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We presentthe first three-flavor lattice QCD calculationsfor �������	� and ����
��	� semileptonic
decays.Simulationsarecarriedout usingensemblesof unquenchedgaugefieldsgeneratedby theMILC
collaboration.With an improved staggeredactionfor light quarks,we areableto simulateat light quark
massesdown to 1/8of thestrangemass.Consequently, thesystematicerrorfrom thechiralextrapolationis
muchsmallerthanin previouscalculationswith Wilson-typelight quarks.Our resultsfor theform factors
at 
������ are �������� � ������� � !#" �%$ � � !�� and �����'&� � ���(���)� * $+�%$ � � *,� , wherethefirst error is statisticaland
thesecondis systematic,addedin quadrature.Combiningour resultswith experimentalbranchingratios,
we obtaintheCKM matrix elements- .0/21+- �3�)� 4 $,5 �76 �,� � 48"9� � 48��� and - . /7: - �3�)� 5 ! 5 �%$,5 � �%5 "9� � 4;"9� , where
thelasterrorsarefrom experimentaluncertainties.

PACSnumbers:11.15.Ha,12.38.Gc,13.20.Fc

Semileptonicdecaysof heavy-light mesonsareof greatin-
terestbecausethey canbeusedto determineCKM matrix el-
ementssuchas < =?>9@�< , < =BAC@�< , < =�ACDE< and < =�ACF)< . Theaccuracy of
oneof themostimportant, < =?>9@�< , is currentlylimited by large
theoreticaluncertainty[1]. LatticeQCD providesa systemat-
ically improvablemethodof calculatingtherelevanthadronic
amplitudes,makingthedeterminationof < =B>�@�< andotherCKM
matrix elementsmorereliableandprecise.

Semileptonic G mesondecays,such as GIH JLKNM andGOHQPRK2M , providea goodtestof latticecalculations,because
the correspondingCKM matrix elements< = ACF < and < = ACD < are
known moreaccuratelythan < = >9@ < [1]. The decayratesand
distributionsarenotyetverywell known,but theCLEO-cex-
perimentplansto measurethemwith anaccuracy of a few per
cent. Furthermore,measurementsof leptonic and semilep-
tonic GTS FCU decayscanbe combinedso that the CKM matrix
dropsout,offeringadirectandstringentcheckof latticeQCD.

Recently, dramaticprogresshas beenachieved in lattice
QCD,for awidevarietyof hadronicquantities.Reference[2]
showed agreementat the few per cent level betweenthree-
flavor lattice QCD and experimentfor V9W , V9X , masssplit-
tings of quarkonia, andmassesof heavy-light mesons.The
main characteristicsof thesequantitiesare that they have at
most one stablehadron in the initial and final states,and

that the chiral extrapolationfrom simulatedto physicallight
quarkmassesis undercontrol.Thisclasscanbecalled“gold-
plated”[2], andmany of thelatticecalculationsneededto test
theStandardModel arein this class.Thework reportedhere
is partof a systematiceffort to calculatethe hadronicmatrix
elementsneededfor leptonicandsemileptonicdecays,andfor
neutralmesonmixing [3, 4].

In thisLetterwereportresultsfor GYHZJLKNM and GYH[PRKNM
semileptonicdecayamplitudes.All previous lattice calcula-
tions of heavy-light semileptonicdecayshave beendonein
quenched( \^]`_ba ) QCD. In additionto quenching,they also
sufferedfrom largeuncertaintiesfrom thechiralextrapolation
and,in somecases,from largeheavy-quarkdiscretizationef-
fects. Here we bring all threeuncertaintiesundergood-to-
excellentcontrol. Indeed,thisLetterpresentsthefirst calcula-
tion in unquenchedthree-flavor latticeQCD,wheretheeffect
of dynamicalc , d and e quarksis correctlyincluded.

