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Solving the Standard Model

Simple quantities like the proton-
neutron mass difference have 
been computed with percent-
level precision in lattice 
QCD+QED

Borsanyi et al, Science, vol. 347 (2015)

Beane, …, MW et al, arXiv:2003.12130

Increasingly complex effects 
such as QED effects on 
charged multi-meson systems 
are being explored
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Nuclear matrix elements from LQCD

Parreño, …, MW, et al [NPLQCD] arXiv:2102.xx

Detmold, …, MW, et al [NPLQCD], arXiv:2101.12668

The u-d quark momentum 
fractions of light nuclei 
have been computed in 
exploratory calculations 
at heavier-than-physical 
quark masses

Triton beta-decay rate 
computed from lattice QCD, 
effects of axial two-body 
currents visible
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Excited-state effects
Euclidean correlation functions have spectral representation

Analogous issues with         excited-states may impact axial 
form factor calculations

Better tools for needed for dealing with multi-hadron excited states
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Precise studies of multi-nucleon systems face challenges from 
unbound finite-volume excited states
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Jang, Gupta, Yoon, Bhattacharya, PRL 124 (2020) Alexandrou et al [ETMC], arXiv:2011.13342
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The signal-to-noise problem
Monte Carlo noise in nucleon/nuclear correlation functions grows exponentially 

with Euclidean time separation 
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Parisi, Phys. Rept. 103 (1984)

Lepage, TASI (1989)
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The sign(al-to-noise) problem

Contributions to the energy from phase fluctuations lead to StN problems
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Nucleon correlation functions are real on 
average but complex in generic gauge 
field backgrounds

Empirically, phase fluctuations (“sign problem”) reproduce the Parisi-
Lepage signal-to-noise problem
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A nice toy sign problem
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For uniform phase 
fluctuations, average 
phase vanishes but 
variance is always O(1)

Detmold, Kanwar, Lamm, MW, Warrington, arXiv:2101.12668
Detmold, Kanwar, MW, Warrington, PRD 102 (2020)
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Contour deformations
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integral result unaffected by 
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Variance reduction
The variance involves non-holomorphic integrands
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Detmold, Kanwar, Lamm, MW, Warrington, arXiv:2101.12668
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Consider a path integral with a sign problem

Path integral contour deformations
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Deform the integration contour
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Deformed integrand can have less severe sign problem

Alexandru, Basar, Bedaque, 
Warrington, arXiv:2007.05436

Review:

Cristoforetti, Di Renzo, 
Scorzato, PRD 86 (2012)
…

Witten, AMS/IP 
Stud.Adv.Math. 50 (2011)
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Observifolds

hOi =
1

Z

Z

M
DU e�S(U)

O(U)
<latexit sha1_base64="o0h4PYgIlExbtEc03MOcTSJdZx8="></latexit>

=
1

Z

Z

fM
D eU e�S(eU)

O(eU)
<latexit sha1_base64="/mlOFSe8BhqGav59fp/oTiA+23k="></latexit>

=
1

Z

Z

M
DU e�S(U) det

 
@ eU
@U

!
e�S(eU(U))+S(U)

O(eU(U))
<latexit sha1_base64="ZRqyGM2SVzvEpnTl4/xqmIquaE0="></latexit>

Deformed observables method: contour deformations 
without modifying Monte Carlo sampling

⌘ 1

Z

Z

M
DU e�S(U) Q(U)

<latexit sha1_base64="r/or8175xmTC/1hVHTPsnSIOJRM="></latexit>

hOi = hQi
<latexit sha1_base64="og98ICBVNyRmPLYQ5hq6nMGTSP4=">AAACM3icbVDLSgNBEJz1bXxFPXoZDIKnsCsGPaiIXryZgNFANoTZSW92cPbBTK8Qlv0Sv8MP8KpfIN5E8OQ/OEkW0WhBQ1HVTXeXl0ih0bZfrKnpmdm5+YXF0tLyyupaeX3jWsep4tDksYxVy2MapIigiQIltBIFLPQk3Hi350P/5g6UFnF0hYMEOiHrR8IXnKGRuuWaK8HHIzdkGHAms8vcVaIf4Ak9pmOLfnuNnBZmt1yxq/YI9C9xClIhBerd8ofbi3kaQoRcMq3bjp1gJ2MKBZeQl9xUQ8L4LetD29CIhaA72ei9nO4YpUf9WJmKkI7UnxMZC7UehJ7pHJ6qJ72h+K+nzSkB9CbWo3/YyUSUpAgRH2/3U0kxpsMAaU8o4CgHhjCuhHmA8oApxtHEXDLJOJM5/CXXe1Vnv1pr7FdOz4qMFsgW2Sa7xCEH5JRckDppEk7uySN5Is/Wg/VqvVnv49Ypq5jZJL9gfX4Bl7irTQ==</latexit>

