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OSCILLATING

Neutrinos come in three types, called flavors. 
There are electron neutrinos, muon neutri-
nos and tau neutrinos. One of the strangest 
aspects of neutrinos is that they don’t pick 
just one flavor and stick to it. They oscillate 
between all three.

MYSTERIOUS

Neutrinos are mysterious. Experiments seem 
to hint at the possible existence of a fourth 
type of neutrino: a sterile neutrino, which would 
interact even more rarely than the others. 

VERY MYSTERIOUS

Scientists also wonder if neutrinos are their 
own antiparticles. If they are, they could have 
played a role in the early universe, right after 
the big bang, when matter came to outnumber 
antimatter just enough to allow us to exist.

ABUNDANT

Of all particles with mass, neutrinos are the 
most abundant in nature. They’re also some 
of the least interactive. Roughly a thousand 
trillion of them pass harmlessly through your 
body every second.

FUNDAMENTAL

Neutrinos are fundamental particles, which 
means that—like quarks and photons and 
electrons—they cannot be broken down into 
any smaller bits.

ELUSIVE

Neutrinos are difficult but not impossible to 
catch. Scientists have developed many differ-
ent types of particle detectors to study them.

LIGHTWEIGHT

Neutrinos weigh almost nothing, and they 
travel close to the speed of light. Neutrino 
masses are so small that so far no experi-
ment has succeeded in measuring them. The 
masses of other fundamental particles come 
from the Higgs field, but neutrinos might get 
their masses another way.

DIVERSE

Neutrinos are created in many processes in 
nature. They are produced in the nuclear 
reactions in the sun, particle decays in the 
Earth, and the explosions of stars. They are 
also produced by particle accelerators and 
in nuclear power plants.

NEUTRINOS
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NOBEL 2015 

“for the discovery of neutrino flavor transformations, 
which shows that neutrinos have mass”

~ vacuum
oscillations

Wolfenstein matter
effects dominant flavor 

transformationsSee Smirnov  arXiv:1609.02386

“for the discovery of neutrino oscillations, 
which shows that neutrinos have mass”
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fluxes. The CC and ES results reported here are consis-
tent with the earlier SNO results [2] for Teff≥6.75 MeV.
The excess of the NC flux over the CC and ES fluxes
implies neutrino flavor transformations.

A simple change of variables resolves the data di-
rectly into electron (φe) and non-electron (φµτ ) compo-
nents [13],

φe = 1.76+0.05
−0.05(stat.)+0.09

−0.09 (syst.)

φµτ = 3.41+0.45
−0.45(stat.)+0.48

−0.45 (syst.)

assuming the standard 8B shape. Combining the sta-
tistical and systematic uncertainties in quadrature, φµτ

is 3.41+0.66
−0.64, which is 5.3σ above zero, providing strong

evidence for flavor transformation consistent with neu-
trino oscillations [8, 9]. Adding the Super-Kamiokande
ES measurement of the 8B flux [10] φSK

ES = 2.32 ±
0.03(stat.)+0.08

−0.07 (syst.) as an additional constraint, we

find φµτ = 3.45+0.65
−0.62, which is 5.5σ above zero. Fig-

ure 3 shows the flux of non-electron flavor active neutri-
nos vs the flux of electron neutrinos deduced from the
SNO data. The three bands represent the one standard
deviation measurements of the CC, ES, and NC rates.
The error ellipses represent the 68%, 95%, and 99% joint
probability contours for φe and φµτ .

Removing the constraint that the solar neutrino energy
spectrum is undistorted, the signal decomposition is re-
peated using only the cos θ⊙ and (R/RAV)3 information.
The total flux of active 8B neutrinos measured with the
NC reaction is

φSNO
NC = 6.42+1.57

−1.57(stat.)+0.55
−0.58 (syst.)

which is in agreement with the shape constrained value
above and with the standard solar model prediction [11]
for 8B, φSSM = 5.05+1.01

−0.81.
In summary, the results presented here are the first di-

rect measurement of the total flux of active 8B neutrinos
arriving from the sun and provide strong evidence for
neutrino flavor transformation. The CC and ES reaction
rates are consistent with the earlier results [2] and with
the NC reaction rate under the hypothesis of flavor trans-
formation. The total flux of 8B neutrinos measured with
the NC reaction is in agreement with the SSM prediction.

This research was supported by: Canada: NSERC, In-
dustry Canada, NRC, Northern Ontario Heritage Fund
Corporation, Inco, AECL, Ontario Power Generation;
US: Dept. of Energy; UK: PPARC. We thank the SNO
technical staff for their strong contributions.

∗ Permanent Address: Birkbeck College, University of
London, Malet Road, London WC1E 7HX, UK
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FIG. 3: Flux of 8B solar neutrinos which are µ or τ flavor vs
flux of electron neutrinos deduced from the three neutrino re-
actions in SNO. The diagonal bands show the total 8B flux as
predicted by the SSM [11] (dashed lines) and that measured
with the NC reaction in SNO (solid band). The intercepts
of these bands with the axes represent the ±1σ errors. The
bands intersect at the fit values for φe and φµτ , indicating
that the combined flux results are consistent with neutrino
flavor transformation assuming no distortion in the 8B neu-
trino energy spectrum.
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Energetic	and	Luminous	Gamma	Sources	Exist

Gammas	do	point,	but	they	do	attenuate,	don’t	reveal	parents

Wide	variety	of	point	and
diffuse	sources,	high	fluxes	

Energies	up	to	~ 100	TeV

Neutrinos are Everywhere !
from Big Bang 300 nus / cm^3

2 or more v/c <<1
SuperNovae

> 10^58
Sun’s

~ 10^38 nu/sec

Neutrinos are Forever !!!
(except for the highest energy neutrino’s)

Daya Bay
3 x 10^21 nu/sec

using � ⌘ �m2L/4E

. therefore in the Universe:

@N⌫
@t > 0 .
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•Nature of Neutrino Mass: 

• 2 comp & L violation (Majorana) 

• or 4 comp & L conserved (Dirac) 

•Neutrino Standard Model: 

• Perform stringent tests 3 nu paradigm: check unitarity, … 

•Determine size and sign of CPV 

•Determine atmospheric mass ordering 

• Does nu_mu or nu_tau dominate nu_3 (theta_23 octant) 

• Beyond 3 nus:   

• Steriles, Non-Standard Interactions, Lorentz violation, nuBSM, ….

Key Neutrino Questions:

Does ⌫µ or ⌫⌧ dominate ⌫3 ( ✓23 >< ⇡/4 )

– Typeset by FoilTEX – 2
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Neutrino Flavor or Interaction States:
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Unitarity
SK, Opera
ICECUBE ?

Neutrino Mass Eigenstates or Propagation States:
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Interested in how the universe works? Read symmetry, an online magazine about particle physics 
and its connections to life and other areas of science. Published by Fermi National Accelerator 
Laboratory and SLAC National Accelerator Laboratory. symmetrymagazine.org

OSCILLATING

Neutrinos come in three types, called flavors. 
There are electron neutrinos, muon neutri-
nos and tau neutrinos. One of the strangest 
aspects of neutrinos is that they don’t pick 
just one flavor and stick to it. They oscillate 
between all three.

MYSTERIOUS

Neutrinos are mysterious. Experiments seem 
to hint at the possible existence of a fourth 
type of neutrino: a sterile neutrino, which would 
interact even more rarely than the others. 

VERY MYSTERIOUS

Scientists also wonder if neutrinos are their 
own antiparticles. If they are, they could have 
played a role in the early universe, right after 
the big bang, when matter came to outnumber 
antimatter just enough to allow us to exist.

ABUNDANT

Of all particles with mass, neutrinos are the 
most abundant in nature. They’re also some  
of the least interactive. Roughly a thousand 
trillion of them pass harmlessly through your 
body every second.

FUNDAMENTAL

Neutrinos are fundamental particles, which 
means that—like quarks and photons and  
electrons—they cannot be broken down into 
any smaller bits.

ELUSIVE

Neutrinos are difficult but not impossible to  
catch. Scientists have developed many differ-
ent types of particle detectors to study them.

LIGHTWEIGHT

Neutrinos weigh almost nothing, and they 
travel close to the speed of light. Neutrino 
masses are so small that so far no experi-
ment has succeeded in measuring them. The 
masses of other fundamental particles come 
from the Higgs field, but neutrinos might get 
their masses another way.

DIVERSE

Neutrinos are created in many processes in 
nature. They are produced in the nuclear 
reactions in the sun, particle decays in the 
Earth, and the explosions of stars. They are 
also produced by particle accelerators and  
in nuclear power plants.

 NEUTRINOS
  ARE…
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Interactions:

simple complicated

Propagation:

simplecomplicated

=U
unitary matrix ?

masses ?
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Neutrino Masses, Mixing and CPV circa 2016 Concha Gonzalez-Garcia3ν Flavour Parameters

• For for 3 ν’s : 3 Mixing angles + 1 Dirac Phase + 2 Majorana Phases

ULEP =

⎛

⎜

⎜

⎝

1 0 0

0 c23 s23

0 −s23 c23

⎞

⎟

⎟

⎠

⎛

⎜

⎜

⎝

c13 0 s13eiδcp

0 1 0

−s13e−iδcp 0 c13

⎞

⎟

⎟

⎠

⎛

⎜

⎜

⎝

c21 s12 0

−s12 c12 0

0 0 1

⎞

⎟

⎟

⎠

⎛

⎜

⎜

⎝

eiη1 0 0

0 eiη2 0

0 0 1

⎞

⎟

⎟

⎠

• Two Possible Orderings

M

so
la

r

so
la

r

at
m

os

m       m       1 3

∆
 

2

∆
 m

2

m       3

m       2

∆
 mm       1

m       
2

NORMAL INVERTED

2

⌫j

⌫k

�jk e�i
m2

jL

2E

⌫↵

l��

�↵� gW

c
12

– Typeset by FoilT
E

X – 1

0

@
⌫e
⌫µ
⌫⌧

1

A =

0

@
Ue1 Ue2 Ue3

Uµ1 Uµ2 Uµ3

U⌧1 U⌧2 U⌧3

1

A

0

@
⌫1
⌫2
⌫3

1

A

⌫↵ l̄↵ W+ g↵

⌫i �ij e�im2
i L/2E ⌫j

J ⌘ Im(U⇤
µ3Ue3U⇤

e2Uµ2)

Mixing Matrix

Unitary ?
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unitary matrix
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Why this order ???

