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νe appearance 
from a νμ beam

neutrino oscillation experiment is simple in conception:

86 4 Neutrino Mixing, Mass Hierarchy, and CP Violation

baseline, there is no degeneracy between matter and CP asymmetries at the first oscillation node
where the LBNE neutrino beam spectrum peaks. The wide coverage of the oscillation patterns
enables the search for physics beyond the three-flavor model because new physics effects may
interfere with the standard oscillations and induce a distortion in the oscillation patterns. As a
next-generation neutrino oscillation experiment, LBNE aims to study in detail the spectral shape
of neutrino mixing over the range of energies where the mixing effects are largest. This is crucial
for advancing the science beyond the current generation of experiments, which depend primarily
on rate asymmetries.
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Figure 4.1: The simulated unoscillated spectrum of ‹µ events from the LBNE beam (black histogram)
overlaid with the ‹µ æ ‹e oscillation probabilities (colored curves) for different values of ”CP and normal
hierarchy.

The LBNE reconfiguration study [25] determined that the far detector location at the Sanford
Underground Research Facility provides an optimal baseline for precision measurement of neutrino
oscillations using a conventional neutrino beam from Fermilab. The 1,300≠km baseline optimizes
sensitivity to CP violation and is long enough to resolve the MH with a high level of confidence,
as shown in Figure 2.7.

Table 4.1 lists the beam neutrino interaction rates for all three known species of neutrinos as ex-
pected at the LBNE far detector. This table shows only the raw interaction rates using the neutrino
flux from the Geant4 simulations of the LBNE beamline and the default interaction cross sections
included in the GLoBeS package [130] with no detector effects included. A tunable LBNE beam
spectrum, obtained by varying the distance between the target and the first focusing horn (Horn 1),
is assumed. The higher-energy tunes are chosen to enhance the ‹· appearance signal and improve
the oscillation fits to the three-flavor paradigm. To estimate the NC event rates based on visible
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but difficult in practice: rely on theory to determine cross 
sections: e.g. σ(νe)/σ(νμ) to a precision of 1%
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The LBNE reconfiguration study [25] determined that the far detector location at the Sanford
Underground Research Facility provides an optimal baseline for precision measurement of neutrino
oscillations using a conventional neutrino beam from Fermilab. The 1,300≠km baseline optimizes
sensitivity to CP violation and is long enough to resolve the MH with a high level of confidence,
as shown in Figure 2.7.

Table 4.1 lists the beam neutrino interaction rates for all three known species of neutrinos as ex-
pected at the LBNE far detector. This table shows only the raw interaction rates using the neutrino
flux from the Geant4 simulations of the LBNE beamline and the default interaction cross sections
included in the GLoBeS package [130] with no detector effects included. A tunable LBNE beam
spectrum, obtained by varying the distance between the target and the first focusing horn (Horn 1),
is assumed. The higher-energy tunes are chosen to enhance the ‹· appearance signal and improve
the oscillation fits to the three-flavor paradigm. To estimate the NC event rates based on visible

The Long-Baseline Neutrino Experiment

Measure fracMon 
of νe appearing  

in νμ beam 

!2

but difficult in practice: rely on theory to determine cross 
sections: e.g. σ(νe)/σ(νμ) to a precision of 1%



νe appearance 
from a νμ beam

neutrino oscillation experiment is simple in conception:

86 4 Neutrino Mixing, Mass Hierarchy, and CP Violation

baseline, there is no degeneracy between matter and CP asymmetries at the first oscillation node
where the LBNE neutrino beam spectrum peaks. The wide coverage of the oscillation patterns
enables the search for physics beyond the three-flavor model because new physics effects may
interfere with the standard oscillations and induce a distortion in the oscillation patterns. As a
next-generation neutrino oscillation experiment, LBNE aims to study in detail the spectral shape
of neutrino mixing over the range of energies where the mixing effects are largest. This is crucial
for advancing the science beyond the current generation of experiments, which depend primarily
on rate asymmetries.

10 20 300

200

400

600

800

1000

 (GeV)νE 1 10

 C
C

 e
vt

s/
G

eV
/1

0k
t/M

W
.y

r
µ

ν

0

200

400

600

800

1000

Ap
pe

ar
an

ce
 P

ro
ba

bi
lit

y

0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

0.16

0.18

0.2
 CC spectrumµν

=n/acpδ = 0.0, 13θ22sin
/2π=-cpδ = 0.1, 13θ22sin

=0cpδ = 0.1, 13θ22sin
/2π=+cpδ = 0.1, 13θ22sin

2 = 2.4e-03 eV 31
2m∆ CC spectrum at 1300 km,  µν

Figure 4.1: The simulated unoscillated spectrum of ‹µ events from the LBNE beam (black histogram)
overlaid with the ‹µ æ ‹e oscillation probabilities (colored curves) for different values of ”CP and normal
hierarchy.

The LBNE reconfiguration study [25] determined that the far detector location at the Sanford
Underground Research Facility provides an optimal baseline for precision measurement of neutrino
oscillations using a conventional neutrino beam from Fermilab. The 1,300≠km baseline optimizes
sensitivity to CP violation and is long enough to resolve the MH with a high level of confidence,
as shown in Figure 2.7.

Table 4.1 lists the beam neutrino interaction rates for all three known species of neutrinos as ex-
pected at the LBNE far detector. This table shows only the raw interaction rates using the neutrino
flux from the Geant4 simulations of the LBNE beamline and the default interaction cross sections
included in the GLoBeS package [130] with no detector effects included. A tunable LBNE beam
spectrum, obtained by varying the distance between the target and the first focusing horn (Horn 1),
is assumed. The higher-energy tunes are chosen to enhance the ‹· appearance signal and improve
the oscillation fits to the three-flavor paradigm. To estimate the NC event rates based on visible
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Important questions in the 3 flavor paradigm
• limits on achievable precision due to neutrino interaction uncertainties

globally describes the transition between these processes or
how they should be combined. Moreover, the full extent to
which nuclear effects impact this region is a topic that has
only recently been appreciated. Therefore, in this section, we
focus on what is currently known, both experimentally and
theoretically, about each of the exclusive final-state processes
that participate in this region.

To start, Fig. 9 summarizes the existing measurements of
CC neutrino and antineutrino cross sections across this inter-
mediate energy range

!"N ! " !X; (54)

!!"N ! " þX: (55)

These results have been accumulated over many decades
using a variety of neutrino targets and detector technologies.
We immediately notice three things from this figure. First, the
total cross sections approaches a linear dependence on neu-
trino energy. This scaling behavior is a prediction of the quark
parton model (Feynman, 1969), a topic we return to later, and
is expected if pointlike scattering off quarks dominates the
scattering mechanism, for example, in the case of deep
inelastic scattering. Such assumptions break down, of course,
at lower neutrino energies (i.e., lower momentum transfers).
Second, the neutrino cross sections at the lower energy end of
this region are not typically as well measured as their high-
energy counterparts. This is generally due to the lack of high
statistics data historically available in this energy range and
the challenges that arise when trying to describe all of the
various underlying physical processes that can participate in
this region. Third, antineutrino cross sections are typically
less well measured than their neutrino counterparts. This is
generally due to lower statistics and larger background con-
tamination present in that case.

Most of our knowledge of neutrino cross sections in
this intermediate energy range comes from early experiments
that collected relatively small data samples (tens-to-a-few-
thousand events). These measurements were conducted in

the 1970s and 1980s using either bubble chamber or spark
chamber detectors and represent a large fraction of the data
presented in the summary plots we show. Over the years,
interest in this energy region waned as efforts migrated to
higher energies to yield larger event samples and the focus
centered on measurement of electroweak parameters (sin2#W)
and structure functions in the deep inelastic scattering region.
With the discovery of neutrino oscillations and the advent of
higher intensity neutrino beams, however, this situation has
been rapidly changing. The processes discussed here are im-
portant because they form some of the dominant signal and
background channels for experiments searching for neutrino
oscillations. This is especially true for experiments that use
atmospheric or accelerator-based sources of neutrinos. With a
view to better understanding these neutrino cross sections,
new experiments such as Argon Neutrino Test (ArgoNeuT),
KEK to Kamioka (K2K), Mini Booster Neutrino Experiment
(MiniBooNE),Main INjector ExpeRiment: nu-A (MINER!A),
Main Injector Neutrino Oscillation Search (MINOS), Neutrino
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FIG. 8. Predicted processes to the total CC inclusive scattering
cross section at intermediate energies. The underlying quasielastic,
resonance, and deep inelastic scattering contributions can produce a
variety of possible final states including the emission of nucleons,
single pions, multipions, kaons, as well as other mesons (not
shown). Combined, the inclusive cross section exhibits a linear
dependence on neutrino energy as the neutrino energy increases.
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FIG. 9. Total neutrino and antineutrino per nucleon CC cross
sections (for an isoscalar target) divided by neutrino energy and
plotted as a function of energy. Data are the same as in Figs. 28, 11,
and 12, with the inclusion of additional lower energy CC inclusive
data from m (Baker et al., 1982), # (Baranov et al., 1979), j
(Ciampolillo et al., 1979), and ? (Nakajima et al., 2011). Also
shown are the various contributing processes that will be inves-
tigated in the remaining sections of this review. These contributions
include quasielastic scattering (dashed), resonance production (dot-
dashed), and deep inelastic scattering (dotted). Example predictions
for each are provided by the NUANCE generator (Casper, 2002).
Note that the quasielastic scattering data and predictions have been
averaged over neutron and proton targets and hence have been
divided by a factor of 2 for the purposes of this plot.