Var[O] 6= Var[Q]
<latexit sha1_base64="mCtO2LrDrka/U0sakkXg0fka/ts=">AAACM3icbVDLSgNBEJz1bXxFPXoZDIKnsCsGPQa9eNOAiUJ2CbOTjhmcnV1nesWw7Jf4HX6AV/0C8SaCJ//ByQOJiQUNRVU33V1hIoVB131zZmbn5hcWl5YLK6tr6xvFza2GiVPNoc5jGevrkBmQQkEdBUq4TjSwKJRwFd6e9v2re9BGxOoSewkEEbtRoiM4Qyu1ihUf4QGzBtN5048YdjmT2XkeUF/BHR0z6a9by4NWseSW3QHoNPFGpERGuGgVv/x2zNMIFHLJjGl6boJBxjQKLiEv+KmBhPFbdgNNSxWLwATZ4L2c7lmlTTuxtqWQDtTxiYxFxvSi0Hb2bzSTXl/81zP2lC60J9Zj5zjIhEpSBMWH2zuppBjTfoC0LTRwlD1LGNfCPkB5l2nG0cZcsMl4kzlMk8ZB2TssV2qHperJKKMlskN2yT7xyBGpkjNyQeqEk0fyTF7Iq/PkvDsfzuewdcYZzWyTP3C+fwC5BayO</latexit>Detmold, Kanwar, MW, Warrington, PRD 102 (2020)
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Lattice gauge theory
Gauge transformations act on 

matter fields as

Gauge field acts as parallel 
transporter in color space

Gauge invariant building blocks:

Tr

✓ ◆

<latexit sha1_base64="wMp99s63Poyig/EppL3mMV3lAV0="></latexit>

 a
x ! ⌦ab

x  b
x

<latexit sha1_base64="BfP5YuNCWoypTg5tjCsTY3zGcow=">AAACKXicbVBLSgNBFOyJvxh/UZduGoMgCGFGIroMunGngjGCkwxvOi9Jk54P3T2aMOQQnsMDuNUjuFO3LryGPUkWmljQUFTV4/UrPxZcadv+sHJz8wuLS/nlwsrq2vpGcXPrRkWJZFhjkYjkrQ8KBQ+xprkWeBtLhMAXWPd7Z5lfv0epeBRe60GMjQA6IW9zBtpIXvHAjRVvgtenruSdrgYpowfqXgTYgWYK/jBzsojv9b1iyS7bI9BZ4kxIiUxw6RW/3VbEkgBDzQQodefYsW6kIDVnAocFN1EYA+tBB+8MDSFA1UhHRw3pnlFatB1J80JNR+rviRQCpQaBb5IB6K6a9jLxX0+Zr3SxNbVet08aKQ/jRGPIxtvbiaA6ollttMUlMi0GhgCT3BxAWRckMG3KLZhmnOkeZsnNYdmplI+uKqXq6aSjPNkhu2SfOOSYVMk5uSQ1wsgjeSYv5NV6st6sd+tzHM1Zk5lt8gfW1w+7fqfx</latexit>

⌦x 2 SU(N), U(1)
<latexit sha1_base64="8L2/KohwbbelVJWk2uJY1BKwAd0=">AAACF3icbVDLSgNBEJyNrxhfq57Ey2AQEpCwKxE9Br140ohuEsiGMDvpJENmZ5eZWTGE4Hf4AV71E7yJV49+gb/h5HHQxIKGoqqb7q4g5kxpx/myUguLS8sr6dXM2vrG5pa9vVNRUSIpeDTikawFRAFnAjzNNIdaLIGEAYdq0LsY+dV7kIpF4k73Y2iEpCNYm1GijdS09/zrEDqk+YB9JvCtl7vKH/nYy7n5pp11Cs4YeJ64U5JFU5Sb9rffimgSgtCUE6XqrhPrxoBIzSiHYcZPFMSE9kgH6oYKEoJqDMYvDPGhUVq4HUlTQuOx+ntiQEKl+mFgOkOiu2rWG4n/esqc0oXWzHrdPmsMmIgTDYJOtrcTjnWERyHhFpNANe8bQqhk5gFMu0QSqk2UGZOMO5vDPKkcF9xi4eSmmC2dTzNKo310gHLIRaeohC5RGXmIokf0jF7Qq/VkvVnv1sekNWVNZ3bRH1ifPyKCnds=</latexit>

Ux,µ 2 SU(N), U(1)
<latexit sha1_base64="pHcG5SSnJcD01kXm2ZK9bSd8L5Y=">AAACGHicbVDLSgMxFM3UV62vUXe6CRahhVJmpKLLohtXUtFpC51SMmnahiaZIcmIZSj4HX6AW/0Ed+LWnV/gb5i2s9DWAxcO59zLvfcEEaNKO86XlVlaXlldy67nNja3tnfs3b26CmOJiYdDFspmgBRhVBBPU81IM5IE8YCRRjC8nPiNeyIVDcWdHkWkzVFf0B7FSBupYx94neSh5PN4DH0q4K1XuC6WfOgV3GLHzjtlZwq4SNyU5EGKWsf+9rshjjkRGjOkVMt1It1OkNQUMzLO+bEiEcJD1CctQwXiRLWT6Q9jeGyULuyF0pTQcKr+nkgQV2rEA9PJkR6oeW8i/uspc8qAdOfW6955O6EiijUReLa9FzOoQzhJCXapJFizkSEIS2oegHiAJMLaZJkzybjzOSyS+knZrZRPbyr56kWaURYcgiNQAC44A1VwBWrAAxg8gmfwAl6tJ+vNerc+Zq0ZK53ZB39gff4ACLKeVw==</latexit>

Ux,µ = ei
R x+µ̂
x dyAµ(y)

