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Abstract

An amplitude analysis of the D+; D+
s ! ���+�+ Dalitz plots is pre-

sented using data collected by the Fermilab high-energy photoproduction

experiment E687. The data are �tted to a model consisting of a sum of

relativistic Breit-Wigner amplitudes for the intermediate two-body reso-

nant decay modes plus a 
at non-resonant contribution. From the �t we

derive decay fractions and relative phases. We also present measurements

of
�(D+

!���+�+)
�(D+!K��+�+)

and
�(D+

s
!���+�+)

�(D+
s
!K�K+�+)

.
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I. INTRODUCTION

Recently, amplitude analysis of non-leptonic decays has emerged as an excellent tool

for studying charm-hadron dynamics. In particular, the amplitude analysis of D+ and

D+
s decays into three pions addresses some crucial issues in the phenomenology of charm

decay. The D+
s decay into three pions is, in fact, the best candidate to proceed through

an annihilation diagram, since annihilation of the two initial quarks is Cabibbo favoured

and not suppressed as in the D+ decay.

In this letter we present an amplitude analysis of the D+ and D+
s ! ���+�+ �nal

states�, where the contributing decay channels are allowed to interfere coherently. The

measurement of the branching ratios �(D+
!���+�+)

�(D+!K��+�+)
and �(D+

s
!���+�+)

�(D+
s
!K�K+�+)

is also presented.

These measurements are based on the data collected during the 1990-91 run of the

Fermilab photoproduction experiment E687.

The E687 detector was designed and used to study the interaction of high-energy

(' 200 GeV) photons on a Beryllium target. The detector is a large-aperture, �xed-

target, multiparticle magnetic spectrometer with excellent �Cerenkov particle identi�ca-

tion and vertexing capabilities. Secondary charm vertices were isolated using a 12-plane

microstrip system. A more complete description of the detector appears in Ref. [1].

II. CANDIDATE SELECTION

Two complementary approaches were used to reconstruct the primary (charm-

production) and secondary (charm-decay) vertices in our sample. These were called

the \candidate-driven" vertex method and the \stand-alone" vertex method; a detailed

discussion of the two methods can be found in Refs. [1,2]. The results we quote in the

present paper are based on the former method owing to its higher e�ciency. The sec-

ond method has been used to evaluate the consistency of the results and any possible

systematic e�ects introduced by the vertexing algorithm.

We begin by describing the selection of the \candidate-driven" D+, D+
s ! ���+�+

candidates. For each event, all combinations of three pions, each having longitudinal

�Throught this paper the charge conjugate state is always implied.
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momentum greater than 4 GeV=cy and a �Cerenkov signature inconsistent with electron,

kaon, kaon/proton and proton, were tried out; only those combinations forming a com-

mon (secondary) vertex with a con�dence level exceeding 1% were retained. The primary

vertex candidate was required to be formed by at least two other tracks in addition to

the seed track (de�ned by the three-momentum of the D candidate passing through the

reconstructed secondary vertex) and was required to lie in the �ducial volume of the Be

target. The secondary vertex was required to be downstream of the primary vertex by

at least 5 standard deviations (` > 5�`)z.

To ensure the secondary vertex was well isolated, leftover tracks not found in the

primary vertex were required to be inconsistent with emerging from the secondary vertex,

and secondary tracks were required not to point towards the primary vertex. The further

requirement that the secondary vertex lie outside the target (a requirement which we

will call the \air-gap cut") signi�cantly reduces the non-charm background as shown by

Fig. 1. The air-gap cut increases the signal-to-background ratio by about a factor of

four for both D+ and D+
s . Backgrounds from the decay D�+ ! D0(! K��+)�+, with

the kaon wrongly identi�ed as a pion, and the much rarer decay D�+ ! D0(! ���+)�+

were eliminated by the additional requirement that the MK�� �MK� and M��� �M��

mass di�erences lie outside the D�+ signal regions. The signal region has a reconstructed

mass within 2� of the signal peak centroid found in the �t.