⌫1, ⌫2 Mass Ordering:

⌫3, ⌫1/⌫2 Mass Ordering:

–atmospheric mass ordering
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13. Neutrino mixing 43

lepton current in the CC weak interaction Lagrangian, are linear combinations of the LH
components of the fields of three massive neutrinos νj :

LCC = −
g√
2

∑

l=e,µ,τ

lL(x) γα νlL(x) Wα†(x) + h.c. ,

νlL(x) =
3

∑

j=1

Ulj νjL(x), (13.78)

where U is the 3 × 3 unitary neutrino mixing matrix [17,18]. The mixing matrix U can
be parameterized by 3 angles, and, depending on whether the massive neutrinos νj are
Dirac or Majorana particles, by 1 or 3 CP violation phases [40,41]:

U =

⎡

⎣

c12c13 s12c13 s13e
−iδ

−s12c23 − c12s23s13e
iδ c12c23 − s12s23s13e

iδ s23c13
s12s23 − c12c23s13e

iδ −c12s23 − s12c23s13e
iδ c23c13

⎤

⎦

× diag(1, ei
α21
2 , ei

α31
2 ) . (13.79)

where cij = cos θij , sij = sin θij , the angles θij = [0, π/2], δ = [0, 2π] is the Dirac CP
violation phase and α21, α31 are two Majorana CP violation phases. Thus, in the case
of massive Dirac neutrinos, the neutrino mixing matrix U is similar, in what concerns
the number of mixing angles and CP violation phases, to the CKM quark mixing matrix.
The presence of two additional physical CP violation phases in U if νj are Majorana
particles is a consequence of the special properties of the latter (see, e.g., Refs. [39,40]) .

As we see, the fundamental parameters characterizing the 3-neutrino mixing are: i)
the 3 angles θ12, θ23, θ13, ii) depending on the nature of massive neutrinos νj - 1 Dirac
(δ), or 1 Dirac + 2 Majorana (δ, α21, α31), CP violation phases, and iii) the 3 neutrino
masses, m1, m2, m3. Thus, depending on whether the massive neutrinos are Dirac or
Majorana particles, this makes 7 or 9 additional parameters in the minimally extended
Standard Model of particle interactions with massive neutrinos.

The neutrino oscillation probabilities depend (Section 13.2), in general, on the neutrino
energy, E, the source-detector distance L, on the elements of U and, for relativistic
neutrinos used in all neutrino experiments performed so far, on ∆m2

ij ≡ (m2
i − m2

j ),
i ̸= j. In the case of 3-neutrino mixing there are only two independent neutrino mass
squared differences, say ∆m2

21 ̸= 0 and ∆m2
31 ̸= 0. The numbering of massive neutrinos

νj is arbitrary. It proves convenient from the point of view of relating the mixing angles
θ12, θ23 and θ13 to observables, to identify |∆m2

21| with the smaller of the two neutrino
mass squared differences, which, as it follows from the data, is responsible for the solar
νe and, the observed by KamLAND, reactor ν̄e oscillations. We will number (just for
convenience) the massive neutrinos in such a way that m1 < m2, so that ∆m2

21 > 0. With
these choices made, there are two possibilities: either m1 < m2 < m3, or m3 < m1 < m2.
Then the larger neutrino mass square difference |∆m2

31| or |∆m2
32|, can be associated with

the experimentally observed oscillations of the atmospheric νµ and ν̄µ and accelerator
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Parametrization of PMNS:

5

Neutrino Mixing Matrix:

Like the Quark Sector:
The Neutrino Mass Eigenstates, |⌅i⌅, are a Mixture of Flavor States, |⌅�⌅:
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Masses
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⇤e component of ⇤1 > ⇤e component of ⇤2 > ⇤e component of ⇤3

i.e. |Ue1|2 > |Ue2|2 > |Ue3|2

|Ue2|2

|Ue3|2(1 � |Ue3|2)

|Uµ3|2(1 � |Uµ3|2)

Masses and Mixings

At 2⌅ we have the following limits:

sin2 ⇥13 < 0.04 ⇥
�

�m2
21

�m2
31

⇥1

| sin2 ⇥12 �
1
3

| < 0.04 ⇥
�

�m2
21

�m2
31

⇥1– Typeset by FoilTEX – 7

Atm Nus/LBL

Masses
Label the Neutrino mass eigenstates such that:

⇤e component of ⇤1 > ⇤e component of ⇤2 > ⇤e component of ⇤3

i.e. |Ue1|2 > |Ue2|2 > |Ue3|2

|Ue2|2

|Ue3|2(1 � |Ue3|2)

|Uµ3|2(1 � |Uµ3|2)

Masses and Mixings

At 2⌅ we have the following limits:

sin2 ⇥13 < 0.04 ⇥
�

�m2
21

�m2
31

⇥1

| sin2 ⇥12 �
1
3

| < 0.04 ⇥
�

�m2
21

�m2
31

⇥1– Typeset by FoilTEX – 7

Reactor/LBL

Masses
Label the Neutrino mass eigenstates such that:

⇤e component of ⇤1 > ⇤e component of ⇤2 > ⇤e component of ⇤3

i.e. |Ue1|2 > |Ue2|2 > |Ue3|2

|Ue2|2

|Ue3|2(1 � |Ue3|2)

|Uµ3|2(1 � |Uµ3|2)

Masses and Mixings

At 2⌅ we have the following limits:

sin2 ⇥13 < 0.04 ⇥
�

�m2
21

�m2
31

⇥1

| sin2 ⇥12 �
1
3

| < 0.04 ⇥
�

�m2
21

�m2
31

⇥1– Typeset by FoilTEX – 7

CC
NC

|sno � |Ue2|2

– Typeset by FoilTEX – 11

Stephen Parke                                                 LowNu @  KIAS                                               11/11/2011                      3

“The” ⇧ Standard Model

• 3 light (mi <1 eV) Majorana Neutrinos: ⌅ only 2 ⇤m2
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13. Neutrino mixing 43

lepton current in the CC weak interaction Lagrangian, are linear combinations of the LH
components of the fields of three massive neutrinos νj :

LCC = −
g√
2

∑

l=e,µ,τ

lL(x) γα νlL(x) Wα†(x) + h.c. ,

νlL(x) =
3

∑

j=1

Ulj νjL(x), (13.78)

where U is the 3 × 3 unitary neutrino mixing matrix [17,18]. The mixing matrix U can
be parameterized by 3 angles, and, depending on whether the massive neutrinos νj are
Dirac or Majorana particles, by 1 or 3 CP violation phases [40,41]:

U =

⎡

⎣

c12c13 s12c13 s13e
−iδ

−s12c23 − c12s23s13e
iδ c12c23 − s12s23s13e

iδ s23c13
s12s23 − c12c23s13e

iδ −c12s23 − s12c23s13e
iδ c23c13

⎤

⎦

× diag(1, ei
α21
2 , ei

α31
2 ) . (13.79)

where cij = cos θij , sij = sin θij , the angles θij = [0, π/2], δ = [0, 2π] is the Dirac CP
violation phase and α21, α31 are two Majorana CP violation phases. Thus, in the case
of massive Dirac neutrinos, the neutrino mixing matrix U is similar, in what concerns
the number of mixing angles and CP violation phases, to the CKM quark mixing matrix.
The presence of two additional physical CP violation phases in U if νj are Majorana
particles is a consequence of the special properties of the latter (see, e.g., Refs. [39,40]) .

As we see, the fundamental parameters characterizing the 3-neutrino mixing are: i)
the 3 angles θ12, θ23, θ13, ii) depending on the nature of massive neutrinos νj - 1 Dirac
(δ), or 1 Dirac + 2 Majorana (δ, α21, α31), CP violation phases, and iii) the 3 neutrino
masses, m1, m2, m3. Thus, depending on whether the massive neutrinos are Dirac or
Majorana particles, this makes 7 or 9 additional parameters in the minimally extended
Standard Model of particle interactions with massive neutrinos.

The neutrino oscillation probabilities depend (Section 13.2), in general, on the neutrino
energy, E, the source-detector distance L, on the elements of U and, for relativistic
neutrinos used in all neutrino experiments performed so far, on ∆m2

ij ≡ (m2
i − m2

j ),
i ̸= j. In the case of 3-neutrino mixing there are only two independent neutrino mass
squared differences, say ∆m2

21 ̸= 0 and ∆m2
31 ̸= 0. The numbering of massive neutrinos

νj is arbitrary. It proves convenient from the point of view of relating the mixing angles
θ12, θ23 and θ13 to observables, to identify |∆m2

21| with the smaller of the two neutrino
mass squared differences, which, as it follows from the data, is responsible for the solar
νe and, the observed by KamLAND, reactor ν̄e oscillations. We will number (just for
convenience) the massive neutrinos in such a way that m1 < m2, so that ∆m2

21 > 0. With
these choices made, there are two possibilities: either m1 < m2 < m3, or m3 < m1 < m2.
Then the larger neutrino mass square difference |∆m2

31| or |∆m2
32|, can be associated with

the experimentally observed oscillations of the atmospheric νµ and ν̄µ and accelerator
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(Dialog) In[185]:=

nue = PieChart3D[{686, 294, 20},
ChartStyle % {Blue, Blue, Blue}, PlotTheme % "Business",
SectorOrigin % {{('Pi . 2 + 0.15), "Clockwise"}, 0}]

nue = PieChart3D[{100},
ChartStyle % {GrayLevel[0.2]}, PlotTheme % "Business",
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num = PieChart3D[{157, 353, 490},
ChartStyle % {Cyan}, PlotTheme % "Business",
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nut = PieChart3D[{157, 353, 490},
ChartStyle % {Red, Red, Red}, PlotTheme % "Business",
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ChartStyle % {Cyan, Blue, Red}, PlotTheme % "Business",
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ChartStyle % {Cyan, Blue, Red}, PlotTheme % "Business",
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nue = PieChart3D[{686, 294, 20},
ChartStyle % {Blue, Blue, Blue}, PlotTheme % "Business",
SectorOrigin % {{('Pi . 2 + 0.15), "Clockwise"}, 0}]

nue = PieChart3D[{100},
ChartStyle % {GrayLevel[0.2]}, PlotTheme % "Business",
SectorOrigin % {{('Pi . 2 + 0.15), "Clockwise"}, 0}]

num = PieChart3D[{157, 353, 490},
ChartStyle % {Cyan}, PlotTheme % "Business",
SectorOrigin % {{('Pi . 2 + 0.15), "Clockwise"}, 0}]

nut = PieChart3D[{157, 353, 490},
ChartStyle % {Red, Red, Red}, PlotTheme % "Business",
SectorOrigin % {{('Pi . 2 + 0.15), "Clockwise"}, 0}]

nu3 = PieChart3D[{490, 20, 490},
ChartStyle % {Cyan, Blue, Red}, PlotTheme % "Business",
SectorOrigin % {{('Pi . 2 + 0.15), "Clockwise"}, 0}]

nu2 = PieChart3D[{353, 294, 353},
ChartStyle % {Cyan, Blue, Red}, PlotTheme % "Business",
SectorOrigin % {{('Pi . 2 + 0.15), "Clockwise"}, 0}]

nu1 = PieChart3D[{157, 686, 157}, ChartStyle % {Cyan, Blue, Red},
PlotTheme % "Business", SectorOrigin % {{('Pi . 2 + 0.15), "Clockwise"}, 0}]
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ssq23 = 0.4
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Jr = (ssq13 , ssq12 , csq12 , ssq23 , csq23)^0.5
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Quarks: Leptons:

