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Abstract. We derive structure formation limits on dark matter (DM) composed of keV-scale
axion-like particles (ALPs), produced via freeze-in through the interactions with photons
and Standard Model (SM) fermions. We employ Lyman-alpha (Ly-α) forest data sets as
well as the observed number of Milky Way (MW) subhalos. We compare results obtained
using Maxwell-Boltzmann and quantum statistics for describing the SM bath. It should be
emphasized that the presence of logarithmic divergences complicates the calculation of the
production rate, which can not be parameterized with a simple power law behaviour. The
obtained results, in combination with X-ray bounds, exclude the possibility for a photophilic
“frozen-in” ALP DM with mass below ∼ 19 keV. For the photophobic ALP scenario, in
which DM couples primarily to SM fermions, the ALP DM distribution function is peaked at
somewhat lower momentum and hence for such realization we find weaker limits on DM mass.
Future facilities, such as the upcoming Vera C. Rubin observatory, will provide measurements
with which the current bounds can be significantly improved to ∼ 80 keV.
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1 Introduction

The waning of the WIMP [1] is redirecting (astro)particle DM research towards alternative
DM realizations. For instance, non-thermally produced light DM in form of sterile neutrinos
[2–6], fuzzy DM [7, 8], hidden photons [9, 10] and ALPs [11–13] is not only receiving a
significant attention in light of existing and forthcoming terrestrial experiments [14], but also
has the potential to resolve discrepancies between DM observations and simulations [15].
Additionally, non-thermal DM candidates can be related to new solutions of the old particle
physics problems, such as the hierarchy problem in the case of relaxion DM [16–18].

In this work, we focus on ALP DM with O(1 − 100) keV mass, which is the scale
motivated by hints in X-ray data [19, 20] as well as the recent measurement of an excess in
electron recoil spectrum performed by the XENON1T collaboration [21]. In fact, the former
measurement can be explained by ALP coupling to photons [12], while for the latter, ALP
coupling to fermions (namely electrons) suffices [17]. In light of these statements, we study
ALP production via freeze-in through feeble interactions with photons and SM fermions.
Our primary mission is to compute the structure formation limits that have not been derived
to date for keV-scale ALPs; for this purpose we employ recent Ly-α data as well as the
observed number of MW subhalos. Such structure formation limits are widely scrutinized
for light sterile neutrino DM [22, 23]. While using the results from these studies would
allow one to get a very rough estimate on the structure formation limits for ALP DM, we
find it valuable, especially in light of aforementioned experiments that may start to detect
DM, to perform a dedicated study and determine with large precision a viable parameter
space for the considered model. We also point out that for bosonic DM such bounds are
important irrespective of their strength; in contrast, structure formation limits on fermionic
DM, namely sterile neutrinos, could be overridden by those stemming from phase space, i.e.
Pauli blocking [24].

The paper is organized as follows. In Section 2 we introduce the model and discuss
channels for ALP DM production. We then detail computations for the approaches in which
Maxwell-Boltzmann (2.1) and quantum (2.2) statistics are employed to describe particles
in the SM bath. Then, in Section 3 we discuss experimental observations that allow us to
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constrain the ALP DM parameter space. In Section 4 we discuss theoretical aspects of ALP
DM in the early Universe, focusing on the interplay between misalignment and freeze-in
production. In Section 5 our main results are presented. Finally, we summarize in Section 6.

2 The Model and DM production.

The relevant part of the Lagrangian reads

L =
1

2
∂µa ∂

µa+
1

2
m2
aa

2 + f̄(i/∂ −mf )f − 1

4
FµνF

µν

− q e f̄ /A f +
caγγ
4fa

aFµνF̃
µν +

caff
fa

∂µa f̄γ
µγ5f . (2.1)

Here, we first write down the kinetic and mass term for the pseudoscalar ALP field a; the
following three terms describe quantum electrodynamics, namely a SM fermion f with an
electric charge q interacting with photon field Aµ whose corresponding (dual) field strength
tensor is denoted by Fµν (F̃µν); the last two terms describe the interaction of ALPs with Aµ

and f , respectively. We will chiefly analyze ALP coupling to photons and fermions separately,
i.e. working under the assumption that either caff or caγγ vanishes. These scenarios are
dubbed as photophilic and photophobic, respectively.

Regarding the photophilic case, at temperatures above ∼ 160 GeV the EW symmetry
is restored, and one should work in the {Bµ,W i

µ} basis. We assume for simplicity that ALP
couples only to the U(1) gauge fields through

caBB
4fa

aBµνB̃
µν . (2.2)

The inclusion of the W i
µ and gluon fields would increase the production rate of ALPs, but we

chose to limit ourselves to the coupling to photons, which is the scenario typically considered
in the literature for heavy ALP searches [25–28].

In the photophobic case, using the equations of motion, one can replace the last term
in Eq. (2.1) with the term proportional to the fermion mass [29], (2mf/fa) a f̄γ5f . This
does not imply that such coupling is only operative once electroweak symmetry is broken,
for T . 160 GeV. On the contrary, after a phase redefinition of the quark and Higgs fields, a
term iyt(cta/fa)Q̄3HtR is generated [30], where Q3 is the third-generation left-handed dou-
blet, tR is the right handed top quark, and ct is a free dimensionless parameter. Such a
term, thanks to the large top Yukawa, contributes very efficiently to the ALP production,
and it can be the dominant source when all ALP couplings to SM particles have the same
order of magnitude. In this work, however, we limit ourselves to the sub-TeV values of the
reheating temperature in the photophobic scenario, namely TRH < 160 GeV. In that regime,
the top quark is Boltzmann suppressed and does not contribute to ALP production. Due to
the mf suppression of the ALP-fermion coupling, the relevant fermions for ALP production
are bottom and charm quarks as well as tau leptons.