Therelevanthadronicamplitude fhgi< =kjl< GTmonhgp_qPsrtJvu is
conventionallyparametrizedby form factorsV)w and V�x as

f2gi< = j < Gymz_bV9w�n2{9|#u8n~}B����}B������u j ��V�x0nh{9|�u�� j (1)

where {`_b} � ��} � , ��j�_On%� |� ��� |� u�{9j?�9{ | . Thediffer-
ential decayrate d+���9d0{ | is proportionalto < = A7� < | < V w n2{ | u#< | ,� _bdBrte . (A contributionfrom V x is proportionalto thelepton



2

masssquared.)We calculateV w and V x asa function of { |
anddetermine

�
thedecayrate � andtheCKM matrix < = A7� < by

integrating < V w nh{ | u8< | over { | . Preliminaryresultshave been
reportedin Ref. [4, 5].

Ourcalculationsuseensemblesof unquenchedgaugefields
generatedby the MILC collaboration [6] with the “Asq-
tad” improved staggeredquark action and the Symanzik-
improved gluon action [7]. The results are obtainedon
the “coarse” ensembleswith sea quark masses�0� sea� _a�� a a0��rta�� a a0��r�a?� a?� r�a?� a0� , and0.03. Thegaugecouplingis ad-
justedto keepthe samelattice cutoff ( �B�l�T���+� � GeV) and
volume[  �¡k¢�£¤�¥nN���¦� fm u§¡¨¢�©�� a fm]. Eachensemblehas
about400–500configurations.For detailsof the gaugecon-
figurations,seeRef. [6].

For the light valencequarks,we adoptthe samestaggered
actionasfor the dynamicalquarks. The valencelight ( c(r�d )
quark mass �Tª�«t¬� is always set equal to �®­%¯C«� . The valence
strangequark massis �0� ª�«�¬F _�a�� a)°B�,� , which is slightly
larger than the physical value �0��F±_²a�� a ³ ´ (at this lat-
tice spacing)determinedfrom fixing the massesof the light
pseudoscalars[6]. We have repeatedthe calculationswith a
strangequarkmassslightly too small, andfind a negligible
difference.Sincethe computationof the staggeredpropaga-
tor is fast,we cansimulatewith � � as low as �µF;�)© . Con-
sequentlywe areableto reducethesystematicerror from the
chiral extrapolation( � � H¶�®>9D ) to �·³E¸ , aswe show be-
low. In contrast,previouscalculationswith Wilson-typelight
quarkssimulatedat � �¨¹ � F �)� andtypically had º`n§�,a0¸�u
errorsfrom thissourcealone[8].

For the valencecharmedquark we usethe clover action
with theFermilabinterpretation[9]. Thebaremassisfixedvia
the G�F kineticmass[3]. Thefreeparametersof boththeaction
andthe currentareadjustedso that the leadingheavy-quark
discretizationeffects are º`nh»�F;�E¼ QCD u and º¾½tnh�E¼ QCD u |�¿ ,
where ¼ QCD is a measureof theQCDscale.

The hadronicmatrix elementf2gi< =ÀjR< GTm is extractedfrom
the3-pointfunctionin the G mesonrestframe(Á��q_Âa )Ã ��ÄÅ�¡;Æ j nhÇ§��r�Ç§ÈEÉNÁsuz_¾Ê Ë Æ Ì

Í�Î~Ï�Ð Ì f2ºÑ�'nha0ulÒ= j n%Ó�u�ºÅÔ� n � u�m;r (2)

where ÁÕ_ÖÁ � , Ò= j _¶×Ø A�Ù j Ø � ( � _¥dBrte ) is the heavy-light
vector currenton the lattice, and º � and º � are interpo-
lating operatorsfor the initial and final states. The heavy-
light bilinears Ò= j and º � are formed from staggeredlight
quarksandWilson heavy quarksasin Ref. [10]. The3-point
functionsarecomputedfor light mesonmomentumÁ up to�9Pzn�� r#� r8��u��)  , usinglocal sourcesandsinks.Thesink time is
fixedtypically to Ç§�y_±�)a . To increasethestatistics,thecal-
culationsarecarriedout not only at the sourcetime ÇCxL_Úa
but also at ÇCx¾_��#�?r�³+��r�°0© (and Ç§� and Ç§È shifted accord-
ingly). The resultsfrom 4 sourcetimes are averaged. Sta-
tistical errorsareestimatedby the jackknife method. To ex-
tract thetransitionamplitude fhgi< =kjl< Gym we alsoneedmeson
2-point functions