The much cleaner sample of Fig. 1b was used to perform the Dalitz-plot analysis of

the three-pion decay. The mass plot was �tted using two Gaussians for the D+ and D+
s

signals, a Gaussian shape for the K�� re
ection tail at high masses and a second-order

polynomial for the remaining background. We obtain 235:6�20:1 and 97:9�12:2 events

for the D+ and D+
s yields respectively. The corresponding mass plot, as obtained by

the \stand-alone" vertexing method with the requirement that the secondary vertex lie

outside the target, is shown in Fig. 2. For this sample the D+ and D+
s yields turn out

to be 187:3 � 19:4 and 63:3 � 12:2 respectively.

The �tted yields and the signal/background ratios for the full sample, the air-gap

cut sample (used for the present analysis) and the stand-alone method sample are listed

yThis cut eliminates the background at low momenta while retaining almost 93% of the signal.

zThe variable ` is the signed 3-dimensional separation between vertices and �` is the error on

` computed on an event-by-event basis, including e�ects of multiple Coulomb scattering.
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in Table I.

Table I: Invariant mass spectrum �t results.

D+ ! ���+�+ Yield Signal/Background

Sample type

Full sample 633:5 � 54:0 0:61� 0:08

Air-gap cut 235:6 � 20:1 7:47� 1:00

Stand alone method 187:3 � 19:4 5:07� 1:32

D+
s ! ���+�+

Full sample 433:8 � 53:6 0:38� 0:06

Air-gap cut 97:9� 12:2 4:22� 0:85

Stand alone method 63:3� 12:2 2:08� 0:06

III. THE DALITZ PLOTS AND THE FIT FORMALISM

The Dalitz plots for the D+ and D+
s signal regions, de�ned as those within �2�

from the corresponding mass peaks, are shown in Figs. 3a and 3b respectively for the

\candidate-driven" method, and in Figs. 3c and 3d for the \stand-alone" method. We

have plotted the lower value of the two possible m2(�+��) combinations on the abscissa

and the higher value on the ordinate.

We performed a continuous maximum likelihood �t to the two Dalitz plots to mea-

sure the fraction of decays into the intermediate modes as well as their relative phases.

Following our previous works [2], the total amplitude is assumed to consist of a 
at,

uniform term for the three-body non-resonant contribution plus a sum of functions B

which represent intermediate strong resonances and decay angular-momentum conser-

vation. The �t parameters are the amplitude coe�cients ai and phases �i�:

A(D) = a0e
i�0 +

X
i

aie
i�iB(abcjr) (1)

Explicitly, a, b and c label the �nal-state particles, B(abcjr) = BW (a; bjr)S(a; c) where

BW (a; bjr) is the Breit-Wigner function:

�We �x the parameters of the dominant decay mode to have amplitude coe�cient ai = 1 and

phase �i = 0.
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BW (a; bjr) =
FDFr

M2
r �M2

ab � i�Mr

(2)

and S(a; c) = 1 for a spin-0 resonance, S(a; c) = (�2~c � ~a) for a spin-1 resonance and

S(a; c) = 2(j~cjj~aj)2(3 cos2 �� � 1) for a spin-2 resonance. The ~c and ~a are the three-

momenta of particles c and a measured in the ab rest frame, and cos �� = ~c � ~a=j~cjj~aj.

The momentum-dependent form factors FD and Fr represent the strong coupling at each

decay vertex. For each resonance of mass Mr and spin j, we use a width [3]:

� = �0

"
~p

~p0

#2j+1
M0

Mab

F 2
r (p)

F 2
r (p0)

; (3)

where ~p is the decay three-momentum in the resonance rest frame and the subscript 0

denotes the on-shell values.

The order of particle labels is important in de�ning our phases (e.g., for vector

decays, exchanging a and b results in a phase shift of 180 degrees). The �+�� amplitudes

were Bose-symmetrized by computing B(���+1 �
+
2 j(�

+��)) +B(���+2 �
+
1 j(�

+��)). The

resulting probability density function was properly weighted by a function to correct for

geometrical acceptance and reconstruction e�ciency. Monte Carlo studies con�rmed the

biases caused by �nite-mass resolution to be negligible.

All the resonances decaying into �+�� with a sizeable branching fraction have been

considered as possible intermediate states with special treatment for the following two

cases.

