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Constraints on the cosmological constant

from 
ows and supernovae
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Recent measurements of the global curvature of space-time, using distant

supernovae as distance indicators, favor a positive cosmological constant, asso-

ciated with an accelerating universal expansion1, 2. However, these results by

themselves still allow an open universe with low mass density and zero cosmo-

logical constant. We show here that this degeneracy is removed by independent

constraints from galaxy peculiar velocities in our cosmological neighborhood,

which provide a lower bound on the permissible mean mass density3{7. The

joint constraints from the two independent sources thus favor an unbound and

nearly 
at universe with comparable contributions from cosmological constant

and mass density, and they rule out a low-density open universe of vanishing

cosmological constant. The indicated conspiracy between the values of the cos-

mological constant and the mass density seems to require �ne tuning that is in

con
ict with our common wisdom concerning the early universe.

The standard cosmological model based on Einstein's gravity and the anzats of global

homogeneity is characterized by two fundamental dimensionless parameters that measure
the main contributions to the total energy density (relative to a \critical" density): the
mean mass density 
m and the cosmological constant 
�. The latter, an intrinsic part of
the theory of General Relativity, represents a uniform energy density that is associated with
the vacuum (as opposed to the mass), and, if positive, acts like a repulsive component of the

global gravitational force. The values of these parameters determine the type of the universe
we live in as follows. The 
m-
� parameter plane shown in Figure 1 is divided by three

dotted lines into six permissible regions. The line 
m + 
� = 1 de�nes a \
at", Euclidean
geometry, favored by theories of In
ation in the early universe. It separates curved models of
\closed", �nite space (above) and \open", in�nite space (below). The horizontal line 
� = 0

roughly distinguishes between an \unbound" universe that will expand forever (above) and
a \bound" universe that will eventually re-collapse (below). Along the line 
� = 0 itself, the
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point 
m = 1 corresponds to the \simplest", Einstein-deSitter model, which borders between
a bound closed universe (right) and an unbound open universe (left). Unless the universe
is exactly Einstein-deSitter, it evolves away from this point as it expands (e.g., along the
line 
m + 
� = 1 or 
� = 0). Finally, the line 
� = 0:5
m corresponds to a temporary

balance between attraction and repulsion; it separates between a universe whose expansion
decelerates (below) or accelerates (above). A major goal of cosmology is to determine in
which of these regions we live, and thus reveal the global geometry and ultimate fate of our
universe.

New techniques to measure distances of supernovae (type Ia) at large distances (cosmo-

logical redshifts 0.5 to 1), where the large-scale curvature of space-time plays a noticeable
role, enable an application of a classical cosmological test based on how the \Hubble" relation
between velocity and distance depends on the cosmological parameters.8 The correspond-
ing, inclined con�dence limits in Fig. 1 are based on the results of the Supernova Cosmology
Project1, which are fully consistent with the �ndings of the competing High-z Supernova

Search Team2. The allowed region in the parameter plane is an elongated stripe, crudely
approximated by 0:8
m � 0:6
� = �0:2 � 0:1 (1� errors). Based on this result alone, a

at universe is likely, with maximum probability near 
� ' 0:7 and 
m ' 0:3, but an open
model, of 
� = 0 and 
m � 0:1, say, is still allowed at the 2% con�dence level. An orthogonal
constraint is required in order to remove the degeneracy between 
� and 
m.

We show in this Letter that current data of large-scale peculiar velocities provide such
a constraint. These velocities, which correspond via gravity (and mass conservation) to
mass density 
uctuations about the mean, depend also on the mean density itself (relative
to the critical density) and can thus provide direct constraints on 
m. These constraints
from velocities are practically independent of 
�, but combined with the inclined supernova

high-likelihood ridge, any bound on 
m e�ectively becomes a bound on 
�.
The back-bone of the current velocity data consists of the Mark III catalog9 and the SFI

catalog (Haynes et al., in preparation). Mark III samples � 3000 galaxies within a distance

of � 70 h�1Mpc around us, and SFI consists of � 1300 spiral galaxies with a more uniform
spatial coverage in a similar volume. In order to obtain the peculiar velocity of a galaxy,

one measures its total velocity via redshift, and separately infers its distance by the so-called
Tully-Fisher (or Fundamental Plane) method, with errors of 15� 21%. The desired peculiar
velocity along the line of sight is obtained by subtracting the Hubble velocity (corresponding
to the infered distance) from the total velocity. The peculiar velocities are carefully corrected
for systematic errors such as Malmquist bias7,10.