ASSUMES UNITARITY
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FIG. 3: 1-D ��2 for the absolute value of the closure of the
three row (solid) and three column (dashed) unitarity tri-
angles, fitted with all spectral and normalisation data, when
considering new physics that enters above |�m2| � 10�2 eV2.
There is one unique unitarity triangle, the ⌫e⌫µ triangle, in
that it does not contain any ⌫⌧ elements and hence is con-
strained to be unitary at a level half an order of magnitude
better than the others. By comparison to Fig. 2 one can
clearly see the Cauchy-Schwartz constraints are satisfied.

of parameter space for 3+N models, increasing both the
appearance and disappearance bounds. Subsequently,
the long baseline program DUNE [60] will also be
able to significantly extend the constrained region of
⌫µ ! ⌫e appearance to lower mass di↵erences, leading
to increased constraints on the ⌫e⌫µ unitarity triangle
in this regime. An understanding of the neutrino flux
and cross sectional uncertainties are crucial for unitarity
measurements. Possible future experiments such as
a fully fledged Neutrino Factory [61] or the nuStorm
facility [62], with the uncertainty on their fluxes of the
order 1%, will be able to constrain the ⌫µ normalisation
and ⌫e⌫µ triangle far beyond what is currently obtain-
able. However, no one experiment can probe all scales
and complementarity is vital to definitively make a
statement about unitarity from new low-energy physics,
especially as there is little means to directly measure the
⌫⌧ sector. Improvement in ⌫⌧ appearance requires new
experiments with both an intense, well known beam of
high enough energy ⌫µ or ⌫e to kinematically produce
charged taus, as well as a detector technology capable
of e�ciently identifying them to a degree necessary

for precision high statistics measurements, both of
which are extremely di�cult tasks. Perhaps crucially
for ⌫⌧ measurements, Hyper-Kamiokande [63] will be
incredibly sensitive to atmospherically averaged steriles,
� 0.1 eV2, and will significantly improve the current
bounds on |U⌧1|2 + |U⌧2|2 + |U⌧3|2 in this regime, to
approximately 1� |U⌧1|2 + |U⌧2|2 + |U⌧3|2  0.07 at the
99% CL [64], which would bring it closer inline with the
other sectors.

In this paper we have emphasised the fact that
current experimental bounds on unitarity within the 3⌫
paradigm allows for considerable violation, and without
the unitarity assumption, the precision on the individual
U
PMNS

elements can vary significantly (up to 104% in
the case of |U⌧3|). However, we find no evidence for non-
unitarity. The prospects of directly measuring all the 12
unitarity constraints with high precision are poor, and
even when one allows for additional model-dependant
sterile searches we can only constrain the amount of
non-unitarity to be . 0.2 - 0.4, for four out of six of
the row and columns normalisations, with the ⌫µ and ⌫e
normalisation deviations from unity constrained to be 
0.07, all at the 3� CL, see Fig. 2. Similarly, five out of
six of the unitarity triangles are only constrained to be
. 0.1 - 0.2, with opening of the remaining ⌫e⌫µ triangle
being constrained to be  0.03, again at the 3� CL, see
Fig. 3. One must be careful when assessing the current
experimental regime with the addition of new physics we
are currently insensitive to, as without the assumption of
unitarity there is much room for new e↵ects, especially
in the ⌫⌧ sector where currently significant information
comes from the unitarity assumption and not direct
measurements.
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FIG. 2: 1-D ��2 for deviation of both UPMNS row (solid) and
column (dashed) normalisations, fitted with all spectral and
normalisation data, when considering new physics that enters
above |�m2| � 10�2eV2.

as |Uµ1| and |Uµ2| only appear in the degenerate com-
bination |Uµ1|2 + |Uµ2|2, they cannot be distinguished
individually. This degeneracy is very weakly broken by
the ⌫µ ! ⌫e appearance experiment T2K [1], and will be
improved upon taking of more data and with future high
statistics NO⌫A [11] results. The addition of this nor-
malisation and sterile data in the 3⌫ unitarity case does
not change anything in the fit. From here on we will
discuss only the main results, as calculated including all
normalisation and sterile search data.

The addition of this sterile search and normalisation
data improves the situation significantly. If we define
the shift in range of allowed values as the ratio of the
di↵erence in 3� ranges without and with unitarity, to
that derived with unitarity, the increase in parameter
space for |Uei|, i = 2, 3 and |Uµi|, i = 1, 2, 3 are all 
10% (4%, 8%, 8%, 7% and 4% respectively), with |Ue1|
taking the majority of the discrepancy in the ⌫e sector,
with an increase of allowed range of 68%, primarily
due to the weaker bounds from KamLAND compared
to the SBL reactors, and that |Ue1|2 forms the bulk of
|Ue1|2 + |Ue2|2 + |Ue3|2. The entire ⌫⌧ sector, however,
may contain substantial discrepancies from unitarity
with shifts in allowed regions of 37%, 46% and 104%
respectively. We have little or no current mechanisms
to directly measure any ⌫⌧ elements and we have not
yet observed any oscillation amplitude peaks, even the
recent 5� discovery of ⌫µ ! ⌫⌧ at OPERA [49] only
sees the tail end of the 1st oscillation maximum and the
observation of 5 events on a background of 0.25 ± 0.05
is not significant spectrally and can be equally be fit by
a flat normalisation discrepancy. The precision we do
have is driven by the fact large deviations here cause
violations of unitarity too large in the ⌫e and ⌫µ sectors,
passed through by the geometric Cauchy-Schwartz

constraints.

We must stress that even if the 3� ranges of the
U
PMNS

elements agree closely with the unitarity case,
this does not equate to the neutrino mixing matrix
being unitary. In the unitary case the correlations are
much stronger and choosing an exact value for any one
the mixing elements drastically reduces the uncertainty
on the remaining elements. To better understand the
level at which we know unitarity is conserved or not, we
plot the resultant ranges for the normalisation in Fig
(2). We see that the ⌫e and ⌫µ normalisation deviations
from unity are relatively well constrained ( 0.06 and
0.07 at 3� CL respectively), primarily by reactor fluxes
and a combination of precision measurements of the rate
and spectra of upward going muon-like events observed
at Super-Kamiokande [53] and the multitude of long
and short baseline accelerator ⌫µ ! ⌫µ disappearance
experiments. We note the ⌫µ normalisation deviation
from unity is constrained slightly (⇡ 1%) better than
the ⌫e normalisation. This is due to the large theoretical
error, 5%, on total flux from reactors assumed [56]. The
remaining normalisation deviations from unity are all
constrained to be . 0.2 - 0.4 at 3� CL.

For the case of the six neutrino unitarity triangles, we
present the allowed ranges for their closures in Fig. (3).
For the three row triangles the bounds originate from a
combination of the corresponding geometric constraints
along with appearance data in the respective channel.
The column triangles, however, are bound by the geomet-
ric constraints only, and as the column normalisations are
proportionally less known, so too are the column unitar-
ity triangles. Only one triangle does not contain a ⌫⌧
element, the ⌫e⌫µ triangle, and hence it is the only tri-
angle in which it is excluded to be open by more than
0.03 at the 3� CL, compared to between 0.1 - 0.2 at the
3� CL for the remaining triangles. This hierarchical sit-
uation will not improve unless precise measurements can
be made in the ⌫⌧ sector.

If one wishes to proceed with measurements of unitar-
ity, without the assumption of an extended U

PMNS

ma-
trix and its subsequent Cauchy-Schwartz bounds, then
prospects for improvement are essentially limited to mea-
suring the ⌫e normalisation. Improvement of all ⌫e ele-
ments is possible, especially if the new generation reac-
tor experiments, JUNO [57] and RENO50 [58], proceed
as planned. See discussion by X. Qian et al. [12] for
a detailed discussion of the possible improvements. Sig-
nificant improvement in the ⌫µ sector would require the
measurement of ⌫µ disappearance at the solar mass scale,
well beyond what is currently technologically feasible.
Improvements in the indirect 3+N sterile measure-

ments are much more promising, the Fermilab Short
Baseline Neutrino (SBN) [59] program consisting of the
SBND, MicroBooNE and ICARUS experiments on the
Booster beam, will be capable of probing a wide range

M. Ross-Lonergan + SP 
arXiv:1508.05095

LSND
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Unitarity and the three flavour neutrino mixing matrix.
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Unitarity is a fundamental property of any theory required to ensure we work in a theoretically
consistent framework. In comparison with the quark sector, experimental tests of unitarity for the
3x3 neutrino mixing matrix are considerably weaker. It must be remembered that the vast majority
of our information on the neutrino mixing angles originates from ⌫e and ⌫µ disappearance experi-
ments, with the assumption of unitarity being invoked to constrain the remaining elements. New
physics can invalidate this assumption for the 3x3 subset and thus modify our precision measure-
ments. We perform a reanalysis to see how global knowledge is altered when one refits oscillation
results without assuming unitarity, and present 3� ranges for allowed UPMNS elements consistent
with all observed phenomena. We calculate the bounds on the closure of the six neutrino unitarity
triangles, with the closure of the ⌫e⌫µ triangle being constrained to be  0.03, while the remaining
triangles are significantly less constrained to be  0.1 - 0.2. Similarly for the row and column nor-
malization, we find their deviation from unity is constrained to be  0.2 - 0.4, for four out of six
such normalisations, while for the ⌫µ and ⌫e row normalisation the deviations are constrained to be
 0.07, all at the 3� CL. We emphasise that there is significant room for new low energy physics,
especially in the ⌫⌧ sector which very few current experiments constrain directly.

With the knowledge of sin2 2✓
13

now almost at the 5%
level, and interplay between the long baseline accelerator
⌫µ ! ⌫e appearance data [1, 2] and short baseline reactor
⌫e ! ⌫e disappearance [3–5] data, combined with prior
knowledge of ✓

23

from ⌫µ ! ⌫µ disappearance data [6–8],
suggesting tentative global hints at �CP ⇡ 3⇡/2, there is
much merit to statements that we are now in the preci-
sion measurement era of neutrino physics. Our knowl-
edge of the distinct Pontecorvo-Maki-Nakagawa-Sakata
(PMNS) neutrino mixing matrix elements comes from
the plethora of successful experiments that have run since
the first strong evidence for neutrino oscillations, inter-
preted as ⌫µ ! ⌫⌧ oscillations, was discovered by Super-
Kamiokande in 1998 [9]. However, one must always re-
member that our knowledge of the matrix elements is
predominately in the ⌫e and ⌫µ sectors, and comes pri-
marily from high statistics ⌫e disappearance and ⌫µ dis-
appearance experiments, with the concept of unitarity
being invoked to disseminate this information onto the
remaining elements. With more statistics, the long base-
line ⌫µ ! ⌫e and ⌫µ ! ⌫e appearance experiments such
as T2K [10] and NO⌫A [11] will aid in ⌫µ sector precision
measurements.