<latexit sha1_base64="8R7uc+O8tgnjRcSNrihCElm2EGA="></latexit>

Ux,µ ! ⌦xUx,µ⌦
†
x+µ̂

<latexit sha1_base64="/vzKmeUd8lO0g6wer73gAU5g7Zs="></latexit>

Dab
µ  b

x = Uab
x,µ 

b
x+µ̂ �  a

x
<latexit sha1_base64="sVKdSxXwVt2kN7Omu7bcTdczSf4="></latexit>

Dµ 
a
x ! ⌦ab

x Dµ 
b
x

<latexit sha1_base64="Uw8z1Pj+GGUO1XVj8wn2JIkicdg="></latexit>

 
a
x+µ̂

<latexit sha1_base64="w2AN7bvJMRV5PLJb32f0x8jhJtk=">AAACHXicbVDLSsNAFJ34rPUVdenCYBEEoSRS0WXRjcsK9gFNDJPJpBk6mQkzE7GELP0OP8CtfoI7cSt+gb/hpO1CWw8MHM65hzv3BCklUtn2l7GwuLS8slpZq65vbG5tmzu7HckzgXAbccpFL4ASU8JwWxFFcS8VGCYBxd1geFX63XssJOHsVo1S7CVwwEhEEFRa8s0Dl2u7TOduKklxB/384cSNocrdJCsK36zZdXsMa544U1IDU7R889sNOcoSzBSiUMq+Y6fKy6FQBFFcVN1M4hSiIRzgvqYMJlh6+fiQwjrSSmhFXOjHlDVWfydymEg5SgI9mUAVy1mvFP/1pP5KjMOZ9Sq68HLC0kxhhibbo4xailtlVVZIBEaKjjSBSBB9gIViKCBSutCqbsaZ7WGedE7rTqN+dtOoNS+nHVXAPjgEx8AB56AJrkELtAECj+AZvIBX48l4M96Nj8nogjHN7IE/MD5/AEcbo6o=</latexit>

Uab
x,µ

<latexit sha1_base64="HGDpSerPFNsMLL97BY9B0wnx2+M=">AAACCnicbVDLTsJAFL3FF+ILdelmIjFxYUhrMLokunGJiQUSKGQ6HWDCdNrMTI2k6R/4AW71E9wZt/6EX+BvOEAXCp7kJifn3Jt77/FjzpS27S+rsLK6tr5R3Cxtbe/s7pX3D5oqSiShLol4JNs+VpQzQV3NNKftWFIc+py2/PHN1G89UKlYJO71JKZeiIeCDRjB2kg9t58+nnXDJOul2M/65YpdtWdAy8TJSQVyNPrl724QkSSkQhOOleo4dqy9FEvNCKdZqZsoGmMyxkPaMVTgkCovnV2doROjBGgQSVNCo5n6eyLFoVKT0DedIdYjtehNxX89ZU4Z0WBhvR5ceSkTcaKpIPPtg4QjHaFpLihgkhLNJ4ZgIpl5AJERlphok17JJOMs5rBMmudVp1a9uKtV6td5RkU4gmM4BQcuoQ630AAXCEh4hhd4tZ6sN+vd+pi3Fqx85hD+wPr8AR66m44=</latexit>

 b
x

<latexit sha1_base64="N7h++8qJdTP3Id9WFzFtFWecf9g=">AAACBHicbVDLSsNAFL2pr1pfVZdugkVwVRKp6LLoxmUF+4A2lsnkph06mYSZiVhCt36AW/0Ed+LW//AL/A2nbRbaeuDC4Zx7ufceP+FMacf5sgorq2vrG8XN0tb2zu5eef+gpeJUUmzSmMey4xOFnAlsaqY5dhKJJPI5tv3R9dRvP6BULBZ3epygF5GBYCGjRBup00sUu/f7j/1yxak6M9jLxM1JBXI0+uXvXhDTNEKhKSdKdV0n0V5GpGaU46TUSxUmhI7IALuGChKh8rLZvRP7xCiBHcbSlND2TP09kZFIqXHkm86I6KFa9Kbiv54ypwwxWFivw0svYyJJNQo63x6m3NaxPU3EDphEqvnYEEIlMw/YdEgkodrkVjLJuIs5LJPWWdWtVc9va5X6VZ5REY7gGE7BhQuoww00oAkUODzDC7xaT9ab9W59zFsLVj5zCH9gff4AT+KY6g==</latexit>
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Wilson loops

WA =
Y

x,µ2@A
Ux,µ =

Y

x2A
Px,µ⌫

<latexit sha1_base64="3acl2mgIfphMyi/EJwKoC3rqv4Y="></latexit>

r
<latexit sha1_base64="/ditv0P57tbrzNZxex6kCXHk8vA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUUP1yxa26c5BV4uWkAjnq/fJXbxCzNEJpmKBadz03MX5GleFM4LTUSzUmlI3pELuWShqh9rP5oVNyZpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTcmG4C2/vEpaF1Xvsuo2riq12zyOIpzAKZyDB9dQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/gfP4A3cuM+A==</latexit>

=

⌧ �

<latexit sha1_base64="rtdpbkQFdiU8hC+oTtTq2xEJF7Q="></latexit>

=

⌧ �

<latexit sha1_base64="rtdpbkQFdiU8hC+oTtTq2xEJF7Q="></latexit>

Wilson loops are equivalent to static quark propagators

 (~x,⌧) =
⌧Y

⌧ 0=0

U�1
(~x,⌧ 0),4 (~x,0)

