vLK6tr64WN4ubW9s5uaW+/YeJUM15nsYx1K6CGS6F4HQVK3ko0p1EgeTMY3kz95hPXRsTqHkcJ9yPaVyIUjKKVHjqJeDzNvm6p7FbcDGSReDkpQ45at/TV6cUsjbhCJqkxbc9N0B9TjYJJPil2UsMTyoa0z9uWKhpx44+zjSfk2Co9EsbaPoUkU393jGlkzCgKbGVEcWDmvan4n9dOMbzyx0IlKXLFZoPCVBKMyfR80hOaM5QjSyjTwu5K2IBqytCGVLQhePMnL5LGWcU7r7h3F+XqdR5HAQ7hCE7Ag0uowi3UoA4MFDzDK7w5xnlx3p2PWemSk/ccwB84nz/WL5Bc</latexit> K0K0

<latexit sha1_base64="h/Px7yvG89Jfb/MpZRDBsDsmKBo=">AAAB7XicbVDLSgMxFL3js9ZX1aWbYBFclYwKuiy6EdxUsA9ox5JJM21sJhmSjFCG/oMbF4q49X/c+Tem7Sy09ZDA4Zx7ufeeMBHcWIy/vaXlldW19cJGcXNre2e3tLffMCrVlNWpEkq3QmKY4JLVLbeCtRLNSBwK1gyH1xO/+cS04Ure21HCgpj0JY84JdZJjdsH7F63VMYVPAVaJH5OypCj1i19dXqKpjGTlgpiTNvHiQ0yoi2ngo2LndSwhNAh6bO2o5LEzATZdNsxOnZKD0VKuy8tmqq/OzISGzOKQ1cZEzsw895E/M9rpza6DDIuk9QySWeDolQgq9DkdNTjmlErRo4QqrnbFdEB0YRaF1DRheDPn7xIGqcV/6yC787L1as8jgIcwhGcgA8XUIUbqEEdKDzCM7zCm6e8F+/d+5iVLnl5zwH8gff5A3/zjmo=</latexit>

(all results valid for unphysical quark masses used in calculation)
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Summary

FV effects on interacting charged hadron systems in LQCD+QED  consistent with 
NRQED  up to                ,                                 at unphysically large quark massL

L
Z↵  1.2

<latexit sha1_base64="jGRaXLKCN5dMFIZaimOlGm4xloQ=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5BUQY9FLx4r2A9sQtlsN+3SzSbubpRS+1O8eFDEq7/Em//GbZuDtj4YeLw3w8y8MOVMadf9tgorq2vrG8XN0tb2zu6eXd5vqiSThDZIwhPZDrGinAna0Exz2k4lxXHIaSscXk391gOViiXiVo9SGsS4L1jECNZG6trlO+Rjng4w8jm9R55T7doV13FnQMvEy0kFctS79pffS0gWU6EJx0p1PDfVwRhLzQink5KfKZpiMsR92jFU4JiqYDw7fYKOjdJDUSJNCY1m6u+JMY6VGsWh6YyxHqhFbyr+53UyHV0EYybSTFNB5ouijCOdoGkOqMckJZqPDMFEMnMrIgMsMdEmrZIJwVt8eZk0q4536rg3Z5XaZR5HEQ7hCE7Ag3OowTXUoQEEHuEZXuHNerJerHfrY95asPKZA/gD6/MHK/6Sog==</latexit>

Z↵/L3 . 0.12 fm�3
<latexit sha1_base64="RFQ67NHerKaH8ByeHmmSaL2JbpI=">AAACFXicbVA9SwNBEN2L3/ErammzGAQLjXdG0FK0sbCIYDSYi2FvM5cs7t4du3NiOPInbPwrNhaK2Ap2/hs3H4UaHww83pthZl6QSGHQdb+c3MTk1PTM7Fx+fmFxabmwsnpp4lRzqPJYxroWMANSRFBFgRJqiQamAglXwe1J37+6A21EHF1gN4GGYu1IhIIztFKzsH3tM5l0GN2lZzdl6kswxghF3ZK3R33qI9xjFqreTbZT7jULRbfkDkDHiTciRTJCpVn49FsxTxVEyCUzpu65CTYyplFwCb28nxpIGL9lbahbGjEFppENvurRTau0aBhrWxHSgfpzImPKmK4KbKdi2DF/vb74n1dPMTxsZCJKUoSIDxeFqaQY035EtCU0cJRdSxjXwt5KeYdpxtEGmbcheH9fHieXeyWvXHLP94tHx6M4Zsk62SBbxCMH5IickgqpEk4eyBN5Ia/Oo/PsvDnvw9acM5pZI7/gfHwDR46dCA==</latexit>

Size of QED effects consistent with Coulomb expansion parameter

NRQED    with perturbative Coulomb should converge for proton-proton systems 
at the physical point with

L

Nonlocal counterterms in NRQED  are not enhanced by Coulomb ladders (at least 
at 2-loop order), appear only as relativistic corrections

L

⌘L =
↵M

2p
=

↵ML

4⇡
⌧ ↵ML

<latexit sha1_base64="TkD7j9tG6/Kk9od2Q4BLmffGJfc=">AAACLnicbZDLSgMxFIYz9VbrrerSTbAIrspMLehGKIrgokIFe4FOKWfSTBuamQlJRijDPJEbX0UXgoq49TFML6C2/hD4+c45nJzfE5wpbduvVmZpeWV1Lbue29jc2t7J7+41VBRLQusk4pFseaAoZyGta6Y5bQlJIfA4bXrDy3G9eU+lYlF4p0eCdgLoh8xnBLRB3fyVSzV0q/gcu74EkrjAxQDwTZqURLpAcTVNyq5gKXY5xz+0my/YRXsivGicmSmgmWrd/LPbi0gc0FATDkq1HVvoTgJSM8JpmnNjRQWQIfRp29gQAqo6yeTcFB8Z0sN+JM0LNZ7Q3xMJBEqNAs90BqAHar42hv/V2rH2zzoJC0WsaUimi/yYYx3hcXa4xyQlmo+MASKZ+SsmAzABaZNwzoTgzJ+8aBqlonNSLN2WC5WLWRxZdIAO0TFy0CmqoGtUQ3VE0AN6Qm/o3Xq0XqwP63PamrFmM/voj6yvb9y5pzA=</latexit>

L ⌧ 20 fm
<latexit sha1_base64="HW+jCT0fFwi+ioX50ytRD7yHGbM=">AAAB/HicbVBNS8NAEN34WetXtEcvi0XwVJIq6LHoxYOHCvYDmlA22027dDcJuxMxhPpXvHhQxKs/xJv/xm2bg7Y+GHi8N8PMvCARXIPjfFsrq2vrG5ulrfL2zu7evn1w2NZxqihr0VjEqhsQzQSPWAs4CNZNFCMyEKwTjK+nfueBKc3j6B6yhPmSDCMeckrASH27cos9IXDd8bAH7BHyUE76dtWpOTPgZeIWpIoKNPv2lzeIaSpZBFQQrXuuk4CfEwWcCjYpe6lmCaFjMmQ9QyMimfbz2fETfGKUAQ5jZSoCPFN/T+REap3JwHRKAiO96E3F/7xeCuGln/MoSYFFdL4oTAWGGE+TwAOuGAWRGUKo4uZWTEdEEQomr7IJwV18eZm06zX3rFa/O682roo4SugIHaNT5KIL1EA3qIlaiKIMPaNX9GY9WS/Wu/Uxb12xipkK+gPr8wdgbZP3</latexit>