Unitarity of a mixing matrix is a necessary condition
for a theoretically consistent description of the under-
lying physics, as non-unitarity directly corresponds to
a violation of probability in the calculated amplitudes.
In the neutrino sector unitarity can be directly veri-
fied by precise measurement of each of the mixing ele-
ments to confirm the unitarity condition: U †U = 1 =
UU†. In this there are 12 dependant conditions, six
of which we will refer to as normalisations (sum of the
squares of each row or column, e.g the ⌫e normalisation
|Ue1|2+ |Ue2|2+ |Ue3|2 = 1) and six conditions that mea-
sure the degree with which each unitarity triangle closes
(e.g the ⌫e⌫µ triangle: Ue1U⇤

µ1 + Ue2U⇤
µ2 + Ue3U⇤

µ3 = 0).
Currently, from direct measurements of the individual

elements only, the ⌫e normalisation is the sole condition
that can be reasonably constrained without any further
assumptions as to the origin of the non-unitarity [12].
In the quark sector, the analogous situation involv-

ing the Cabibbo-Kobayashi-Maskawa (CKM) matrix has
been subject to intense verification as many distinct ex-
periments have access to probes of all of the V

CKM

el-
ements individually. Current data shows that the as-
sumption of unitarity for the 3x3 CKM matrix is valid in
the quark sector to a high precision, with the strongest
normalisation constraint being |Vud|2 + |Vus|2 + |Vub|2 =
0.9999 ± 0.0006 and the weakest still being significant
at |Vub|2 + |Vcb|2 + |Vtb|2 = 1.044± 0.06 [13]. Unlike the
quark sector, however, experimental tests of unitarity are
considerably weaker in the 3x3 U

PMNS

neutrino mixing
matrix. It remains an initial theoretical assumption in-
herent in many analyses [14–16], but is the basis for the
validity of the 3⌫ paradigm.
This non-unitarity can arise naturally in a large va-

riety of theories. A generic feature of many Beyond
the Standard Model scenarios is the inclusion of one
or more new massive fermionic singlets, uncharged un-
der the Standard Model (SM) gauge group, SU(3)C ⇥
SU(2)L⇥U(1)Y . If these new sterile states mix with the
SM neutrinos then the true mixing matrix is enlarged
from the 3x3 U

PMNS

matrix to a nxn matrix,

UExtended

PMNS

=

0

BBBBB@

U3x3

PMNSz }| {
Ue1 Ue2 Ue3 · · · Uen

Uµ1 Uµ2 Uµ3 · · · Uµn

U⌧1 U⌧2 U⌧3 · · · U⌧n
...

...
...

. . .
...

Usn1 Usn2 Usn3 · · · Usnn

1

CCCCCA
. (1)

These so-called sterile neutrinos have been a major
discussion point for both the theoretical and experimen-
tal communities for decades. If they have masses at or

ar
X

iv
:1

50
8.

05
09

5v
1 

 [h
ep

-p
h]

  2
0 

A
ug

 2
01

5

• ⌫e Disappearance

Daya Bay, RENO, many ⇠10m Reactor experiments & source
experiments.

• ⌫µ Disappearance

MINOS+, NOvA, T2K, atmospheric SK

• ⌫µ ! ⌫e Appearance

Fermilab SBN Program, T2K and NOvA: DUNE & HyperK

�����

3X

i=1

UeiUµi
⇤

�����

2


 
1�

3X

i=1

|Uei|2
! 

1�
3X

i=1

|Uµi|2
!

(1)

– Typeset by FoilTEX – 4

Cauchy-Schwartz

• ⌫e Disappearance

Daya Bay, RENO, many ⇠10m Reactor experiments & source
experiments.

• ⌫µ Disappearance

MINOS+, NOvA, T2K, atmospheric neutrinos (SK and ICECUBE)

• ⌫µ ! ⌫e Appearance

Fermilab SBN Program, T2K and NOvA: DUNE & HyperK

�����

3X

i=1

UeiUµi
⇤

�����

2


 
1�

3X

i=1

|Uei|2
! 

1�
3X

i=1

|Uµi|2
!

(1)

– Typeset by FoilTEX – 4

• ⌫e Disappearance

Daya Bay, RENO, many ⇠10m Reactor experiments & source
experiments.

• ⌫µ Disappearance

MINOS+, NOvA, T2K, atmospheric SK

• ⌫µ ! ⌫e Appearance

Fermilab SBN Program, T2K and NOvA: DUNE & HyperK

�����

3X

i=1

UeiUµi
⇤

�����

2


 
1�

3X

i=1

|Uei|2
! 

1�
3X

i=1

|Uµi|2
!

(1)

– Typeset by FoilTEX – 4

• ⌫e Disappearance

Daya Bay, RENO, many ⇠10m Reactor experiments & source
experiments.

• ⌫µ Disappearance

MINOS+, NOvA, T2K, atmospheric SK

• ⌫µ ! ⌫e Appearance

Fermilab SBN Program, T2K and NOvA: DUNE & HyperK

�����

3X

i=1

UeiUµi
⇤

�����

2


 
1�

3X

i=1

|Uei|2
! 

1�
3X

i=1

|Uµi|2
!

(1)

– Typeset by FoilTEX – 4

• ⌫e Disappearance

Daya Bay, RENO, many ⇠10m Reactor experiments & source
experiments.

• ⌫µ Disappearance

MINOS+, NOvA, T2K, atmospheric SK

• ⌫µ ! ⌫e Appearance

Fermilab SBN Program, T2K and NOvA: DUNE & HyperK

�����

3X

i=1

UeiUµi
⇤

�����

2


 
1�

3X

i=1

|Uei|2
! 

1�
3X

i=1

|Uµi|2
!

(1)

– Typeset by FoilTEX – 4

• ⌫e Disappearance

Daya Bay, RENO, many ⇠10m Reactor experiments & source
experiments.

• ⌫µ Disappearance

MINOS+, NOvA, T2K, atmospheric neutrinos (SK and ICECUBE)

• ⌫µ ! ⌫e Appearance

Fermilab SBN Program, T2K and NOvA: DUNE & HyperK

�����

3X

i=1

UeiUµi
⇤

�����

2


 
1�

3X

i=1

|Uei|2
! 

1�
3X

i=1

|Uµi|2
!

(1)

– Typeset by FoilTEX – 4

• ⌫e Disappearance

Daya Bay, RENO, many ⇠10m Reactor experiments & source
experiments.

• ⌫µ Disappearance

MINOS+, NOvA, T2K, atmospheric SK

• ⌫µ ! ⌫e Appearance

Fermilab SBN Program, T2K and NOvA: DUNE & HyperK

�����

3X

i=1

UeiUµi
⇤

�����

2


 
1�

3X

i=1

|Uei|2
! 

1�
3X

i=1

|Uµi|2
!

(1)

– Typeset by FoilTEX – 4



Stephen Parke, Fermilab                            NBI, colloquium                       2/5/2018       #                     27

Precision Neutrino
Measurements:
�CP , ✓

23

....

Stress Test
Neutrino paradigm

search for new physics

Connection to
Leptogenesis

Understanding Universe

Test Theoretical
Neutrino Models

Determine flavor
fractions of neutrino
propagation states

– Typeset by FoilT

E

X – 10

DUNE

T2HK

Credible Intervals at 90%

T2HK+DUNE LM
A

LM
A
-

da
rk

-4 -3 -2 -1 0 1 2 3

∂éee

DUNE

T2HK

Credible Intervals at 90%

T2HK+DUNE

-0.6 -0.4 -0.2 0.0 0.2 0.4 0.6

∂émm

DUNE

T2HK

Credible Intervals at 90%

T2HK+DUNE

0.00 0.05 0.10 0.15 0.20 0.25 0.30 0.35

∂me

DUNE

T2HK

Credible Intervals at 90%

T2HK+DUNE

0.0 0.2 0.4 0.6 0.8

∂te

DUNE

T2HK

Credible Intervals at 90%

T2HK+DUNE

0.00 0.05 0.10 0.15 0.20 0.25

∂mt

Figure 6. Comparisons of the expected sensitivities to NSI parameters at DUNE and T2HK,
before and after combining their respective data sets. Darker (Lighter) bands show the results when
priors constraints on NSI parameters are (not) included in the fit. The vertical gray areas bounded
by the dashed lines indicate the allowed regions at 90% CL (taken from the SNO-DATA lines for
f=u in Ref. [54]).

5 Conclusions

Neutrino physics is entering the precision Era. After the discovery of the third mixing angle

in the leptonic mixing matrix, and in view of the precision measurements performed by the

– 16 –

P.Coloma 
arXiv:1511.06357

NSI
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The CP phase and θ23 octant
Insights on the generation of the matter anti-matter asymmetry

Insights on the flavor puzzle

Chen Fallbacher Mahanthappa Ratz Trautner 2014

Chen Mahanthappa 2009

for the Jarlskog invariant, J ≡ Im(VudVcbV ∗
ubV

∗
cd) = 2.69 × 10−5, in the quark sector also agrees

with the current global fit value.) Potential direct measurements for these parameters at the LHCb

can test our predictions.

As a result of the GJ relations, our model predicts the sum rule [8, 17] between the solar neutrino

mixing angle and the Cabibbo angle in the quark sector, tan2 θ⊙ ≃ tan2 θ⊙,TBM + 1
2
θc cos δℓ, with

δℓ being the leptonic Dirac CP phase in the standard parametrization. In addition, our model

predicts θ13 ∼ θc/3
√

2. Numerically, the diagonalization matrix for the charged lepton mass matrix

combined with UTBM gives the PMNS matrix,

⎛

⎜

⎜

⎜

⎝

0.838e−i178o

0.543e−i173o

0.0582ei138o

0.362e−i3.99o

0.610e−i173o

0.705ei3.55o

0.408ei180o

0.577 0.707

⎞

⎟

⎟

⎟

⎠

, (22)

which gives sin2 θatm = 1, tan2 θ⊙ = 0.420 and |Ue3| = 0.0583. The two VEV’s, u0 = −0.0593 and

ξ0 = 0.0369, give ∆m2
atm = 2.4 × 10−3 eV2 and ∆m2

⊙ = 8.0 × 10−5 eV2. As the three masses are

given in terms of two VEV’s, there exists a mass sum rule, m1−m3 = 2m2, leading to normal mass

hierarchy, ∆m2
atm > 0 [8]. The leptonic Jarlskog is predicted to be Jℓ = −0.00967, and equivalently,

this gives a Dirac CP phase, δℓ = 227o. With such δℓ, the correction from the charged lepton sector

can account for the difference between the TBM prediction and the current best fit value for θ⊙.

Our model predicts (m1,m2,m3) = (0.0156,−0.0179, 0.0514) eV, with Majorana phases α21 = π

and α31 = 0.

Our model has nine input parameters, predicting a total of twenty-two physical quantities:

12 masses, 6 mixing angles, 2 Dirac CP violating phases and 2 Majorana phases. Our model is

testable by more precise experimental values for θ13, tan2 θ⊙ and γ in the near future. δℓ is the

only non-vanishing leptonic CP violating phase in our model and it gives rise to lepton number

asymmetry, ϵℓ ∼ 10−6. By virtue of leptogenesis, this gives the right sign and magnitude of the

matter-antimatter asymmetry [18].

