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Abstract

The gradient-flow operator product expansion for QCD current correlators includ-
ing operators up to mass dimension four is calculated through NNLO. This paves an
alternative way for efficient lattice evaluations of hadronic vacuum polarization func-
tions. In addition, flow-time evolution equations for flowed composite operators are
derived. Their explicit form for the non-trivial dimension-four operators of QCD is
given through order o?.
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1 Introduction

The vacuum polarization functions (VPFs) for (axial-)vector and (pseudo-)scalar particles
are among the most important objects when studying QCD. On the one hand, this is
because their imaginary part is directly related to physical observables such as the decay
rates of the Z- or the Higgs boson, or the hadronic R-ratio. Since the characteristic
energy scale of these quantities is far above the QCD scale, a perturbative evaluation of
the polarization functions is sufficient in these cases to arrive at high-precision results (see,
e.g., Ref. [1]).

But VPFs also contribute indirectly to physical observables such as anomalous magnetic
moments [2,3], the definition of short-distance quark masses [4], or hadronic contributions
to the QED coupling [5,6]. These applications involve an integration of the VPFs over
the non-perturbative regime, which is typically achieved with the help of experimental
data and dispersion relations. Only very recently, first-principle lattice calculations have
become competitive with these dispersive approaches. In the case of the hadronic vacuum
polarization contribution to the muon’s anomalous magnetic moment, the two approaches
turn out to lead to incompatible results [7]'. It would therefore be highly desirable to
have additional independent first-principle calculations of the VPF.

About ten years ago, the gradient-flow formalism (GFF) was suggested as a mechanism to
improve the efficiency of lattice calculations [10-12] (see also Refs. [13,14]). Since then,
it has become a standard for the scale-setting procedure [15,16]. However, also other
applications of the GFF have been studied, among them a new way to determine the
energy-momentum tensor on the lattice. The underlying idea in this case is the small-
flow-time expansion of composite operators [11], leading to the flowed Operator Product
Expansion (OPE) (also named smeared OPE in Ref. [17,18]), where the regular operators
are replaced by operators taken at finite flow time. Its main advantages with respect
to (w.r.t.) the regular OPE is the absence of operator mixing, and the improved efficiency
of the evaluation of operator matrix elements. The translation of the regular to the flowed
operators can be done perturbatively. For the energy-momentum tensor, it is available
through next-to-next-to-leading order (NNLO) [19-21]. Quite recently, the small-flow-time
expansion was applied at next-to-leading order (NLO) to CP-violating operators [22], and
to four-quark operators [23].

In this paper, we present the flowed OPE for the time-ordered product of two currents
through NNLO QCD. Taking the vacuum expectation value (VEV) leads to the VPF. This
should thus allow for an alternative first-principle evaluation of VPFs on the lattice. In
addition, we derive a general logarithmic flow-time evolution equation for flowed operators
which resembles the renormalization group (RG) equation of regular operators.

The remainder of this paper is organized as follows. Section2 introduces the regular
OPE of current correlators with operators up to mass dimension four. This includes the
renormalization of these operators as well as an overview of the literature which provides
the corresponding perturbative Wilson coefficients. (The coefficients for the dimension-
four operators for various currents are reproduced in Appendix B.) The transition to the

!The lattice calculation of the light-by-light contribution to (g — 2), is in agreement with other deter-
minations though [8,9].



flowed OPE is presented in Sect. 3. Section 4 describes the calculation of the mixing matrix
between regular and flowed operators in the small-flow-time limit. While a large part
of this mixing matrix is already known [21] and recollected in Appendix C, the missing
components require higher order mass terms of the VEV of the flowed dimension-four
operators and their renormalization with the help of the vacuum-energy renormalization
constant. These results complete the ingredients required for the flowed OPE of the VPF
through NNLO. In Sect.5, we derive a logarithmic evolution equation from the generic
flow-time dependence of the mixing matrix. Section 6 presents our conclusions and gives
a short outlook on possible extensions of this work.

2 Current-current correlators

Our results are presented for a general non-Abelian gauge theory based on a simple com-
pact Lie group with n¢ quark fields 11, . .., %y, in the fundamental representation, of which
the first ny, are degenerate with mass m, while the remaining n; are massless. The gen-
erators T of the fundamental representation are normalized as Tr(T?T?) = —TRd%, and
the structure constants f2¢ are defined through the Lie algebra [T%, T%] = f®°T°. The
dimensions of the fundamental and the adoint representation are n. and na, respectively,
and their quadratic Casimir eigenvalues are denoted by Cr and Ca. For SU(N), it is

) N2 -1 1
nC:N7 nA:N_la CF:TR N ) CA:N7 ()

and QCD is recovered for Tg = 1/2 and N = 3, i.e. Cp = 4/3 and C = 3. For brevity,
we often use “QCD” also to refer to the more general gauge theory in the following.

2.1 Operator product expansion

The role of the perturbative and the non-perturbative regime of VPFs can be made most
explicit through the OPE (see, e.g., Ref. [24]):

T(Q) = / a9 (Tj(2)(0)) 27 3 COB(@)O0 (@ = 1)), (2)
d,n

where j(x) generically stands for a scalar, pseudo-scalar, vector, axial-vector, or tensor
current. Fig.1 shows sample Feynman diagrams which arise from the perturbative evalu-
ation of the current correlator in Eq. (2). In the following, we only consider the so-called
non-singlet diagrams, where the currents are connected by a common quark line. An
example for a singlet-diagram, on the other hand, is shown in Fig. 1 (e).

The coeflicients 07(;1),13 on the right-hand side of Eq. (2) depend on the quantum numbers
of the current and may thus carry Lorentz indices. Apart from the explicit results for
specific currents in Appendix B, we suppress these indices throughout the paper. We
furthermore assume that, upon transition from the left- to the right-hand side, possible
global divergences are subtracted off of T'(Q).