<latexit sha1_base64="nkEAQ0EJiNORaECpXSYLV6Lw3T0="></latexit>

Since by equations of motion

Static quark potential accessible from Wilson loops

hWr⇥⌧ i =
X

n

Zn e�En(r)⌧ = e�V (r)⌧ + . . .
<latexit sha1_base64="/1siWqWl/fDvioZ88XvynCJNpc8="></latexit>

S ,static =
X

x

 xD4 x =
X

x

 x

�
Ux,4 x+4̂ �  x

�

<latexit sha1_base64="t0qab4STPCgZc9s0j/wV8UaVCpc="></latexit>

S ,static
<latexit sha1_base64="9hOvsHiX0SxDis/vKskbo56ckWw=">AAACFHicbVDLSsNAFJ34rPUVFdy4CRbBhZREKrosunFZ0T6gKWUyvWmHTh7M3Igl5jf8ALf6Ce7ErXu/wN9w2mahrQcGDufc1xwvFlyhbX8ZC4tLyyurhbXi+sbm1ra5s9tQUSIZ1FkkItnyqALBQ6gjRwGtWAINPAFNb3g19pv3IBWPwjscxdAJaD/kPmcUtdQ192+7qRsrfuIiPGCqUOssy7pmyS7bE1jzxMlJieSodc1vtxexJIAQmaBKtR07xk5KpR4nICu6iYKYsiHtQ1vTkAagOunk/sw60krP8iOpX4jWRP3dkdJAqVHg6cqA4kDNemPxX0/pUwbQm1mP/kUn5WGcIIRsut1PhIWRNU7I6nEJDMVIE8ok1x+w2IBKylDnWNTJOLM5zJPGadmplM9uKqXqZZ5RgRyQQ3JMHHJOquSa1EidMPJInskLeTWejDfj3fiYli4Yec8e+QPj8weGhZ+H</latexit>
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Plaquettes

WA =
Y

x,µ2@A
Ux,µ =

Y

x2A
Px,µ⌫

<latexit sha1_base64="3acl2mgIfphMyi/EJwKoC3rqv4Y="></latexit>

Px,µ⌫ = Ux,µUx+µ̂,⌫U
�1
x+µ̂+n̂u,µU

�1
x+⌫̂,⌫

<latexit sha1_base64="M1u/sljq09elKFmCPcpS3nkg8MQ="></latexit>

Wilson action provides simple, gauge-invariant action with 
correct naive continuum limit

SW (U) =
1

g2

X

x

X

µ<⌫

Tr
⇥
2� Px,µ⌫ � P�1

x,µ⌫

⇤

<latexit sha1_base64="sWT8kZ5yHXl1w62ohssvbWeLUOs="></latexit>

“Plaquettes” are 1x1 Wilson loops

Wilson loops can be expressed using plaquettes, most simply 
taking open boundary conditions and gauge-fixing  Ux,⌫ = 1

<latexit sha1_base64="5FAj1nIZNImJ1KyMYIViI7T6G5k=">AAACB3icbVBLSgNBEK3xG+Mv6tJNYxBcSJiRiG6EoBuXEZwkkAyhp6eTNOnpHrp7xDDkAB7ArR7Bnbj1GJ7Aa9hJZqGJDwoe71VRVS9MONPGdb+cpeWV1bX1wkZxc2t7Z7e0t9/QMlWE+kRyqVoh1pQzQX3DDKetRFEch5w2w+HNxG8+UKWZFPdmlNAgxn3BeoxgY6W2380eTzsiHV953VLZrbhToEXi5aQMOerd0ncnkiSNqTCEY63bnpuYIMPKMMLpuNhJNU0wGeI+bVsqcEx1kE1PHqNjq0SoJ5UtYdBU/T2R4VjrURzazhibgZ73JuK/nranDGg0t970LoOMiSQ1VJDZ9l7KkZFoEgqKmKLE8JElmChmH0BkgBUmxkZXtMl48zksksZZxatWzu+q5dp1nlEBDuEITsCDC6jBLdTBBwISnuEFXp0n5815dz5mrUtOPnMAf+B8/gD4QZnG</latexit>
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2D Confinement
In 2D, Wilson loop expectation values further factorize into 