Conclusion.—We propose the complex group theoretical CG coefficients as a novel origin of CP

violation. This is manifest in our model based on SU(5) combined with the double tetrahedral

group, T ′. Due to the presence of the doublet representations in T ′, there exist complex CG

coefficients, leading to explicit CP violation in the model, while having real Yukawa couplings and

scalar VEVs. The predicted CP violation measures in the quark sector are consistent with the

current experimental data. The leptonic Dirac CP violating phase is predicted to be δℓ ∼ 227o,

which gives the cosmological matter asymmetry.

8

Ma 2016, Ma 2017

Ballet King Pascoli 
Prouse Wang 2016

GUTs typically predict: 
Majorana neutrinos 

Normal mass ordering
θ23 in first octant

“large” θ13 if θ12 and θ23 are large
No light sterile neutrino

For a certain class of flavor groups:
1) δCP is related to the Clebsch-Gordan coefficients
2) Dependence on group and fermion representations

Some predictions
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➤ CPV through δcp may be sufficient source for leptogenesis (Nucl. Phys. B774 (2007) 1) 
➤ Neutrino masses indicate new physics beyond the standard model and electroweak scale 

➤ Precise values of the mixing parameters may indicate or disfavor models of  
flavor symmetries
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Our model predicts (m1,m2,m3) = (0.0156,−0.0179, 0.0514) eV, with Majorana phases α21 = π

and α31 = 0.

Our model has nine input parameters, predicting a total of twenty-two physical quantities:

12 masses, 6 mixing angles, 2 Dirac CP violating phases and 2 Majorana phases. Our model is

testable by more precise experimental values for θ13, tan2 θ⊙ and γ in the near future. δℓ is the

only non-vanishing leptonic CP violating phase in our model and it gives rise to lepton number

asymmetry, ϵℓ ∼ 10−6. By virtue of leptogenesis, this gives the right sign and magnitude of the

matter-antimatter asymmetry [18].

Conclusion.—We propose the complex group theoretical CG coefficients as a novel origin of CP

violation. This is manifest in our model based on SU(5) combined with the double tetrahedral

group, T ′. Due to the presence of the doublet representations in T ′, there exist complex CG

coefficients, leading to explicit CP violation in the model, while having real Yukawa couplings and

scalar VEVs. The predicted CP violation measures in the quark sector are consistent with the

current experimental data. The leptonic Dirac CP violating phase is predicted to be δℓ ∼ 227o,

which gives the cosmological matter asymmetry.
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FIG. 3: 1-D ��2 for the absolute value of the closure of the
three row (solid) and three column (dashed) unitarity tri-
angles, fitted with all spectral and normalisation data, when
considering new physics that enters above |�m2| � 10�2 eV2.
There is one unique unitarity triangle, the ⌫e⌫µ triangle, in
that it does not contain any ⌫⌧ elements and hence is con-
strained to be unitary at a level half an order of magnitude
better than the others. By comparison to Fig. 2 one can
clearly see the Cauchy-Schwartz constraints are satisfied.

of parameter space for 3+N models, increasing both the
appearance and disappearance bounds. Subsequently,
the long baseline program DUNE [60] will also be
able to significantly extend the constrained region of
⌫µ ! ⌫e appearance to lower mass di↵erences, leading
to increased constraints on the ⌫e⌫µ unitarity triangle
in this regime. An understanding of the neutrino flux
and cross sectional uncertainties are crucial for unitarity
measurements. Possible future experiments such as
a fully fledged Neutrino Factory [61] or the nuStorm
facility [62], with the uncertainty on their fluxes of the
order 1%, will be able to constrain the ⌫µ normalisation
and ⌫e⌫µ triangle far beyond what is currently obtain-
able. However, no one experiment can probe all scales
and complementarity is vital to definitively make a
statement about unitarity from new low-energy physics,
especially as there is little means to directly measure the
⌫⌧ sector. Improvement in ⌫⌧ appearance requires new
experiments with both an intense, well known beam of
high enough energy ⌫µ or ⌫e to kinematically produce
charged taus, as well as a detector technology capable
of e�ciently identifying them to a degree necessary

for precision high statistics measurements, both of
which are extremely di�cult tasks. Perhaps crucially
for ⌫⌧ measurements, Hyper-Kamiokande [63] will be
incredibly sensitive to atmospherically averaged steriles,
� 0.1 eV2, and will significantly improve the current
bounds on |U⌧1|2 + |U⌧2|2 + |U⌧3|2 in this regime, to
approximately 1� |U⌧1|2 + |U⌧2|2 + |U⌧3|2  0.07 at the
99% CL [64], which would bring it closer inline with the
other sectors.

In this paper we have emphasised the fact that
current experimental bounds on unitarity within the 3⌫
paradigm allows for considerable violation, and without
the unitarity assumption, the precision on the individual
U
PMNS

elements can vary significantly (up to 104% in
the case of |U⌧3|). However, we find no evidence for non-
unitarity. The prospects of directly measuring all the 12
unitarity constraints with high precision are poor, and
even when one allows for additional model-dependant
sterile searches we can only constrain the amount of
non-unitarity to be . 0.2 - 0.4, for four out of six of
the row and columns normalisations, with the ⌫µ and ⌫e
normalisation deviations from unity constrained to be 
0.07, all at the 3� CL, see Fig. 2. Similarly, five out of
six of the unitarity triangles are only constrained to be
. 0.1 - 0.2, with opening of the remaining ⌫e⌫µ triangle
being constrained to be  0.03, again at the 3� CL, see
Fig. 3. One must be careful when assessing the current
experimental regime with the addition of new physics we
are currently insensitive to, as without the assumption of
unitarity there is much room for new e↵ects, especially
in the ⌫⌧ sector where currently significant information
comes from the unitarity assumption and not direct
measurements.
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• To demonstrate these facts, I have plot four di↵erent �m2’s as
functions of L/E in the figure:

1. �m2
31, L/E independent

2. �m2
32, L/E independent

3. �m2
ee|DB ⌘

�
4E
L

�
arcsin

q
(c212 sin

2 �31 + s212 sin
2 �32)

�

(this is the solution to eqn(1)) which as you can see from the figure is
L/E dependent and is ambiguous near L/E ⇡ 0.5 km/MeV. (Oscillation
Maximum)

4. �m2
ee|NPZ = c212�m

2
31 + s212�m

2
32. This was first defined in NPZ

(reference below) and is also L/E independent. It is the ⌫e weighted
average of �m2

31 and �m2
32 !
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Note by Stephen Parke (parke@fnal.gov)

Fermilab, June 3 2015:

The Daya Bay experiment in arXiv:1505.03456, footnote (8), defines
�m2

ee via

sin2�ee ⌘ c212 sin
2�31 + s212 sin

2�32 (1)

with �ij ⌘ �m2
ijL

4E and s212 = sin2 ✓12 = 1� c212.

Unfortunately, this definition of �m2
ee su↵ers from two maladies:

• It is L/E dependent !

• It is multiply defined in the region L/E ⇡ 0.5 km/MeV, the central L/E
of DB’s far detectors!

– Typeset by FoilTEX – 1
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Stephen Parke
Fermilab 

Daya Bay

JUNO
RENO 50

What is �m2
ee ?

1 � P (⌫̄e ! ⌫̄e) = sin2 2✓13 (c212 sin
2 �31 + s212 sin

2 �32) ( 0.09)

+ cos4 ✓13 sin
2 2✓12 sin2 �21 ( 0.01)

�ij ⌘ �m2
ijL

4E

Daya Bay, RENO and Double Chooz:

�31 ⇡ �32  3⇡
4 and �21  ⇡

40 ⇡ 0.1

– Typeset by FoilTEX – 32

SP arXiv:1601.07464

RENO
D-Chooz

Amplitude Modulation & Phase Advancement (NO) / Retardation (IO)

Neutrino Propogation in Matter

if one choses to write the Hamiltonian using �m2
ee and �m2

21 then the
Hamiltonian is simpler than with any other choice !

See Hisakazu Minakata and SP arXiv:1505.01826
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⌫̄µ disappearance [10, 11]. Using only the relative rates
between the detectors and �m2

32

from Ref. [10] we found
sin

2

2✓
13

= 0.085± 0.006, with �2/NDF = 1.37/3.
The reconstructed positron energy spectrum observed in the

far site is compared in Fig. 3 with the expectation based on
the near-site measurements. The 68.3%, 95.5% and 99.7%
C.L. allowed regions in the |�m2

ee

|-sin2 2✓
13

plane are shown
in Fig. 4. The spectral shape from all experimental halls
is compared in Fig. 5 to the electron antineutrino survival
probability assuming our best estimates of the oscillation
parameters. The total uncertainties of both sin

2

2✓
13

and
|�m2

ee

| are dominated by statistics. The most significant
systematic uncertainties for sin2 2✓

13

are due to the relative
detector efficiency, reactor power, relative energy scale and
9Li/8He background. The systematic uncertainty in |�m2

ee

| is
dominated by uncertainty in the relative energy scale.
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FIG. 3. Upper: Background-subtracted reconstructed positron
energy spectrum observed in the far site (black points), as well as
the expectation derived from the near sites excluding (blue line) or
including (red line) our best estimate of oscillation. The spectra
were efficiency-corrected and normalized to one day of livetime.
Lower: Ratio of the spectra to the no-oscillation case. The error bars
show the statistical uncertainty of the far site data. The shaded area
includes the systematic and statistical uncertainties from the near site
measurements.

In summary, enhanced measurements of sin

2

2✓
13

and
|�m2

ee| have been obtained by studying the energy-
dependent disappearance of the electron antineutrino inter-
actions recorded in a 6.9⇥105 GW

th

-ton-days exposure.
Improvements in calibration, background estimation, as well
as increased statistics allow this study to provide the most
precise estimates to date of the neutrino mass and mixing
parameters |�m2

ee| and sin

2

2✓
13

.
Daya Bay is supported in part by the Ministry of Science

and Technology of China, the U.S. Department of Energy,

13θ22sin
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FIG. 4. Regions in the |�m2
ee|-sin2

2✓13 plane allowed at the 68.3%,
95.5% and 99.7% confidence levels by the near-far comparison of
⌫e rate and energy spectra. The best estimates were sin

2
2✓13 =

0.084 ± 0.005 and |�m2
ee| = (2.42 ± 0.11) ⇥ 10

�3
eV

2 (black
point). The adjoining panels show the dependence of ��2 on
sin

2
2✓13 (top) and |�m2

ee| (right). The |�m2
ee| allowed region

(shaded band, 68.3% C.L.) was consistent with measurements of
|�m2

32| using muon disappearance by the MINOS [10] and T2K [11]
experiments, converted to |�m2

ee| assuming the normal (solid) and
inverted (dashed) mass hierarchy.