Figure 1: Sample diagrams contributing to the perturbative calculation of the
VPF, i.e., the left-hand side of Eq. (2). The currents are symbolized by wavy lines,
gluons by spirals. We consider the case where n) quarks are massless (thin straight
lines), and ny, quarks are degenerate with mass m (thick straight lines). (a) One-
loop contribution for non-diagonal currents; (b-e¢) sample three-loop diagrams
for diagonal currents. In (d), the currents couple to massless quarks. (e) is a
“singlet” diagram. All diagrams in this paper were produced with the help of
FeynGame [25].

Up to mass dimension two, the only operators of QCD which contribute to physical matrix
elements are proportional to unity, i.e.,

oV=00=1, 0oP=0%=m21, (3)
where mp is the bare mass of the n; degenerate massive quarks. This means that
C,1(0) — 00 = C«(O),B7 C§2) =0® = Z727LC(2),B (4)

are ultra-violet (UV)-finite, where Z,, is the renormalization constant of the quark mass
defined in Appendix A.

At mass dimension four, we choose the following basis of operators (the space-time argu-
ment is suppressed in most of what follows):

1

oY =0, = 5 F,F,
gB
ns _ H

05 = 03 ="y Dy, (5)
q=1

05 = 03 = m},
where

Rd L
Fo, = 9,A% — 9,A% + frbeAb AC D=0y — 0, +2AT", (6)
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with the regular (as opposed to “flowed”, see Sect.3) quark and gluon fields 14(x) and
Af(z), respectively, and the bare coupling gg.

We employ Euclidean space-time, but translation of the intermediate formulas and the
final results to Minkowski space is possible without difficulty. Working in

d=4-2 (7)

space-time dimensions, the mass dimensions of O; and Oy are actually equal to d, while
that of O3 is equal to 4. Higher dimensional operators are neglected in the following.

The set in Eq. (5) does not contain gauge dependent operators, or operators that vanish
due to the equations of motion when acting on physical states, since they are irrelevant
for the scope of this paper. In fact, in this respect the upper limit of the sum over ¢ in
O could be replaced by ny,, because the terms with massless quarks vanish on-shell. For
the same reason, one could use O = —2mgp Zgil Vg instead of Og in the definition
of the operator basis (5). Other choices are possible as well, but the basis in Eq. (5) is
particularly suitable for our purposes, because it is most directly related to the operator
basis used in Refs. [20,21,26].

Matrix elements of the dimension-four operators are divergent in general. However, one
may define “renormalized operators” OF as linear combinations among them, for which
physical matrix elements become finite:

OR =" Zu Oy (8)
k
Analogously, one defines renormalized coefficient functions through the condition
N0, =Y COF = Cu= CE(Z7 ), 9)

where CP = C’,(L4)’B, cf. Egs.(2) and (5). It is well known that, since the operators of

Eq. (5) are part of the QCD Lagrangian, the renormalization matrix Z can be expressed
in terms of the anomalous dimensions of QCD [27,28]:

Z Z _ _
P fo 3  where  Zps — ( €/ e 27m/5e> ’
OT Z7714 0 1
) (10)

N a 720
Zy=4p~2z-4 | °da, — \/’jﬁe%ﬂ/z.

2 Zo

The 't Hooft mass u ensures that each renormalized operator OF in Eq. (8) has the same
mass dimension as the corresponding bare one, and /i appears because we will adopt the
MS scheme by default (yg = —I'(1) = 0.577216...). We also introduced the quantity
as = ag/m = ¢?/(47?) here, where g is the renormalized strong coupling in the MS
scheme. Zj is the MS renormalization constant for the vacuum energy [28]. It is given in
Appendix A, together with the anomalous quark mass dimension +,, and the d-dimensional
beta function S..



2.2 Coeflicient functions

The OPE form of the current correlators is usually inconvenient for their perturbative
evaluation. Instead, one rather evaluates the Lh.s. of Eq.(2) directly by calculating the
relevant two-point functions to the appropriate order. The exact analytical result for
general quark masses is known at the two-loop level [29-32], while higher orders up to the
four-loop level have been reconstructed by combining various kinematical limits [33-43],
or through integral reduction [44-46] and subsequent numerical evaluation of the resulting
master integrals [47].

Since the dimension-zero and -two operators in Eq.(2) are proportional to unity, the
coefficients C(©) and C® are immediately determined from the small-mass expansion of
these perturbative results for the VPF. They are thus known up to the four-loop level at
the moment [48-52].2

The Wilson coefficients C, of the dimension-four operators, on the other hand, require a
dedicated calculation which keeps track of the contributions from the individual operators.
This has been done through O(a?) for C; and Cs, and through O(a?) for Cs in Refs. [57-60].
For the purpose of this paper, only the O(a?) results are required. For completeness, we
include them in Appendix B.

3 Flowed operator product expansion

Having introduced the setup in the “regular” theory, we now translate this to the flowed
OPE for the current correlators.

3.1 Flowed operators

We introduce the flowed operators as

A ZS a a 2 a a
Or(t,x) = 22 G2, (1, 2)GY (@) = e G2, (1, 2)GY (1, )
9B g
- . A s
Oa(t,7) = Zy 3 Xq(t, ) P (t,2)x4(t,7) (11)
q=1
A _ 4
Og(t,l’) =m ,
where
D,=D,—D,, Dy=0,+BT", D,=9,— BT (12)

2The imaginary parts of the VPFs are known even at the five-loop level in the phenomenologically most
relevant cases [53-56].



The flowed gauge and quark fields Bj; = Bjj(z,t) and x; = X4(,t) obey the equations
[10,12]

OiBf = DG, + kDI, BY
Oixq = Axq — KO BT Xy, (13)
_ _ _
OXq = XqA + kX0, BT,
with the initial conditions
Bt =0,z) = Aj(x), Xq(t =0,2) =v¢qg(x), qe{l,...n¢}. (14)
Here we used the flowed covariant derivative in the adjoint representation,
DY = 5%, — f*B,, (15)
and the flowed Laplace operators
%
A=D,D,, A=D,D,, (16)

where the flowed covariant derivatives in the fundamental representation are given in
Eq. (12).