The kinetic and interaction terms in Eq. (2.1) facilitate ALP production from thermal-
ized fermions and vector bosons V (the photon, a gluon, or the U(1)Y gauge field) through
V f → af and f̄f → V a channels. For both of these processes there are one photon- and
two f -mediated Feynman diagrams contributing at the tree-level1(see Fig. 1). We note that

1We have also considered ALP production from Higgs bosons that couple to U(1)Y gauge field. In the
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f V → f a

f f̄ → V a

photophilic
caγγ 6= 0, caff = 0

photophobic
caγγ = 0, caff 6= 0

B

f
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f
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f̄
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f

γ/g
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f̄

f

f̄
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γ/g

γ/g
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f

f̄

f

a

γ/g

Figure 1. Tree level Feynman diagrams for the two processes of interest, fV → fa (top) and
f̄f → V a (bottom), in the photophilic (left) and photophobic (right) cases.

for intermediate scenarios where caff ∼ caγγ , our results turn out to be driven by couplings
to photons, namely they match the photophilic scenario. This is because, in the photopho-
bic case, the ALP interaction operator is proportional to the fermion mass, and thus the
production rate is suppressed with respect to the photophilic case by a factor mf/TRH.

Independently of the scenario under consideration, the production of keV-scale ALP
DM through the processes depicted in Fig. 1 should occur via “freeze-in” [31], because for
ma & 100 eV the freeze-out would lead to DM relic abundance that greatly exceeds present
measurements [12]. The absence of ALP DM thermalization simply implies that the reheating
temperature, TRH, should not exceed the temperature at which ALP decouples from the
thermal plasma. The decoupling temperature can be estimated by calculating the scattering
rate, Γ, from the momentum integrated collision term given in Eq. (2.20) and the number
density of SM fermions, nf = 72ζ(3)T 3/π2. In the photophilic case it yields

Γ =

∫
d3pC(x, r)

nf
=

5g′2T 3

864π3ζ(3) cos2 θW

c2
aγγ

f2
a

(
23− 24γE − 12 log

(
11g′2

48

))
, (2.3)

where θW (cos θW ∼ 0.88) is the weak mixing angle and γE is the Euler-Mascheroni constant.
For the numerical values of QED and U(1)Y coupling constants, e and g′, we use

√
4π/137

and 0.35, respectively. We neglect the running of these parameters.
Fixing the coupling caγγ/fa (using the distribution of Eq. (2.17) and the expression for

Γ in above equation) in order to match the observed relic abundance of ΩDMh
2 ≈ 0.12 we

obtain

TRH

Tdec
' 2.3× 10−4

(
g∗(T )

106.75

)(
10 keV

ma

)
. (2.4)

photophilic case we found such contribution to be negligible, namely at the percent level with respect to the
production through diagrams shown in Fig. 1 (upon summing over all fermion species). Note that in the
photophobic scenario, given the low TRH under our consideration, the Higgs boson abundance in the bath is
Boltzmann suppressed.
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Hence, for ma ∼ O(keV) it is guaranteed that the ALP DM never thermalizes.
For the photophobic scenario we note that Γ/H is largest for temperatures T ' mf .

However, as we will show, demanding that ΩDMh
2 is matched, one requires caff/fa .

10−9 GeV−1 for ma = O(10 keV) and with such feeble couplings it is guaranteed that pho-
tophobic ALP DM does not thermalize with SM species.

Using the distribution functions presented later in the text, for the contribution from
f̄f → Ba in photophilic scenario we find

Ωf̄f→Ba
DM h2 ≈ 0.12

(
106.75

g∗

)3/2( caγγ/fa

10−17 GeV−1

)2 ( mDM

10 keV

)( TRH

6.7 · 1016 GeV

)
, (2.5)

and the fB → fa process yields

ΩfB→fa
DM h2 ≈ 0.12

(
106.75

g∗

)3/2( caγγ/fa

10−17 GeV−1

)2 ( mDM

10 keV

)( TRH

2.7 · 1015 GeV

)
. (2.6)

Including both contributions we get

ΩDMh
2 ≈ 0.12

(
106.75

g∗

)3/2( caγγ/fa

10−17 GeV−1

)2 ( mDM

10 keV

)( TRH

2.6 · 1015 GeV

)
. (2.7)

Clearly, the scattering process fB → fa represents the dominant production channel in
the photophilic scenario and hence will also give the dominant impact in the determination
of structure formation limits. The reason for that lies in the logarithmic enhancement arising
due to regularization of t-channel B-mediated process with a thermal gauge boson mass.

The equivalent equations to Eqs. (2.5) and (2.6) for the photophobic scenario read

Ωf̄f→V a
DM h2 ≈ 0.12

(
80

g∗

)3/2 ( mDM

10 keV

)( ∑
f κf

38.9 GeV

)(
caff/fa

9.6 · 10−11 GeV−1

)2

, (2.8)

and

ΩfV→fa
DM h2 ≈ 0.12

(
80

g∗

)3/2 ( mDM

10 keV

)( ∑
f κf

38.9 GeV

)(
caff/fa

1.2 · 10−10 GeV−1

)2

, (2.9)

while the sum gives

ΩDMh
2 ≈ 0.12

(
80

g∗

)3/2 ( mDM

10 keV

)( ∑
f κf

38.9 GeV

)(
caff/fa

7.6 · 10−11 GeV−1

)2

. (2.10)

The factor κf is equal to mf nc q
2e2 for leptons and to mf nc q

2e2 +4mf g
2
s for quarks, where

nc is the number of colors of the fermion f and q its electric charge. For quarks, we took into
account the diagrams with an external gluon. In this case, gs is the strong gauge coupling
which we fixed to 1.31 (value obtained by averaging αs over the relevant energy range between
the b-quark and Z mass), and the factor 4 comes from the trace over the SU(3) generators.
The parameter κf takes the approximate values {0.16, 8.97, 29.0, 38.1, 38.9}GeV for tau,
charm, bottom, the sum over these three, and the sum over all SM fermions (excluding the
top), respectively.

One can infer from Eqs. (2.8) and (2.9) that both f̄f → V a and fV → fa are of similar
strength in the photophobic scenario.
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The key ingredient to address structure formation is the ALP DM distribution function.
It is obtained by solving the Boltzmann equation, which, for the process 1 + 2 → 3 +a, reads[

∂

∂t
−Hpa

∂

∂pa

]
f(pa, t) = C(pa) , (2.11)

with

C(pa) =
1

2E

∫
d3p1

(2π)32E1

d3p2

(2π)32E2

d3p3

(2π)32E3
(2π)4δ4(P1 + P2 − P3 − Pa)×

× |M|2f1(E1, T )f2(E2, T )(1− f3(E3, T )) . (2.12)

Here, |M|2 is the squared amplitude for the considered process. In what follows, we present
the computation of the ALP DM distribution function both for the case of Maxwell-Boltzmann
and quantum statistics describing the SM bath.