 [km/MeV]〉νE〈 / effL
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) eν 
→ eν

P(
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FIG. 5. Electron antineutrino survival probability versus effective
propagation distance Le↵ divided by the average antineutrino energy
hE⌫i. The data points represent the ratios of the observed
antineutrino spectra to the expectation assuming no oscillation. The
solid line represents the expectation using the best estimates of
sin

2
2✓13 and |�m2

ee|. The error bars are statistical only. hE⌫i
was calculated for each bin using the estimated detector response,
and Le↵ was obtained by equating the actual flux to an effective
antineutrino flux using a single baseline.
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from Daya Bay: arXiv:1505.03456

this implies �m2
DB ⌘ �

4E
L

�
arcsin

q
(c212 sin

2 �31 + s212 sin
2 �32)

�

• �m2
DB is L/E dependent

• Since c212 sin
2 �21 + s212 sin

2 �32 < 1

�m2
DB is discontinuous at Osc. Max.

(L/E ⇡ 0.5 km/MeV)
the discontinuity is sin 2✓12 �m2

21

� = tan�1(cos 2✓12 tan�21) � cos 2✓12�21 ⇠ O(�3
21)

✏✏ � no = (io � no)/2

�m2
ee ⌘ c212�m

2
31 + s212�m

2
32 is the

⌫e weighted average �m2
31 and �m2

32 ! ! !

H. Nunokawa, S. J. Parke and R. Zukanovich Funchal, Phys. Rev. D 72, 013009 (2005), hep-ph/0503283
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FIG. 4. Allowed regions of 68.3, 95.5, and 99.7% C.L. in the
|�m2

ee| vs. sin2 2✓13 plane. The best-fit values are given by
the black dot. The ��2 distributions for sin2 2✓13 (top) and
|�m2

ee| (right) are also shown with an 1� band. The rate-
only result for sin2 2✓13 is shown by the cross. The results
from Daya Bay [10] and Double Chooz [24] are also shown for
comparison.
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FIG. 5. Measured reactor ⌫e survival probability as a func-
tion of Le↵/E⌫ . The curve is a predicted survival probability,
obtained from the observed probability in the near detector,
for the best-fit values of |�m2

ee| and sin2 2✓13. The Le↵/E⌫

value of each data point is given by the average of the counts
in each bin.

In summary, RENO has observed clear energy-
dependent disappearance of reactor ⌫

e

using two iden-
tical detectors, and obtains sin2 2✓13 = 0.082±0.010 and
|�m2

ee

| = (2.62+0.24
�0.26)⇥ 10�3 eV2 based on the measured

periodic disappearance expected from neutrino oscilla-
tions. Several improvements in energy calibration and
background estimation have been made to reduce the sys-
tematic error of sin2 2✓13 from 0.019 [1] to 0.006. With
the 500 day data sample together, RENO has produced
a precise measurement of the mixing angle ✓13. It would
provide an important information on determination of

the leptonic CP phase if combined with a result of an
accelerator neutrino beam experiment [6].
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Research Foundation of Korea (NRF) grant No. 2009-
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⌫̄µ disappearance [10, 11]. Using only the relative rates
between the detectors and �m2

32

from Ref. [10] we found
sin

2

2✓
13

= 0.085± 0.006, with �2/NDF = 1.37/3.
The reconstructed positron energy spectrum observed in the

far site is compared in Fig. 3 with the expectation based on
the near-site measurements. The 68.3%, 95.5% and 99.7%
C.L. allowed regions in the |�m2

ee

|-sin2 2✓
13

plane are shown
in Fig. 4. The spectral shape from all experimental halls
is compared in Fig. 5 to the electron antineutrino survival
probability assuming our best estimates of the oscillation
parameters. The total uncertainties of both sin

2

2✓
13

and
|�m2

ee

| are dominated by statistics. The most significant
systematic uncertainties for sin2 2✓

13

are due to the relative
detector efficiency, reactor power, relative energy scale and
9Li/8He background. The systematic uncertainty in |�m2

ee

| is
dominated by uncertainty in the relative energy scale.
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FIG. 3. Upper: Background-subtracted reconstructed positron
energy spectrum observed in the far site (black points), as well as
the expectation derived from the near sites excluding (blue line) or
including (red line) our best estimate of oscillation. The spectra
were efficiency-corrected and normalized to one day of livetime.
Lower: Ratio of the spectra to the no-oscillation case. The error bars
show the statistical uncertainty of the far site data. The shaded area
includes the systematic and statistical uncertainties from the near site
measurements.

In summary, enhanced measurements of sin

2

2✓
13

and
|�m2

ee| have been obtained by studying the energy-
dependent disappearance of the electron antineutrino inter-
actions recorded in a 6.9⇥105 GW

th

-ton-days exposure.
Improvements in calibration, background estimation, as well
as increased statistics allow this study to provide the most
precise estimates to date of the neutrino mass and mixing
parameters |�m2

ee| and sin

2

2✓
13

.
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FIG. 4. Regions in the |�m2
ee|-sin2

2✓13 plane allowed at the 68.3%,
95.5% and 99.7% confidence levels by the near-far comparison of
⌫e rate and energy spectra. The best estimates were sin

2
2✓13 =

0.084 ± 0.005 and |�m2
ee| = (2.42 ± 0.11) ⇥ 10

�3
eV

2 (black
point). The adjoining panels show the dependence of ��2 on
sin

2
2✓13 (top) and |�m2

ee| (right). The |�m2
ee| allowed region

(shaded band, 68.3% C.L.) was consistent with measurements of
|�m2

32| using muon disappearance by the MINOS [10] and T2K [11]
experiments, converted to |�m2

ee| assuming the normal (solid) and
inverted (dashed) mass hierarchy.
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FIG. 5. Electron antineutrino survival probability versus effective
propagation distance Le↵ divided by the average antineutrino energy
hE⌫i. The data points represent the ratios of the observed
antineutrino spectra to the expectation assuming no oscillation. The
solid line represents the expectation using the best estimates of
sin

2
2✓13 and |�m2

ee|. The error bars are statistical only. hE⌫i
was calculated for each bin using the estimated detector response,
and Le↵ was obtained by equating the actual flux to an effective
antineutrino flux using a single baseline.
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Radiation Imaging (Tsinghua University), the Ministry of
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Irradiation (Shandong University), the Ministry of Education,
Shanghai Laboratory for Particle Physics and Cosmology,
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FIG. 4. Allowed regions of 68.3, 95.5, and 99.7% C.L. in the
|�m2

ee| vs. sin2 2✓13 plane. The best-fit values are given by
the black dot. The ��2 distributions for sin2 2✓13 (top) and
|�m2

ee| (right) are also shown with an 1� band. The rate-
only result for sin2 2✓13 is shown by the cross. The results
from Daya Bay [10] and Double Chooz [24] are also shown for
comparison.
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FIG. 5. Measured reactor ⌫e survival probability as a func-
tion of Le↵/E⌫ . The curve is a predicted survival probability,
obtained from the observed probability in the near detector,
for the best-fit values of |�m2

ee| and sin2 2✓13. The Le↵/E⌫

value of each data point is given by the average of the counts
in each bin.

In summary, RENO has observed clear energy-
dependent disappearance of reactor ⌫

e

using two iden-
tical detectors, and obtains sin2 2✓13 = 0.082±0.010 and
|�m2

ee

| = (2.62+0.24
�0.26)⇥ 10�3 eV2 based on the measured

periodic disappearance expected from neutrino oscilla-
tions. Several improvements in energy calibration and
background estimation have been made to reduce the sys-
tematic error of sin2 2✓13 from 0.019 [1] to 0.006. With
the 500 day data sample together, RENO has produced
a precise measurement of the mixing angle ✓13. It would
provide an important information on determination of

the leptonic CP phase if combined with a result of an
accelerator neutrino beam experiment [6].
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What is �m2
ee ?

1 � P (⌫̄e ! ⌫̄e) = sin2 2✓13 (c212 sin
2 �31 + s212 sin

2 �32) ( 0.09)

+ cos4 ✓13 sin
2 2✓12 sin2 �21 ( 0.01)

�ij ⌘ �m2
ijL

4E

Daya Bay, RENO and Double Chooz:

�31 ⇡ �32  3⇡
4 and �21  ⇡

40 ⇡ 0.1
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What Do the Experiments Do ?

Daya Bay and RENO fit their L/E data to:

• Pee ⇡ 1� cos4 ✓13 sin
2 2✓12 sin

2�21� sin2 2✓13 sin
2�ee

– Typeset by FoilTEX – 7

FIG. 4: Daya Bay’s original definition, see [4] and [5], for an e↵ective �m2, �m2

Y Y , is given by
the solid red line. Notice the sizeable L/E dependence near oscillation minimum and maximum
(vertical black dotted lines). At all oscillation extrema, this definition is discontinuous and the size
of the discontinuity is sin 2✓

12

�m2

21

⇠ 3%. The first discontinuity occurs in the middle of the
experimental data of the Daya Bay, RENO and Double Chooz experiments. The L/E independent
lines: �m2

ee ⌘ cos2 ✓
12

�m2

31

+ sin2 ✓
12

�m2

32

is the blue dashed, �m2

31

and �m2

32

are the labelled
black lines. This figure is for normal mass ordering with sin2 ✓

12

= 0.30 and �m2

ee = 2.453⇥ 10�3

eV2.

The relationship between Daya Bay’s �m

2

Y Y and that of the previous section is as follows

�m

2

Y Y |L/E!0

= �m

2

ee

vuut
 
1 + sin2

✓

12

cos2 ✓
12

✓
�m

2

21

�m

2

ee

◆
2

!
. (23)

Therefore they are identical up to corrections of O(10�4) as L/E ! 0.
Given that �m

2

Y Y is L/E dependent one should take the average of �m

2

Y Y over the L/E
range of the experiment

h�m

2

Y Y i =

R
(L/E)

max

(L/E)

min

d(L/E) �m

2

Y Y

[(L/E)max � (L/E)min]
. (24)

For the current experiments this range is from [0,0.8] km/MeV and then from Fig, 4 it is
clear that

h�m

2

Y Y i ⇡ �m

2

ee, (25)

if the discontinuity at OM is averaged over in a symmetric way. In practice, of course, one
needs to weight the average over the L/E range by the experimental L/E sensitivity. This
is something that can only be performed by the experiment. This was not performed in ref.
[4] or [5].

9

3%

Energy

E = mc2 E = mc2
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• To demonstrate these facts, I have plot four di↵erent �m2’s as
functions of L/E in the figure:

1. �m2
31, L/E independent

2. �m2
32, L/E independent

3. �m2
ee|DB ⌘

�
4E
L

�
arcsin

q
(c212 sin

2 �31 + s212 sin
2 �32)

�

(this is the solution to eqn(1)) which as you can see from the figure is
L/E dependent and is ambiguous near L/E ⇡ 0.5 km/MeV. (Oscillation
Maximum)

4. �m2
ee|NPZ = c212�m

2
31 + s212�m

2
32. This was first defined in NPZ

(reference below) and is also L/E independent. It is the ⌫e weighted
average of �m2

31 and �m2
32 !
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Note by Stephen Parke (parke@fnal.gov)

Fermilab, June 3 2015:

The Daya Bay experiment in arXiv:1505.03456, footnote (8), defines
�m2

ee via

sin2�ee ⌘ c212 sin
2�31 + s212 sin

2�32 (1)

with �ij ⌘ �m2
ijL

4E and s212 = sin2 ✓12 = 1� c212.