To retain consistency within our formalism, we employed a slightly modi�ed version of

the parametrization described by the WA76 Collaboration [4] for the f0(980) amplitude,

which is written

BW (a; bjr) =
FDFr

M2
r �M2

ab � i(�� + �K)Mr

(4)

with

�� = g�

"
M2

KK

4
�M2

�

#2
;�K =

gK

2

2
4 M2

K�K+

4
�M2

K+

!1=2

+

 
M2

K�K+

4
�M2

K0

!1=2
3
5

The coupling constants were set to the WA76 values, g� = 0:28 � 0:04 and gK =

0:56 � 0:18. We found that the exact parametrization of the f0(980) amplitude had

negligible e�ects on the �tted decay fractions of the landmark resonances.
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The parameters describing the S-wave dipion resonances have recently been called

into questiony; in the next section we will discuss how we deal with this problem.

The shape of the background contribution was parametrized from polynomial �ts

to the Dalitz plot of the left mass sideband, extending from �7� to �3�, for the D+

analysis and of the right mass sideband, from 3� to 7�, for the Ds analysisz.

The number of background events expected in the signal region was determined from

the polynomial shape of the background as returned from the �t of the ���+�+ invariant

mass distribution; the signal to background ratio x is quoted for both D+ and D+
s in

Table I. The uncertainties in both the background shape parameters and normalization

were taken into account in our �t procedure; all background parameters were included

as additional �t parameters, but were tied to the results of the sideband �ts through the

inclusion in the likelihood of a �2 term, constructed using the covariance matrix of the

sideband �ts.

We �tted the D+ and D+
s samples separately by forming likelihood functions L con-

sisting of signal and background probability densities. We then minimized the function

�2 lnL over the signal parameters, ai and �i. The decay fraction into a given mode

was computed by integrating the signal intensity for that mode alone divided by the

integrated intensity with all modes present�. The fact that these fractions do not sum

to unity re
ects the presence of interference between the modes.

Checks of the �tting procedure were made using Monte Carlo techniques and all

yThe PDG94 [5] collected all the �� elastic S-wave resonances measured in the 1000-1500

MeV/c2 mass region under one entry only, the f0(1300), with no clear indication of the mass

and the width. The recent PDG96 [6], instead, lists several scalar states, in the same mass

region, which could decay in ��, namely the f0(400�1200), f0(1370) and f0(1500); the masses

and the widths of the �rst two states are only estimates, which span a wide range of values,

while the branching ratio of f0(1500) in �+�� is not even quoted.

zFor the D+ analysis, the large K�� contamination in the low-mass sideband was removed

by requiring the candidate mass to be incompatible with the D+
! K�� hypothesis.

xThis ratio was computed including all the events within 2� of the �tted gaussian centroid.

�This de�nition, which has become conventional, allows direct comparison of �t results inde-

pendently of the amplitude formalism choice.
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biases were found to be small compared to the statistical errors.

The systematic errors in the decay fractions and phases re
ect uncertainties in recon-

struction e�ciency and background parametrization. For example, since our reconstruc-

tion and trigger e�ciency is a strong function of the D momentum, we compared the

results from separate �ts to the Dalitz plot for candidates both above and below the ob-

served meanD momentum. In a similar way, we split our data into two separate samples

depending on the �Cerenkov identi�cation of the opposite-sign pion of the combination:

in the �rst sample we put all the candidates having a strict �Cerenkov requirement (the

opposite-sign pion identi�ed as pion de�nite or pion/electron ambiguous) and in the

other the remaining candidates with a looser requirement. Decay fractions and phases

were also recomputed separately for the data collected in the �rst run period (1990) and

for those collected during the second period (1991). A �rst contribution to the system-

atic error was evaluated from the consistency of these split samples using the S-factor

method of the Particle Data Group [6] and taking into account the full covariance matrix

of each independent result.

The assumption that the shape of the background in the Dalitz plot is well repre-

sented by that of the chosen sidebands could lead to an additional contribution to the

systematic error. To investigate this possibility, we drastically varied the background

parametrization from a second-order polynomial (in the Ds case) or fourth-order (in the

D+ case) to a constant term. Similarly, we varied the e�ciency function parametrizations

by changing the order of the polynomials employed in the �t. The observed variation

on the results has been added in quadrature to the systematic errors.