2.1 ALP distribution function computed using Maxwell-Boltzmann statistics

Using the Maxwell-Boltzmann statistics and assuming fi � 1 for all particles involved, simpli-
fies the Boltzmann equation considerably [32]. Indeed, one can approximate f1(E1)f2(E2)(1−
f3(E3)) ≈ exp[(E1 + E2)/T ] = exp(P0/T ), where P = P1 + P2 = P3 + P4 and P0 is the first
component (energy) of the 4-vector P . The collision term can then be factorized as

C(pa) =
1

2E

∫
d4P

(2π)4

e−P0/T

2E3
(2π) δ(E3 + Ea − P0)×

×
∫

d3p2

(2π)32E2

d3p3

(2π)32E3
(2π)4 δ4(P1 + P2 − P ) |M|2 . (2.13)

Neglecting any CP violation, the second line is nothing but the reduced cross section, σ̂,
of the inverse process 3+a→ 1+2, multiplied by a phase space factor λ(s,m2

1,m
2
2)1/2/s. It is

related to the usual cross section through σ̂ = 2 [λ(s,m2
1,m

2
2)/s]σ, where s is a Mandelstam

variable and λ is the Källén function. This function approximately reads λ ≈ s2 when masses
ma,mf .

√
s ∼ T which is the case for the relevant epoch in the early Universe associated

to ALP DM production. The second line of Eq. 2.13 is invariant under longitudinal boosts,
which makes it simple to compute it in the center of momentum frame where ~p = 0. We
computed σ̂ analytically at tree level considering the diagrams shown in Fig. 1. For QED,
with one fermion of charge ±1, we obtained

σ̂f̄f→γa =
e2

12π

c2
aγγ

f2
a

s

(
1 + 2

m2
f

s

)√
1−

4m2
f

s

− 2

π
e2m2

f

(
2
c2
aff

f2
a

+
caffcaγγ
f2
a

)
log

s− 2m2
f − s

√
1− 4m2

f/s

2m2
f

 , (2.14)

and

σ̂fγ→fa =
e2

16π

c2
aγγ

f2
a

s

(
1−

m2
f

s

)2 [
4 log

(
(s−m2

f )2

sm2
γ

)
− 3− 2

m2
f

s
+
m4
f

s2

]

− e2

2π

(
2
c2
aff

f2
a

+
caffcaγγ
f2
a

)
m2
f

(
1−

m2
f

s

)(
2 log

(
s

m2
f

)
− 3 + 4

m2
f

s
−
m4
f

s2

)
. (2.15)
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Here, mγ ≈ eT/3 is the plasmon mass that serves as a regulator for the diagram
including t-channel photon exchange. The expressions in Eqs. (2.14) and (2.15) are obtained
for general cases of both caγγ and caff 6= 0 and have well defined limits if any of these two
couplings vanishes. We note that Eq. (2.15) holds for both f and f̄ scattering off photons,
and thus it must be summed over twice.

The expressions in Eqs. (2.14) and (2.15) must be corrected to account for the presence
of SM fermions. In the photophilic scenario, in which the ALP population is generated at
T � 160 GeV, e2caγγ must be replaced by g′2caBB = g′2caγγ/ cos2 θW , and the result must
be multiplied by the sum over SM fermions gY ≡

∑
f Y

2nc = 10. The plasmon mass in this

case is (11/12)1/2g′T [30]. In the photophobic scenario, instead, the electric charge e2 should
be multiplied by q2nc for leptons, and replaced with q2nce

2 + 4g2
s for quarks, and finally

summed over the SM fermions involved (typically b, c, τ).
It is convenient to rewrite the Boltzmann equation (2.13) by defining dimensionless

quantities r = mH/T and x = p/T , where mH is a reference mass which we fix to be
the Higgs mass; its actual value is irrelevant as mH cancels in the calculation of physical
quantities. With this redefinition one obtains the master formula in Eq. (11) of [32] for ALP
DM distribution function

f(x, r) =
M0

16π2mH x2

∫ rf

ri

dr

∫ ∞
y∗

dy σ̂

(
m2
H y

r2

)
Exp

[
−x− y

4x

]
, (2.16)

where M0 = MPl

√
45/(4π3g∗) and MPl = 1/GN ≈ 1.22 × 1019 GeV is the Planck mass; ri,f

are the lower and upper integration boundaries mH/TRH and mH/mf , respectively; y∗ =
4rm2

f/m
2
H for the fermion annihilation process and y∗ = rm2

f/m
2
H for fermion scattering.

Using this approach, the change of the number of relativistic degrees of freedom, g∗, is
not taken into account but in the relevant temperature range (that is above QCD phase
transition) such approximation is justified.

In Eq. (2.16) and in the following, we stop at the first non-zero order in mf , i.e. we set
mf = 0 everywhere apart from the cross section where we keep the factor m2

f multiplying the

c2
aff terms. We also keep only the first non-zero mf -dependent term inside the logarithms

(see Eqs. (2.14) and (2.15)). The same holds for the integration limits rf and y∗, which can
be sent, respectively, to infinity and to zero in the photophilic ALP case. Finally, we drop
the interference terms ∝ caγγcaff , as we are going to consider separately the cases caγγ = 0
and caff = 0. Note that the interference terms in Eqs. (2.14) and (2.15) are proportional
to the corresponding c2

aff terms, and hence, even if considered, they would not lead to any
major effect, in particular the energy dependence of the cross section would be unaltered.