Joseph A. Formaggio and G. P. Zeller: From eV to EeV: Neutrino cross sections . . . 1323

Rev. Mod. Phys., Vol. 84, No. 3, July–September 2012

14

[GeV]νE
-110 1 10

]2
)[c

m
ν

(E
σ

0

5

10

15

-3910×

=4 z expansionaN
 = 1.014(14) dipoleAm

[GeV]νE
-110 1 10

]2
)[c

m
ν

(E
σ

0

5

10

15

-3910×

=4 z expansionaN
 = 1.014(14) dipoleAm

FIG. 8. Free nucleon CCQE cross section computed
from Eqs. (31), (32) and (33), for neutrino-neutron (top)
and antineutrino-proton (bottom) scattering. Also shown
are results using dipole axial form factor with axial mass
mA = 1.014(14) GeV [54].

energies, the cross sections and uncertainties shown in
Fig. 8 are
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for antineutrinos.
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FIG. 9. Cross section for charged-current quasielastic events
from the MINERvA experiment [55] as a function of re-
constructed Q2, compared with prediction using relativistic
Fermi gas nuclear model with z expansion axial form factor
extracted from deuterium data. MINERvA data uses an up-
dated flux prediction from [81]. Also shown are results using
the same nuclear model but dipole form factor with axial mass
mA = 1.014(14) GeV [54].

C. Neutrino nucleus cross sections

Connecting nucleon-level information to experimen-
tally observed neutrino-nucleus scattering cross sections
requires data-driven modeling of nuclear e↵ects. Our
description of the axial form factor and uncertainty in
Eqs. (31), (32), and (33) can be readily implemented
in neutrino event generators that interface with nuclear
models.15

A multitude of studies and comparisons are possible.
As illustration, consider MINERvA quasielastic data on
carbon [55]. Figure 9 shows a comparison of the Q2 dis-
tribution of measured events with the predictions from
our FA(q2), using a relativistic Fermi gas nuclear model
in the default configuration of the GENIE v2.8 neutrino
event generator [6]. For comparison, we display the result
obtained using a dipole FA with axial mass central value
and error as quoted in the world average of Ref. [54]. The
central curves di↵er in their kinematic dependence, and
the dipole result severely underestimates the uncertainty
propagated from deuterium data.
The z expansion implementation within GENIE in-

15
The z expansion will be available in GENIE production release

v2.12.0. The code will also be available in the GENIE trunk

prior to its o�cial release. The module provides full generality

of the z expansion, and supports reweighting and error analysis

with correlated parameters.
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C. Neutrino nucleus cross sections

Connecting nucleon-level information to experimen-
tally observed neutrino-nucleus scattering cross sections
requires data-driven modeling of nuclear e↵ects. Our
description of the axial form factor and uncertainty in
Eqs. (31), (32), and (33) can be readily implemented
in neutrino event generators that interface with nuclear
models.15

A multitude of studies and comparisons are possible.
As illustration, consider MINERvA quasielastic data on
carbon [55]. Figure 9 shows a comparison of the Q2 dis-
tribution of measured events with the predictions from
our FA(q2), using a relativistic Fermi gas nuclear model
in the default configuration of the GENIE v2.8 neutrino
event generator [6]. For comparison, we display the result
obtained using a dipole FA with axial mass central value
and error as quoted in the world average of Ref. [54]. The
central curves di↵er in their kinematic dependence, and
the dipole result severely underestimates the uncertainty
propagated from deuterium data.
The z expansion implementation within GENIE in-

15
The z expansion will be available in GENIE production release

v2.12.0. The code will also be available in the GENIE trunk

prior to its o�cial release. The module provides full generality

of the z expansion, and supports reweighting and error analysis

with correlated parameters.

current knowledge of nucleon level CCQE cross section based on ~3.5k events

δσCCQE ≲ 1 % ⟹ ∼ 170k CCQE events

δσCCQE ≲ 5 % ⟹ ∼ 7k CCQE events
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Important questions beyond the 3 flavor paradigm

• short baseline anomalies 

SM backgrounds to MiniBooNE excess

mode and antineutrino mode [26]. See Supplemental
Material [27] for more information on backgrounds. The
upper limit of 1250 MeV corresponded to a small value of
L=E and was chosen by the collaboration before unblind-
ing the data in 2007. The lower limit of 200 MeV is chosen
because we constrain the νe events with the CCQE νμ
events and our CCQE νμ event sample only goes down to
200 MeV, as we require a visible Cherenkov ring from the
muon. The estimated sizes of the intrinsic νe and gamma
backgrounds are based on MiniBooNE event measure-
ments and uncertainties from these constraints are included
in the analysis. The intrinsic νe=ν̄e background from muon
decay is directly related to the large sample of observed
νμ=ν̄μ events, as these events constrain the muons that
decay in the 50 m decay region. This constraint uses a joint
fit of the observed νμ=ν̄μ and νe=ν̄e events, assuming that
there are no substantial νμ=ν̄μ disappearance oscillations.
The other intrinsic νe background component, from kaon
decay, is constrained by fits to kaon production data and
SciBooNEmeasurements [28]. The intrinsic νe background
from pion decay (1.2 × 10−4 branching ratio) and hyperon
decay are very small. Other backgrounds from misidenti-
fied νμ or ν̄μ [29,30] events are also constrained by the
observed CCQE sample.
The gamma background from neutral-current (NC) π0

production and Δ → Nγ radiative decay [31,32] are con-
strained by the associated large two-gamma sample (mainly
from Δ production) observed in the MiniBooNE data,
where π0 measurements [33] are used to constrain the π0

background. The π0 background measured in the first and
second neutrino data sets were found to be consistent,
resulting in a lower statistical background uncertainty for
the combined data. Other neutrino-induced single gamma
production processes are included in the theoretical pre-
dictions, which agree well with the MiniBooNE estimates
[31,34]. Single-gamma backgrounds from external neu-
trino interactions (“dirt” backgrounds) are estimated using
topological and spatial cuts to isolate the events whose
vertices are near the edge of the detector and point towards
the detector center [35]. With the larger data set, the
background from external neutrino interactions is now
better determined to be approximately 7% larger, but with
smaller uncertainty than in the previous publication [3].
A new technique to measure or constrain the gamma and
dirt backgrounds based on event timing relative to the beam
is in development.
Systematic uncertainties are determined by considering

the predicted effects on the νμ, ν̄μ, νe, and ν̄e CCQE rates
from variations of uncertainty parameters. The parameters
include uncertainties in the neutrino and antineutrino flux
estimates, uncertainties in neutrino cross sections, most of
which are determined by in situ cross-section measure-
ments at MiniBooNE [29,33], uncertainties from nuclear
effects, and uncertainties in detector modeling and
reconstruction. A covariance matrix in bins of EQE

ν is

constructed by considering the variation from each source
of systematic uncertainty on the νe and ν̄e CCQE signal and
background, and the νμ and ν̄μ CCQE prediction as a
function of EQE

ν . This matrix includes correlations between
any of the νe and ν̄e CCQE signal and background and νμ
and ν̄μ CCQE samples, and is used in the χ2 calculation of
the oscillation fits.
Table I also shows the expected number of events

corresponding to the LSND best fit oscillation probability
of 0.26%, assuming oscillations at large Δm2. LSND and
MiniBooNE have the same average value of L=E, but
MiniBooNE has a larger range of L=E. Therefore, the
appearance probabilities for LSND andMiniBooNE should
not be exactly the same at lower L=E values.
Figure 1 shows theEQE

ν distribution for νe CCQE data and
background in neutrino mode for the total 12.84 × 1020 POT
data. Each bin of reconstructed EQE

ν corresponds to a
distribution of “true” generated neutrino energies, which
can overlap adjacent bins. In neutrino mode, a total of 1959
data events pass the νe CCQE event selection requirements
with 200 < EQE

ν < 1250 MeV, compared to a background
expectation of 1577.8! 39.7ðstatÞ ! 75.4ðsystÞ events. The
excess is then 381.2! 85.2 events or a 4.5σ effect. Note that
the 162.0 event excess in the first 6.46 × 1020 POT data is
approximately 1σ lower than the average excess, while the
219.2 event excess in the second 6.38 × 1020 POT data is
approximately 1σ higher than the average excess. Figure 2
shows the excess events in neutrino mode from the first
6.46 × 1020 POT data and the second 6.38 × 1020 POT data
(top plot). Combining the MiniBooNE neutrino and anti-
neutrino data, there are a total of 2437 events in the 200 <
EQE
ν < 1250 MeVenergy region, compared to a background
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FIG. 1. The MiniBooNE neutrino mode EQE
ν distributions,

corresponding to the total 12.84 × 1020 POT data, for νe CCQE
data (points with statistical errors) and background (histogram
with systematic errors). The dashed curve shows the best fit to the
neutrino-mode data assuming two-neutrino oscillations. The last
bin is for the energy interval from 1500–3000 MeV.
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FIG. 1: Single-photon events at MiniBooNE for 6.46 × 1020

protons on target in neutrino mode. A 25% efficiency is as-
sumed. The hatched line represents the difference between
the direct calculation and MiniBooNE π0-constrained inco-
herent ∆ → Nγ background. Data points correspond to the
excess events reported in [4], Fig. 2.