ZOX is the non-minimal renormalization constant for the flowed quark fields x,, defined by
the all-order condition [20]

~ 2neng

t = —
(O2(t)) ETam (17)
where (-) denotes the VEV. It reads
Zy = Cy Zy (18)
where Z, is the MS part,
i x,0 2 ['Yx,o ('7)(,0 ) 'Yx,l] 3
Z=1+a, Ted (Dx0 Dol ,
X ta %€ +ag Ae2 2 BO + Ae + O(as) (19)
and
3
Gy =1+as <%§0Lut — ZCF In3 —Cpg ln2>
2) Tx,0 Tx,0 2 Tl Ux0 Tx,0
+“s{ 4 (BO+ 2>L“t+{2 2 <ﬂ°+ 2>ln3 (20)
- (Bo+ 2% m2|L +£ +0(d?)
g O \Po T T ) e et T g s/ -
The short-hand notation
2
1
L=t (21)



reflects our choice of the “central” renormalization scale u; [21].

The minimal renormalization constant Z, is known analytically through NNLO [12,21],

3
VX,O = ECFa
29)
223 3 11 (
Yy, 1 = Ck |:CA <48 —1In 2> —Cp <16 +In 2> — 12TRnf:| .
The finite coefficient in Eq. (20) has been obtained numerically in Ref. [61]:
l?) = CACF eya + CR ey p + CrTRnscy R, (23)
with?
Cy,A = —23.7947, cyF = 30.3914,
131 46 944 160 | 5 172 104
CX7R——§+§C(2)+ 9 ln2+?ln 2—?ln3+?ln21n3 (24)
178 8 400 112
— =5 I3+ 5 Lin(1/9) — = Lia(1/3) + = Lix(3/4) = ~3.92255.....,

with Riemann’s zeta function (s) = 3°°° ; n~* and the di-logarithm Lis(2) = > 70 | 2* /k2.
The strong coupling renormalization constant Z; in Eq. (11) ensures that matrix elements
of Oy (t) are finite [10,11]. The reason for keeping track of the non-integer mass dimension
of O1(t) is clarified later.

Eq. (24) displays only the first six leading digits in numerical results. Results with higher
accuracy are provided in an ancillary file, which also includes the L,; terms, see Ap-
pendix D. We expect that these floating point numbers can be considered equivalent to
their exact results for all practical purposes. This is why we often use the numerical values
for the coefficients in what follows, even if the exact result is available.

Similar to the regular operators in Eq. (5), one could trade the flowed operator Oy(t) for
O4(t) = —2mZy 310, Xq(t)xq(t). However, in this case the final results to be derived
below would be different, because the equations of motion for the flowed operators relate
O5(t) to both Oo(t) and O1(t) (see Refs. [20,21]). A transformation of the results in this

paper to O4(t) is straightforward though.

3.2 Small-flow-time expansion

The small-flow-time expansion allows us to relate the QCD operators and coefficients with
the flowed quantities as follows:

On(t) = (PO + (PP mEL+ > ()0, + - ..
k

25
= O+ D) m* L+ Y Cu(OF + ..., (25)
k

3The sign on the r.h.s. of equation (B.3) in Ref. [61] is incorrect.



where the ellipsis denotes terms that vanish as ¢t — 0, and

) = PP Zn, Gl Z m(t) (26)

are the renormalized, finite mixing coefficients. Inversion of Eq. (25) gives

chk .

On(t) = 0n<t> — W1 - P ym

(27)

where C;k,l is the nk-element of the inverse of the mixing matrix (. This lets one define
the “flowed OPE” for the current correlator:

Q2200 CY(O) ~

(Q) @01+ COQ 1+ 3G @000+ )

where the corresponding coeflicient functions are related to the regular Wilson coefficients
through

Cn(@%,1) = Cr(@)G,1 (1)
) ) . (29)
CO(@Q* 1) = COD(QY) = Cul(t, Q1) ¢ (1).

The regular QCD coefficients C(© and C® are given by the first two terms in m? /Q?
of the large-Q? expansion of the VPFs. Through the required order, they can be found
in Ref. [49] for diagonal vector- and axial-vector currents, and in Ref. [50] for scalar-
and pseudo-scalar currents, for example. The dimension-four coefficients can be found in
Refs. [57,60]. For convenience of the reader, they are also collected in Appendix B.

4 Calculation of the mixing matrix

We now determine the mixing matrix ¢ in a perturbative calculation through NNLO. By
using the known results for the regular Wilson coefficients given in Appendix B, one can
determine the flowed coeflicients to the same order. Together with an evaluation of the
flowed operator matrix elements on the lattice, the VPFs can be extracted and used in the
determination of various physical quantities.

The bare mixing matrix ¢® can be determined with the help of the method of projectors:
P22(H) = PO, () = P01, (30)

where the action of P is to take suitable derivatives of a specific Green’s function of the
operator such that

p®) [O(m)] = S p®) (O] = PI§4) [O(")] =0, P,§4) (0] = b1, (31)



for n,m € {0,2} and k,l € {1,2,3}. For details, see Refs. [21,62,63].

Specifically, the projectors onto 1, m31, and O% are given by derivatives of vacuum matrix
elements w.r.t. mg:

0 = POI0L0)] = Out)]
~ 2 ~
(0 = Z PRI = Zhgy 5 O] . (32
~ 4 ~
Cis(t) = BV10,(0] = g Ou)], -

A crucial point is that the derivatives and limits must be taken before loop integration. As
a consequence, even though physical matrix elements of On(t) are finite, the projections
can be divergent, and this is why we need to carefully account for a possible non-integer
mass dimension of these operators, see Eq. (11).