products of single-plaquette expectation values

=

⌧ �

<latexit sha1_base64="rtdpbkQFdiU8hC+oTtTq2xEJF7Q="></latexit>

=

⌧ �

<latexit sha1_base64="rtdpbkQFdiU8hC+oTtTq2xEJF7Q="></latexit>

=

⌧�

<latexit sha1_base64="rtdpbkQFdiU8hC+oTtTq2xEJF7Q="></latexit>

=

⌧ �

<latexit sha1_base64="rtdpbkQFdiU8hC+oTtTq2xEJF7Q="></latexit>

=

⌧�

<latexit sha1_base64="rtdpbkQFdiU8hC+oTtTq2xEJF7Q="></latexit>

=

⌧ �

<latexit sha1_base64="rtdpbkQFdiU8hC+oTtTq2xEJF7Q="></latexit>

=

⌧�

<latexit sha1_base64="rtdpbkQFdiU8hC+oTtTq2xEJF7Q="></latexit>

=

⌧�

<latexit sha1_base64="rtdpbkQFdiU8hC+oTtTq2xEJF7Q="></latexit>

Implies confinement, static quark potential

hTr(WA)i =
Y

x2A
hTr(Px)i = hTr(P )iA

<latexit sha1_base64="PmqKev4IzEKZtR7mwAVWQwCZDC0="></latexit>

V (r) = �r
<latexit sha1_base64="nMbeSIzv9ar2X8uwojZ2mqB6VKA=">AAACDXicbVDLSsNAFL2pr1ofjbp0M1iEuimJVHQjFN24rGAf0IYymUzaoZNJmJkIJfQb/AC3+gnuxK3f4Bf4G07bLLT1wIXDOfdy7z1+wpnSjvNlFdbWNza3itulnd29/bJ9cNhWcSoJbZGYx7LrY0U5E7Slmea0m0iKI5/Tjj++nfmdRyoVi8WDniTUi/BQsJARrI00sMvtqjxD16iv2DDCSA7silNz5kCrxM1JBXI0B/Z3P4hJGlGhCcdK9Vwn0V6GpWaE02mpnyqaYDLGQ9ozVOCIKi+bHz5Fp0YJUBhLU0Kjufp7IsORUpPIN50R1iO17M3Efz1lThnRYGm9Dq+8jIkk1VSQxfYw5UjHaBYNCpikRPOJIZhIZh5AZIQlJtoEWDLJuMs5rJL2ec2t1y7u65XGTZ5REY7hBKrgwiU04A6a0AICKTzDC7xaT9ab9W59LFoLVj5zBH9gff4AAh+atw==</latexit>

String tension: � = � ln

⌧
1

N
Tr(P )

�

<latexit sha1_base64="LkTOrfspuyKwUri40jvSeHovLhY="></latexit>

�U(1) = ln

✓
I0(1/e2)

I1(1/e2)

◆

<latexit sha1_base64="uyA71P8gQxIhZciy8b5L1KXtIo0="></latexit>

�SU(2) = ln

✓
I1(4/g2)

I2(4/g2)

◆

<latexit sha1_base64="KKS+bZYbqVUeLlsDyC+rlCQ3RWo="></latexit>

Confining potential arises for 
any gauge group in 2D from 
factorization

Gross and Witten, PRD 21 (1980)

Wadia, arXiv:1212.2906 (1979)
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2D Wilson loop noise

=

⌧�

<latexit sha1_base64="rtdpbkQFdiU8hC+oTtTq2xEJF7Q="></latexit>

Squared traces also factorize, but differently

⌦��Tr(WA)
2
��↵ = 1 + (N2 � 1) h�1,�1iA

<latexit sha1_base64="aNi5qSzQ5M3KJQtVd0YPur7hu34="></latexit>

Phase (sign in N=2) fluctuations of Wilson loop traces lead to 
exponential StN problem

⌦
Tr(WA)

2
↵
=

N(N + 1)

2
h�2iA +

N(N � 1)

2
h�1,�1iA

<latexit sha1_base64="0jZlZrrboFmGezBoIAQhmPdNxk4="></latexit>

=

⌧ �

<latexit sha1_base64="rtdpbkQFdiU8hC+oTtTq2xEJF7Q="></latexit>

Var


1

N
Re Tr(WA)

�
=

1

2N2
+ . . .

<latexit sha1_base64="amgSK45Bizfx8+h+1ETwPM8h9Yo="></latexit>

StN


1

N
Re Tr(WA)

�
=

p
2Nne��A + . . .

<latexit sha1_base64="Nrz8N+ChPSIrWKj5XF/Ekd8Jww0="></latexit>

Detmold, Kanwar, Lamm, MW, Warrington, arXiv:2101.12668
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2D U(1) contour deformations

U(1) Wilson loops are products of toy 
sign problem integrals

Using the parameterization

P = ei� 2 U(1)
<latexit sha1_base64="Lr8AeiE76lWCqFjXVjC3/C+YVGk=">AAACFHicbVDLSsNAFJ3UV62vqODGzWAR6qYkUtGNUHTjsoJ9QFPLZHrTDJ1MwsxEKLG/4Qe41U9wJ27d+wX+htPHQlsPXDiccy/33uMnnCntOF9Wbml5ZXUtv17Y2Nza3rF39xoqTiWFOo15LFs+UcCZgLpmmkMrkUAin0PTH1yP/eYDSMVicaeHCXQi0hcsYJRoI3Xtgxq+xHCfMS8J2Qh7TOB6yT3p2kWn7EyAF4k7I0U0Q61rf3u9mKYRCE05UartOonuZERqRjmMCl6qICF0QPrQNlSQCFQnm9w/wsdG6eEglqaExhP190RGIqWGkW86I6JDNe+NxX89ZU4JoTe3XgcXnYyJJNUg6HR7kHKsYzxOCPeYBKr50BBCJTMPYBoSSag2ORZMMu58DoukcVp2K+Wz20qxejXLKI8O0REqIRedoyq6QTVURxQ9omf0gl6tJ+vNerc+pq05azazj/7A+vwB0RqdQA==</latexit>