To compare to the MiniBooNE data in the absence of
a dedicated efficiency analysis, the number of events has
been multiplied by an efficiency factor of 25% and detec-
tor resolution/smearing effects have been neglected. For
comparison, the original MiniBooNE analysis quotes an
efficiency of 30.6± 1.4% for reconstructing signal-like νe
CCQE events [3]. As can be seen from Table I, after
selection cuts the efficiency for events with similar sig-
natures, νµe− → νµe− and νen → e−p, fall in the range
20 − 30% [25]. It can also be seen from this table that
the direct estimate of the number of single photon events
mediated by ∆(1232) is larger than the π0-constrained
background estimate of MiniBooNE by a factor ≈ 2 [26].
The effects of a larger incoherent ∆ → Nγ background
are illustrated by the hatched area in Fig. 1, computed
by adding 0.5 times the direct estimate (i.e., effectively
doubling the MiniBooNE background). Under the as-
sumption of a constant 25% efficiency, the fit of these
additional single-photon events to the MiniBooNE excess
yields χ2 = 10.3 for 10 d.o.f. Theoretical errors are dis-
cussed at the end of this note and have not been included
in the fit. Assuming a lower 20% efficiency and taking
the difference between the estimates of ∆ → Nγ events
from the table, the remaining excess would be 15 ± 26,
23 ± 25 and −47 ± 36 in the 200 − 300, 300 − 475 and
475 − 1250MeV bins, respectively. If no additional in-
coherent ∆ → Nγ events are included, these numbers
become 29± 26, 55± 25 and −9± 36.

The most significant excess in the updated MiniBooNE
analysis occurred in the EQE = 300− 475MeV bin. The
distributions in reconstructed Q2 [27], and cosine of the
angle, cos θ, of the electromagnetic shower with respect
to the beam direction, are displayed for this energy range
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FIG. 2: Distributions in Q2
QE and cos θ for the events dis-

played in Figure 1 for EQE = 300 − 475MeV. Data points
correspond to Figs. 4 and 5 of [4].

TABLE I: Single photon and other backgrounds for Mini-
BooNE ν-mode in ranges of EQE. Ranges in square brackets
are the result of applying a 20− 30% efficiency correction.

process 200-300 300-475 475-1250
1γ, non-∆ 85[17 − 26] 151[30, 45] 159[32, 48]
∆ → Nγ 170[34 − 51] 394[79 − 118] 285[57 − 86]
νµe → νµe 14[2.7 − 4.1] 20[4.0 − 5.9] 40[7.9 − 12]
νen → ep 100[20 − 30] 303[61 − 91] 1392[278 − 418]
MB excess 45.2± 26.0 83.7± 24.5 22.1± 35.7

MB ∆ → Nγ 19.5 47.5 19.4
MB νµe → νµe 6.1 4.3 6.4
MB νen → ep 19 62 249

in Figure 2. The normalization assumes an energy- and
angle-independent efficiency of 25%, and includes 0.5
times the incoherent ∆ → Nγ background as in Figure 1.
A χ2 fit yields 10.9/10 d.o.f. for cos θ and 2.6/7 d.o.f. for
Q2

QE .

Note that in the accounting method here, it does not
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To compare to the MiniBooNE data in the absence of
a dedicated efficiency analysis, the number of events has
been multiplied by an efficiency factor of 25% and detec-
tor resolution/smearing effects have been neglected. For
comparison, the original MiniBooNE analysis quotes an
efficiency of 30.6± 1.4% for reconstructing signal-like νe
CCQE events [3]. As can be seen from Table I, after
selection cuts the efficiency for events with similar sig-
natures, νµe− → νµe− and νen → e−p, fall in the range
20 − 30% [25]. It can also be seen from this table that
the direct estimate of the number of single photon events
mediated by ∆(1232) is larger than the π0-constrained
background estimate of MiniBooNE by a factor ≈ 2 [26].
The effects of a larger incoherent ∆ → Nγ background
are illustrated by the hatched area in Fig. 1, computed
by adding 0.5 times the direct estimate (i.e., effectively
doubling the MiniBooNE background). Under the as-
sumption of a constant 25% efficiency, the fit of these
additional single-photon events to the MiniBooNE excess
yields χ2 = 10.3 for 10 d.o.f. Theoretical errors are dis-
cussed at the end of this note and have not been included
in the fit. Assuming a lower 20% efficiency and taking
the difference between the estimates of ∆ → Nγ events
from the table, the remaining excess would be 15 ± 26,
23 ± 25 and −47 ± 36 in the 200 − 300, 300 − 475 and
475 − 1250MeV bins, respectively. If no additional in-
coherent ∆ → Nγ events are included, these numbers
become 29± 26, 55± 25 and −9± 36.
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in Figure 2. The normalization assumes an energy- and
angle-independent efficiency of 25%, and includes 0.5
times the incoherent ∆ → Nγ background as in Figure 1.
A χ2 fit yields 10.9/10 d.o.f. for cos θ and 2.6/7 d.o.f. for
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Note that in the accounting method here, it does not

kinematic shape of the excess looks similar to 
single photon background

RJH, PRD 84, 017501 (2011)
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the direct calculation and MiniBooNE π0-constrained inco-
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been multiplied by an efficiency factor of 25% and detec-
tor resolution/smearing effects have been neglected. For
comparison, the original MiniBooNE analysis quotes an
efficiency of 30.6± 1.4% for reconstructing signal-like νe
CCQE events [3]. As can be seen from Table I, after
selection cuts the efficiency for events with similar sig-
natures, νµe− → νµe− and νen → e−p, fall in the range
20 − 30% [25]. It can also be seen from this table that
the direct estimate of the number of single photon events
mediated by ∆(1232) is larger than the π0-constrained
background estimate of MiniBooNE by a factor ≈ 2 [26].
The effects of a larger incoherent ∆ → Nγ background
are illustrated by the hatched area in Fig. 1, computed
by adding 0.5 times the direct estimate (i.e., effectively
doubling the MiniBooNE background). Under the as-
sumption of a constant 25% efficiency, the fit of these
additional single-photon events to the MiniBooNE excess
yields χ2 = 10.3 for 10 d.o.f. Theoretical errors are dis-
cussed at the end of this note and have not been included
in the fit. Assuming a lower 20% efficiency and taking
the difference between the estimates of ∆ → Nγ events
from the table, the remaining excess would be 15 ± 26,
23 ± 25 and −47 ± 36 in the 200 − 300, 300 − 475 and
475 − 1250MeV bins, respectively. If no additional in-
coherent ∆ → Nγ events are included, these numbers
become 29± 26, 55± 25 and −9± 36.

The most significant excess in the updated MiniBooNE
analysis occurred in the EQE = 300− 475MeV bin. The
distributions in reconstructed Q2 [27], and cosine of the
angle, cos θ, of the electromagnetic shower with respect
to the beam direction, are displayed for this energy range
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FIG. 1: Generalized compton scattering.

A. Compton scattering

Let us begin by examining the contributions to νN → νNγ mediated by an intermediate

nucleon as depicted in Fig. 1. These contributions will be referred to as “Compton-like”

scattering where one of the photons is replaced by an (offshell) Z boson. As discussed

above, form factors for onshell nucleons are employed at the vertices to account for resonant

structure in the appropriate channel.

1. Form factors

The onshell matrix element of the weak neutral current and electromagnetic current take

the form

⟨N(k′)|Jµ
NC|N(k)⟩ = g2

2cW
u(k′)Γµ

NC(k
′ − k)u(k) ,

⟨N(k′)|Jµ
em|N(k)⟩ = e u(k′)Γµ

em(k
′ − k)u(k) . (33)

For the weak neutral current

Γµ
NC(q) = γµ[F 1 ,weak

V (q2)− FA(q
2)γ5] +

i

2mN
σµνqνF

2 ,weak
V (q2) +

1

mN
FP (q

2)qµγ5 , (34)

and similarly, for the electromagnetic current:

Γµ
em(q

2) = γµF 1 ,em
V (q2) +

i

2mN
σµνqνF

2 ,em
V (q2) . (35)

Enforcing time-reversal invariance ensures that F 1,2
V (0), FA(0) and FP (0) are real as expected

from the effective lagrangian (18). Note that FP in (34) is induced by pion exchange,
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π, ρ, ω

Z γ

N N

FIG. 2: Meson exchange contribution to Z∗N → γN .

Taking the mN → ∞ limit of the final state phase space, the cross section for νN → νNγ

arising from generalized Compton scattering becomes

dσ(Compton)

dedx
=

1

π2

αG2
FE

4

m2
N

e(1− e)

{

F 2
1C

2
V

[

1

e2

(

1

2
− 1

6
x2

)

+
1

e

(

−7

6
+

5

6
x2

)

+
4

3
− 2

3
x2 − 2

3
e

]

+ F 2
1C

2
A

[

1

e2

(

17

6
− 11

6
x2

)

+
1

e

(

−11

2
+

19

6
x2

)

+ 6− 2x− 4

3
x2 + e

(

−10

3
+ 2x

)]

+ F1F2C
2
A

[

(1− e)(4− 2x)

]

+ F 2
2C

2
A

[

2(1− e)

]}

. (46)

Here x ≡ cos θγ and e ≡ Eγ/E, where θγ is the angle between the photon and the incoming

neutrino, and Eγ, E are the energies of the photon and incoming neutrino. Note that

there is a logarithmic singularity at e → 0 in the terms F 2
1C

2
V and F 2

1C
2
A, corresponding to

production of very soft photons, i.e., bremsstrahlung corrections to neutral current neutrino-

nucleon scattering. For production of photons above a fixed energy threshold, this infrared

singularity does not pose a problem[48].

