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We uselattice QCDto predictthemassof the B, meson We usethe MILC Collaborations publicly available
ensemble®f lattice gaugefields, which have a quarkseawith two flavors (up anddown) muchlighter thana
third (strange).Our final resultis mp, = 6304 + 121'S MeV. Thefirst errorbaris a sumin quadratureof
statisticalandsystematiaincertaintiesandthe seconds anestimateof heary-quarkdiscretizatioreffects.
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Recentlytherehasbeena significantbreakthroughin nu-
mericallattice calculationsof QCD [1]. With new, improved
techniquesfor incorporatinglight seaquarks, lattice QCD
agreeswith experimentat the few percentlevel for a wide
variety of quantities.They includemasssplittingsin quarlo-
nium (boundstatesof heary quarksandanti-quarks)masses
of heavy-light mesongboundstatesof a heary quarkanda
light anti-quark),and massesand decay propertiesof light
hadronsThis progressuggestshatlattice QCD couldplay a
big rolein particlephysics,especiallyasanaidto understand-
ing the flavor sectorof the StandardModel [2].

In flavor physics,the centralaim is to searchfor evidence
of new phenomenaBefore applyingresultsfrom numerical
lattice QCD for suchpurposesit is helpful to have asmary
testsas possible. Although lattice gaugetheory hasa solid
mathematicafoundation,numericalsimulationsare not sim-
ple. The impressve resultsof Ref. [1] have beenachieved
only with thefastesimethodfor simulatinglight quarks.The
price for speeds anunprovenassumptior{discussedbelow),
which clearly warrantsfurther scrutiry. In addition, the cut-
off effectsof heary quarksarecontrolledusingeffective field
theories. Although mostheary-quark phenomenologyelies
on this framawork, it is importantto find out how well it de-
scribegdiscretizatiorerrorsin lattice calculations.

The ideal way to testa theoreticaltechniqueis to predict
a massor decayrate that is not well-measuredexperimen-
tally, but will be measuregreciselysoon. Several examples
areavailablein leptonicandsemileptoniddecaysof charmed
mesons,which are being measuredn the CLEO- experi-
ment. They aresensitve to both the light-quarkand heavy-
guarkmethodsandareunderinvestigation3, 4].

Anotherexample,pursuechere,is the massof the pseudo-
scalar B, meson,the lowest-lying bound stateof a bottom
anti-quark(b) anda charmedquark (c). The B, massprin-
cipally teststhe heary-quarkmethodsof lattice QCD. Based
on experiencewith bb [5] andcc [6] masssplittings, we ex-
pectonly mild sensitvity to the light quarkmass(of the sea
guarks)oncethe massis small enoughto allow uninhibited
creationandannihilationof virtual light quarkpairs. Prelimi-
naryversionsof thiswork have beengivenat conference§/].

Until now, B, hasbeenobsenedonly in the semileptonic
decayB} — J/v¢ 1Ty, andtheundetectedieutrinoleadsto
a massresolutionof around400 MeV [8, 9]. During Run 2
of the Tevatron, B, is expectedbe obsened in non-leptonic
decays,with a massresolutionestimatedio be 20-50 MeV
[1Q]. Our total uncertaintyis much smallerthanthe current
experimentalaccurag, andcomparablédo the projections so
we may claimto be predictingthe massof the B, meson.

Heavy-quarkdiscretizatioreffectsarea challengebecause
feasiblelattice spacingse are aboutthe sameasthe Comp-
ton wavelengthof the bottomand charmedquarks. The dis-
tancesarebothshorterthanthetypical distanceof QCD, about
1 fm. Theobviousstratayy is to useeffective field theoriesto
separatdong- and short-distancescales. This reasoninghas
led to the developmenif non-relatvistic QCD (NRQCD)for
quarkonium [11] and heary-quark effective theory (HQET)
for heavy-light mesong12]. In lattice gaugetheory; this rea-
soninghasled to two systematianethoddfor discretizingthe
heary-quark Lagrangian: lattice NRQCD [11, 13] and the
Fermilabheary-quarkmethod[14, 15]. A strengthof bothis
thatthe free parametersf thelattice Lagrangiarcanbefixed
with quarkonium. Then,with no free parameterspneobtains
resultsfor heary-light systems(suchas D and B mesons).
The sameprocedureapplieshere: we obtainmpg, with the
samebarequarkmasseghat reproducehe bottomonium[5]
andcharmonium6] spectra.