We directly obtain

1 84 4:Z_4

daamt =2t @M= =0, Gi=g=0, @33)
: B

B
(33 =

where the third set of equations follows from 03(t) = m?* = O3 and the projector property
PP[0s] = PV[03] = 0, see Eq. (31).

The bare and renormalized mixing matrices for the dimension-four operators thus take

the form
By P Coxa 3
=0 ) =L , (34)
o z.4 0 1
where 07 = (0,0), and
i (b
<2B2: ( ’ C2X2:<§ 225127
e & S (35)
—. T — —. —
CBB = (CFS? C%B?y) ) C3 = (C3B - C2><2Z3)Z;4n :

(2x2 can be obtained from the mixing matrix of the operators occuring in the energy-
momentum tensor and is accordingly known through NNLO [21]. Explicit results are
given in Appendix C.

The coefficient Cq(zo) is simply the VEV of Oy (t) for m = 0. For O;(t) it has been calculated
through NNLO in Refs. [10,61,64]:*

) ~ 3 na ) 13 11 3 P
t) = (On(t = M4, 2 m2- 23| - ST
Cl () <Ol( ))‘mzo Ar22 8 { +a |:CA ( 9 + 6 n 1 n3 9 Rt
+ a2 [1.74865 C2 — 1.97283 CaTrny (36)

4 0.306224 CpTrng + 0.121042 T%n%] } +0(@@),

“The coefficient of the C3 term in Ref. [61] contains a typo: instead of 27.9786, it should read 27.9784.
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0

Figure 2: Sample diagrams contributing to Q(Lm) (m € {0,2}) and (3, for n =1
(a-d) and n = 2 (e-h). The notation is the same as in Fig. 1; in addition, white
circles denote flow-vertices, and lines with arrows next to them denote flow-lines
(see Ref. [61] for details). Diagrams (a) and (b) only contribute to do)'

where @, = as(p¢). Due to the RG invariance of a,0;(t) [10,11], the result for general
values of the 't Hooft mass p can be obtained by multiplying the result given in Eq. (36)
by as/as, replacing

e = 0| 1+ asBoLye + aLyt (B + RLye) ] Lo, (37)

and re-expanding in as.

For Os, on the other hand, we have Eq. (17) to all orders in perturbation theory by
definition, i.e.

(0) A _ 2neng
)= 0ult)| =T (39)
Therefore, the only coeflicients that are not yet known through NNLO are
¢, ¢, s and Gos. (39)

According to Eq. (32), they require the calculation of derivatives w.r.t. mg in (O1(t)) and
(Os(t)) up to three loops. We achieved this using the setup described in Ref. [61], which
employs ggraf [65,66] and q2e/exp [67,68] for the generation and subsequent categoriza-
tion of the Feynman diagrams, FORM [69,70] for the manipulation of the ensuing algebraic
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expressions, the color package [71] of FORM for the calculation of the gauge group factors,
and Kira®FireFly [72-76] for the Feynman integral reduction using integration-by-parts
identities and the Laporta algorithm [44—46] over finite fields [77-80]. For the evaluation
of the master integrals, we adopt the method described in Ref. [64], which performs sector
decomposition [81] with the help of FIESTA [82,83] in order to extract the UV poles, along
with a fully symmetric integration rule of order 13 for the numerical evaluation of their co-
efficients [84], implemented with high precision arithmetics by using the MPFR library [85].
Some intermediate steps of the calculation are done within Mathematica [86].

Multiplying the result by Z?2, suffices to obtain the renormalized expressions for Q(f), and
we find, setting u = s,

3 10
@) = %TH s [1 + as <7.43789 Ca+2Cp — gTRnf)] +0(a?), (40a)
2 NNy 7 3
) = e [1 + a,C (4 - 41n3>
+ @2Cr (2.10889 C + 2.05158 Cy — 0.268909 Trns) ] + 0(a?), (40D)

where again @, = a,(u). Since quark loops appear in (O;(t)) only at the two-loop level,

Cf) (t) starts at O(as). In the case of C§2) (t), the result for general p can be obtained
through multiplication by

m2(#t)
m? ()

=1+as Tm,0 Lut + a Lut Ym,1+ = (BO Ym,0 + "Ym 0) Lut:| + O(ai) ) (41)

expressing as by as through Eq. (37), and re-expanding in as. For C{Q) (t) one needs to
multiply by Eq. (41), and in addition by as/as.

(13 and (a3 require the more sophisticated renormalization given in Eq. (35). It is important
here to work consistently in d space-time dimensions. Since Zg contains a 1/e pole already
at O(a}), we need to keep the O(e?) terms of (ax2 at NLO, and the O(¢) terms at NNLO.
They were not required in the calculation of Ref. [21], so we recalculated (22, keeping
these higher terms in e. Using the identity naTr = n.CF [71], our final result for (5 reads:

Cia(t) = ”?ZWEF a5{5 —6¢(2) — 6Ly — 612,
+as {— 3.31445 Cy — 27.5707 C — 15.0886 Trnp + 19.5780 Try
+ Loy < — 5.68203 s — 32.7594 Cp — 4.17386 Ty, + 19.8261 TRn1>
+ L2, ( B30, CF + ? TRnf>
+ L%, (— 3CA—60F+§TRnf)H+O(a§), (42a)
Cos(t) = T;C”Qh {1 + Ly + asCr [?Z B 3 In3— %L12(1/4)

12



33 3 3
+ (8 —ln2— Z 1113) Lﬂt+2L#t:|

+ a2Cp [ —0.710509 Cp + 6.97943 Cr — 6.43804 Trny, — 2.87689 Trny
+ Ly <1.53754 Ca +4.22899 Cp — 4.47865 Trny, — 1.47865 TRm)

+ Lit <2.57807 Ca +4.09934 Cr — 0.931798 TRnf>

11 3 1
3 3
The logarithmic terms at O(a}) are determined by the RG equation derived in Sect. 5.
Nevertheless, for the convenience of the reader, we provide the result for general y in this
case.