Unfortunately, this definition of �m2
ee su↵ers from two maladies:

• It is L/E dependent !

• It is multiply defined in the region L/E ⇡ 0.5 km/MeV, the central L/E
of DB’s far detectors!
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Other Appearance Channel:

7

CP

⇤µ ⇤ ⇤e ⌅⇧ ⇤̄µ ⇤ ⇤̄e

T ⌃ CPT across diagonals ⌃ T

⇤e ⇤ ⇤µ ⌅⇧ ⇤̄e ⇤ ⇤̄µ

CP

CPT across diagonals:

• First Row: Superbeams where ⇤e contamination ⇥1 %

• Second Row: ⇤-Factory or �-Beams, no beam contamination

Even in matter, a vestige of CPT exists:
Instead of switch matter to anti-matter, switch neutrino hierarchy !!!
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• Running experiments:

T2K (295km) and NOvA (810km)

• Future experiments:

DUNE (40 ktons LAr, 1300km)

HyperKamiokaNDE (0.5kMtons H2O, 295km)
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1300 km

Chicago
South Dakota

⌫µ

• Need |Uµ1| and |Uµ2| separately: L/E=15,000 km/GeV

• ⌫µ disappearance experiment to a detector in geo-synchronous orbit.

L = 1300 km, sin2 ✓13 = 0.023 and sin2 ✓23 = 0.5

⌫µ $ ⌫̄µ

NH $ IH

�(N ! l+��) 6= �(N ! l��+)

Inverted Hierarchy
Normal Hierarchy

sin2 2✓µµ ⌘ 4|Uµ3|2(1� |Uµ3|2) = 0.96 � 1.00
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⌫µ

⌫µ, ⌫e, ⌫⌧

• Need |Uµ1| and |Uµ2| separately: L/E=15,000 km/GeV

• ⌫µ disappearance experiment to a detector in geo-synchronous orbit.

L = 1300 km, sin2 ✓13 = 0.023 and sin2 ✓23 = 0.5

⌫µ $ ⌫̄µ

NH $ IH

�(N ! l+��) 6= �(N ! l��+)

Inverted Hierarchy
Normal Hierarchy

– Typeset by FoilTEX – 1

What is  DUNE/LBNF ?
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• DUNE/LBNF will consist of

• An intense (1-2 MW) neutrino beam from Fermilab

• A massive (70 kton) deep underground LAr Detector South Dakota

• A large Near Detector at Fermilab

• A large International Collaboration (~1000 scientist)

Magnet'
Coils'

Forward'
ECAL'

End'
RPCs'

Backward'ECAL'Barrel'
ECAL'

STT'Module'

Barrel''
RPCs'

End'
RPCs'

DUNE
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1.5 km

Davis Campus:
• LUX
• Majorana demo.
• …
• LZ

Ross Campus:
• CASPAR
• …
• DUNE

Green = 
     new excavation
     commences in 2017

Chapter 3: Technical Overview 3–22

underground enclosures for the primary beam, targetry, horns and absorber, and related technical
support systems. Service buildings will be constructed to provide support utilities for the primary
proton beam at LBNF 5 and to support the absorber at LBNF 30 (shown in Figure 3.1). The Target
Hall Complex at LBNF 20 houses the targetry system. Utilities will be extended from nearby
existing services, including power, domestic and industrial water, sewer, and communications.

Near Detector CF includes a small muon alcove area in the Beamline Absorber Hall and a separate
underground Near Detector Hall that houses the near detector. A service building called LBNF 40
with two shafts to the underground supports the near detector. The underground hall is sized for
the reference design near detector.

3.1.2 Far Site Facilities

The scope of LBNF at SURF includes both conventional facilities and cryogenics infrastructure
to support the DUNE far detector. Figure 3.2 shows the layout of the underground caverns that
will house the detector modules with a separate cavern to house utilities and cryogenics systems.
The requirements derive from the DUNE collaboration science requirements, which drive the space
and functional requirements for constructing and operating the far detector. ES&H and facility
operations (programmatic) requirements also provide input to the design. The far detector is
divided into four 10≠kt fiducial mass detector modules. The designs of the four detector chambers,
two each in two caverns, and the services to the caverns will be as similar to one another as possible
for e�ciency in design, construction and operation.

Figure 3.2: LBNF Far Site cavern configuration

The scope of the Far Site CF includes design and construction for facilities both on the surface and
underground. The underground conventional facilities include new excavated spaces at the 4850L

Volume 1: The LBNF and DUNE Projects LBNF/DUNE Conceptual Design Report

DUNE Far Detector site
•  Sanford Underground Research Facility (SURF), South 

Dakota
•  Four caverns on 4850ft level (~1.5km underground)
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62 x 14 x 15 m

70-kt LAr-TPC = 4 x 17-kt modulestotal
⌫µ

⌫µ, ⌫e, ⌫⌧

Ar from ⇠ 10 km3 of air

• Need |Uµ1| and |Uµ2| separately: L/E=15,000 km/GeV

• ⌫µ disappearance experiment to a detector in geo-synchronous orbit.

L = 1300 km, sin2 ✓13 = 0.023 and sin2 ✓23 = 0.5

⌫µ $ ⌫̄µ

NH $ IH

�(N ! l+��) 6= �(N ! l��+)

Inverted Hierarchy
Normal Hierarchy
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✓23 octant ?

⌫µ

⌫µ, ⌫e, ⌫⌧

Ar from ⇠ 10 km3 of air = 300m ⇥ Area of Fermilab site (30 km2)

• Need |Uµ1| and |Uµ2| separately: L/E=15,000 km/GeV

• ⌫µ disappearance experiment to a detector in geo-synchronous orbit.

L = 1300 km, sin2 ✓13 = 0.023 and sin2 ✓23 = 0.5

⌫µ $ ⌫̄µ

NH $ IH

�(N ! l+��) 6= �(N ! l��+)
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 Fiducial =  4 x 10 kt
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Neutrino Oscillation Amplitudes
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Neutrino Oscillation Amplitudes
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µe

– Typeset by FoilTEX – 2

� +�32 � ��32

A31 A21 Aµe Ā⇤
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Abstract: We further develop and extend a recent perturbative framework for neutrino

oscillations in uniform matter density so that the resulting oscillation probabilities are

accurate for the complete matter potential versus baseline divided by neutrino energy

plane. This extension also gives the exact oscillation probabilities in vacuum for all values

of baseline divided by neutrino energy. The expansion parameter used is related to the ratio

of the solar to the atmospheric ∆m2 scales but with a unique choice of the atmospheric ∆m2

such that certain first-order effects are taken into account in the zeroth-order Hamiltonian.

Using a mixing matrix formulation, this framework has the exceptional feature that the

neutrino oscillation probability in matter has the same structure as in vacuum, to all

orders in the expansion parameter. It also contains all orders in the matter potential

and sin θ13. It facilitates immediate physical interpretation of the analytic results, and

makes the expressions for the neutrino oscillation probabilities extremely compact and

very accurate even at zeroth order in our perturbative expansion. The first and second

order results are also given which improve the precision by approximately two or more

orders of magnitude per perturbative order.
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Abstract: In this Addendum we rewrite the neutrino mixing angles and mass squared

di↵erences in matter given in our original paper, [1], in a notation that is more conventional

for the reader. Replacing the usual neutrino mixing angles and mass squared di↵erences in

the expressions for the vacuum oscillation probabilities with these matter mixing angles and

mass squared di↵erences gives an excellent approximation to the oscillation probabilities

in matter. Comparisons for T2K & T2HK, NOvA, T2HKK and DUNE are also given for

neutrinos and anti-neutrinos, disappearance and appearance channels and for both normal

and inverted orderings.
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Neutrino Evolution in Matter:
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Neutrino Evolution in Matter (conti):
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Neutrino Evolution in Matter (conti):
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Fig. 11. In the normal ordering (NO): Top left, the matter potentials, a and a 0, top right, sine
squared of mixing angles in matter, sin2 e✓

jk

, bottom left, the mass squared eigenvalues in matter,
fm2

j

, and bottom right, the mass squared di↵erences in matter, � fm2
jk

. E
⌫

� 0 (E
⌫

 0) is for
neutrinos (anti-neutrinos). E

⌫

= 0 is the vacuum values for both neutrinos and anti-neutrinos.

To calculate the oscillation probabilities, to 0th order, use the above � fm2
jk

instead of �m2
jk and replace the vacuum MNS matrix as follows

U0
MNS ⌘ U23(✓23) U13(✓13, �) U12(✓12) ) UM

MNS ⌘ U23(✓23) U13( e✓13, �) U12(e✓12).

That is, replace

�m2
jk ! � fm2

jk

✓13 ! e✓13

✓12 ! e✓12, (10)

✓23 and � remain unchanged, it is that simple. We call this the 0th order DMP
approximation.
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Fig. 12. For normal ordering (NO), ⌫
µ

! ⌫
e

appearance: Top Left figure is for T2K , Top Right
figure is NOvA, Bottom Left figure is T2HKK, and Bottom Right is DUNE. In each figure, the
top panel is exact oscillation probability in matter, P ex

mat

(blue dashes) from6, the zeroth order
DMP approximation, P 0th

appx

(red dashes) from5 and the vacuum oscillation probability, P
vac

(black
dots). The Middle panel is di↵erence between exact oscillation probabilities in matter and vacuum
(black dots), and the di↵erence between exact and 0th DMP approximation (solid red) and exact
and 1st DMP approximation (solid magenta) approximations. Bottom panel is similar to middle
panel but plotting the fractional di↵erences, �P/P .

T2K/HK NOvA

T2HKK DUNE

0th order
1st order
2nd order
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T2K/HK NOvA

• Need |Uµ1| and |Uµ2| separately: L/E=15,000 km/GeV

• ⌫µ disappearance experiment to a detector in geo-synchronous orbit.

L = 1300 km, sin2 ✓13 = 0.023 and sin2 ✓23 = 0.5

⌫µ $ ⌫̄µ

NH $ IH

�(N ! l+��) 6= �(N ! l��+)

Inverted Hierarchy
Normal Hierarchy

sin2 2✓µµ ⌘ 4|Uµ3|2(1� |Uµ3|2) = 0.96 � 1.00

Same L/E as NO⌫A
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DUNE

2 ⇡0’s

Appearance: ⌫µ ! ⌫e ⌫̄µ ! ⌫̄e

Disappearance: ⌫µ ! ⌫µ ⌫̄µ ! ⌫̄µ

Long Baseline @VOM Reactors

P (⌫µ ! ⌫e) + P (⌫̄µ ! ⌫̄e) ⇡ 2 sin2 ✓23 [1 � P (⌫̄e ! ⌫̄e)]

⌫µ ! ⌫µ gives:

|Uµ3|2 $ (1 � |Uµ3|2) degeneracy +!

Normal Ordering — Inverted Ordering

P (⌫µ ! ⌫e) 6= P (⌫̄µ ! ⌫̄e)

in vacuum
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⌫µ ! ⌫µ gives:

|Uµ3|2 $ (1 � |Uµ3|2)

Normal Ordering — Inverted Ordering

P (⌫µ ! ⌫e) 6= P (⌫̄µ ! ⌫̄e)

in vacuum

/ ⇢L sin2 ✓23

✓23 octant ?