0.0

0.1

0.2

0.3

æeÆ
Original Deformed Exact æ Exact StN

10°1 100 101 102

æA

10°4

10°2

100

102
StN(XA)

0.0

0.1

0.2

0.3

æeÆ
Original Deformed Exact æ Exact StN

10°1 100 101 102

æA

10°4

10°2

100

102
StN(XA)

0.0

0.1

0.2

0.3

æeÆ
Original Deformed Exact æ Exact StN

10°1 100 101 102

æA

10°4

10°2

100

102
StN(XA)

hWAi =
✓Z

dP

2⇡I0(1/e2)
P e

1
2e2

(P+P�1)

◆A

<latexit sha1_base64="95jNypPI3kEchtc5hBFOU7xvFkQ="></latexit>

=

✓Z ⇡

�⇡

d�

2⇡I0(1/e2)
ei� e

1
e2

cos(�)

◆A

<latexit sha1_base64="JJfdyh0zHRYqWCDAA5b1An95Odw="></latexit>

ei� ! ei(�+if)
<latexit sha1_base64="hL8ux4/hjgnZAO2IaVEnh7KRzjc=">AAACJXicbZDLSsNAFIYn9VbrLerSzWARK0JJpKLLohuXFewFmlom05Nm6OTCzEQpIY/gc/gAbvUR3IngyqWv4aTtQqs/DPx85xzOnN+NOZPKsj6MwsLi0vJKcbW0tr6xuWVu77RklAgKTRrxSHRcIoGzEJqKKQ6dWAAJXA5td3SZ19t3ICSLwhs1jqEXkGHIPEaJ0qhvHsJtypzYZxl2BBv6iggR3eOcVnKMjzHD3lHWN8tW1ZoI/zX2zJTRTI2++eUMIpoEECrKiZRd24pVLyVCMcohKzmJhJjQERlCV9uQBCB76eSgDB9oMsBeJPQLFZ7QnxMpCaQcB67uDIjy5Xwth//WpP6KD4O59co776UsjBMFIZ1u9xKOVYTzyPCACaCKj7UhVDB9AKY+EYQqHWxJJ2PP5/DXtE6qdq16el0r1y9mGRXRHtpHFWSjM1RHV6iBmoiiB/SEntGL8Wi8Gm/G+7S1YMxmdtEvGZ/fq2OlJA==</latexit>

Contour deformation analogous to toy 
problem for U(1) Wilson loops

Detmold, Kanwar, MW, Warrington, PRD 102 (2020)
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A mean toy sign problem
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An alternative expression of the same expectation value

has identical variance but different contour deformation possibilities

Detmold, Kanwar, Lamm, MW, Warrington, arXiv:2101.12668
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Parameterizing SU(2)
Mean toy sign problem — SU(2) Wilson loops parameterized as

P = cos(↵/2) + i sin(↵/2)n̂ · �
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Useful to instead use angular parameterization
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Nice toy sign problem — (1,1) component only
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Detmold, Kanwar, Lamm, MW, Warrington, arXiv:2101.12668
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Parameterizing SU(2) contours
More general manifolds can be parameterized using gauge-field-

dependent vertical deformations (ordered in spacetime)

Variance minimization is a well-
posed optimization problem 
suitable for machine learning 
techniques
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Detmold, Kanwar, Lamm, MW, Warrington, arXiv:2101.12668
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SU(2) deformation results
Optimized manifolds lead to exponentially increasing variance 

reduction for large area Wilson loops
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Detmold, Kanwar, Lamm, MW, Warrington, arXiv:2101.12668
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Variance reduction scales in physical units as gauge coupling is 
decreased towards continuum limit
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Gains predominantly coming from zeroth order Fourier cutoff 
(constant vertical deformations)

SU(2) deformation results

Detmold, Kanwar, Lamm, MW, Warrington, arXiv:2101.12668
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Optimal manifold resembles a constant magnitude deformation of 
diagonal phase throughout Wilson loop, linearly decreasing 
deformation of off-diagonal phase

SU(2) deformation results
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Qualitative features follow from 
minimizing magnitude of 
product of two plaquettes

Detmold, Kanwar, Lamm, MW, Warrington, arXiv:2101.12668
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SU(3) contour deformations
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Detmold, Kanwar, Lamm, MW, Warrington, arXiv:2101.12668
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SU(3) deformation results
Variance reduction roughly scales in physical units as gauge 

coupling is decreased towards continuum limit (training?)

Gains predominantly coming from zeroth order Fourier cutoff, 
qualitatively consistent with loop magnitude minimization
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Sign problem time
Real-time evolution faces a notorious sign problem

Can trade sign for StN problem (compact gauge group) p(U)dU = dU
<latexit sha1_base64="Cs+ZyHcKPABIXgK1di2X1bkRraM=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRahXsquVPQiFL14rOC2hXYp2Wy2Dc1mQ5IVSunf8OJBEa/+GW/+G9N2D9r6YIbHezNk8kLJmTau++0U1tY3NreK26Wd3b39g/LhUUunmSLUJylPVSfEmnImqG+Y4bQjFcVJyGk7HN3N/PYTVZql4tGMJQ0SPBAsZgQbK/Vk1T9HkY9ubOuXK27NnQOtEi8nFcjR7Je/elFKsoQKQzjWuuu50gQTrAwjnE5LvUxTickID2jXUoETqoPJ/OYpOrNKhOJU2RIGzdXfGxOcaD1OQjuZYDPUy95M/M/rZia+DiZMyMxQQRYPxRlHJkWzAFDEFCWGjy3BRDF7KyJDrDAxNqaSDcFb/vIqaV3UvHrt8qFeadzmcRThBE6hCh5cQQPuoQk+EJDwDK/w5mTOi/PufCxGC06+cwx/4Hz+AJ76kB8=</latexit>

Still a problem, e.g. 2D U(1) StN(eiSM,U(1)) ⇡
p
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Improve with contour deformations
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p(U)dU = e�Im[SM (eU(U))]|J(U)|dU
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Real-time scalar field theory: Alexandru, Basar, Bedaque, Vartak, and Warrington, PRL 117 (2016)



27

Real-time lattice gauge theory
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A more basic question: what’s the action?