This, together with the results for (242 obtained in Refs. [21] and explicitely given in
Eq. (77), completes the result for the small-flow-time coefficients of the OPE up to dimen-
sion four of Eq. (28).

5 Flow-time evolution

In the final section of this paper we derive a general flow-time evolution equation for
flowed operators. It resembles the RG equation for regular operators but with a “flowed
anomalous dimension matrix”. While studies of the relation between the RG and the flow-
time evolution have also been performed elsewhere in the litarature (see, e.g., Refs. [26,
87-90]), to our knowledge the treatment described here has not been discussed before.

Let us return to the small-flow-time expansion of the operators O defined in Egs. (25),
(27), employing a matrix rather than component-wise notation for the sake of clarity:

O(t) = (*(t)O = ((t)O™. (43)
Since we work in the small-flow-time limit, the dependence of {(¢) on ¢ can be only through
L, defined in Eq. (21). Taking the logarithmic derivative w.r.t. ¢ of Eq.(43), one thus
obtains

t0,0(t) = (9, (1)) O™ (44)

Using Eq. (43) to eliminate the regular operators O, we find the flow-equation for flowed
composite operators:

t0,0(t) =~'(t) O(t), where ~'(t) = (t9:C(1)¢ (1) - (45)

So far the discussion is general and holds for any flowed OPE. Specializing to our case
of the QCD dimension-four operators, we can write the “flowed anomalous dimension”

13



matrix as

t_ (Vo i £ ~1
V= < 0 0) ; Yaxa(t) = (t0iCaxa(t)) Coxa(t),

Ti(t) = = o (DG (1) + 10G (1)
Through O(a?), the result can be directly evaluated from Eqs. (77) and (42). A consistency
check is obtained by noting that ¢ ( ) depends on ¢ only through L,;:
d 5}
to 2 ——=C(t) — asB——C(t) . 4
(0 = 550 = 1 0(0) — auf (1) (47)

On the other hand, we know that a;O;(t) and Oy(t) are RG invariant [10,11,20] and
therefore, with Eq. (25),

(46)

0 o d
4m27m — S w)O0 (48)
_Ngdjlﬂ ,1(a5)(¢<>(t)]1+< (Hm*1 + (1) )
where

Since operators of different mass dimensions do not mix under RG evolution and C?E(m) (t) =
0, we can drop the first two terms in the brackets on the r.h.s. of Eq. (48).> We thus arrive
at

00 0 B0 0
ud 2C() 00 0 ]=100 0]cEt-<¢tn, (50)
H 0 0 4y, 000

where 79 is the anomalous dimension of the operators O®, defined through
d
2

R_ O R
K dTL?O =7"(as)0™. (51)
It can be written as
O -0
d _ T2x2 V3
70 = <u2 >AZ o : (52)
dp? 07 4y,

with Z from Eq. (10). Using the expressions of Sect. 2.1, one derives [27,28]

d —a i/ﬁ —2a ify
Vo2 = < q QZ2x2> Zyty = das das :
0 0
(53)

0
Aq.——
s (‘9asfy0

870

d - .
= Z;}n <ﬂ2(WZ3 - 72Ox2Z3> =

5This can also be seen by noting that these two terms, multiplied by H™*(as), are as(O1(t)) and (Oa(t)),

expanded through order m?.
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The QCD renormalization group functions 8 and ~,, have been defined in Egs. (58) and
(60), respectively. Since they are of O(as), the explicit u-dependence of (2x2(t) can be
derived through O(a?) from the results of Ref. [21]. Thus, for ¥4, ,, Eq. (47) is not just a
consistency check, but a means to derive higher order terms. In our case, we can obtain
the result through O(a?):

3 1 7 7
M1 = al [32 CX + g CaTrm + ¢ CFTRnf:| +al [— 5 CATEn?

35 11891 27 81
— 2 OWT2n2 T, — 4+ —1n2— —1
56 Crang + CaCr R”f< 2830 40 %7 160 n3>
1687 29 9 6643 319 99
T + = In2— -1 A e n2+ 1
+C3 R"f<2880 40 20 n3> +CA(11520 60 780 n3>
25 45 111 3 3
2
T e B Bl | Lip(1/4) — 2 ¢(2
Iye: Rnf(64+ o m2- L 3+ S L1/ - $¢o)

7
( C3 Trny + C’A + s CACFTRnf - E CATEn? — D CFTﬁnf) Lut}

+ O(ad), (54a)

3 367 3 3 9

11
+ |: - Z CACF + CFTRnf:| Lﬂt}

391 431 11 9 33

3 2 2 ;

e 71 2+ = In3+ = Liy(1/4) — == ¢(2
+aS{CFC’A[ o5~ op W2+ g In?24 34 o Lis(1/4) — )]

25 1 o[ 1401 339 9
2 e et 2 2 In22
+ Cr R”f[ 13 29 )]+CF[ 256 16 M2 g

657 153 39
~ i ln3— ZIn2 1n3— — 1n 3+ §L12(1/4) + 644(2)]

5291 2311 4641 11

2

e 24+ ] —L 1/4) + —(¢(2

+CACF[ T o 2+ ol n3+ 12(/)+8C()}
9
2

8827 2089 847 3 3
C2T; —— In24+ — In3 Lis(1/4) — — ((2) — = ((3
+ Ottt — 0 2 S+ 1/ - 2 c0)- S 60

5861 4273 2139 9
T —— In2— —— In3 — fL 1/4
+ OaCiions [ S0+ 20 o = B g - S/ + L)+ 5<0)

2o ? +

4445 647
32

@ CACF 8 CACFTRnf - g CFTI%TZ%
33 33 99 15 3 9

C2CA [ — = —-ZIn2— 22 In3) + C%1; 712 In3||L

+FA< 64 8 32n>+FR"f<16 +8n>]“t

121
+ |:— 7CACF + 7CACFTRTLf— *CF :| /211‘/} —|—(9(a;1), (54b)