⌫µ

⌫µ, ⌫e, ⌫⌧

Ar from ⇠ 10 km3 of air
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• Need |Uµ1| and |Uµ2| separately: L/E=15,000 km/GeV

• ⌫µ disappearance experiment to a detector in geo-synchronous orbit.
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sin �NO � sin �IO = tan ✓23 ⇥

8
<

:

0.48 T2K
1.62 NO⌫A
2.60 DUNE

= |Aµe|2

P (⌫̄
µ

! ⌫̄
e

) = |Ā
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)

Implies ✓23 = ⇡/4

AND sin � = ±1 !

– Typeset by FoilTEX – 1

Normal Ordering — Inverted Ordering

P (⌫µ ! ⌫e) 6= P (⌫̄µ ! ⌫̄e)

in vacuum

/ ⇢L sin2 ✓23

✓23 octant ?

⌫µ

⌫µ, ⌫e, ⌫⌧

Ar from ⇠ 10 km3 of air

• Need |Uµ1| and |Uµ2| separately: L/E=15,000 km/GeV

• ⌫µ disappearance experiment to a detector in geo-synchronous orbit.

– Typeset by FoilTEX – 1

Correlations between



Stephen Parke, Fermilab                            NBI, colloquium                       2/5/2018       #                     60

Latest Results from the T2K Experiment

36Jonathan M. Paley Fermilab Neutrino Division

using constraint of 
sin2 2θ13 = 0.085 ± 0.005

44
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FIG. 43. One dimensional ��

2 surfaces for oscillation pa-
rameter �

CP

using T2K data with the reactor constraint.
The critical ��

2 values obtained with the Feldman-Cousins
method are used to evaluate the 90% confidence level with
the proper coverage.
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⌫-mode samples and in the ⌫̄-mode sample as a function of
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CP

for di↵erent values of sin2
✓23 and both mass orderings,

compared to T2K data. The dashed line distinguishes the two
solutions for the octant of ✓23.

B(NH/IH) = 2.28; the Bayes factor for the upper octant
is B(sin2 ✓23 > 0.5/ sin2 ✓23 < 0.5) = 1.32. Neither can
be considered decisive.

2. Results with reactor constraints

This section presents the results obtained with the
MCMC analysis when adding a Gaussian prior on sin2 ✓13
with the value given in Tab. XVIII. The posterior mode
marginalized over the nuisance parameters is given in
Tab. XXIX. Including the reactor prior on sin2 ✓13, the
best-fit is closer to that obtained by the reactor experi-
ments compared to the T2K-only results. The �
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best-
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FIG. 45. One-dimensional marginal ��

2 surfaces for oscil-
lation parameters �

CP

and sin2
✓13 using T2K data with the

reactor constraint. The contour is produced by marginalizing
the likelihood with respect to all parameters other than the
parameter of interest. The red line shows the critical ��

2

values obtained with the Feldman-Cousins method, used to
evaluate the 90% confidence level with the proper coverage.
The green line show the ��

2 obtained with the fit to the T2K
data.

TABLE XXVIII. Posterior probabilities for the mass order-
ings and sin2

✓23 when fitting T2K data only with an MCMC
method.

sin2
✓23 < 0.5 sin2

✓23 > 0.5 Line Total
Inverted ordering 0.137 0.168 0.305
Normal ordering 0.294 0.401 0.695
Column total 0.431 0.569 1

fit is closer to the maximum violating value of �⇡/2 due
to the correlations with sin2 ✓13 shown in Fig. 46.
The MCMC algorithm uses a flat prior on �

CP

, but
its dependence on this choice of prior has been tested
by computing the credible intervals with a flat prior on
sin �

CP

. The two sets of intervals are in reasonable agree-
ment as shown in Fig. 47.
The Bayes factor for the mass ordering and the ✓23

octant can be computed with the method described in
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summarized in Tab. XXVII. The best fit point is the
mode of the four-dimensional histogram where the axes
are the oscillation parameters.

TABLE XXVII. Best-fit results and the 1� credible interval
of the T2K data fit without the reactor constraint with the
MCMC analyses including both mass orderings.

Parameter Best-fit ±1�
�

CP

-1.815 [-2.275; -0.628]
sin2

✓13 0.0254 [0.0210; 0.0350]
sin2

✓23 0.513 [0.460 ; 0.550]

�m

2
32 2.539⇥ 10�3

eV

2
/c

4 [�2.628;�2.544]⇥ 10�3
eV

2
/c

4

[2.436; 2.652]⇥ 10�3
eV

2
/c

4

The ±1� credible intervals, which have a 68.3% prob-
ability of containing the true value, are computed, for
each parameter, from the posterior probability density
marginalized over all the other parameters as shown in
Fig. 46. Fig. 46 also shows the correlations between the
oscillation parameters with the map of the marginal pos-
terior density probability and the credible intervals in the
space formed by two parameters.

The proportion of the MCMC points with sin2 ✓23 >

0.5 or < 0.5 gives the posterior probability of the octant.
Similarly, the relative proportion of steps with �m

2
32 >

or < 0 gives the posterior probability of each mass or-
dering. They are shown in Tab. XXVIII. A Bayes fac-
tor can be computed as a ratio of the posterior prob-
abilities [90]. The Bayes factor for normal ordering is
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B(NH/IH) = 2.28; the Bayes factor for the upper octant
is B(sin2 ✓23 > 0.5/ sin2 ✓23 < 0.5) = 1.32. Neither can
be considered decisive.

2. Results with reactor constraints

This section presents the results obtained with the
MCMC analysis when adding a Gaussian prior on sin2 ✓13
with the value given in Tab. XVIII. The posterior mode
marginalized over the nuisance parameters is given in
Tab. XXIX. Including the reactor prior on sin2 ✓13, the
best-fit is closer to that obtained by the reactor experi-
ments compared to the T2K-only results. The �
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and sin2
✓13 using T2K data with the

reactor constraint. The contour is produced by marginalizing
the likelihood with respect to all parameters other than the
parameter of interest. The red line shows the critical ��

2

values obtained with the Feldman-Cousins method, used to
evaluate the 90% confidence level with the proper coverage.
The green line show the ��

2 obtained with the fit to the T2K
data.

TABLE XXVIII. Posterior probabilities for the mass order-
ings and sin2

✓23 when fitting T2K data only with an MCMC
method.

sin2
✓23 < 0.5 sin2

✓23 > 0.5 Line Total
Inverted ordering 0.137 0.168 0.305
Normal ordering 0.294 0.401 0.695
Column total 0.431 0.569 1

fit is closer to the maximum violating value of �⇡/2 due
to the correlations with sin2 ✓13 shown in Fig. 46.
The MCMC algorithm uses a flat prior on �

CP

, but
its dependence on this choice of prior has been tested
by computing the credible intervals with a flat prior on
sin �

CP

. The two sets of intervals are in reasonable agree-
ment as shown in Fig. 47.
The Bayes factor for the mass ordering and the ✓23

octant can be computed with the method described in
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Summary:

• from Nu1998 to now, tremendous exp. progress on Neutrino 
SM:  more at Nu2018


• LSND Sterile Nu’s neither confirmed or ruled out at 
acceptable CL: - ultra short baseline reactor exp.


• Great Theoretical progress on understand many aspects of 
Quantum Neutrino Physics:       - Oscillations, Decoherence, 
Osc. Probabilities in Matter, Leptogenesis, …..


• Still searching for convincing model of Neutrino masses and 
mixings: with testable and confirmed predictions !
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extras
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• �±,0 are uncorrected at first order !

⌫
e

Survival Probability:
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E

X – 14

Figure 2. The ⌫e disappearance probability as a function of energy E for baselines of 3000 km
(upper panel) and 5000 km (lower panel). We have used the earth matter density 2.8 g/cm3.

Because of the simplicity of our expression for P (⌫e ! ⌫e), eq. (3.11), these shifts are

accurate to first order in the expansion parameter ✏. This simple understanding of the

features of P (⌫e ! ⌫e) is new to this paper.

3.3.6 Comparison with the existing perturbative frameworks

As we emphasized in section 2, our machinery has an advantage over the existing perturba-

tive frameworks by having the minimum number of terms composed of sin [(�j � �i)L/4E]

(i, j = 1, 2, 3) in the oscillation probabilities. This contrasts with the features of the exist-

ing perturbative frameworks in which much larger number of terms than those minimally

necessary as in (2.1) are produced. They include, typically, the terms with either extra

L/E dependences or di↵erent frequencies in the sine functions, or often both, which easily

obscures the physical interpretation.

To give a feeling to the readers on how simple and compact our formulas are, we com-

pare our expressions to the ones in the existing literatures to the same order in expansion.

For definiteness, we pick the ones in ref. [10] to make the comparison, the most recent one

among the reference list given in section 1.

Our expression of P (⌫e ! ⌫e) in (3.11) which has only a single term (ignoring unity)

may be compared with eqs. (4.6) and (4.7) which consist of total 3 terms. With regard to

P (⌫e ! ⌫µ), if we count numbers of terms with di↵erent L/E dependence we have one �-

independent and 2 �-dependent terms in (3.14), total 3. Whereas eqs. (4.8) and (4.9) in [10]

have total 7 terms, 3 �-independent and 4 �-dependent ones. Our expression of P (⌫µ ! ⌫⌧ )

in (3.17) has 3 �-independent and 2 �-dependent terms, adding up to total 5. On the other

hand, eqs. (4.10) and (4.11) in [10] contain total 8 �-independent and 10 �-dependent terms

(2 sin � and 8 cos � terms), which adds up to 18. So not only do our expressions for the

– 15 –

exact - approx - vaccum
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T2K/HK NOvA

T2HKK DUNE

0th order
1st order
2nd order

January 30, 2018 21:8 ws-procs961x669 WSPC Proceedings - 9.61in x 6.69in lp2017˙arxiv˙parke˙v2 page 14
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Top panel: P ex
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Middle and bottom panels:

black dotted lines red solid lines magenta solid lines
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Fig. 13. For normal ordering (NO), ⌫
µ

! ⌫
µ

disappearance: Top Left figure is for T2K , Top
Right figure is NOvA, Bottom Left figure is T2HKK, and Bottom Right is DUNE. In each figure,
the top panel is exact oscillation probability in matter, P ex

mat

(blue dashes) from6, the zeroth order
DMP approximation, P 0th

appx

(red dashes) from5 and the vacuum oscillation probability, P
vac

(black
dots). The Middle panel is di↵erence between exact oscillation probabilities in matter and vacuum
(black dots), and the di↵erence between exact and 0th DMP approximation (solid red) and exact
and 1st DMP approximation (solid magenta) approximations. Bottom panel is similar to middle
panel but plotting the fractional di↵erences, �P/P .
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ESSnuSB, T2HKK
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Approximately same uncertainty on �
until systematic uncertainities dominate at 1st OM !
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