B. t-channel meson exchange

Besides the diagrams in Fig. 1, radiative neutrino scattering can take place via t chan-

nel exchange of pseudoscalar and vector mesons, as depicted in Fig. 2. Unlike Compton

scattering, these contributions do not vanish in the zero-recoil limit.

The relevant interactions at the upper vertex in this diagram are given by the lagrangian
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FIG. 3: Production of photons through the ∆ resonance.

becomes of ordermNE/f 2
π compared to Compton scattering. For the vector meson exchange,

we have in contrast to (44) the amplitude

iM ∼ (
√
2mN)

2 eg2
16π2cWm2

ω

χ†χ(3g′gωNN ± ggρNN)ϵ
(γ)∗
i ϵ(Z)

j ϵijkqk , (52)

where the ± refer to proton and neutron respectively. This demonstrates the claim made

previously that the vector meson contributions are parametrically of order mNE/m2
ω ∼

mNE/m2
ρ compared to Compton scattering. Using (49) and g′ ∼ g, it follows that the

ω contribution is approximately 32 = 9 times larger in amplitude that the ρ contribution.

Contributions from states involving the strange quark are suppressed by their relatively small

coupling to the nucleons. These facts, together with the suppression factor [50] 1 − 4s2W ≈

0.08 in the pion amplitude, indicate that ω gives the dominant meson-exchange contribution

to νN → νNγ. This mechanism will compete with Compton scattering when mNE ! m2
ω.

For later use, the zero-recoil cross section for νN → νNγ resulting from ω exchange is

(neglecting interference with other contributions) [3]

dσ(ω)

dedx
=
αg4ωG

2
FE

6

16π6m4
ω

e3(1− e)2 . (53)

C. The ∆ resonance

At energies below 2GeV, ∆(1232) is the most prominent resonance appearing in the s

(and u) channels [16, 17, 18, 19]. We review here the salient features of including ∆ as a

field in our effective lagrangian, and derive matching conditions onto the low-energy theory.

We will see that the leading effects at low energy are described by the same operator as for

t-channel ω exchange.

17

this background is estimated using a resonance insertion approach

At the nucleon level, 12 invariant amplitudes depending on 3 kinematic invariants 
(cf. CCQE: 1 poorly known amplitude FA depending on 1 invariant Q2)

δσ1γ ≲ 100 % ⟹ 𝒪(1k) CCQE events

δσ1γ ≲ 10 % ⟹ 𝒪(100k) CCQE events

( based on counting statistics, σ1γ ~ O(10-3) σCCQE )

Background looks like signal, is hard to calculate, and has never been 
measured.  (!)

Nucleon level needed to validate MiniBooNE pion-based estimate, and to 
relate MiniBooNE/MicroBooNE
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Important questions beyond neutrinos

• BSM signals and constraints beyond neutrinos

Vud and CKM unitarity 
2

Figure 1: Feynman diagrams corresponding to the amplitude
in (4) which contribute at order O(↵/⇡) to neutron � decay
and are sensitive to the hadronic scale.

We summarize in this Letter the essential features of our
analysis that lead us to these values, and defer details to
an upcoming longer paper [21].

Among the various contributions atO(↵/⇡) to the neu-
tron � decay amplitude, Sirlin established [22] that the
only one sensitive to the hadronic scale is the part in the
�W box amplitude (Fig. 1),

MV A = 2
p
2e2GFVud

Z
d4q

(2⇡)4



ūe(k)�µ(/k � /q +me)�⌫PLv⌫(k)

q2[(k � q)2 �m2
e]

M2
W

q2 �M2
W

Tµ⌫
V A

�
, (4)

involving the nucleon matrix element of the product of
the electromagnetic (EM) and the axial part of the weak
charged current

Tµ⌫
V A =

1

2

Z
d4x eiqxhp(p)|T [Jµ

em(x)J
⌫
W,A(0)]|n(p)i . (5)

After inserting the nucleon matrix element parametrized
in terms of the P -odd invariant function Tµ⌫

V A =
i✏µ⌫↵�p↵q�

2p·q T3 into the amplitude (4), the correction to the

tree level amplitude is expressed as [22]

⇤V A
�W =

↵

8⇡

Z 1

0
dQ2 M2

W

M2
W +Q2

⇥

Z i
p

Q2

�i
p

Q2

d⌫

⌫

4(Q2 + ⌫2)3/2

⇡MQ4
T3(⌫, Q

2) (6)

where after Wick rotation the azimuthal angles of the
loop momentum have been integrated over and the re-
maining integrals have been expressed in terms of Q2 =
�q2 and ⌫ = (p · q)/M . With negligible error, we assume
a common nucleon massM in the isospin symmetric limit
and we work in the recoil-free approximation. This con-
tributes to the nucleus-independent EWRC as

�V
R = 2⇤V A

�W + . . . , (7)

where the ellipses denote all other corrections insensitive
to the hadronic scale.

Marciano and Sirlin estimate ⇤V A
�W by phenomenolog-

ically treating the ⌫-integral FM.S.(Q2) ⌘
R
d⌫ . . . in the

second line of (6) as a function of Q2, and parametriz-
ing it piecewise over three domains: in the short distance
domain Q2 > (1.5 GeV)2, the leading term in the OPE
corrected by high order perturbative QCD is used; in
the long distance domain Q2 < (0.823 GeV)2, the elas-
tic nucleon with dipole form factors is used with a 10%
uncertainty; and at intermediate scales (0.823 GeV)2 <
Q2 < (1.5 GeV)2, an interpolating function inspired by
VMD is used and is assigned a generous 100% uncer-
tainty. Performing the integration over Q2 in (6) yields
their value of �V

R quoted above.
Our evaluation of ⇤V A

�W begins by first separating the
invariant amplitude T3 with respect to isosinglet and

isotriplet components of the EM current T3 = T (0)
3 +T (3)

3 .

Crossing symmetry implies T (0)
3 is odd under ⌫ ! �⌫

while T (3)
3 is even. Since the ⌫ integration measure in

(6) is odd, only T (0)
3 contributes to ⇤V A

�W . We then

write a dispersion relation in ⌫ for T (0)
3 , taking into ac-

count the physical sheet singularities. Poles at ⌫B =
±Q2/(2M) correspond to the elastic single-nucleon in-
termediate state, and branch points at ⌫⇡ = ±(m2

⇡ +
2Mm⇡ + Q2)/(2M) correspond to single pion produc-

tion thresholds. We identify the discontinuity of T (0)
3

across the cut as the �W -interference structure function,

4⇡F (0)
3 (⌫, Q2) = T (0)

3 (⌫ + i✏, Q2) � T (0)
3 (⌫ � i✏, Q2), so

that the dispersion relation reads

T (0)
3 (⌫, Q2) = �4i⌫

Z 1

0
d⌫0

F (0)
3 (⌫0, Q2)

⌫02 � ⌫2
. (8)

where F (0)
3 contains both the elastic and inelastic contri-

butions. No subtraction constant appears since T (0)
3 is an

odd function of ⌫. Only I = 1/2 intermediate states con-
tribute because the EM current is isoscalar. After insert-
ing (8) into (6), performing the ⌫-integral, and changing
the integration variable ⌫0 ! Q2/(2Mx) we obtain

⇤V A
�W =

3↵

2⇡

Z 1

0

dQ2

Q2

M2
W

M2
W +Q2

M (0)
3 (1, Q2), (9)

where M (0)
3 (1, Q2) is the first Nachtmann moment of the

structure function F (0)
3 [23, 24]

M (0)
3 (1, Q2) =

4

3

Z 1

0
dx

1 + 2r

(1 + r)2
F (0)
3 (x,Q2), (10)

and r =
p
1 + 4M2x2/Q2. To estimate ⇤V A

�W , we require

the functional form of F (0)
3 depending on x and Q2, or

equivalently, W 2 = M2 + (1� x)Q2/x and Q2.
We draw attention to the fact that (9) relates [MS]’s

phenomenological function to the first Nachtmann mo-
ment

FM.S.(Q
2) =

12

Q2
M (0)

3 (1, Q2) , (11)

A key radiative correction to neutron and nuclear beta decay is 
sensitive to nucleon structure

Recent reanalysis of this correction implies > 4σ violation of CKM 
unitarity

|Vud |2 + |Vus |2 + |Vub |2 = 0.9983(4)

Seng, Gorchtein, Patel, Ramsey-Musolf, 1807.10197
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Inaccessible to electron scattering, but related (via 
isospin) to forward neutrino scattering and (via 
dispersion relation) to neutrino-nucleon cross sections
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Figure 4: World data of the first Nachtmann moment
M⌫p+⌫̄p

3 (1, Q2). The red curve is the pQCD-corrected GLS
sum rule above Q2

⇡ 2 GeV2, and the blue curve is the result
of the fit for AWW and BWW in (19).