It is beyond the scopeof this Letter to review the details
of the heavy quarksin lattice gaugetheory[16]. An accurate
summaryis that the couplingsof the lattice Lagrangianare
adjustedsothat[15]

Liat = Locp + 5m(7z+h+ + thf) +
Z a’ fn (mQa)On 1)

where= canberead“hasthe samemassspectrumas’ The
ém termis anunimportantverall shift in themassspectrum;
ht (™) is a effective field for quarks(anti-quarks)ihe O,
arethe effective operatorsof the heary-quark expansion,of
dimensiondim O,, = 4 + s,, s, > 1; anda is the lattice
spacing.Thecoeficientsf,, arisefrom theshort-distancenis-



matchbetweerlattice gaugetheoryandcontinuumQCD. By
chowsingan improved lattice LagrangianC4;, the f,, canbe
reduced.n practice however, it is necessaryo monitortheir
effect, by varyinga andby estimatingthe effectsof the lead-
ing O,, onthemassspectrum.

Our calculationemplgys anideafrom a quenchedtalcula-
tion[17] (omitting seaquarks) namelyto uselattice NRQCD
for the b quarkandthe Fermilabmethodfor the ¢ quark. The
lattice NRQCD Lagrangian13] hasa bettertreatmentbf in-
teractionsof orderv*, wherew is the heary-quark velocity.
TheFermilabLagrangiar{14] hasabettertreatmenbf higher
relativistic correctionswhich is helpful sincethe velocity of
thec quarkin B, is notespeciallysmall,v? ~ 0.5. Thus,we
expectthis combinationto control discretizatioreffectswell.
This choicealsomeansthat our calculationdirectly teststhe
heary-quarkLagrangiansisedin Ref.[1].

We work with ensemble®f lattice gaugefields from the
MILC Collaboration[18]. Eachensemblecontainsseveral
hundredattice gaugefields, so statisticalerrorsarea few per
cent. The gluonfieldsinteractwith a seaof “2 + 1" quarks:
one with massm, tunedcloseto that of the strangequark,
andthe othertwo aslight aspossible.In this work we useen-
sembleswith light massm; = 0.2ms andm; = 0.4m;. The
gluonandsea-quarltagrangianareimprovedto reducedis-
cretizationeffects.We usetwo latticespacingsg ~ % 11—1 fm.
(Theseare handyestimatesy dependsslightly onm;.) Fur
therdetailsarein the MILC Collaborations paperg18].

A drawbackof the MILC ensembless thatthe seaquarks
areincorporatedvith “staggered’quarks.A singlestaggered
quarkfield leadsto four speciespr “tastes; in the continuum
limit. Seaquarksare representedasusual)by the determi-
nantof the staggeredliscretizationof the Dirac operator To
simulate? tasteq1 taste) the squareroot (fourth root) of the
4-tastedeterminants taken. The validity of this procedure
is not yet proven for lattice QCD, althougha proof doesgo
throughin at leastone (non-trivial) context [19]. Moreover,
onefindsthatinteractingimproved staggeredields split into
quartetg20], asis necessarySinceour predictionof the B,
masgeststhisingredientof the calculation(albeitindirectly),
we do notassigna numericalerrorbarto thisissue.

As in Ref.[17], we calculatemasssplittings,namely

Ayr = mp, — 5(My +mry), (2)
Ap,p, = mp, — (mp, +mB,), (3)

— — 1 3 — — 1 3
Wherem¢ = 1my, + iMJj/y, Mp, = 7Mp, + 2MD*,

andmp, = imp, + 3mp. arespin-aeragedmasses.We
referto 1(my + my) and (mp, + mp,) asthe “quarko-
nium” and “heavy-light” baselinesrespectiely. Our result
for mp, comesfrom our calculatedaAyy andaAp, g, (in
lattice units), combinedwith the lattice spacinga andthe ex-
perimentaimeasurementsf the baselinesWe usethe2S-1S
splitting of bottomoniunto definea, butontheMILC ensem-
blesseveralotherobsenableswould sene equallywell [1].
Many uncertaintiecancelin masssplittings. Lattice cal-
culationsintegratethe QCD functionalintegral with a Monte
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FIG.1: Dependencef A,y andAp, g, onthelight seaquarkmass.

Carlomethodandthe ensuingstatisticalerrorlargely cancels
whenformingadifference Themassshiftsém in Eq. (1) drop
out. The spin-averagingcancelghe contribution of a leading
uncertaintyfrom the hyperfineoperator©® = h*i¥ - Bh¥*.

(We donotspin-averag€eY with 7, becausehelatterremains
unobsered.) The discretizationerrorsfrom further termsin

Eq. (1) cancelto someextent,especiallywith the quarlonium
baseline. Most crucially, all massesn Eqgs.(2) and (3) are
“gold-plated”[1], in the sensehatthe hadronsarestableand
not especiallysensitve to thelight quarksea.(Hencewe use
D andB,, notD andB.)