509 33 99 41
—d |2 P2 2 m3) il
% = 4 [ A Rnf(5760+80 B30 M >+ aTiing (1440
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3 9 200 55 407
— 22t 1 Tane [ ot + 22— =L
20 TR0 n3)+CACF R"f<1152+16 N2 gy

11 11 43 5 37
— Lip(1/4) — —¢(2 Tan? [ — — > In2+ -1
T gg ML/ = g5 o )>+CF R”f<144 g2t g ns

- LR+ 15¢@) | + o), (540)

1111 11 2 1
CaCr [ = - = mm2- =21 Tene [ — 2+ = In2
A F<96 12 77 16 n3>+CF Rm( 3 T3zm

2521 1709

1 1
+ 1 1D3> —i—ai’ {CACFTRnf |: ——— In2-— 6 In?2

1537 1 7397 213 11
2220 13— - Liy(1/4 20p | — 2L 22 o n?
T g0 B3 gq LY/ )} +CACF[ 2304 16 Mgy

107 11
— 1 — Liy(1/4
+ 16 n3+ 3 ia(1/4)

83 1 1 139 119
~ 22 I3 - Lin(1/4) + — ((2 2TRn | — —oo — =2 In2
g0 13— g Li2(1/4) + 35 < )]JrcF R"f[ 192 8

1 261 1 3 23
+ > 1n%2+ 5 In3+=1In2n3+ 6 In?3 — == Liy(1/4) + 4584(2)]

960 90

4
(2)] + CpTEn? [— 729 + 763 In 2

121
102 720 ' 90

192

6 2 8
253 209 11 99 11 33
CCA |+ - In2— —In*2— — In3— — In2n3— " In’
+ FA[384+ g o1 11 3 n3 g o n3 64n3

187 143 11 1
2O i (1/4) + —2 ¢(2 2 Cp = — Tang ) @
+t3 ip(1/ )+192C( )]‘i‘(%CA 51 Rnf> x
121 121 121

4 2 1
C3CF [ oo — = In2 -~ In3 | +CpTEn? (- — > In2— - In3
+[AF<576 2 96n>+FRnf9 R

187 11 11 4
+ CACrTRrns ( ~ 1 + 9 In2+ 3 IHB)} Lut} + O(ay) . (54d)
We verified that this agrees through O(a?) with the result which is obtained by directly
inserting Eq. (77) into Eq. (46). Due to the factor of 1/¢? in O (see Eq. (11)), 74,5 is not
RG invariant, while HQ_XIQ'ngQHng is. It may be useful to note that, by subtracting the
VEVs off of Ol and 02,

Ol,sub(t’x) = Ol (tvx) - <O~1(t7$)> )

- - - (55)
OQ,sub(t7x) = 02(t7$) - <02(t,$)> )

the resulting operators do not mix with Os under t-evolution. Rather, their logarithmic
t-evolution is fully governed by 74,5 and thus known through O(a?).

Eq. (50) does not analogously allow one to derive the O(a3) terms of 4%, because it in-
volves o which, in contrast to 3 and v, starts at O(a?) rather than O(as), see Eq. (63).
Therefore, we can only give the result through O(a?) for 7%:

3neny

’7{3 = 82asCF{1 + as [9.24729 Ca —2.47340 Cr
™
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11 2
— 2.91787Trny + 1.08213Trny + Ly <6 CAr+3CFr — 3 TRnf>:| } , (56a)

¢ 33 3
oy = ’;:211{1 + asCp [8 ~ln2-7l3+3 Lut} + a2Cy [2.81363 Ca + 4.22899 C

—4.31769 Trny, — 1.31769 Trny + Lyt (6.43224 Ca + 8.19868 Cr — 1.70263 TRnf>
11 9 1
2
+L“t (8 CA—|—§CF— 2TR’I’Lf>:|}. (56b)

We checked, of course, that Eq. (50) is consistent with the results for (13 and (23 of Eq. (42).

6 Conclusions

We presented the flowed OPE for general current correlators and its matching to regular
QCD through NNLO in the strong coupling as and through mass dimension four by using
the small-flow-time expansion. Our calculation is based on the renormalization procedure
for the regular QCD dimension-four operators worked out in Ref. [27,28], the mixing matrix
between flowed and regular operators derived in Ref. [21], the method of projectors [62],
and the tools and results for perturbative calculations in the GFF presented in Ref. [61].

Overall, our results allow to combine the known perturbative results for the regular QCD
current correlators from the literature to gradient-flow lattice calculations. This lays
out the path for an alternative determination of hadronic contributions to observables
such as the anomalous magnetic moment of the muon. In addition, we derived a general
logarithmic flow-time evolution equation for flowed operators and presented its explicit
form for the dimension-four operators considered in this paper.

Our methods are sufficiently general to be applied to similar problems at higher orders
in perturbation theory, such as CP violating operators [22] relevant for the electric dipole
moment of the neutron, or four-quark operators occuring in flavor physics [23].
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A Renormalization group functions

The d-dimensional beta function is defined as
0 dfas(u) = as(p)Be(as(p)) (57)

where as; = o, /7 = g?/(47%). The renormalized coupling g = g(u) is related to the bare

one through gg = € Z ; /2 g, where Z; is the MS renormalization constant. From this follow
the relations

-1
Pe(as) = —e <1 + asaaas In ZS(GS)> = —e+ Blas) = —€— Za?+1ﬁn,
n20 (58)
Zy(as) =1~ By + a2 (;68 - 216/3’1> + o).