The distribution function can thus be integrated analytically. We obtain

f(x) =
g′2

12π3 cos2 θW
gYM0TRH

c2
aγγ

f2
a

e−x
{

1 +
3

2

[
1− 4γE + 4 log

(
48x

11g′2

)]}
, (2.17)

in the photophilic and

f(x) =
∑
f

1

2π3
M0 κf

c2
aff

f2
a

e−x

x

{[
2
√
πx (1 + log 2) erf

(
1√
x

)
+ 2Γ

(
0,

1

x

)]

+

[√
πx erf

(
1

2
√
x

)
+ 2Γ

(
0,

1

4x

)]}
, (2.18)
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Figure 2. ALP momentum distribution. Left panel: In blue we show the photophilic case for
Maxwell-Boltzmann statistics; black lines represent the photophilic case with quantum statistics and
in green we show the photophobic case for Maxwell-Boltzmann statistics. For each, the dashed (dot-
dashed) line represents f̄f → V a (fV → fa) and the solid line is their sum. The vertical dashed
line marks p = g′T , left of which thermal corrections should be added [33]. Right panel: Photophilic
scenario for Maxwell-Boltzmann and quantum statistics in QED, namely, with only a single fermion
with unit electric charge included.

in the photophobic scenario. In these expressions, erf is the error and Γ(a, x) is the incomplete
Gamma function. In both (2.17) and (2.18), the first term in the curly brackets comes from
the fermion annihilation process ff̄ → V a, while the second arises from scattering fV → fa.

The left panel of Figure 2 shows the momentum distribution obtained for the photophilic
(blue) and photophobic (green) ALP DM, in units of M0TRHc

2
a/f

2
a , where ca denotes caγγ

or caff , respectively. The black lines correspond to the photophilic case with quantum
statistics, and will be discussed later (see Sec. 2.2 below). The dashed lines represent the
contribution from fermion annihilation, the dot-dashed ones correspond to fermion scattering,
and solid lines are the sum. We rescaled the photophobic ALP lines by TRH/κf , as otherwise,
for caγγ ∼ caff choice, green lines would not be visible on the same panel next to those
corresponding to photophilic ALP. Moreover, since for the photophobic ALP f(x) ∝ mf q

2nc,
with such rescaling the computed green curve is independent of the fermion choice. It can
be seen from the plot that, if both caγγ and caff are present, the contribution from caff is
negligible as long as caff . caγγTRH/mf .

Importantly, at p/T ' 4× 10−2 the dot-dashed blue line turns negative and hence the
momentum distribution becomes unphysical for smaller values of p/T . The reason for that is
a simplified treatment of the IR divergence in the t-channel photon exchange diagram. For
the purpose of our computations, we make a sharp cut at the location where the function
turns negative. In the case of a Maxwell-Boltzmann distribution, we inferred this condition
to be

p/T = Exp [−1/4 + γE ]
m2
γ

4T 2
. (2.19)
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The same condition holds also for QED, with appropriately adjusted plasmon mass mγ . Such
single fermion scenario is shown in the right panel of Fig. 2 and one can observe the shift of
the cutoff toward an order of magnitude smaller values of p/T ; this effect only arises due to
different values for the plasmon mass in the full model and QED, respectively. In any case,
for both panels, the cutoff occurs at a value of p/T at least two orders of magnitude smaller
than the expected mean, 〈p〉/T . If the cutoff was at p/T ' O(1), the calculation would not
be justified.

In passing, we mention that this effect has, to the best of our knowledge, not been dis-
cussed in the literature before. Typically, for UV freeze-in realizations where the production
occurs through higher dimensional operators, the amplitude for the process is expressed only
as a function of Mandelstam s variable [34–36] and in such cases there are clearly no prob-
lems with IR divergences. Here, we have, however, demonstrated that in a specific model,
where t-channel diagram exists, full calculation should be performed and the impact of IR
divergences should be assessed in order to have a control over consistency of the calculation.
We expect the unphysical low energy behaviour to disappear if a fully thermal treatment is
adopted and postpone this to a future work.

Coming back to the left panel of Fig. 2, one can infer that in the photophilic case,
the annihilation process is subdominant, and as such it is often neglected in the literature.
On the other hand, in the photophobic case it yields stronger contribution with respect to
scattering (around a factor of 2, see also Eqs. (2.8) and (2.9)). For the average momentum
we obtained 〈p〉/T = 3.24 for a photophilic ALP and 〈p〉/T = 2.36 for a photophobic one.
Up to higher order corrections, this result is independent of mf .

2.2 ALP distribution function computed using quantum statistics

The procedure described in Sec. 2.1 is only approximate, and it fails to capture two features
that may a priori be important. First, it cannot account correctly for the phase space
regions where pi . T , as in these regions the classical statistics deviates from the quantum
one. Second, thermal field theory effects are important for pi . eT , and must be correctly
resummed. This is especially true for the process fB → fa, which has a logarithmic IR
divergence when |~pγ−~pa| → 0. In that context, we are curious whether the usage of quantum
statistics could in principle cure the occurrence of negative momentum distribution function
at low p/T , as discussed in Section 2.1. While we found there that the cutoff to be imposed
is at values of p/T that do not effectively impact 〈p/T 〉, it would still be welcome to have
physical values of momentum distribution function across all available momenta. In order
to properly take into account aforementioned features, we follow the procedure discussed in
Ref. [37].

In the photophilic scenario, and for the process fB → fa, the collision term of Eq. (2.12)
(the “hard” process) is evaluated by isolating the momentum flowing in the t-channel prop-
agator ~k = ~pγ − ~pa and imposing an IR cutoff in the integration, |~k| > kcut. For kcut → 0
the integral diverges as log(T/kcut). This divergence is cured by adding a “soft” term which
is extracted from the ALP self-energy evaluated with a resummed photon propagator at
finite temperature. It diverges as log(kcut/mγ); therefore the sum is finite: log(T/mγ) =
− log(

√
11/12g′). The resulting collision term cannot be integrated fully analytically. The

relevant expressions can be found in Eq. (29) and Eq. (21) of Ref. [37], respectively for the
hard and soft contribution (where the collision term, C, is obtained by multiplying the inter-
action rate, Γ, by the Bose-Einstein distribution 1/(exp(Ea/T ) − 1). We notice that these
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expressions are only accurate for pa > g′T (but they correctly account p1,2,3 < g′T ). Below
this value, the ALP-photon vertex should be thermally corrected as well [33].