Llewellyn-Smith sum rule [36] corrected by pQCD [37],
while at low Q2, the �-resonance and the Born contri-
bution saturate the Nachtmann moment [34]. At large
W 2, the ! trajectory controls the leading behavior, and
couples to the external currents by the a1 and ⇢ mesons
(see Fig. 3b), leading to

F ⌫p+⌫̄p
R = CWW fth

m2
⇢

m2
⇢ +Q2

m2
a1

m2
a1

+Q2

✓
⌫

⌫0

◆↵!
0

. (18)

We then fit the unknown function CWW (Q2) to the data
for M⌫p+⌫̄p

3 (1, Q2) in the range Q2
 2 GeV2. Due to

the quality of the data, we choose the simple linear form

CWW (Q2) = AWW (1 +BWWQ2) (19)

and obtain AWW = 5.2± 1.5, BWW = 1.08+0.48
�0.28 GeV�2.

The result of the fit is shown by the blue curve in Fig. 4.
The solid curve corresponds to the central value of the fit,
and the dotted curve indicates the maximum variation in
M⌫p+⌫̄p

3 allowed by the errors in the fit. We do not fit
the three data points below Q2 = 0.1 GeV2 where Born
and resonance contributions dominate the GLS sum rule:
rather, we use the resonance parameters obtained in [27]
from a fit to modern neutrino data.

Finally, to obtain C�W (Q2), we require the ratio

of Nachtmann moments M (0)
3,R(1, Q

2)/M⌫p+⌫̄p
3,R (1, Q2) to

agree with the value predicted by VMD at Q2 = 0, and
the QCD-corrected parton model at Q2 = 2 GeV2. Since
the ⇢ and ! Regge trajectories are nearly degenerate [31],
the two conditions predict the same ratio [21]

M (0)
3,R(1, 0)

M⌫p+⌫̄p
3,R (1, 0)

⇡
M (0)

3,R(1, 2 GeV2)

M⌫p+⌫̄p
3,R (1, 2 GeV2)

⇡
1

36
. (20)

For the linear parametrization in Eq. (19), this implies

C�W (Q2) =
1

36
CWW (Q2) , (21)

providing us with the final piece of FR in (17).
Upon inserting our parameterization (12) for the struc-

ture function F (0)
3 into (9, 10) and performing the inte-

grations, we obtain the following contributions to ⇤V A
�W

in units of 10�3: 2.17(0) from parton+pQCD, 1.06(6)
from Born and 0.56(8) from Regge+resonance+⇡N , the
digit in parentheses indicating the uncertainty. Com-
bining them with the remaining known contributions
[MS] gives our new values, �V

R = 0.02467(22) and
|Vud| = 0.97366(15). Our reevaluation of �V

R repre-
sents a reduction in theoretical uncertainty over the pre-
vious [MS] result by nearly a factor of 2. However,
it also leads to a substantial upward shift in the cen-
tral value of �V

R and a corresponding downward shift of
|Vud| by nearly three times their quoted error, now rais-
ing tension with the first-row CKM unitarity constraint:
|Vud|

2 + |Vus|
2 + |Vub|

2 = 0.9983(4).
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Figure 5: Log-linear plot of
M2

W
M2

W+Q2M
(0)
3 (1, Q2) as a function

of Q2. The blue curve is the result of our parameterization
in (12), and the red curve is the piecewise parametrization
used by [MS]. For a given parametrization, the contribution
to ⇤V A

�W is proportional to the area under the curve, see (9).

We pause to comment on the origin of the large shift
in the central value for �V

R with respect to [MS]. In Fig.

5 we plot the integrand M2
W

M2
W+Q2M

(0)
3 (1, Q2) of Eq. (9)

as a function of Q2. In solid blue, we show the re-
sult of our parametrization (12) after integrating over
x. In dashed red, we show the piecewise parametriza-
tion by [MS] obtained with the help of (11). The dis-
continuity in their parametrization at Q2 = (1.5 GeV)2

arises from their choice of matching the Q2 integrals of
pQCD and the interpolating function over the short dis-
tance domain, rather than matching the functions them-

2

Figure 1: Feynman diagrams corresponding to the amplitude
in (4) which contribute at order O(↵/⇡) to neutron � decay
and are sensitive to the hadronic scale.

We summarize in this Letter the essential features of our
analysis that lead us to these values, and defer details to
an upcoming longer paper [21].

Among the various contributions atO(↵/⇡) to the neu-
tron � decay amplitude, Sirlin established [22] that the
only one sensitive to the hadronic scale is the part in the
�W box amplitude (Fig. 1),

MV A = 2
p
2e2GFVud

Z
d4q

(2⇡)4



ūe(k)�µ(/k � /q +me)�⌫PLv⌫(k)

q2[(k � q)2 �m2
e]

M2
W

q2 �M2
W

Tµ⌫
V A

�
, (4)

involving the nucleon matrix element of the product of
the electromagnetic (EM) and the axial part of the weak
charged current

Tµ⌫
V A =

1

2

Z
d4x eiqxhp(p)|T [Jµ

em(x)J
⌫
W,A(0)]|n(p)i . (5)

After inserting the nucleon matrix element parametrized
in terms of the P -odd invariant function Tµ⌫

V A =
i✏µ⌫↵�p↵q�

2p·q T3 into the amplitude (4), the correction to the

tree level amplitude is expressed as [22]

⇤V A
�W =

↵

8⇡

Z 1

0
dQ2 M2

W

M2
W +Q2

⇥

Z i
p

Q2

�i
p

Q2

d⌫

⌫

4(Q2 + ⌫2)3/2

⇡MQ4
T3(⌫, Q

2) (6)

where after Wick rotation the azimuthal angles of the
loop momentum have been integrated over and the re-
maining integrals have been expressed in terms of Q2 =
�q2 and ⌫ = (p · q)/M . With negligible error, we assume
a common nucleon massM in the isospin symmetric limit
and we work in the recoil-free approximation. This con-
tributes to the nucleus-independent EWRC as

�V
R = 2⇤V A

�W + . . . , (7)

where the ellipses denote all other corrections insensitive
to the hadronic scale.

Marciano and Sirlin estimate ⇤V A
�W by phenomenolog-

ically treating the ⌫-integral FM.S.(Q2) ⌘
R
d⌫ . . . in the

second line of (6) as a function of Q2, and parametriz-
ing it piecewise over three domains: in the short distance
domain Q2 > (1.5 GeV)2, the leading term in the OPE
corrected by high order perturbative QCD is used; in
the long distance domain Q2 < (0.823 GeV)2, the elas-
tic nucleon with dipole form factors is used with a 10%
uncertainty; and at intermediate scales (0.823 GeV)2 <
Q2 < (1.5 GeV)2, an interpolating function inspired by
VMD is used and is assigned a generous 100% uncer-
tainty. Performing the integration over Q2 in (6) yields
their value of �V

R quoted above.
Our evaluation of ⇤V A

�W begins by first separating the
invariant amplitude T3 with respect to isosinglet and

isotriplet components of the EM current T3 = T (0)
3 +T (3)

3 .

Crossing symmetry implies T (0)
3 is odd under ⌫ ! �⌫

while T (3)
3 is even. Since the ⌫ integration measure in

(6) is odd, only T (0)
3 contributes to ⇤V A

�W . We then

write a dispersion relation in ⌫ for T (0)
3 , taking into ac-

count the physical sheet singularities. Poles at ⌫B =
±Q2/(2M) correspond to the elastic single-nucleon in-
termediate state, and branch points at ⌫⇡ = ±(m2

⇡ +
2Mm⇡ + Q2)/(2M) correspond to single pion produc-

tion thresholds. We identify the discontinuity of T (0)
3

across the cut as the �W -interference structure function,

4⇡F (0)
3 (⌫, Q2) = T (0)

3 (⌫ + i✏, Q2) � T (0)
3 (⌫ � i✏, Q2), so

that the dispersion relation reads

T (0)
3 (⌫, Q2) = �4i⌫

Z 1

0
d⌫0

F (0)
3 (⌫0, Q2)

⌫02 � ⌫2
. (8)

where F (0)
3 contains both the elastic and inelastic contri-

butions. No subtraction constant appears since T (0)
3 is an

odd function of ⌫. Only I = 1/2 intermediate states con-
tribute because the EM current is isoscalar. After insert-
ing (8) into (6), performing the ⌫-integral, and changing
the integration variable ⌫0 ! Q2/(2Mx) we obtain

⇤V A
�W =

3↵

2⇡

Z 1

0

dQ2

Q2

M2
W

M2
W +Q2

M (0)
3 (1, Q2), (9)

where M (0)
3 (1, Q2) is the first Nachtmann moment of the

structure function F (0)
3 [23, 24]

M (0)
3 (1, Q2) =

4

3

Z 1

0
dx

1 + 2r

(1 + r)2
F (0)
3 (x,Q2), (10)

and r =
p
1 + 4M2x2/Q2. To estimate ⇤V A

�W , we require

the functional form of F (0)
3 depending on x and Q2, or

equivalently, W 2 = M2 + (1� x)Q2/x and Q2.
We draw attention to the fact that (9) relates [MS]’s

phenomenological function to the first Nachtmann mo-
ment

FM.S.(Q
2) =

12

Q2
M (0)

3 (1, Q2) , (11)

Available data is limited by statistics and impacted by nuclear effects

Moment of inelastic  
structure function
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Figure 1: Feynman diagrams corresponding to the amplitude
in (4) which contribute at order O(↵/⇡) to neutron � decay
and are sensitive to the hadronic scale.