The POTENT method10,11 makes the assertion that the peculiar velocities were generated

by gravity and they therefore represent a potential 
ow on large scales. This allows a recovery
of the potential and three-dimensional velocity �elds in our local cosmological neighborhood.
For an assumed value of 
m, one can then extract the underlying �eld of (mostly dark)
mass-density 
uctuations, using mildly nonlinear approximations to the relation between
velocity and density 
uctuations within the theory of gravitational instability. Under the

2



Figure 1: Constraints in the 
m�
� plane, showing con�dence limits of 68%, 90% and 99%. The
inclined contours (blue, same in both panels), that roughly constrain 0:8
m � 0:6
�, arise from
the global geometry of space-time based on supernovae as distance indicators1. The lower bound

m > 0:3 (red) represents a 99% con�dence limit based on several di�erent studies of peculiar
velocities via POTENT reconstruction, independent of the \biasing" relation between galaxies and
mass.3{5 The almost vertical contours (red) arise from the peculiar velocities of the Mark III (left)
and SFI (right) catalogs, based on a likelihood analysis which assumes a parametric mass power
spectrum of the CDM family with COBE normalization on large scales6,7. The central contours
shown are for a \standard" case of �xed h = 0:65 and n = 1, and the uncertainties in these values
are represented by the outer 99% contours on both sides (long dashed), computed for the extreme
cases of �xed (h; n) = (0:55; 0:9) and (0:75; 1:1). The strong bounds from 
ows are on 
m; the
apparent upper bound on 
� arises indirectly from the COBE normalization and is very uncertain.
The corresponding joint (relative) con�dence limits from supernovae and 
ows are shown (black);
they are almost the same for Mark III and SFI. The combined constraints favor an unbound and
roughly 
at universe with comparable contributions from cosmological constant and mass density.
A universe with very low 
m and zero cosmological constant is ruled out.
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natural assumption that the initial 
uctuations were Gaussian, these �elds provide direct
dynamical constraints on 
m without appealing to the spatial distribution of galaxies, and
thus independent of the unknown \biasing" relation between galaxies and mass. The bottom
line is that several di�erent methods of analysis, which have been applied to the POTENT

Mark III �elds, consistently yield a lower bound of 
m > 0:3 at roughly the 99% con�dence
level, marked by a vertical line in both panels of Fig. 1. One method constrains 
m based on
the large diverging 
ow recovered at the vicinity of a large nearby void, using the fact that
even a void empty of matter cannot induce out
ows as large as observed if the mean mass
density outside it is too low4. Another method uses the implied deviations from Gaussianity

in the probability distribution of the initial density 
uctuations as derived from the velocity
data when the assumed value of 
m is too low3. A third method derives 
m based on
the gravitational deviations from Gaussianity of the present velocity-divergence probability
distribution5. Similar constraints, so far con�rming the lower bound of 
m > 0:3, are
currently being obtained from the SFI data (in progress).

Recently, we have applied a maximum-likelihood analysis separately to the Mark III and
SFI peculiar velocities, to determine cosmological parameters via a parametric model for the
mass-density 
uctuation power spectrum Pk

6,7. The analysis uses linear theory and assumes
that both the 
uctuations and the errors are Gaussian. The model assumed is of the general
Cold Dark Matter (CDM) family, normalized12 by the 
uctuations in the Cosmic Microwave