ÃÅÛ| n%Ç � É7Ásu�_�Ü Ë Í Î¦Ï�Ð Ë f2º Û n2a+u�ºÅÔÛ n � u�m;r
where Ý _[G�r�PsrtJ . They are computedin an analogous

way. For the light meson( Ý _OPsrtJ ) the 2-point function
couplesto theGoldstonechannelof staggeredquarks.

A drawback of staggeredquarks is that eachfield pro-
duces4 quarkspecies,called“tastes”to stressthat the extra
3 are unphysical. One consequenceis that the light meson
2-point functioncontainsa 16-fold replicationof thedesired
hadrons.On theotherhand,theheavy-light 2-point functionÃ �| doesnot suffer from suchreplication,becausecontribu-
tionsof heavy quarkswith momentum}�Þ±º`nhP��9��u aresup-
pressed[10]. The sameholds for 3-point functionsthat in-
cludeat leastoneWilson quark,suchas

Ã ��ÄÅ�¡;Æ j . To check
theseproperties,we carriedout a preparatoryquenchedcal-
culation[4], findingreasonableagreementwith thoseobtained
previouslywith Wilson light quarks[8].

Anotherconsequenceof theextratastesis thatthe3- and2-
point functionsreceivecontributionsfrom statesthatoscillate
in time, in additionto thegroundstateandnon-oscillatingex-
citedstatecontributions. For example,the3-point function’s
timedependencetakestheformÃ ��ÄÅ�¡8Æ j nhÇ � r�Ç È uz_bß x Í ��àlá�â%ã Í ��àlä S âhå��Bâ%ã U

�Ön§�Å��u â ã ß � Í ��à�æ~â ã Í ��à ä S â å �Bâ ã U �Âç8ç#ç;r (3)

whereß'xéèpf2gi< =Àjê< GTm .
As usual,thedesiredhadronicamplitudeis extractedfrom

fitting the 3- and 2-point functions. We employ two meth-
ods. In the first method, we form the ratio ë`n%Ç§È)u�ìÃ �íÄÅ�¡8Æ j n%Ç§�?r�Ç§È)ut��î Ã �| n%Ç§È)u Ã �| n%Ç§�Å��Ç§È)u7ï , andfit to a constantinÇ§È . The oscillatingstatecontributionsarepartly canceledin
theratio,andfurtherreducedby takingtheaverage, ðë`n%Ç È u�_î ë`n%Ç È ul��ë`nhÇ È �3��u7ïh�)� . A plateauis thenfoundfor Ç È aroundÇ§�E�)� . In thesecondmethod,wefirst fit

Ã ��ÄÅ�¡8Æ j and
Ã � Æ �| sep-

arately, usinga multi-exponentialform similar to Eq. (3), and
thenobtain f2gi< =Àjê< GTm from the fit results. The resultsfrom
the two methodsalwaysagreewithin statisticalerrors. The
differencebetweentwo resultsis lessthan ³E¸ for the lower
two momenta,andaslargeas ³0¸ for thehighertwo momenta.
We choosethefirst methodfor centralvaluesandtake 3% as
thesystematicerrorfrom thefitting.