We summarize in this Letter the essential features of our
analysis that lead us to these values, and defer details to
an upcoming longer paper [21].

Among the various contributions atO(↵/⇡) to the neu-
tron � decay amplitude, Sirlin established [22] that the
only one sensitive to the hadronic scale is the part in the
�W box amplitude (Fig. 1),
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2e2GFVud
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Tµ⌫
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�
, (4)

involving the nucleon matrix element of the product of
the electromagnetic (EM) and the axial part of the weak
charged current

Tµ⌫
V A =

1

2

Z
d4x eiqxhp(p)|T [Jµ

em(x)J
⌫
W,A(0)]|n(p)i . (5)

After inserting the nucleon matrix element parametrized
in terms of the P -odd invariant function Tµ⌫

V A =
i✏µ⌫↵�p↵q�

2p·q T3 into the amplitude (4), the correction to the

tree level amplitude is expressed as [22]
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�W =
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⌫
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⇡MQ4
T3(⌫, Q

2) (6)

where after Wick rotation the azimuthal angles of the
loop momentum have been integrated over and the re-
maining integrals have been expressed in terms of Q2 =
�q2 and ⌫ = (p · q)/M . With negligible error, we assume
a common nucleon massM in the isospin symmetric limit
and we work in the recoil-free approximation. This con-
tributes to the nucleus-independent EWRC as

�V
R = 2⇤V A

�W + . . . , (7)

where the ellipses denote all other corrections insensitive
to the hadronic scale.

Marciano and Sirlin estimate ⇤V A
�W by phenomenolog-

ically treating the ⌫-integral FM.S.(Q2) ⌘
R
d⌫ . . . in the

second line of (6) as a function of Q2, and parametriz-
ing it piecewise over three domains: in the short distance
domain Q2 > (1.5 GeV)2, the leading term in the OPE
corrected by high order perturbative QCD is used; in
the long distance domain Q2 < (0.823 GeV)2, the elas-
tic nucleon with dipole form factors is used with a 10%
uncertainty; and at intermediate scales (0.823 GeV)2 <
Q2 < (1.5 GeV)2, an interpolating function inspired by
VMD is used and is assigned a generous 100% uncer-
tainty. Performing the integration over Q2 in (6) yields
their value of �V

R quoted above.
Our evaluation of ⇤V A

�W begins by first separating the
invariant amplitude T3 with respect to isosinglet and

isotriplet components of the EM current T3 = T (0)
3 +T (3)

3 .

Crossing symmetry implies T (0)
3 is odd under ⌫ ! �⌫

while T (3)
3 is even. Since the ⌫ integration measure in

(6) is odd, only T (0)
3 contributes to ⇤V A

�W . We then

write a dispersion relation in ⌫ for T (0)
3 , taking into ac-

count the physical sheet singularities. Poles at ⌫B =
±Q2/(2M) correspond to the elastic single-nucleon in-
termediate state, and branch points at ⌫⇡ = ±(m2

⇡ +
2Mm⇡ + Q2)/(2M) correspond to single pion produc-

tion thresholds. We identify the discontinuity of T (0)
3

across the cut as the �W -interference structure function,

4⇡F (0)
3 (⌫, Q2) = T (0)

3 (⌫ + i✏, Q2) � T (0)
3 (⌫ � i✏, Q2), so

that the dispersion relation reads

T (0)
3 (⌫, Q2) = �4i⌫

Z 1

0
d⌫0

F (0)
3 (⌫0, Q2)

⌫02 � ⌫2
. (8)

where F (0)
3 contains both the elastic and inelastic contri-

butions. No subtraction constant appears since T (0)
3 is an

odd function of ⌫. Only I = 1/2 intermediate states con-
tribute because the EM current is isoscalar. After insert-
ing (8) into (6), performing the ⌫-integral, and changing
the integration variable ⌫0 ! Q2/(2Mx) we obtain

⇤V A
�W =

3↵

2⇡

Z 1
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dQ2

Q2

M2
W

M2
W +Q2

M (0)
3 (1, Q2), (9)

where M (0)
3 (1, Q2) is the first Nachtmann moment of the

structure function F (0)
3 [23, 24]

M (0)
3 (1, Q2) =

4

3

Z 1

0
dx

1 + 2r

(1 + r)2
F (0)
3 (x,Q2), (10)

and r =
p
1 + 4M2x2/Q2. To estimate ⇤V A

�W , we require

the functional form of F (0)
3 depending on x and Q2, or

equivalently, W 2 = M2 + (1� x)Q2/x and Q2.
We draw attention to the fact that (9) relates [MS]’s

phenomenological function to the first Nachtmann mo-
ment

FM.S.(Q
2) =

12

Q2
M (0)

3 (1, Q2) , (11)

box correction related to 
integral of this function, 
needed to 1% precision

~3k events

relevant sample on 
nucleon target: 

∼ 𝒪(10 − 100k) events
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Important questions beyond neutrinos

• precision measurements

rA puzzle 

Aside: can we phrase the neutrino-nucleus scattering problem in 
standard form? 

1) identify a finite set of physical quantities that determine the problem 

2) constrain these numbers by any and all means

3) propagate uncertainties to interesting quantities, like fundamental 
neutrino parameters

We’re still trying to arrive at this standard form. Regardless, rA is likely 
to be in the final set.  

[

]



A critical number: 
the nucleon axial 
radius 

quasi elastic (QE) 
dominance

nucleon form 
factors for QE 

process

linear dependence 
of form factors on 

kinematics

globally describes the transition between these processes or
how they should be combined. Moreover, the full extent to
which nuclear effects impact this region is a topic that has
only recently been appreciated. Therefore, in this section, we
focus on what is currently known, both experimentally and
theoretically, about each of the exclusive final-state processes
that participate in this region.

To start, Fig. 9 summarizes the existing measurements of
CC neutrino and antineutrino cross sections across this inter-
mediate energy range

!"N ! " !X; (54)

!!"N ! " þX: (55)

These results have been accumulated over many decades
using a variety of neutrino targets and detector technologies.
We immediately notice three things from this figure. First, the
total cross sections approaches a linear dependence on neu-
trino energy. This scaling behavior is a prediction of the quark
parton model (Feynman, 1969), a topic we return to later, and
is expected if pointlike scattering off quarks dominates the
scattering mechanism, for example, in the case of deep
inelastic scattering. Such assumptions break down, of course,
at lower neutrino energies (i.e., lower momentum transfers).
Second, the neutrino cross sections at the lower energy end of
this region are not typically as well measured as their high-
energy counterparts. This is generally due to the lack of high
statistics data historically available in this energy range and
the challenges that arise when trying to describe all of the
various underlying physical processes that can participate in
this region. Third, antineutrino cross sections are typically
less well measured than their neutrino counterparts. This is
generally due to lower statistics and larger background con-
tamination present in that case.

Most of our knowledge of neutrino cross sections in
this intermediate energy range comes from early experiments
that collected relatively small data samples (tens-to-a-few-
thousand events). These measurements were conducted in

the 1970s and 1980s using either bubble chamber or spark
chamber detectors and represent a large fraction of the data
presented in the summary plots we show. Over the years,
interest in this energy region waned as efforts migrated to
higher energies to yield larger event samples and the focus
centered on measurement of electroweak parameters (sin2#W)
and structure functions in the deep inelastic scattering region.
With the discovery of neutrino oscillations and the advent of
higher intensity neutrino beams, however, this situation has
been rapidly changing. The processes discussed here are im-
portant because they form some of the dominant signal and
background channels for experiments searching for neutrino
oscillations. This is especially true for experiments that use
atmospheric or accelerator-based sources of neutrinos. With a
view to better understanding these neutrino cross sections,
new experiments such as Argon Neutrino Test (ArgoNeuT),
KEK to Kamioka (K2K), Mini Booster Neutrino Experiment
(MiniBooNE),Main INjector ExpeRiment: nu-A (MINER!A),
Main Injector Neutrino Oscillation Search (MINOS), Neutrino
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 (GeV)E

-110 1 10 210
0

0.2

0.4

0.6

0.8

1

1.2

1.4

 (GeV)E

-110 1 10 2

 / 
G

eV
)

2
 c

m
-3

8
 (1

0
 c

ro
ss

 s
ec

tio
n 

/ E

0

0.2

0.4

0.6

0.8

1

1.2

1.4

TOTAL

QE

DIS

RES

 (GeV)E

-110 1 10 210

 / 
G

eV
)

2
 c

m
-3

8
 (1

0
 c

ro
ss

 s
ec

tio
n 

/ E

0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

 (GeV)E

-110 1 10 2

 / 
G

eV
)

2
 c

m
-3

8
 (1

0
 c

ro
ss

 s
ec

tio
n 

/ E

0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4 TOTAL

QE
DIS

RES

FIG. 9. Total neutrino and antineutrino per nucleon CC cross
sections (for an isoscalar target) divided by neutrino energy and
plotted as a function of energy. Data are the same as in Figs. 28, 11,
and 12, with the inclusion of additional lower energy CC inclusive
data from m (Baker et al., 1982), # (Baranov et al., 1979), j
(Ciampolillo et al., 1979), and ? (Nakajima et al., 2011). Also
shown are the various contributing processes that will be inves-
tigated in the remaining sections of this review. These contributions
include quasielastic scattering (dashed), resonance production (dot-
dashed), and deep inelastic scattering (dotted). Example predictions
for each are provided by the NUANCE generator (Casper, 2002).
Note that the quasielastic scattering data and predictions have been
averaged over neutron and proton targets and hence have been
divided by a factor of 2 for the purposes of this plot.
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and the four-dimensional correlation matrix is

Cij =

0

BBB@

1 0.321 �0.677 0.761

0.321 1 �0.889 0.313

�0.677 �0.889 1 �0.689

0.761 0.313 �0.689 1

1

CCCA
. (36)

VII. APPLICATIONS

Having presented the axial form factor with errors and
correlations amongst the coe�cients, we may systemat-
ically compute derived observables that depend on this
function. We consider several applications of our results.