We did not observe any signi�cant variation between results based on the \candidate-

driven" and \stand alone" samples; the two sets of results were consistent with a common

mean at a con�dence level of 96% in the D+ case and of 59% in the D+
s case. Systematic

uncertainty due to the statistical errors reported for the �+�� resonance parameters,

with the exception of the highly uncertain scalar resonances in the 1000-1500 MeV=c2

mass region, were found to be negligibly small and are not quoted in the tables as

separate errors.
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IV. RESULTS FOR THE D+
S ! ���+�+ FINAL STATE

The D+
s ! ���+�+ Dalitz plot shown in Fig. 3b shows several clear features. The

f0(980) band, previously observed by E691 � [7], is evident around the �+�� mass-

squared value of 1 (GeV=c2)2. There is an accumulation of events near the sharp corner

on the right side of the Dalitz plot, which could be attributed to the third helicity lobe

of the f2(1270) (Fig. 4 shows the expected shape of this resonance on the Dalitz plot,

along with its two mass-squared projections). The non-resonant contribution should be

presumably small because of the absence of population in the upper corner of the Dalitz

plot. By way of contrast, there appears to be a uniform band around 2 (GeV=c2)2,

whose structure suggests the presence of a scalar resonance in the �+�� mass around

1.5 GeV=c2. Given the major uncertainty about dipion scalar resonances in this mass

regiony, we decided to use our own data to �nd the parameters for a single state which

best reproduces the Dalitz plot. We performed several �ts of our D+
s Dalitz plot by

varying the mass (1200 MeV - 1600MeV) and the width (25 MeV - 400 MeV) of this

state, which was parametrized as a Breit-Wigner resonance. Fits were performed taking

into account all the possible additional contributions from a non-resonant component and

the well established resonances, f0(980), f2(1270) and �(770). Fig. 5a and 5b show the

likelihood behaviour around the minimum as a function of the resonance parameters. A

clear minimum in �2 lnL was found at M = 1:475GeV=c2 and � = 100MeV=c2. These

two values have been used to quote our measurements and the two corresponding �1�

ranges to assess the related systematicsz. The parameters of this state, which we denote

as S(1475), are remarkably consistent with the f0(1500) entry of PDG96x.

�There are two main di�erences between our analysis and that performed by E691. The E691

formalism does not allow for interference among di�erent amplitudes and does not account for

additional resonances which are considered in the present analysis. This prevents us from a

meaningful comparison of our Dalitz plot results with those of E691.

ySee footnote on page 6.

zWe also tried potential 1� and 2+ states in this region, but their best likelihood values were

signi�cantly worst than the scalar.

xAlthough the mass and width of this state are in excellent agreement with the f0(1500)

entry in PDG96 [6], we note that several interfering resonances in this region could equally
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The features previously described are con�rmed by the complete �ve amplitude �t

results of the Dalitz plot, which are listed in Table II:

Table II: Fit results for D+
s ! ���+�+

Decay Decay Phase Amplitude

mode fraction (degrees) Coe�cient

NR 0:121 � 0:115 � 0:044 235 � 22 � 2 0:34 � 0:14

�(770)� 0:023 � 0:027 � 0:011 53� 44 � 10 0:15 � 0:09

f2(1270)� 0:123 � 0:056 � 0:018 100 � 18 � 6 0:34 � 0:09

f0(980)� 1:074 � 0:140 � 0:043 0(fixed) 1(fixed)

S(1475)� 0:274 � 0:114 � 0:019 234 � 15 � 4 0:50 � 0:13

�2 lnL = 125:1

It appears, from this table, that only the f2(1270), f0(980) and S(1475) resonances

have non-zero amplitude coe�cients exceeding 3 sigma signi�cance. As a �nal gauge

of the systematics we present in Table III the result of a �t with only these resonances

included.

Table III: Results for D+
s removing minor amplitudes from the �t

Decay Decay Phase Amplitude

mode fraction (degrees) Coe�cient

f2(1270)� 0:147 � 0:053 83 � 16 0:42 � 0:08

f0(980)� 0:848 � 0:067 0(fixed) 1:0(fixed)

S(1475)� 0:341 � 0:078 210 � 10 0:63 � 0:09

�2 lnL = 133:2

The results of the two �ts are shown in Fig. 6.