The lattice heavy-light vector currentmust be multiplied
by a renormalizationfactor ñ A7�ò#ó . We follow the method

in Ref. [8], writing ñ A7�ò ó _õô ò ó n7ñ ACAò ñ �#�ò u ��ö | . The flavor-
conservingrenormalizationfactorsñ ACAò and ñ �,�ò arecomputed
nonperturbatively from standardchargenormalizationcondi-
tions. The remainingfactor ô ò#ó is expectedto be closeto
unity becausemostof theradiativecorrectionsarecanceledin
the ratio [11]. A one-loopcalculationgives[12] ô ò8÷ �O�+� a?�
and ô ò#ø �Âa?� ´+´ whichwe usein theanalysisbelow. Thisper-
turbative calculationis preliminary, but it hasbeensubjected
to severalnon-trivial tests.

Ratherthan calculatingthe conventional form factors V x
and V w directly, we first extract the form factors V�ù and V ú ,
asin Ref. [8], definedthrough

fhgi< = j < GTmz_¾û �)�®�ýü~þ j V�ù,nhÿÀu���} jú V ú nhÿ¨u��sr
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FIG. 1: � �l��ö | V ú asa functionof n2�0ÿ¨u | for the GZH P de-
cay. Symbolsareraw dataandlinesarefitting curveswith the
parametrizationof Eq. (4). Resultsat � � _ýa?� a+³�r�a?� a0� and
0.01areshown.

0� 0.01� 0.02� 0.03�
aml

0.6

0.8

1

1.2 (aE)
2
=0.25

(aE)
2
=0.35

(aE)
2
=0.45

a
−1/2

fperp

FIG. 2: � � -dependenceand chiral fits for �B�l��ö | V ��ÄÅWú
for several values of nh�EÿÀu | . The S� PT+linear fit(solid),
S� PT+quadraticfit(dotted)andlinearfit(dashed).

where þv_¾}B� �9�®� , } ú _¤}B����ÿÅþ and ÿÚ_ þ�ç }B� is the
energy of thelight meson.V�ù and V)ú aremorenaturalquanti-
tiesin theheavy quarkeffective theory, andchiral expansions
aregivenfor themasa functionof ÿ [13, 14]. We therefore
carryout thechiral extrapolationin � � for V�ù and V)ú at fixedÿ , andthenconvert to V x and V w .

To performthechiral extrapolationat fixed ÿ , we interpo-
lateandextrapolatetheresultsfor V�ù and V ú to commonval-
uesof ÿ . To this end,we fit V�ù and V ú simultaneouslyusing
theparametrizationof Becirevic andKaidalov (BK) [15],

V9w�nh{9|�uz_ �n§��� ð{ | u;n��'� » ð{ | u rYV�x0nh{9|#uí_ ���� ð{ | ��� r (4)

where ð{ | _ý{ | ��� |�
	å , and � _ V)w�nha+u , » and � arefitting
parameters,and V9w , V�x and { | areconvertedto V�ù , V ú and ÿ
beforethe fits. An advantageof the BK form is that it con-
tainsa polein V9w�n2{ | u at { | _b� |�
	å , where �µ� 	å is thelattice
massof thecharmedvectormesonwith daughterquark� . The
BK fit for V ú is shown in Fig. 1, usingdatafor all available
momentaÁ . Excluding the datafor the highestmomentum�9Pzn�� r#� r8��u��)  givesindistinguishableresults.

Weperformthechiralextrapolationusingrecentlyobtained
expressions[14] for heavy-to-light form factorsin staggered
chiral perturbationtheory (S� PT) [16]. Comparedwith the
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FIG. 3: G·H P and GÚH J form factors.Theexperimental
valuesaretakenfrom Ref. [17].

continuum� PT formulae[13], theS� PT formulaeinclude6
new parameters(4 splittings and 2 taste-violatinghairpins),
whichparameterizelatticediscretizationeffects.Thenew pa-
rametersare fixed from the analysisof light pseudoscalars
[6]. As usual,low energy constantsappear, suchasthe chi-
ral coupling V and heavy-to-light mesoncoupling � . We
take V¾_[�#³+a MeV and ��_ a��¦�)´ , but changingthesecon-
stantsby 10% hasnegligible effect. The fit form we adopt
(“S � PT+linear”)is