Identifying time-space (space-space) plaquette terms as kinetic 
and potential energies and performing usual Wick rotation gives
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(1+1)D Minkowski Wilson loops

⌧
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Wick rotate action

Analytically continue time
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Non-unitary time 
evolution

No continuum 
limit
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The HFK action
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A unitarity time-evolution operator exists for the Wilson action

Û = e�iĤ = T̂ i
<latexit sha1_base64="2gJqdWUTljZFnaL25iGBYG6C4Ks=">AAACDHicbVDLSsNAFJ34rPVVdelmsAhuLIlUdCMU3XRZoWkLbVom09t26OTBzEQoIR/gxl9x40IRt36AO//GSZqFth4YOPece7lzjxtyJpVpfhsrq2vrG5uFreL2zu7efungsCWDSFCwacAD0XGJBM58sBVTHDqhAOK5HNru9C712w8gJAv8ppqF4Hhk7LMRo0RpaVAq9yZExXaCbzD043OWlfUkrTPaTPpMd5kVMwNeJlZOyihHY1D66g0DGnngK8qJlF3LDJUTE6EY5ZAUe5GEkNApGUNXU594IJ04OybBp1oZ4lEg9PMVztTfEzHxpJx5ru70iJrIRS8V//O6kRpdOzHzw0iBT+eLRhHHKsBpMnjIBFDFZ5oQKpj+K6YTIghVOr+iDsFaPHmZtC4qVrVyeV8t127zOAroGJ2gM2ShK1RDddRANqLoET2jV/RmPBkvxrvxMW9dMfKZI/QHxucPsjSaxw==</latexit>

T̂ = e�Ĥ
<latexit sha1_base64="c1yeaXVFDMQwWW47L/7/5jkiYPY=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSyCG0siFd0IRTddVugL2lgm05t26OTBzEQoMQt/xY0LRdz6G+78G6dpFtp64MKZc+5l7j1uxJlUlvVtLC2vrK6tFzaKm1vbO7vm3n5LhrGg0KQhD0XHJRI4C6CpmOLQiQQQ3+XQdse3U7/9AEKyMGioSQSOT4YB8xglSkt987A3IipppPgaw31ylr1qado3S1bZyoAXiZ2TEspR75tfvUFIYx8CRTmRsmtbkXISIhSjHNJiL5YQETomQ+hqGhAfpJNk+6f4RCsD7IVCV6Bwpv6eSIgv5cR3dadP1EjOe1PxP68bK+/KSVgQxQoCOvvIizlWIZ6GgQdMAFV8ogmhguldMR0RQajSkRV1CPb8yYukdV62K+WLu0qpepPHUUBH6BidIhtdoiqqoTpqIooe0TN6RW/Gk/FivBsfs9YlI585QH9gfP4AXNaVsg==</latexit>

However,      is not the lattice time-evolution operator

An alternative action proposed by Hoshina, Fujii, and Kikukawa 
using character expansion leads to a unitary lattice time-
evolution operator

Û
<latexit sha1_base64="XMxkgBsNzehFzvpahyq6JBsBPUE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cKpi20oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLBKFqp3RtRzP1pv1pz6+4cZJV4BalBgWa/+tUbJCyLuUImqTFdz00xyKlGwSSfVnqZ4SllYzrkXUsVjbkJ8vm5U3JmlQGJEm1LIZmrvydyGhsziUPbGVMcmWVvJv7ndTOMboJcqDRDrthiUZRJggmZ/U4GQnOGcmIJZVrYWwkbUU0Z2oQqNgRv+eVV0rqoe5f1q4fLWuO2iKMMJ3AK5+DBNTTgHprgA4MxPMMrvDmp8+K8Ox+L1pJTzBzDHzifP32lj64=</latexit>

Hoshina, Fujii, Kikukawa, PoS LATTICE2019, 190 (2020)
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The heat-kernel action

i@tKM (U, t) = ��KM (U, t)
<latexit sha1_base64="hrfsssL0Nx1WiyI7LudfUzbackE=">AAACJnicbVDLSgNBEJz1GeNr1aOXwSAoaNgVRS+BoB4EESIYFbJh6Z1MksHZBzO9QljyNV78FS8eIiLe/BRnkxx8pGCgqOpmqitIpNDoOJ/W1PTM7Nx8YaG4uLS8smqvrd/qOFWM11ksY3UfgOZSRLyOAiW/TxSHMJD8Lng4y/27R660iKMb7CW8GUInEm3BAI3k2xVBvQQUCpA+Ui8E7DKQ2WXfv9qp7+EurdB96p1ziTDB9e2SU3aGoP+JOyYlMkbNtwdeK2ZpyCNkErRuuE6CzSwPwCTvF71U8wTYA3R4w9AIQq6b2fDMPt02Sou2Y2VehHSo/tzIINS6FwZmMk+q/3q5OMlrpNg+aWYiSlLkERt91E4lxZjmndGWUJyh7BkCTAmTlbIuKGBomi2aEty/J/8ntwdl97B8dH1Yqp6O6yiQTbJFdohLjkmVXJAaqRNGnsgLGZA369l6td6tj9HolDXe2SC/YH19A2sDo+A=</latexit>