Through Sect. 5, we only need the first two perturbative coefficients, while s is required
in order to derive the O(a?) terms of v in Eq. (54):

1 /11 4 1 /34 20
60 — Z < CA — 3TRnf> , 61 16 < CA 4CFTRnf - CATRnf> )
2857 1415
By = 64( o C% +20%Txns — 7CFCATRnf o ——CRTrny (59)

+ SoeTn? + WCATI_%) .
The anomalous dimension of the quark mass is defined through

0
Vm(as) = _asﬁe(as) da, In Z,, (as = - Z an—H'Ym n (60)

n>0

with the first three perturbative coefficients given by

3 3 97
Tm,0 = ZCF, Tm,1 = *C'F + 96CACF - *C'FTRnf,
1 (129 129 11413 9
Tm2 = ey CF CFCA 108 CrC} (61)

556 140

It determines the MS renormalized mass m through

Ym,0
22

1
mp = Zymm, Zp=1- *’Ymo + aj [ (Ym0 + Bo) — 'Ym,l} +0(ad). (62

2e
Similarly to B, the third coefficient 7, 2 is needed only in Sect. 5.

The renormalization constant of the vacuum energy Zj is related to the corresponding
anomalous dimension 7y through

NcNp

Yo(as) = [4vm(as) — €] Zo(as) + Be(as)as (4)2

Zo(as) agYon,  (63)

n>0

9
Oag
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which leads to

NNy Y,1  2Ym,0 2
e = fp e (0570 ) g Gorma #1020

(64)

1 1
> (Bo Y0,1 +47,1Ym,0 + 8’)/m,1) + 570’2} } + (’)(ag) .
The first three perturbative coefficients are given by [28,58]6
Y0=1,  71=CF,
131 109 3 5 (65)
70,2 = _C%‘ <32 - 3C(3)> — CrCa <—32 + 5 C(3)> — CrlRr <8nf + 3nh) .

B Perturbative coefficient functions

This appendix cites the results for the coefficient functions C), of the regular dimension-four
operators appearing in the OPE of the current correlators defined in Eq. (2). We consider
scalar, pseudo-scalar, vector- and axial-vector currents, both diagonal and non-diagonal,
i.e. the currents assume the form

]('I) = &k(l‘)]:%ﬁl(f) ) I'e {]-a WSa’Y”a’V“’%}a

66
k,le NUM, M:{L...,nh}, N:{nh—l—l,...,nf}. ( )

This means that ¢ and ; can be either both massive with mass m (k,l € M), or both
massless (k,l € N), or one of them is massless, the other massive (e.g. k € M, [l € N).
While (1 is independent of k and [, the coefficient C5 of the quark operator takes the form

1
Co=0CyN + - (Okar + 0ir) (Conr + Cond) (67)

where 0gps = 1 for kK € M, and 0 otherwise. Also the results for C3 depend on whether the
quarks k£ and [ are massive or not. This dependence will be indicated explicitely below,
using the dxps symbol defined above.

For convenience, we introduce the short-hand notation
Q2
l,uQ =In ? s (68)

and the dimensionless quantities

A~

Ci=Q'C, Cy=-2Q'Cy, (C3=0Q'Cs. (69)

The extra factor (—2) between Co and Cs arises from using O} in Ref. [60] rather than O
from Eq. (5). For the sake of brevity, we insert the SU(3) color factors.

SHigher orders have been computed in Ref. [91].
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B.1 Vector and axial-vector currents

In this case, the current correlator can be decomposed into a transversal and a longitudinal
part, each associated with a set of coefficient functions:

3 2500 v/a v/a
/d4$€lq1jﬁ/a($)jg/a(0) Qi) Z <(guuQ2 - Q,uQV)Cn/ T QMQVC’H,/ 7L) OrFL{ . (70)

The upper sign refers to the vector, the lower sign to the axial-vector case. The results
have been taken from Ref. [60]:

~v/a, T 1 7 2
= 75 Us —a ’ 1
oh 159 +72a8 (71a)
e 1 4
C27/]V7T = a? <—1 + g ly,Q + g C(3)> ) (71b)
~v/aT 29 1 11 1
027/]\4 :_as+a§|:_6+6nf+lHQ<_4+6nf>:|v (710)
~ofaT 4 191 7 11 2
CQ,{ld :i<1+3a5+a§ |:18—27nf+luQ <3_9nf>:|) ) (71d)
éf/a’L = 0’ CA’;),/ZS;,L = 0) CA(;),/JM&L = 1 ? CA’;i/nua’L = :F]' ) (716)
sw/aT _ 3 152 32
G =16 {5kM5lM [as < o 3¢
1295 524 362 8
2 e 12 - _—
wa? [0 B +12005) 4 (- 52+ <
76 16
+ 10 (114 =72¢3) +np [ —o + —C(3)
27 9
56 32
+ 25kM5lM [— 4ZMQ + as < — ? + 164(3) - ?lﬂQ — 8ZZQ)
18967 4588 4 280 337 40
2
ki i Z0(4) — == o~ 2E
R R TR O C O

3617 332 157 8
+ g <—18+3C(3)+”f <27—3C(3)>>

22 4

—2+a5<—4—4z,@>

9 776 2996 3440 23 4
- e - 2w e (- o)

+ (6kzM + 5ZM)

+ ag

10
+ lug (—36+9nf> —sngH

20



+mw4—%+w«>ﬂm(” 3C®)- §@]

9
100 16
—i—nha [(&cM + 0iar) <9 — —(( ))
64 32
+ Oppim (—94-16[#@4-3((3))]}, (71f)
Av/a 3 152
03/ L — 167r2 {(5kM(5lM 8—|— Qg <3 + 32 lMQ)
7306 1292 640 212 8
|- B2 ) - S e - 22+ o)

1430 116 ) 8

16
+ 201010101 4lHQ—|—CLS <8_16C(3)+3ZMQ+8ZZQ>
2 _6713_@ 4 940 31,8
e T R ORRN C RR0
1429 332 , (155 14
Jrpo(lgC()+nf<3+3f(3)>)+l#cg(3gnf>

1 15 )|

+(5kM+(51M)[ 4 — 4lQ+a3<—100+16C) 634ZHQ—8ZI%Q>
4 620 605 20
—mgg—ﬂ)gd%qﬂﬂ w5y - 5 )
5719 8 332
+zﬁQ(—?’;7+%fnf>+12Q<—18+3m>u