V ú Æ ù8n2ÿÀu�_bßÀî �í���)V ú Æ ù8n2ÿÀu7ï����À� � r (5)

where ßÀr�� arefit parameters,and �)V ú Æ ù is theS� PT correc-
tion. To estimatethe systematicerror here,we try a simple
linearfit anda “S � PT+quadratic”fit with a term

Ã � |� added
to Eq. (5). A comparisonof the threefits is shown in Fig. 2.
For the G H�Pvn2Jvu decaythelinearfit gives3% (2%) larger
resultsat � � _Â�µ>�D . Theresultsfrom theS� PT+quadraticfit
typically lie betweentheresultsfrom theothertwo fits, with
larger errors. We thereforetake 3% (2%) as the systematic
errorfrom thechiral extrapolationfor the GYHZPLn2Jvu decay.

We now convert theresultsfor V ú and V�ù at � � _Õ�µ>�D , toV)w and V�x . To extend V9w and V�x to functionsof { | , we again
fit to the form Eq. (4). The resultsareshown in Fig. 3, with
statisticalerrorsonly. Wethenobtainthedecayrates����< = A7� < |
by integrating n phasespaceu ¢�< V w nh{ | u8< | over { | . Finally, we
determinetheCKM matrixelements< = ACD < and < = ACF < usingex-
perimentallifetimesandbranchingratios[1]. Thesemainre-
sultsaresummarizedin TableI.

The resultspresentedabove rely on the { | dependenceof
BK parametrization,Eq. (4). To estimatethe associatedsys-
tematicerror, we make analternative analysiswithout it. We
perform a 2-dimensionalfit in n%� � r�ÿÀu to the raw dataem-
ploying a polynomial form plus the S� PT correction �)V�ù Æ ú .
The result from this fit agreeswith the onefrom the fit with
Eq. (5) within statisticalerrors. The deviation betweenthe
two fits is negligible at { | ÞÕ{ |� «�� andabout1� at { | ÞÕa for
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TABLE I: Fit parametersin Eq. (4), decayratesand CKM
matrix elements. The first errorsare statistical; the second
systematic;thethird experimental.� � � � � � !#"%$'&�(*) - .0/�+�- � - .0/,+E-� 0.64(3) 0.44(4) 1.41(6) 0.154(12)(31) 0.239(10)(24)(20)
 0.73(3) 0.50(4) 1.31(7) 0.093(07)(18) 0.969(39)(94)(24)

V ú Æ ù , giving a2% differencefor theCKM matrixelements.
With only onelatticespacing,thesystematicerrorfrom dis-

cretizationeffectscanbe estimatedonly by power counting.
The leadingdiscretizationerrorsfrom the Asqtadactionareº ½ »(F�n2�0¼ QCD u | ¿ �Ú�+¸ (after removal of taste-violatingef-
fectswith S� PT), taking ¼ QCD _ °+a a MeV and »(F�_ a��¦� � .
In addition, thereis a momentum-dependenterror from the
final state. The BK parametersaredeterminedby the lower
momentumdata; in particular, the fits are insensitive to the
highestmomentum�9Pzn�� r#� r8��u��)  . Thereforewe estimatethis
effectto be º`nh»�F9nh�9Ásu | uz�Õ�+¸ , takingthesecond-highestmo-
mentum�9Á�_ �9Pzn�� r#� r�a0u��)  . TheHQET theoryof cutoff ef-
fects[18, 19] canbeusedto estimatethediscretizationerror
from the heavy charmedquark. In this way, we estimatethe
discretizationerror to be4–7%,dependingon thevaluecho-
senfor ¼ QCD (in the HQET context). This is consistentwith
thelatticespacingdependenceseenin Ref.[8]. In futurework
we expectto reduceandunderstandbetterthis uncertainty, so
we shalladoptthemaximum,7%,here.