KM,U(1)(e
i�,�e2) =

1X

n=�1
exp


i

2e2
(�+ 2⇡n)2

�

<latexit sha1_base64="t8rTziMbUYby1/kEBuBghDpFgdE="></latexit>

KE,U(1)(e
i�,�e2) =

1X

n=�1
exp


� 1

2e2
(�+ 2⇡n)2

�

<latexit sha1_base64="8ZsQeDLE/6fdEu/E+vSJvqbHrFM="></latexit>

@⌧KE(U, ⌧) = �KE(U, ⌧)
<latexit sha1_base64="xTUG3WiNvGCHyTpPYrt/9kvB9B0=">AAACLHicbVDLSgNBEJyNrxhfqx69DAZBQcKuRPQiBKMgeFEwJpANS+9kYobMPpjpFcKSD/LirwjiwSBe/Q5nYw6+CgaKqm6muoJECo2OM7YKM7Nz8wvFxdLS8srqmr2+cavjVDHeYLGMVSsAzaWIeAMFSt5KFIcwkLwZDOq537znSos4usFhwjsh3EWiJxigkXy77iWgUID0PYSUeiFgn4HMLkf++W5jPxf36Aml3hmXCP/7vl12Ks4E9C9xp6RMprjy7WevG7M05BEyCVq3XSfBTpYHYZKPSl6qeQJsAHe8bWgEIdedbHLsiO4YpUt7sTIvQjpRv29kEGo9DAMzmYfVv71c/M9rp9g77mQiSlLkEfv6qJdKijHNm6NdoThDOTQEmBImK2V9UMDQ9FsyJbi/T/5Lbg8qbrVyeF0t106ndRTJFtkmu8QlR6RGLsgVaRBGHsgTeSVj69F6sd6s96/RgjXd2SQ/YH18AjIwpuw=</latexit>

An alternative Euclidean action starts from “heat-kernel” equation

Laplace-Beltrami operator for gauge group

Solution for U(1):

Generalization to SU(N) gives heat-kernel action

Analytic continuation gives Schrödinger equation

Solution for U(1):

Kanwar and MW, arXiv:2102.xx
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Euclidean U(1) heat-kernel results
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Kanwar and MW, arXiv:2102.xx

Infinite sum in Euclidean heat-kernel action can be performed 
stochastically by introducing integer-valued auxiliary field

Z
DU e�S(U) =

 Z
DU

1X

n=�1

!
e�S(U,n)

<latexit sha1_base64="jjkQ/77Ujv0qwHSMk514/p2Kn6A="></latexit>

Monte Carlo results for 2D Wilson loops with heat-kernel action with 
appropriately tuned coupling identical to Wilson action
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Real-time U(1) lattice gauge theory

Kanwar and MW, arXiv:2102.xx

In Minkowski spacetime, the sums defining both the HFK and 
heat-kernel actions diverge 

Path integral contour deformations can improve convergence

U ! eU(U, n)
<latexit sha1_base64="1WT7s+mvRQd/iFOtTwy9WmE2ZGM=">AAACCXicbVA9SwNBEN3zM8avqKXNYhAUJNxJRMugjWUELxGSEPb2Jsni3t6xO2cIR1ob/4qNhSK2/gM7/42bj0ITHww83pthZl6QSGHQdb+dhcWl5ZXV3Fp+fWNza7uws1szcao5+DyWsb4LmAEpFPgoUMJdooFFgYR6cH818usPoI2I1S0OEmhFrKtER3CGVmoXqE+bWnR7yLSO+7TZFyGgkCFk/vDIP1HH7ULRLblj0HniTUmRTFFtF76aYczTCBRyyYxpeG6CrYxpFFzCMN9MDSSM37MuNCxVLALTysafDOmhVULaibUthXSs/p7IWGTMIApsZ8SwZ2a9kfif10ixc9HKhEpSBMUnizqppBjTUSw0FBo4yoEljGthb6W8xzTjaMPL2xC82ZfnSe205JVLZzflYuVyGkeO7JMDckQ8ck4q5JpUiU84eSTP5JW8OU/Oi/PufExaF5zpzB75A+fzB+I2mdE=</latexit>

With the heat-kernel action, they also “solve” the sign problem

e
i

2e2
(�+2⇡n)2 ! e�

1
2e2

(�+2⇡n)2
<latexit sha1_base64="0aKYUyI5Jj7UdtImA1T8Xq9I8nk="></latexit>
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Real-time SU(3)
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Works in (1+1)D

Kanwar and MW, arXiv:2102.xx
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Conclusions

Path integral contour deformations have 
been shown to tame sign(al-to-noise) 
problems in 2D lattice gauge theory

Monte Carlo simulations of real-time lattice 
gauge theory are possible with the right 
action and contour deformation

Lattice QCD is increasingly important for 
HEP/NP problems; sign(al-to-noise) 
problems present challenges
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