Background (CMB) as measured on very large scales by the COBE satellite. This provides
constraints on permissible combinations of 3 parameters: 
m, the initial power index n
(where Pk / kn on large, linear scales), and the Hubble constant h. These parameters enter
via the shape of Pk as well as the geometry and dynamics of space-time. The constraints
obtained from the two data sets turn out to be very similar; they de�ne a two-dimensional

surface of high likelihood in the 
m-h-n space. In the case of a 
at cosmology this surface
can be crudely approximated by 
m h1:365 n2 ' 0:58 � 0:12, and for an 
� = 0 universe it is

m h0:965 n1:4 ' 0:66�0:12 (where h65 is the Hubble constant in units of 65 km s�1Mpc�1). The
quoted errors refer to 90% formal likelihood uncertainty (plus the small di�erence between
the two catalogs). The inclusion of a tensor component in the initial 
uctuations, assumed

in some In
ation models to have a quadrupole-moment tensor to scalar ratio of 7(1� n), is
found not to make a major di�erence except for strengthening the n dependence.

It is worth noting that the obtained power spectrum is driven by the velocity data
(on scales � 10 � 100 h�1Mpc) and is only weakly a�ected by the COBE normalization
(� 1000 h�1Mpc); a similar Pk is reproduced to within a few percent when the amplitude on
large scales is left free to be determined by the likelihood analysis. Also, the result is not

driven by the assumed errors; Pk is reproduced to better than 10% when an error model with

free parameters is incorporated in the likelihood analysis itself7. This robustness is within
the 1� con�dence limits of the likelihood analysis.

It is worth mentioning in passing that the peculiar velocities have also been analyzed
by di�erent methods that incorporate the spatial distribution of galaxies. For example, a
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comparison of the Mark III velocities and the IRAS 1.2Jy redshift survey yields13 
0:6
m =bI =

0:89 � 0:12 (where bI � �8I=�8 is the biasing ratio between the rms density 
uctuations
of IRAS galaxies and mass on a scale of 8 h�1Mpc). With the observed �8I � 0:6, this
is indeed roughly consistent with the COBE-normalized CDM model of 
m � 0:5 (and

�8 � 1) favored by the Pk analysis from peculiar velocities alone. Our current bounds on 
m

from velocities also partly overlap with the latest constraints from the evolution of galaxy
clusters14,15 (
m = 0:45 � 0:2 and 
m = 0:2+0:3�0:1 respectively). However, a comprehensive
joint analysis of all the available constraints on the di�erent parameters is beyond the scope
of the present Letter. In particular, a proper interpretation of the various results involving

redshift surveys (the estimates for 
0:6
m =bI actually span the range 0:5� 1:0) must include a

full discussion of the nontrivial \biasing" relation between galaxies and mass,16 which we do
not attempt here. The di�erent studies involve complex systematic e�ects that should be
addressed in detail when a global comparison is made. We rather focus here on one set of
constraints, namely, dynamical constraints from peculiar velocities, and their implications

on 
� via the supernova constraints.
For the purpose of obtaining the desired constraints in the 
m-
� plane, we have applied

here the Pk likelihood analysis to the Mark III and SFI velocities, separately and combined.
We have used as prior the COBE-normalized17 CDM models with varying 
m and 
� that
now span the whole parameter plane. The velocities at the present epoch are expected

to be insensitive to the value of 
�
18, but a certain 
� dependence enters via the COBE

normalization imposed. This is responsible for the small di�erence in the �ts quoted above
for the cases 
� = 0 and 
m + 
� = 1, and for the slight bending of the vertical likelihood
ridges shown in Fig. 1, resulting in apparent upper bounds on 
�. The 1� error in the COBE
normalization translates to additional uncertainties (not shown) of �6% in 
m and �20% in


� | on the order of the uncertainties displayed by the likelihood contours shown. Thus,
the COBE errors would tend to stretch the likelihood contours vertically along the 
� axis,
and in particular weaken the apparent upper bounds on 
�.