The collision term for the annihilation process ff̄ → γa in the photophilic case can
also be integrated with the full quantum statistics. By isolating the s-channel momentum
~q = ~pf +~pf̄ and following a procedure similar to that of Ref. [37], the integrals over q and the
angles can be computed analytically, while a numerical integration must be performed over
the energies of the incoming particles. We did not include thermal field theory corrections in
this case. We checked that, even with the full quantum statistics, the fermion annihilation
process is subdominant compared to the scattering one, as we already found for the Maxwell-
Boltzmann case (see again Section 2.1).

The momentum distribution is obtained from the collision term by solving the Boltz-
mann equation, which is most conveniently written in terms of already introduced dimen-
sionless quantities

m2
H

M0r

∂

∂r
f(x, r) = C(x, r) . (2.20)

The result is shown in black in the left panel of Fig. 2. The distribution is similar in shape
compared to the one obtained with Maxwell-Boltzmann statistics. The overall normalization
differs by a factor

∫
d3pafMB/

∫
d3pafQS ∼ 5; note that this is not relevant for the purpose of

deriving structure formation limits. The average momentum is, instead, very similar between
two cases; we obtained 〈p/T 〉 = 3.18 for quantum statistics that is to be compared with 3.24
from Maxwell-Boltzmann (see Section 2.1), yielding a ≈ 2% difference. Due to practically
identical results on 〈p/T 〉 that stem from the two approaches, for the calculation of structure
formation limits in Section 5, we choose to proceed with the classical statistics description
that allows us to work with fully analytical expressions, and leads to physical results even
for lower momenta. We note that, as apparent from Fig. 2 (black lines), the change of the
sign of the distribution function is not resolved with this procedure, and the dot-dashed
lines come with a cutoff (see also right panel for QED). This is, however, not surprising
because as stated above, the calculation is not valid for pa < g′T . Interestingly, when
quantum statistics is employed, the cutoff appears at somewhat larger values of momenta in
comparison to Maxwell-Boltzmann case.

In passing, we briefly mention that the calculation of the collision term becomes more
involved for a photophobic ALP. For each process, two Feynman diagrams have to be summed,
in different channels (see Fig. 1). The interference between s− and t−channel and between t−
and u−channel makes it impossible to define the exchanged momentum univocally, preventing
an analytical integration of the collision term. For this scenario we content ourselves with
the classical statistics results assuming that, as for the case of photophilic ALP, the quantum
effects would affect very mildly the shape of the distribution and the average momentum
〈p〉/T .

3 Structure formation probes: Lyman-α and satellite counts

Generically, a DM candidate which features a non vanishing distribution function for rather
large values of p/T can be considered to be warm. As such, it starts to wash out structures
at small scales and this can be quantified by the suppression of the matter power spectrum
at such scales. The respective DM momentum distribution function f(x, r) is essential in
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the computation of the matter power spectrum, P (k) (the value of k characterizes inverse
scale): It explicitly enters in the calculation of the DM energy density fluctuation δρ, which
is needed to construct P (k). Hence, computing the matter power spectrum, is a starting
point and the essence for assessing the structure formation limits2.

Qualitatively, this suppression can be quantified by the average momentum 〈p/T 〉 of
the respective ALP DM momentum distribution function corresponding to both production
channels for which we find

〈p/T 〉f̄f→V a =

∫∞
0 dxx3ff̄f→γa(x, rRH)∫∞
0 dxx2ff̄f→γa(x, rRH)

= 3.0 (2.31) ,

〈p/T 〉fV→fa =

∫∞
0 dxx3ffγ→fa(x, rRH)∫∞
0 dxx2ffγ→fa(x, rRH)

≈ 3.24 (2.44) ,

〈p/T 〉 =

∫∞
0 dxx3f(x, rRH)∫∞
0 dxx2f(x, rRH)

≈ 3.24 (2.36) , (3.1)

where rRH = mH/TRH; numbers in each line correspond to the photophilic and photophobic
scnenario, the latter given in brackets. The last line refers to the sum of the two process,
and it is the one which is physically relevant.

There are two complementary probes that we employ in our analysis: Ly-α forest and
the number of MW subhalos. The former stands for a number of absorption lines occurring
in the spectra of quasars and galaxies at higher redshift, stemming from the hydrogen in
the inter-galactic medium [38, 39]. From such “forests” one can obtain the matter power
spectrum in one dimension, along the line of sight.

In the literature, it is customary to define a transfer function, T (k),

T (k) ≡
√

P (k)

P (k)ΛCDM
, (3.2)

where subscript ΛCDM in the denominator denotes cold dark matter and the expression in
the numerator is the power spectrum for ALP DM. In the following we calculate it numerically
by feeding f(x, r) into CLASS [40, 41]. Furthermore, we have to take into account entropy
dilution effects due to a change in g∗(T ) between the time of production and today. This
effect is quantified via an effective DM temperature TDM which is related to the photon
temperature Tγ by

TDM =

(
g∗(T0)

g∗(Tprod)

)1/3

Tγ =

(
3.94

g∗(Tprod)

)1/3

Tγ . (3.3)

As can be seen this leads to a “cooling” of the ALP DM and the strength of this effect
depends on the time of production Tprod. Above the electroweak phase transition we have
g∗(T ) = 106.75 for the SM.

Then, the computed transfer function is compared to an analytical fit of the transfer
function of a warm thermal relic with mass mTR and abundance ΩTR [38]:

T (k) = (1 + (αk)2ν)−5/ν , (3.4)

2A more precise estimation calls for N -body simulations approach which goes beyond the scope of this
work.