TABLE VII. Axial radius extracted using best values from
Table I, and default priors as discussed in the text. Note that
the joint fit is not an average, but a simultaneous fit to all of
the datasets.

dataset r2A [fm2] r2A [fm2] r2A [fm2]

(Na = 3) (Na = 4) (Na = 5)

BNL 1981 0.56(23) 0.52(25) 0.48(26)

ANL 1982 0.69(21) 0.63(23) 0.57(24)

FNAL 1983 0.63(34) 0.64(35) 0.64(35)

Joint Fit 0.54(20) 0.46(22) 0.39(23)

A. Axial radius

We begin with the axial radius, defined in Eq. (21).
While the radius by itself is not the only quantity of inter-
est to neutrino scattering observables, it is only through
the q2 ! 0 limit that a robust comparison can be made
to other processes such as pion electroproduction.
The form factor coe�cients and error matrix from the

�2 fit in Sec. VI determine the radius as

r2A = 0.46(22) fm2 . (37)

The constraint is much looser than would be obtained by
restricting to the dipole model, cf. Table IV.14 For com-
parison, let us consider the constraints from individual
experiments. Table VII gives results for Na = 3, 4, 5 free
parameters, with errors determined from the error ma-
trix in Eqs. (32) and (33). The results from individual
experiments are consistent with the joint fit. Note that
the joint fit is not simply the average of the individual
fits. This situation arises from a slight tension between
data and Gaussian coe�cient constraints (17) when com-
paring a single data set to the statistically more powerful
combined data.

B. Neutrino-nucleon quasielastic cross sections

Current and future neutrino oscillation experiments
will precisely measure neutrino mixing parameters, de-
termine the neutrino mass hierarchy, and search for pos-
sible CP violation and other new phenomena. This
program relies on accurate predictions, with quantifi-
able uncertainties, for neutrino interaction cross sections.
As the simplest examples, consider the charged-current
quasielastic cross section �(E⌫) for neutrino (antineu-
trino) scattering on an isolated neutron (proton).
The best fit cross section and uncertainty are shown

in Fig. 8, and compared to the prediction of dipole FA

with axial mass mA = 1.014(14) [54]. At representative

14
Extractions of the radius from electroproduction data are also

strongly influenced by the dipole assumption [30].

!9
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tion, the following assumptions are made: (1) time-
reversal invariance and charge symmetry, (2) partially con-
served axial-vector current (PCAC} for the small pseudo-
scalar term, and (3) isotriplet-conserved-vector-current
(CVC) hypothesis.
The first assumption, which requires all form factors to

be real, yields Eq——F~——0, leading to the absence of second
class currents. With the second assumption, Fp(Q ) is
given by

20-

Fp(Q )=2M Fg(Q~)/(Q +m ),
where

'0 2
Q' (Gev')

FICx. S. The Q distribution for the selected quasielastic
events. The solid curve represents the differential cross section
of quasielastic scattering for the neutron in deuteron.

Q'= (P —P„)'—(E„—E„)' .
The contribution to the cross section from this term in the
energy region E„&5 GeV is less than 0.1%, and conse-
quently this term is neglected. The third assumption re-
lates Fz and Fz to the isovector Sachs electric and mag-
netic form factor, Gz and G~ determined from electron-
scattering experiments as follows:

near /=0 . The shaded area corresponds to the addition-
al events found from the rescan. Using the average of the
events with P between —90 and 126 (dashed line), we
calculated the event bias to be S%%uo. This does not neces-
sarily represent the true loss of events because of the
three-point plot per event. We examined the true event
loss from the event bias in Fig. 4 by using a Monte Carlo
simulation. This event loss amounts to 8% and is not
recovered by rescanning (shaded area). Hence, a correc-
tion of 1.08+0.05 has been made to the data independent
of scanning efficiency.
Figure 5 shows the Q distribution for the quasielastic

events. The curve in Fig. 5 is the best fit obtained by us-
ing the prediction of the differential cross section for reac-
tion (2) with M~ ——1.05 GeV which was obtained from
this experiment (see Sec. III). The X value from this ftt
was found to be 15 for 20 data points for Q between 0.1
and 3 GeV . Comparing the observed Q distribution to
the fitted curve, the correction factor for Q &0.1 GeV2 is
estimated to be 1.10+0.02. The overall correction factor
including scanning-measuring efficiency is 1.34+0.07.
We note that this correction factor influences the value of
the neutrino flux but not the Mz value, because we use a
flux-independent method to determine Mq.

III. MEASUREMENT OF THE FORM FACTOR

2 2
Fy(Q') = G~(Q')+ — G (Q') 1+

4M 4M

2
' —1

Ff(Q )=[6M(Q )—GE(Q )]g ' 1+
4M

2
' —2

GE(Q }=6M(Q }(1+/) =A(Q ) 1+
My

where M~ is the vector mass, Mv ——0.84 GeV, g is the
difference between the proton and neutron anomalous
magnetic moment,

g'=}Mp—p„=3.708,
and A, (Q ) (Ref. 1S) is the correction factor for the small
deviation of the electron-scattering data from a pure di-
pole form factor. We further assume the axial-vector
form factor in a dipole form,

+g(Q )=+g(0)/(I+Q /Mg )

where the value of F~(0)=—1.23+0.01 is taken from P-
decay experiments. '
From these assumptions, the differential cross section

for the quasielastic reaction can be expressed in terms of
only one parameter, Mz, as

In the context of the V—A theory, the matrix element
for the quasielastic reaction, v&n ~p p, can be written as
a product of the hadronic weak current and the leptonic
current. ' The general form of the hadronic weak current
is written in terms of six complex form factors which are
functions of Q and characterize the nucleon structure.
These are Fs (induced scalar), Fp (induced pseudoscalar),
F~ (isovector Dirac), Ff (isovector Pauli), F~ (axial vec-
tor}, and Fr (induced tensor). The quasielastic cross sec-
tion can be expressed in terms of these six form factors.
In order to simplify the analysis of the quasielastic reac-

GMcos8c 2 2 (s u)&( ')+&( )
dQ 8rrE„M

1

C(Q2) (s
—u) (7)

where s —u =4ME„Q m&, and M =(M„+—Mp)—/2.
The values of the Fermi constant and of the Cabibbo angle
are taken to be G =1.166 32& 10 GeV and
cos8c——0.9737, respectively (see Ref. 16). The structure

extracted from deuterium bubble chamber data

Fermilab 1983

ANL 1982
BNL 1981

KiRgaki et al. PRD 28, 436 (1983)

n p

μ-νμ

p
p

deuteron
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In fact the extracMon relied on a hidden model assumpMon, 
and the true uncertainty is an order of magnitude larger 

BhaUacharya, RJH, Paz 2011

Meyer, Betancourt, Gran, RJH 2016

Introduces a ≳10% uncertainty in every neutrino-nucleus cross 
secRon.  A wrench in the works for oscillaRon experiments. 
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np

μ- νμ

Look at the process in reverse: muon capture from ground state of 
muonic hydrogen

Improved theory analysis and exisMng 
data: already compeMMve with world ν-
d data.  Significant improvements 
possible

What do we know 
about this critical 
number?