Since the velocity data favor an extended two-dimensional surface in the 
m-h-n space,
the likelihood analysis cannot determine the three parameters simultaneously; two of them

should be �xed a priori. We adopt as our \standard" case the scale-invariant n = 1 initial
spectrum, and a Hubble constant of h = 0:65 (as favored, for example, by nearby supernova
data19). The central likelihood contours shown in Fig. 1 correspond to this standard case.
Based on the current literature, we crudely estimate a �15% uncertainty in the Hubble
constant20, and �10% in the power index21. In order to illustrate the sensitivity of the
velocity constraints to these parameters, we have also applied the likelihood analysis to

determine 
m and 
� in the two extreme cases: (h; n) = (0:55; 0:9) and (0:75; 1:1). The
outer 99% likelihood contours are shifted accordingly in Fig. 1 | these can be considered as
encompassing a conservative range of non-negligible likelihood based on the 
ows data.

The likelihood ridge of SFI is slightly wider than that of Mark III, and it extends further
into high values of 
�. The independent constraints from 
ows (via Pk) and supernovae
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overlap signi�cantly for SFI, but only near the 90% con�dence contours for Mark III with
n = 1 and h = 0:65 (which improves when the COBE errors are taken into account, or
if n > 1 or h > 0:65). The large uncertainty in the upper bound on 
� from the 
ows
(via COBE normalization) indicates that the degree of overlap should not be interpreted as

consistency or inconsistency between the velocity and supernova data. The robustness of the
goodness of �t to variations in the 
� direction is partly quanti�ed by the fact that the �

2 per
degree of freedom does not deviate signi�cantly from unity anywhere within the elongated
99% likelihood contours and even further upwards beyond the 99% tip. It does deteriorate
rapidly under 
m variations to the right or left of the high-likelihood ridge, con�rming the

fact that the 
ows constraints on 
m are robust.
A joint parameter estimation from supernovae and 
ows is therefore meaningful, though

it is limited to relative likelihoods; a measure of absolute probabilities of model parameters
is not straightforward, despite the seemingly acceptable goodness of �t. The joint contours
shown in Fig. 1 are computed by multiplying the two likelihood values at each point, under

the assumption that the two kinds of data are independent. The most likely joint values for
the supernovae and the combined Mark III and SFI dataset are 
m ' 0:5 and 
� ' 0:8,
while the conservative joint 99% con�dence limits (including the uncertainties in n and h)
allow 
m values in the range 0:3� 0:9 and 
� values in the range 0:1� 1:4. The constraints
obtained separately from Mark III and SFI are very similar.

The constraints from local peculiar velocities thus remove the degeneracy in the con-
straints from the global-geometry test based on supernovae (and vice versa), and help ruling
out an open model with zero cosmological constant. A nearly 
at universe, with compara-
ble contributions of matter and cosmological constant to the total energy density, is likely.
The favored model is thus of an unbound universe that will expand forever with increasing

acceleration due to a positive cosmological constant, though one cannot tell yet whether the
global geometry is 
at, open or closed. Such comparable contributions from the mass den-
sity and the cosmological constant represent a puzzling �ne tuning, e.g., because the two are

expected to vary with time in opposite senses. The standard theory expects the cosmological
constant to either vanish or be larger by many orders of magnitude8,22. Although the dust

has not settled yet on the observed constraints, they already seem interesting enough to pose
a serious challenge to theoretical physics.

Other constraints in the 
m-
� plane are worth mentioning in perspective. Constraints
consistent with the supernova ridge but of larger uncertainty arise from the age of old star
clusters23 versus the Hubble expansion rate. The number of gravitationally lensed images of
quasars provides a similar upper limit: 
� � 0:7 at � 95% for a 
at universe24. Constraints

of orthogonal orientation, roughly on 
�+
m, can be deduced from the acoustic peaks in the
sub-degree angular power spectrum of 
uctuations in the CMB as observed from balloons
and from the ground21,25{29. Two CMB satellites planned for the next decade, MAP and
Planck, are expected to provide more accurate constraints27,30.

In parallel, future peculiar-velocity data are expected to improve the accuracy of the
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constraints reported here. In addition to many new velocities of galaxies and clusters based
on Tully-Fisher type distance indicators, the most promising sources of peculiar velocities
in the long run are probably the siblings of the same supernovae discussed above but at low
redshifts; their distances can be measured with 5� 10% accuracy out to large distances and

their sampling density is limited, in principle, only by the patience of the observer. The
supernova hunters are encouraged to continue their e�ort along this route.
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