– 10 –



where ν = 1.12 and

α = 0.049
(mTR

1 keV

)−1.11
(

ΩTR

0.25

)0.11( h

0.7

)1.22

h−1 Mpc . (3.5)

Here, TR denotes a thermal relic which constitutes all of DM and for which structure
formation limits are typically derived. The values for the Hubble constant and ΩTR are
taken from [42]. The comparison is done by utilizing the half mode analyis [43] where
we define a scale, k1/2, at which the squared transfer function has dropped to 0.5, i.e.
T 2(k1/2) = 0.5. Then, for a given model and the corresponding transfer function, we check
whether T (k)2 ≥ Tlim(k)2, ∀ k ≤ k1/2. If not, the considered parameter choice can be dis-
carded. Tlim is based on Eq. (3.4) and uses mTR adopted from dedicated searches using
Ly-α forest observations. The lower bounds on the mass of thermal relic, mTR, span the
range between mTR = 1.9 and 5.58 keV (see [38, 44–47]). When showing our limits on ALP
DM parameter space, we will present both conservative and aggressive bounds, correspond-
ing to this mass range of mTR. In Fig. 3 we show a comparison between Eq. (3.2) and
Eq. (3.4) for several values of ALP DM mass. One can infer that the more stringent limit
(mTR = 5.58 keV) is essentially excluding ALP masses smaller than . 15 keV, whereas by
taking conservative limit of mTR = 1.9 keV, only ma . 5 keV are disfavored.

While we make use of the half mode analysis to infer limits on ma for a given mTR, one
can relate these two masses also by equalizing the free-streaming length, λFS, for both ALP
and TR models. In the thermal relic case, λFS ∼ 0.22 Mpc (keV/mTR)4/3, whereas for the

ALP, λFS ∼ Mpc (keV/ma) (g∗(Tν)/g∗(Tprod))1/3 [32]. Since we deal with large production
temperatures, Tprod, we have g(Tprod) = 106.75, while g∗(Tν) = 10.75. This allows one to

derive the following relation between the two masses, (ma)min ' 2.1 keV
(
mTR
1 keV

)4/3
; a similar

result was quoted in [48]. A more appropriate derivation which takes the different momentum
distributions into account is to use the half mode scale k1/2. Equalizing it for both models
we found the following numerical relation

(ma)min ' 2.1 keV
( mTR

1 keV

)1.27
. (3.6)

Assuming a different value for g∗(Tprod) one has to modify this relation by taking the
entropy dilution (see Eq. (3.3)) into account. As such, the previous equation is modified by
an additional factor

(ma)min ' 2.1 keV
( mTR

1 keV

)1.27
(

106.75

g∗(Tprod)

)1/3

. (3.7)

Therefore, smaller values of g∗(Tprod) have to be compensated by larger ALP DM masses.
We will come back to this when discussing limits for the photophobic scenario.

As far as the number of MW satellites is concerned, ALP DM with momentum distribu-
tion as in Eq. (3.1) would cause the occurrence of smaller number of subhalos, compared to
ΛCDM. The predicted number of satellites has an intriguing connection with the type of DM
and its production; we are able to set the limit on ma by requiring that the number of satel-
lites is not smaller that what was observed. For counting subhalos we follow the approach
outlined in [23, 49]: 11 “classical” satellites are combined with 15 ultra-faint satellites found
by SDSS. Latter number is multiplied by a factor of 7/2 because of the limited sky coverage
of SDSS; this yields in total Nsub = 64. One should note that, in addition to SDSS, several
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Figure 3. Transfer function (see Eq. (3.2)) shown for photophilic ALP DM with different masses
compared to thermal relic limits presented as an analytic fit given in Eq. (3.4).

more ultra-faints satellites or candidates have at least been reported (see for instance [50])
by other surveys, so we regard Nsub = 64 as a conservative estimate for the number of MW
companions.

We follow the approach from [23, 51, 52] where the authors present a formula to derive
Nsub for a given matter power spectrum, based on an extended Press-Schechter approach

dNsub

dMsub
=

1

C

1

6π2

MMW

M2
sub

P (1/Rsub)

R3
sub

√
2π(Ssub − SMW )

. (3.8)

Here, Rsub is the radius of a subhalo that has a mass Msub; these two quantities are related
through Msub = 4π

3 Ωmρc(2.5Rsub)
3. The power spectrum P (k) of the warm ALP DM has to

be integrated for scales smaller compared to the respective subhalo or MW scale

Si =
1

2π2

∫ R−1
i

0
dk k2P (k) . (3.9)

Decreasing ma leads to smaller variances Si (smaller denominator in Eq. (3.8)) as well as a
suppression of P (k) which then features an earlier drop (smaller numerator in Eq. (3.8)); the
latter effect is, however, stronger and therefore less numbers of subhalos Nsub are predicted.

We further note here that the limits clearly depend on the MW mass, MMW . The
precise value of this quantity is still under investigation and, depending on the analysis, the
reported values range roughly between 1 × 1012M� < MMW < 1.5 × 1012M� (see [53–57]
and references therein), using recent data from the GAIA survey. In the following, we will
refer to the lower mass as aggressive, while the higher mass bound is dubbed as conservative.
We want to stress the following two subtleties: First, the quoted MW masses are defined
with respect to densities 200 times larger than the critical density, the so called virial mass
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of the MW. As such, the constant C of Eq. (3.8) is given by C = 34. Second, Eq. (3.8) uses
MW masses in units of M�/h as an input and one has to take this additional factor into
account.

4 Suppressing ALP production from misalignment and topological defects

An important assumption of our discussion is that ALP is predominantly produced through
a freeze-in process. This means that the misalignment contribution, as well as any ALP
population produced from the decay of topological defects such as cosmic strings, must be
suppressed. As we are going to show in what follows, this is not trivial for the photophilic
ALP, as the requirement of a small misalignment energy density implies bounds on TRH and
fa which are in contrast with what is needed in order to match the observed DM abundance
with the freeze-in population. For this reason, in order to justify the assumption that the
misalignment energy density is suppressed, we will need some specific assumption about the
axion potential and the specific symmetry breaking pattern through which it develops in the
early universe. This statement holds only for the photophilic axion, as we will detail below.