We turn now to a discussiorof our numericalwork. First
we discussbriefly how to computethe mesonmasses.Then
we considersystematieffectsthat canbe addressedirectly
by varying the barequarkmasseglight andheavy). Finally,
we considerthe remainingdiscretizatioreffects,by changing
thelattice spacingandby studyingthe correctionsn Eq. (1).

In lattice QCD, eachmesonmassis extractedfrom a two-
point correlationfunction, which containscontributionsfrom
thedesiredstateandits radial excitations.We useconstrained
curnvefitting [21], usuallyincluding5 statesput checkingthe
resultswith 2—8statedn thefit. We find thatthe extractionof
theraw massess straightforvardon every ensemble.

Statisticalerrors are obtainedwith the bootstrapmethod,
allowing us to incorporatethe correlatedfluctuationswhen
combiningthe massessin Egs.(2) and(3). The statistical
precisionon Ay~ is about4% andon Ap, g, about1.5%.
But sinceAyy ~ 40 MeV andAp, g, ~ —1200 MeV, the
statisticalerror on mp, endsup beingmuch larger with the
heavy-light baseline.

Figurel shavs how thesplittingsdependnthelight quark
massm;, for theensemblesvith a ~ % fm. Oneseeghatthe
dependencen my is hardly significant. We extrapolatelin-
earlyin m;/ms, down to the value that reproduceshe pion
mass[2]. The mild dependenc®n m; also suggestghat
the uncertaintyfrom the known (but small) mistuningof the
strangequarkseais completelynegligible.



c . . L
0.00 0.05 0.10 0.15 0.20

a (fm)

FIG. 2: Dependencef Ayy onthelattice spacingatm; = 0.2m.

Thebaremasse®f theheary quarksarechoserasfollows.
Sincethe overall massis shifted[by ém in Eqg. (1)], we com-
putethekineticenegy of bb andee meson®f (small)momen-
tum p, andchoosethe bareb andc quarkmassesothatit is
p?/2m, wherem is thephysicalQQ massThestatisticaland
systematiaincertaintie®f thekineticenegy imply arangeof
barequarkmassesWe computethe effecton B, for different
bareb andc massesandderive anerrorof 10 MeV (5 MeV)
in Ayy andAp, g, from this source.

Figure2 shavshow A,y dependson lattice spacinga for
my = 0.2ms. Thechangds insignificant.Lattice spacingde-
pendencetemsfrom all partsof thelattice QCD Lagrangian.
In our casethe heary-quarkdiscretizatioreffects,especially
for the c quark,areexpectedto dominate.Unfortunately the
dependencen m.a [of the coeficientsin Eq. (1)] doesnot
provide a simpleAnsatzfor extrapolation.

Discretizationerrorscould be studiedby varying the cou-
plingsin thelatticeLagrangianindeedthey couldbereduced
systematicallywith bettermatching,but mostof the needed
short-distancenatchingcalculationsarenotavailable.Instead
we shall estimatethem using potentialmodelsand calcula-
tions of the short-distancenismatch. This approachs itself
uncertainput it is preferableo ignoringtheissue.

Theresultsof our errorestimationarein Tablel. Thefol-
lowing paragraphgxplain how the entriesareobtained.

As usual,we classifythe operatorgD,, in Eg. (1) according
to the power-countingschemenf NRQCD (or, for D, and B,
mesonsHQET). The first several operatorsarelisted in Ta-
ble I, including all termsof orderv* in NRQCD and1/mg,
in HQET. In generaltheleadingspin-orbitinteractionshould
appearbut we mayomit it, becausell statesconsideredere
areSwave. To compensatéheerrors,thetableentriesshould
beaddedo our computednassesTheshiftsfor thesplittings
arederiveddirectly from the shiftsonthemasses.

Theentriesareobtainedasfollows. Let usstartwith thehy-
perfineinteractionh*iX - Bh*. Its contribution cancelsfor
spin-averagedmassesn, by construction,but we muststill
estimateits effect on my andmp,. In the heavy-quarkLa-
grangianswe are using, the hyperfinecouplingis correctly
adjustednly atthetreelevel. Indeedwe find discrepanciem
thehyperfinesplittingsmp+ —mp, andm/, —m,, for the
c quarkandmp: —mp, for theb quark. Thesizeof thedis-
crepanyg agreeswith the expectationfrom the one-loopmis-
match. It is thenreasonabldo derive an empirical estimate
of the coeficientmismatchandpropagatét to my andmg, .