32 64
<9 + 8luQ> (5kM + (5[]\/[) + < — E — 16 luQ) 5kM51M] } (71g)

s

2[ 37123 2038

2
+ A Ny

B.2 Scalar and pseudo-scalar currents

Also the results for the scalar and the pseudo-scalar currents (upper and lower signs,
respectively) are taken from Ref. [60]:

ey 1 11
Cl/p g ds +as [16 Z“Q] (72a)
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S 5 1
CQ,/J€ = a; [ -t 5 luQ} ) (72Db)

6
. 1 11
3l = 5 Tas {6 + luQ]
(5437 17 79 155 4 19 1
2 2
- - - - 2
Fas 55 T 1 S gt ( 12 9”f> T lug (8 12 nf” o (72)

) 14
eyl = :&(1 + a [3 + 2luQ}

(7549 15 41 367 19 19 1

Asfp 3 32
03 = 1671'2 {5kM5lM 4—|—CLS |: 3 +24ZMQ+16C(3)]
9955 724 610 463 32
2 J— J— JR—
2 |5+ Tt - S e e (2 + o)

+ 1.0 <&;3 + 140 ¢(3) + ng (—‘;6 — gc(3)>> + 1% (105 — 2nf)H

+ 201010101 [— 41,0 + as [— 16+ 16 ((3) — 24 1,0 — 161,2@}

s

19003 574 4 50 245 16
2 [ o+ e+ 3o+ T e (2 + P 0)

108
14399 518 67 8
+ g <_36 + ?4(3) + nf <6 - 3<(3)>>

52 10
+120 (_222 +3 nf> +100 (—53 +3 m) H

+((5kM+(5lM) [1—2ZMQ+GS I:—6+8C(3) _4ZNQ —SZiQ:|

9 13343 155 2 190 205 20
@+ ) (5 + o)

T (LA B (L
HQ 4 a8t T\ Ty Tt
9017 265 115 4
l — _ =
+ uQ( - T3 ¢(3) + ng <36 36(3))>H

#ma? | =5 4003 + 41~ ]

s

+ ny |:(5kM + i) <896 —8((3)+4 Z#Q>

32

+ Spnrling (—9 —16¢(3) + 165,@) ] } . (72e)
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C Renormalized mixing matrix

For the reader’s convenience, we provide the relation between the mixing matrix ¢ used
in this paper and its definition in Ref. [21], referred to as “HKL” in what follows. This is
easily derived from the relation between the operators O, defined in Eq. (5) and the Oy, .,

of HKL:
O1 Oz,
<02> 6}“/ B HQXQ( ) (04#1’) ' (73)

The mixing matrix between regular and flowed operators in HKL, restricted to the two
operators which are relevant for this paper, is defined through

02’“”(t> — (KL Oz, axn (G G
<O~4 (t)  52x2 (t) 047MV ’ 2x2 — EZKL ZELKL N (74)

where the CZ-}]I-KL are the entries of the full 4 x 4 mixing matrix of HKL. Inserting Eq. (73)
and

() o= oo (Gie) it x0= (g () 09

with ¢, (t) from Eq. (20), gives the renormalized mixing matrix used in the current paper
in terms of the bare mixing matrix of HKL:

Caxa(t) = Haxo(asfi™) x(t) (555 (t) Hyylo(af) Zy 5 (as) - (76)

Explicitely, one finds:

7 227 87 27 3
=1+-asC Cc? In24+ —1n3 L
Cll( ) + 3 asCa +a { A |:18O 80 + 10 no+ —— 39 y,t:|

1 1 3 1
+ CaATgrng [— 13 + 3 L,ut] + CrTrng |:16 + 1 Lut:| } , (77a)

5 3 17 3
C12(t) = as Cp [— 4—2L,¢] + a? [C% (— 32_8L“t>

431 1 4273 2139
- — 4 = ——— In24+ ——1 Lis(1/4
+CACF< 0 T3¢@ 75 <0 n3+8 i2(1/4)
367 15 9
18 Lyt — 3 Lit) + CrTrng <8 + B €(2)+ 3 Lyt + 5 5 Litﬂ ) (77b)
D 209 9 27
Ca(t) = B as Trnt + aj |:CATR"I'Lf <48O + 20 In2 — 30 ln3>
1 1_. 10 21

1 3
Coo(t) =1+ asCp [8 —In2— 1 ln3]
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Table 1: Notation in the ancillary file.

Cfo) CF) C13 Céo) C§2) (23
Eq. (36) (40) (42) (38) (40) (42)
code | zetaOlanc zeta2lanc =zetal3anc zetal02anc =zeta22anc =zeta23anc

'Y; x2 '7:5 C2x2
Eq. (54) (56) (77
code | gamma22anc gamma3anc ZetaMatrix22anc

691 55 1 63
2 _ . - 2
+ a; {CACF[ YR ln2—|—4 In 2—1——16 In3

11 11 11 3 11
T Imn2— — In3) Ly + o Lia(1/4) — — C(2
+(96 12 7716 n3> pe g Lia(1/4) = 55 ¢ )]

24 2 1 1
—|—CFTRnf[333—7631n2+91n3+(—+1n2—|—ln3>L#t

160 60 40 3 3 4
1. 1 , [ 47 113 1, 219
+4L12(1/4)_8<(2):|+CF [128—1-81n2—|—41n 2—3721n3
51 13 1
= Lig(1/4) + = ¢(2 — @
+ 16 12(/)+32c( )}+16cx}, (77d)

(2)

where ¢y’ is given in Eq. (23). The results including higher orders in € are provided in the
ancillary file to this paper, see Appendix D.

D Ancillary File

The main results of this paper are provided in computer readable format (e.g. with
Mathematica [86]). The notation is described in Table 1. All coefficients are represented by
floating-point numbers in this file. The relative uncertainty for our numerically evaluated
coefficients is estimated to be 1070 or better.
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