The energy density from ALP misalignment, assuming a constant ALP mass, is [11]

ρa,0 = 0.17
keV

cm3

(ma

eV

)1/2 ( ai
1011 GeV

)2
. (4.1)

Requiring that this value does not exceed the observed DM abundance yields

ai < 2.6× 1010 GeV

(
10 keV

ma

)1/4

, (4.2)

where ai is the displacement from the minimum when ALP starts to oscillate. If the ALP is
present during inflation3, the minimal misalignment is set by quantum fluctuations during
inflation, ai >

√
Ne

HI
2π . Here, Ne is the number of efolds of inflation and HI is the Hubble

rate during inflation. This, combined with Eq. (4.2), results in a rather stringent upper limit
for HI . Recalling that the maximal reheating temperature is obtained under the assumption
of instantaneous reheating (i.e. the case in which the entire energy density of inflation is
converted into radiation), we obtain a bound on the reheating temperature

TRH < 1.2× 1014 GeV

(
106.75

g∗

)1/4(10 keV

ma

)1/8( 60

Ne

)1/4

. (4.3)

With such values of TRH in the photophilic scenario, matching the DM abundance would
typically be achievable for large caγγ/fa couplings, disfavored by X-ray constraints (see TRH =
1014 GeV line in Fig. 4). For the photophobic scenario, instead, this bound is always satisfied
in our parameter space.

Let us now present two alternative ways in which the misalignment contribution can be
suppressed without implying a low reheating temperature as in Eq. (4.3).

3If the ALP is the pseudo-Goldstone boson of a spontaneously broken global symmetry, this corresponds
to the scenario where the symmetry is broken before or during inflation, with HI < fa. In any case, this
assumption is not crucial for our discussion.
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If the Peccei-Quinn symmetry breaks after inflation, the misalignment angle, neglecting
anharmonicities in the potential, is averaged to 〈a2

i 〉/f2
a = π2/3. After inserting this value

into Eq. (4.1) and imposing ρa,0 < ρCDM,0 we obtain

fa < 1.4× 1010 GeV

(
10 keV

ma

)1/4

. (4.4)

In this case we have no upper bound on the reheating temperature. We only need to
assume that the ALP-SM couplings are suppressed compared to fa, i.e. caγγ , caff � α/(2π),
the RHS being the reference value of this coupling in typical axion models. Further, one
needs to make sure that the contribution from the decay of cosmic string is negligible. For
the typical example of a pNGB from the breaking of a global U(1) symmetry, such as the
standard QCD axion, the axion density from the decay of topological defects is similar in
magnitude to the one from misalignment. Assuming this is the case, we expect both contri-
butions to be subdominant when Eq. (4.4) is satisfied.

The second way of suppressing the misalignment energy density is to have a very small
angle from the start. This is achieved if Peccei-Quinn symmetry is broken already during
inflation and the axion is heavy, ma > HI . If the axion mass is constant, this would imply
a too strong upper bound on TRH. Still, the mass of the axion could have been much
larger during inflation than today (see e.g. [58, 59] and references therein for some explicit
realizations). In particular, for ma ≈ 1016 GeV, the reheating temperature can be as large
as 1017 GeV during inflation. If, after inflation, the ALP is light again, thermal fluctuations
could in principle increase the energy density from the misalignment mechanism. This is,
however, not the case for the photophilic scenario under our consideration as ALPs do not
thermalize with the SM plasma.

We again stress that, for the photophobic ALP, the requirement of a vanishing mis-
alignment energy density is easy to satisfy. If the axion is present during inflation, Eq. (4.3)
applies, which is always satisfied for our choice TRH . O(100GeV). If, instead, the PQ
symmetry is broken after inflation, fa should satisfy Eq. (4.4). Comparing this requirement
with the preferred value of caff/fa shown in Fig. 5, obtained by imposing that the freeze-in
abundance matches the observed DM one, results in caff . O(1).

5 Results

We use the distribution functions in Eqs. (2.17) and (2.18) to calculate the matter power
spectrum using CLASS, derive the corresponding transfer function and the number of MW
subhalos and finally compare against results from observations following the strategy outlined
in Section 3. As long as the observed DM abundance is matched, the result does not depend
on the couplings caγγ and caff ; hence, we performed a scan over ma to derive limits.

The results for the Ly-α forest and the MW subhalo counts for the photophilic scenario
are shown in Fig. 4. For both probes, we show conservative and aggressive bounds based
on the arguments presented in Section 3. The explicit values for the lower limits on the
DM mass ma are also quoted in Table 1. For this scenario we set g∗(Tprod) = 106.75 for all
parameter choices because of the high reheating scale involved.

For this photophilic scenario we also superimpose limits from X-ray searches which
severely narrow the viable parameter space in the ma & 17 keV region where structure
formation constraints fade away. We have calculated X-ray limits on ALP DM by utilizing
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existing ones on keV-scale sterile neutrino DM [60] as well as the expression for photon fluxes
in both models.

The two diagonal lines indicate the parameter space for which reheating temperature
equals MPl and 1014 GeV, respectively. On the left of the TRH = MPl line, the value of
the reheating temperature necessary to obtain ΩDMh

2 = 0.12 exceeds Planck scale making
such parameter space theoretically implausible. The values of TRH in the region between the
two lines are violating the bound from Eq. (4.3); while typically substantial production from
misalignment would invalidate such parameter space, we have shown in Section 4 several ways
to remedy such situation and suppress the “non-freeze-in” DM production. Such requirements
are not even necessary in the region to the right of TRH = 1014 GeV where the misalignment
production is suppressed. While most of this region is already constrained by X-ray searches,
we observe that for ma . 2 keV the structure formation limits are leading.

cons. agg.

Lyman-α 4.9 keV 19.1 keV
MW subhalo 10.3 keV 17.4 keV

Table 1. Structure formation limits in the photophilic scenario.

We should briefly discuss the previously reported unidentified line at ∼ 3.5 keV in a X-
ray data spectrum [19, 20]. While such discovery has chiefly received explanations in terms
of decaying keV-scale sterile neutrino DM, 7 keV ALP DM was also discussed [12]. Our
aggressive structure formation limits are, however, clearly disfavoring such an interpretation,
while conservative ones are marginally consistent with it. We should still stress that our
findings are not in general disfavoring a DM interpretation of a 3.5 keV line and hold only
for the freeze-in production of ALPs. For instance, scenarios where ALPs are dominantly
produced via the misalignment mechanism are still viable in this regard.