TABLE [: Estimatedshifts in massesand the splittings A4y and
Ap,B,. Entriesin MeV. Dasheq—) imply theentryis negligible.

operato] ma, %ﬁup %m'r Ayy mp, mp, Ap,B,
a:éfm
>.B| -14 0 +3 17 0 0 -14
Darwin -3 -3 Fl1 +£1 —4 — +1
(D*)?| +34 +10 43 +24 —  — 434
D} +16 45 £2 +11 —  — 416
total +18 +37
a=:fm
X-B| —12 0 +3 -15 0 0 -12
Darwin -2 -2 F1 +1 -2 — —
(D*?| +17  +5  £3 +12 — — 417
D} +7 42 £2 45 —  — 47
total +2 +12

The entriesarethenobtainedby combiningthis mismatchof
the coeficient with the computechyperfinesplittings.

For mp,, $my and +my, the matrix elements(0,,) for
the Darwinterm h* D - Eh* andthe relativistic corrections
hE (D2)” h* and Y%, h* Dh* areobtainedfrom poten-
tial models. For mp, andmp, we useHQET dimensional
analysis,A® /8mg, with A = 700 MeV, to estimatethe Dar
win term. In HQET power-countingthe othertwo areof order
A*/8m}, andareneglected.

Next we multiply theseestimatesvith the mismatchcoef-
ficients f,,(mga). We have explicit tree-level calculationsof
themfor the FermilabLagrangianusedfor the ¢ quark. For
the b quarkthe mismatchstartsat ordera;, sowe take f,, to
be of ordera; with unknown sign. Theresultingshifts from
the ¢ quarkare larger, also becausehe ¢ quarkis lessnon-
relativistic, but their signis definite.

Theentriesin Tablel for (D?)? and D} areuncertain.The
cancellationgcrossachrow arereliable,buttheoverallmag-
nitude could be larger. The samepotentialmodelsuggesta
shiftin ourmy,, —my, of about—10 MeV, consistentvith the
computeddiscrepang[1, 6]. Thus,althoughtheseshiftsmay
betoo small,the charmoniunspectrunsuggestshatthey are
reasonableTherelatvistic correctiongddecreassubstantially
whena is reducedsoit is clearhow to improve on our result
in thefuture.

Table| suggestghat our resultsfor mp, will be too low,
andthatm g, will belower with the heary-light baselinghan
with the quarlonium baseline.If our main aim wasto guide
the searchfor B.., we would considerapplyingthe shifts in
Tablel to ourlattice QCD results.Ouraim, however, is to test
latticeQCD. Thereforewe treattheseshiftsnotascorrections
but asuncertainties.Sincewe claim to know the signin the
importantcasestheassociate@rrorbarsareasymmetric.

After extrapolatingthe light quarkmassandaccumulating
the othersystematiaincertaintiesve find (ata = é fm)

Ayy = 39.8+£3.8+£11.21"F Mev, (4)
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FIG. 3: Comparisorof theoreticawork, with referencesn braclets
andour equatiommumbersn parentheses.

Ap,p, = —[1238£30+111.7] MeV, (5)

wherethe uncertaintiesre,respectiely, from statistics(after
extrapolatingin m;/mg), tuning of the heavy-quarkmasses,
andheay-quarkdiscretizatioreffects. Theresultfor Ay at
a= 11—1 fm is completelyconsistentFor the B, masswe find

6304+ 4+11118 Mev, (6)
6243 + 30 + 11737 MeV, 7)

mp, =

mp, =
restoringrespectiely, thequarloniumandheary-quarkbase-
lines. Thesetwo resultsagreereasonablywell. We have car
ried outmorecheckson the quarkoniumbaseline sowe take
Eq. (6) asour mainresult. In both caseghe lasterrorbaris
itself uncertainsowe have roundedthemup, but it is reason-
able. It canbe reducedat smallerlattice spacing,and with
morehighly improvedLagrangiangor the charmedquark.

Ourresultsarecomparedo othertheoreticalpredictionsin
Fig. 3, including potentialmodels[22, 23], quenchedattice
QCD [17], andpotentialNRQCD [24-26§. The quarlonium
baselinas shovn for referenceThenearequalityof ourresult
with potentiaNRQCDis provocatie;it seemgo saythatthe
truly non-perturbatiecontributionsto thequarloniummasses
cancelin thedifferenceA ;.

Our resultis so muchmoreaccuratehanthe previous lat-
tice QCD result[17], simply becausave have eliminatedthe
guenchedapproximation.If our prediction,Eqgs.(6) and(7),
is borneout by measurementst lendsconfidencein lattice
QCD, notonly in MILC’ s methodfor including seaquarks,
but alsoin thecontrolof heary-quarkdiscretizatioreffectsus-
ing effective field theoryideas. Moreover, within this frame-
work it is clearhow to improve thelattice QCD Lagrangiarto
reducetheremaininguncertainties.
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