RJH, Kammel, Marciano, Sirlin 2017
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Figure 5: (color online) Relation between gA and r
2
A from electron and muon processes. The black band

shows gA from neutron � decay (Table 2). The green band denotes the gA � r
2
A region consistent with

the present MuCap result within 1-sigma, the yellow band the potential of a future 3-times improved
measurement (the same central value has been assumed). The current value and uncertainty in r

2
A from

the neutrino scattering analysis is shown by vertical lines. If r
2
A would be known to 1%, the future

experiment would determine gA within the red region.

e↵ective neutrino species from primordial nucleosynthesis; computing reactor and solar neutrino fluxes and638

cross-sections; parametrizing the proton spin content and testing the Goldberger-Treiman relation [95].639

In this paper we use the value gA = 1.2749(9), based on the PDG value for ⌧n and Vud given in Table 2.640

We should note, however, that a recent trapped neutron lifetime experiment at Los Alamos [96] with very641

small systematic uncertainties finds ⌧n = 877.7(7) s, in strong support of earlier trapped neutron results.642

Roughly estimating the e↵ect of the new result on the neutron lifetime average suggests a preliminary643

average ⌧
ave.
n = 879.3(9) s. This shorter average lifetime leads to a larger gA = 1.2757(7) which is very644

consistent with the most recent direct neutron decay asymmetry measurements of gA [53]. Of course, a645

larger gA used as input will lead to a larger ḡ
MuCap
P = 8.24(84), but one still fully consistent with theory,646

ḡP
theory = 8.25(25). The error on gA is expected to be further reduced to about ±0.01%, by future ⌧n647

and direct neutron decay asymmetries. It will be interesting to see if the two methods agree at that level648

of precision.649

For now, the value of r
2
A obtained from the z expansion fit to neutrino-nucleon quasi-elastic scattering650

together with the MuCap singlet muonic Hydrogen capture rate ⇤MuCap
singlet can be used in Eq. (25) to obtain651

a muon based value, gA = 1.276(8)r2
A
(8)MuCap = 1.276(11). That overall roughly ±1% sensitivity is to652

be compared with the current, better than ±0.1%, determination of gA from the electron based neutron653

lifetime that we have been using in our text, or the preliminary update including Ref. [96] given above.654

The good agreement can be viewed as a test of electron-muon universality in semileptonic charged current655

interactions at roughly the 1% level. We have described how a factor of 3 improvement in the MuCap656

20

electron 
coupling 
(neutron 
lifetime)

current uncertainty

muon 
coupling 
(current 
uncertainty)

rA from neutrino data, and/or laXce QCD ⇒ muon capture 

provides a stringent test of muon versus electron universality

current : δ(r2
A) = 50 %



�14

Complementarity 
between rA 
constraints from 
different processes

0.2 0.4 0.6

1.26

1.27

1.28

1.29

PSfrag replacements

r
2
A (fm2)

g
A

��
= 1%

��
= 0.33

%

Figure 5: (color online) Relation between gA and r
2
A from electron and muon processes. The black band

shows gA from neutron � decay (Table 2). The green band denotes the gA � r
2
A region consistent with

the present MuCap result within 1-sigma, the yellow band the potential of a future 3-times improved
measurement (the same central value has been assumed). The current value and uncertainty in r

2
A from

the neutrino scattering analysis is shown by vertical lines. If r
2
A would be known to 1%, the future

experiment would determine gA within the red region.

e↵ective neutrino species from primordial nucleosynthesis; computing reactor and solar neutrino fluxes and638

cross-sections; parametrizing the proton spin content and testing the Goldberger-Treiman relation [95].639

In this paper we use the value gA = 1.2749(9), based on the PDG value for ⌧n and Vud given in Table 2.640

We should note, however, that a recent trapped neutron lifetime experiment at Los Alamos [96] with very641

small systematic uncertainties finds ⌧n = 877.7(7) s, in strong support of earlier trapped neutron results.642

Roughly estimating the e↵ect of the new result on the neutron lifetime average suggests a preliminary643

average ⌧
ave.
n = 879.3(9) s. This shorter average lifetime leads to a larger gA = 1.2757(7) which is very644

consistent with the most recent direct neutron decay asymmetry measurements of gA [53]. Of course, a645

larger gA used as input will lead to a larger ḡ
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A) = 10 % ⟹ ∼ 30k CCQE eventse.g. 
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a smattering of topics needing more precise elementary amplitude input: 
(certainly not exhaustive)

● nucleon level CCQE cross section
δσCCQE ≲ 1 % ⟹ ∼ 170k CCQE events
δσCCQE ≲ 5 % ⟹ ∼ 7k CCQE events

● MiniBooNE excess δσ1γ ≲ 100 % ⟹ 𝒪(1k) CCQE events

δσ1γ ≲ 10 % ⟹ 𝒪(100k) CCQE events

● neutron beta decay 
and CKM unitarity ⟹ ∼ 𝒪(10 − 100k) events

● rA for muon capture 
and mu-e universality 

δ(r2
A) = 10 % ⟹ ∼ 30k CCQE events

δ □ = 1 %

● …
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Workshop in summer 2018 at Sea`le INT featured a focused  
discussion on the quesMon of elementary amplitudes 

h`p://www.int.washington.edu/PROGRAMS/18-2a/
18-2a_workshop.html

A report is in progress, not restricted to workshop participants 
(rjh@fnal.gov)

organizers M. Betancourt, RJH, S. Pastore

The following is a selective summary of the workshop discussion. 

(In what follows, parenthetical talk references refer to other talks at 
the INT link above.  There are many relevant talks here at PONDD, I 
will not attempt to list them all.)

http://www.int.washington.edu/PROGRAMS/18-2a/18-2a_workshop.html
http://www.int.washington.edu/PROGRAMS/18-2a/18-2a_workshop.html
mailto:rjh@fnal.gov


• definition of elementary amplitude 

• FA   (too narrow)

• S matrix elements at the nucleon level: νN→ℓN, eN→eN, 
N→Nπ, N→X, NN→NN, etc. 

• inputs to nuclear modeling

• the initio of ab initio

• any physical quantity that lattice QCD can measure involving 
one or a few nucleons

• any physical quantity that can be measured in an elementary 
target (H or D) scattering experiment
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• the questions 

(1) what do we know? 

(2) what do we need to know? 

(3) how can we come to know it?

All questions are difficult, but after normalization, (1)=(3)=easy, (2)=hard

�18



discussion and report on elementary amplitudes

• important component of the error budget

• necessary to inform and discriminate nuclear models

• well defined quantities

• important, fruitful, interesting intersections (lattice, e-p, 
muonic atoms, …)

• motivations 

�19



• the questions 

(1) what do we know? 

(2) what do we need to know? 

(3) how can we come to know it?

All questions are difficult, but after normalization, (1)=(3)=easy, (2)=hard
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• the questions 

(1) what do we know? 

(2) what do we need to know? 

(3) how can we come to know it?

Probably not enough, but serious attempts to quantify 

(talks of Meyer, Morfin, Ruso, Sato, Wilkinson)

- challenges from low statistics and limited data preservation

- open questions on deuteron corrections
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• the questions 

(1) what do we know? 

(2) what do we need to know? 

(3) how can we come to know it?

New elementary target data (Bross, Kammel)
- underground safety raises the bar for making the physics case 

Precision lattice QCD (talks of Kronfeld, Lin, Shanahan)

- what can be achieved by subtraction methods using compound targets?

Electron and positron beams (Crawford, Nakamura), muonic atoms (Kammel), …

- FA within sight 

- complementary to scattering data 

Many elements of the physics case (question 2) are common between these 
paths.  Practitioners have strategic interest in helping make this physics case. 
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• the questions 

(1) what do we know? 

(2) what do we need to know? 

(3) how can we come to know it?

Three levels (at least) of answer

(i) regardless of nuclear model, nucleon-level data tests critical 
elements of oscillation analyses (e.g. disentangling differences in νµ/νe 
from radiative corrections and detector response) (McFarland)

(ii) propagate elementary input errors through a/the default nuclear 
model and oscillation analysis.  Need those errors to be smaller than 
the desired precision on fundamental neutrino parameters.

(Ashkenazi, Castillo, Himmel, Mahn, Ruterbories)

�23



• the questions 

(1) what do we know? 

(2) what do we need to know? 

(3) how can we come to know it?

Three levels (at least) of answer

(i) regardless of nuclear model, nucleon-level data tests critical 
elements of oscillation analyses (e.g. disentangling differences in νµ/νe 
from radiative corrections and detector response) (McFarland)

(ii) propagate elementary input errors through a/the default nuclear 
model and oscillation analysis.  Need those errors to be smaller than 
the desired precision on fundamental neutrino parameters.

Studies on impact of alternate form factor 
• Use as alternate models: “Z expansion”, 3 component fit 

and perform T2K analysis with current dipole model (6 fits) 

• For T2K 2018 analysis, the (Q2) nuclear model parameters 
compensate for mis-modeling (no bias)

36

T2K preliminary

T2K preliminary

Will discuss next steps of this in a minute…

(Mahn)

�24
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• the questions 

(1) what do we know? 

(2) what do we need to know? 

(3) how can we come to know it?

Three levels (at least) of answer

(iii) the whole shebang 

A complete and quantitative answer requires a complete and quantitative 
nuclear model.  

- need to break the circle: improving nuclear models requires better 
knowledge of the nucleon level amplitudes.  
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• the questions 

(1) what do we know? 

(2) what do we need to know? 

(3) how can we come to know it?

Three levels (at least) of answer

(iii) the whole shebang 

A complete and quantitative answer requires a complete and quantitative 
nuclear model.  

- need to break the circle: improving nuclear models requires better 
knowledge of the nucleon level amplitudes.  

z Expansion in GENIE
z expansion coded into GENIE - may be turned on with configuration switch

O�cially released in production version 2.12

Uncertainties on free-nucleon cross section as large as data-theory discrepancy
=∆ need to improve FA determination to make headway on nuclear e�ects
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See tutorial: https://indico.fnal.gov/event/12824/ 20 / 25

(Meyer)
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• closing thoughts

- our knowledge of elementary amplitudes is rudimentary

- difficult but important measurements are obvious targets at future neutrino 
facilities
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- our ignorance impacts neutrino and non-neutrino processes, long and short 
baseline, SM measurements and BSM searches, quasielastic and inelastic 
scattering
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THANKS!