A summaryof the systematicerrors for the form factorsV9w Æ x or the CKM matrix elements< =BA7��< is as follows. The
error from time fits is 3%; from chiral fits, 3% (2%) forG H P nhJvu decay; from BK parametrization,2%. The
1-loop correctionto ô ò#ó is only 1%, so 2-loop uncertainty
is assumedto be negligible. The uncertainty for �?�R� is
about1.2% [6]; this leadsto a 1% error for < =�A7�B< (but not
for thedimensionlessform factors),from integratingover { |
to get �(��< = A7� < | . Finally, we quotediscretizationuncertain-
ties of 2%, 5%, and 7%, from light quarks,the final state
energy, and the charmedquark, respectively. Adding all
the systematicerrors in quadrature,we find the total to beî ³0¸b��³0¸±nN�+¸�uR���+¸¾�q�9¸b���+¸b���+¸Õ���+¸kïê_¤�,a0¸ .

Our resultsfor theCKM matrixelements(TableI) arecon-
sistentwith ParticleDataGroupaverages< =�ACD0<l_±a?� �+�9°Bn��,�+u
and < =�ACF)<�_¾a�� ´ ´ �Bn§�,³+u [1]; alsowith < =BACF <E_¾a?� ´E��°E��nh©0u from
CKM unitarity. If we insteadusetheseCKM valuesasinputs,
we obtain,for thetotal decayrates,

��n2G x HZP � K w M�u�_ÖnN�E�~�.-�a?� �/-Â� �¦�0-�a�� ©+uí¢v�,a �ê¡2143;�l� r��nhG x HZJ � K w M�u�_Önh´��¦�5-�a?�¦�5-Â� � ©/-�a��¦� uí¢v�,a � | 143 �l� r�ínhG x H[P � K w M�u��nhG x HZJ � K w M�u _ba�� a ©)°0-�a�� a a0�.-�a�� a��9�
-�a�� a a+´�r (6)

where the first errorsare statistical, the secondsystematic,
andthethird from uncertaintiesin theCKM matrix elements.
Herewe do not assumeany cancellationof errorsin theratio,
althoughsomemaybeexpected.Our resultsfor theform fac-

torsare V �íÄÅWw nha+uí_qa�� �)°�nh³0u;nh�0u and V ��ÄÅXw nha0uz_qa?�¦�)³?nh³0u;n7�)u ;
for the ratio V ��ÄÅWw n2a+u�� V ��ÄÅXw nha0uk_ a�� ©0��nh³+u8nh´0u � Our results
agreewith recentexperimentalresults,V ��ÄÅWw n2a+u�_Âa��~�9³?n��,�+u ,V �íÄÅXw nha+ui_ýa��~�9©Bn2� u [17], and 6 S �87�ÄÅW:94;=<?>A@§U

6 S � 7 ÄÅX 9 ; < > @ U _ a?� a+©+�B-a?� a+a © , V �íÄÅWw nha0u��)V �íÄÅXw nha+uz_ba�� © �Bnh´0u [20].
TheLetterpresentsthefirst three-flavor latticecalculations

for semileptonicG decays.With animprovedstaggeredlight
quark, we have successfullyreducedthe two dominantun-
certaintiesof previousworks, i.e., theeffect of thequenched
approximationandtheerrorfrom chiralextrapolation.Ourre-
sultsfor theform factors,decayratesandCKM matrix,given
in TableI andEq. (6) arein agreementwith experimentalre-
sults. The total sizeof systematicuncertaintyis 10%,which
is dominatedby the discretizationerrors. To reducethis er-
ror, calculationsatfinerlatticespacingsandwith morehighly-
improvedheavy-quarkactionsarenecessary;theseareunder-
way. Finally, unquenchedcalculationsof � decayssuchas
� HIPRKNM and � H²GTK2M are in progress,andwill be pre-
sentedin a separatepaper.
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