Next, we apply the same techniques to the photophobic scenario; in that case we derived
Eq. (2.18) by expanding Eq. (2.16) for small mf assuming that TRH � mf . By doing so,
the dependence on the reheating temperature actually drops out4. The accessible parameter
space is then represented by a linear relation between ma and caff . The results are shown in
Fig. 5 where the green diagonal band denotes the viable parameter space of the model. The
upper edge of the band corresponds to a τ -lepton contribution only, while the lower edge
shows the sum of τ -lepton, c- and b-quark contributions, with equal coefficients.

The regions shown in blue are disfavored using Ly-α forest and the MW subhalo counts.
The most aggressive limit (see also Table 2) reads ma ≈ 15 keV and we hence predict that
only the parameter space above such values could be realizable in Nature. The derived
constraints are slightly weaker compared to the photophilic case, because ALP DM produced
in the photophobic scenario is “cooler” compared to the other case5 (see Section 2). However,
in the photophobic scenario we assumed TRH . 160 GeV and so one has to take a change in
g∗(Tprod) into account. The results were derived with g∗(Tprod) = 106.75 and so the limits

4We implicitly assumed that TRH . 160 GeV and this approximation holds up to TRH ≥ 10 GeV or so.
For smaller reheating temperatures one has to keep the full expression and an explicit TRH dependence is
recovered.

5A recent study on updated numbers of MW satellites quotes results in terms of mTR > 6.5 keV [65].
As such we can use the ALP DM transfer function directly to derive mass bounds; after doing so we found
ma > 23.0 keV for photophilic and ma > 17.5 keV for the photophobic scenario, which extends even beyond
aggressive bounds derived in our own analysis.
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Figure 4. Structure formation limits on the photophilic ALP parameter space derived using the half
mode analysis technique as well as MW subhalo count. The former (latter) are denoted as Ly − α
(MW). For both, conservative and aggressive limits are shown (see Section 3 for details). What is also
shown are X-ray limits from INTEGRAL [62], NuSTAR [63] and M31 [64]. The diagonal dashed lines
indicate two specific values of TRH, calculated by the requirement of producing the observed amount
of DM. Sensitivity projection at ma ∼ 80 keV from forthcoming Vera Rubin observatory is shown
with red line.

on the ALP mass have to be rescaled according to Eq. (3.7). For instance, if g∗(Tprod) = 80,
all mass limits are increased by a factor ' 1.1 compared to the results shown in Table 2.

If the ALP has flavor universal couplings or if the strength of ALP couplings to fermions
is at least comparable across several flavors including electrons, then the red giants [66, 67]
and XENON1T [21] limits, shown on Fig. 5, are applicable since they constrain the ALP-
electron coupling. The latter is clearly more stringent and relevant for larger span of ALP
masses, excluding caee/fa & 10−10 GeV−1. Clearly, the XENON1T line is chiefly below the
green band in the region ma . 10 keV, disfavoring the flavor universal ALP coupling scenario
for such parameter choice.

We have also evaluated constraints from X-ray searches using expressions from [68].
Namely, if ALP couples to fermions, interaction with photons will be induced at the quantum
level. We have, however, found that such X-ray limits are only relevant if ALP couples to
electrons, because the loop induced coupling to photons is suppressed by the mass ratio
m2
a/m

2
f . In such case, even parameter space above ma ∼ 10 keV, unexcluded by XENON1T,

would be disfavored in flavor universal scenario. We note, however, that it was recently
shown that by adding more new physics, destructive interference between loop-level diagrams
contributing to decays into SM photons can be achieved; hence the limit can be relaxed
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Figure 5. Structure formation limits on the photophobic ALP parameter space derived using the half
mode analysis technique as well as MW subhalo count. The former (latter) are denoted as Ly − α
(MW). For both, conservative and aggressive limits are shown (see Section 3 for details). Theoretically
viable parameter space is shown as a green diagonal band, spanning cases in which ALP couples only
to τ -lepton (upper edge) and where it interacts with τ -lepton, c- and b-quark (lower edge). Sensitivity
projection at ma ∼ 60 keV from forthcoming Vera Rubin observatory is shown with red line.

substantially [69], particularly for such higher values of ma.
We note here that our results constrain the relaxion DM model of Ref. [16], in which

relaxion production occurs via freeze-in. The relaxion can constitute 100% of DM only if a
large mass is allowed by a large hierarchy in the relaxion couplings. Even assuming the most
conservative bounds from the number of MW subhalos, the model provides an explanation
of the XENON1T anomaly only if the relaxion is responsible for a fraction of the DM abun-
dance [17].

Finally, let us address future sensitivity projections. Utilizing data from the upcoming
Vera C. Rubin observatory, designed to measure MW mass halo function down to 106M�,
it will be possible to improve limits dramatically. Using its projected thermal mass limit
mTR > 18 keV [70, 71] we find that, for the photophilic case, the lower limit on the ALP DM
mass would be pushed to ma > 83 keV. Similarly, we find ma > 62 keV for the photophobic
case (both values are illustrated in Figs. 4 and 5 with red lines). It is rather intriguing that for
the case of photophilic ALP, the structure formation limits are expected to start competing
with the long-standing X-ray limits in ma ∼ O(100) keV region.
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cons. agg.

Lyman-α 3.7 keV 15.5 keV
MW subhalo 7.8 keV 13.3 keV

Table 2. Structure formation limits in the photophobic scenario.

6 Summary and Conclusion

ALPs are currently one of the most popular beyond the SM extensions, being studied and
tested across several mass scales. In this paper we studied keV-scale ALP DM produced via
freeze-in through feeble interactions with photons and SM fermions. The respective momen-
tum distribution has been calculated assuming Maxwell-Boltzmann and quantum statistics.
Although these approaches do not capture the full picture at small values of p/T , they turn
out to be robust for constraining the parameter space using the matter power spectrum de-
rived from the respective momentum distribution function. Using Lyman-α forest data as
well as the observed number of MW companions we derived structure formation limits that
were missing to date. For the photophilic ALP DM, we found the most aggressive limits to
exclude ALP DM masses below ∼ 19 keV, complementing constraints from X-ray data. For
photophobic ALP, the obtained limits are somewhat milder, because in that case we found
DM to be “cooler”. Utilizing measurements from the upcoming Vera Rubin observatory,
such bounds will be strongly improved to ma & 60 keV for both scenarios.
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