Evidence for a non-resonant decay, as well as for a �(770)�+ contribution, would have

important theoretical implications. While the latter decay is expected to be heavily

suppressed, evidence for the NR channel could be attributed to a weak annihilation

process or to �nal state interactions [8]. To this extent, we evaluated the upper limits

well describe the D+
s Dalitz plot. For this reason we will hedge our bets by refering to this

amplitude contribution as the S(1475) throughout this paper.
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for these two decay fractions, which turn out to be < 26:9% at 90% CL for the NR

component and < 7:3% at 90% CL for the �(770)�+.

However, we warn the reader that, in contrast with the �(770)�+ case, assessing

the presence of the non-resonant component in a decay is a very di�cult task, which

would require at least a high statistical sample since a coherent sum of wide resonances

could easily mimic an almost 
at contribution. Even more, it turns out that, in our

case, it is enough to introduce a narrow scalar such as S(1475) to trigger this e�ect,

which is demonstrated by the anticorrelation between the NR and S(1475) coe�cients,

as returned by �ts to several Monte Carlo simulations of the experiment assuming as

input our �nal �t result (see Fig. 7); events, which cannot be attributed to the f0(980)�+,

f2(1270)�+ or �(770)�+, are easily absorbed by either the S(1475)�+ or the non-resonant

components.

V. RESULTS FOR THE D+
! ���+�+ FINAL STATE

The D+ decay into three pions, in contrast with the D+
s decay, which seems to be

mostly a two body process, exhibits, just by visual inspection, a much more uniform

population across the Dalitz surface. The only feature which is clearly evident is the

peak around 0.6 (GeV=c2)2, indicative of the presence of �(770)�+.

Fig. 8a; b and c show a mass projection comparison between our �t result and the data

including all our �nal set of contributions, NR, �(770)�+, f2(1270)�+ and f0(980)�+,

while Fig. 8d; e and f show this same comparison when only the NR and �(770)�+

contributions are included. The resulting decay fractions of the four amplitude �t are

listed in Table IV, together with the corresponding phases.

Table IV: Fit results for D+ ! ���+�+

Decay Decay Phase Amplitude

mode fraction (degrees) coe�cient

NR 0:589 � 0:105 � 0:081 0(fixed) 1(fixed)

�(770)� 0:289 � 0:055 � 0:058 27� 14 � 11 0:70 � 0:11

f2(1270)� 0:052 � 0:034 � 0:035 207 � 17 � 4 0:30 � 0:11

f0(980)� 0:027 � 0:031 � 0:038 197 � 28 � 24 0:22 � 0:13

�2 lnL = 385:4
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As a �nal gauge of the systematics, in analogy with what we did for D+
s , we show

the parameters of the two amplitude �t in Table V.

Table V: Results for D+ removing minor amplitudes from the �t

Decay Decay Phase Amplitude

mode fraction (degrees) coe�cient

NR 0:768 � 0:046 0(fixed) 1:0(fixed)

�(770)� 0:232 � 0:046 36 � 9 0:55 � 0:07

�2 lnL = 400:8

VI. THE BRANCHING RATIO MEASUREMENTS

The same data, as selected for the Dalitz analysis, were used to measure the following

branching ratios: �(D+
!���+�+)

�(D+!K��+�+)
and �(D+

s
!���+�+)

�(D+
s
!K�K+�+)

.

Whenever possible, the cuts employed for the normalization modes were the same

as those used for the three-pion Dalitz analysis, with the exception of the longitudinal

momentum cut, which was applied only to the three-pion �nal states. The K�� and

KK� �nal states were selected by requiring for the kaons a �Cerenkov signature consistent

with kaon de�nite, kaon/pion ambiguous or kaon-proton ambiguous. To remove the

signi�cant contamination of the D+
s ! K�K+�+ signal due to the misidenti�cation of

a pion in D+ ! K��+�+ decays, we employed an \anti-re
ection" cut, which rejected

candidates when the reconstructed K��+�+ mass was inside 2� of the D+ peak.

The �nal mass plots used for the branching ratio measurements are shown in Fig. 1b

and in Fig. 9a; b. The signal peaks were �tted to Gaussian shapes, while background

was �tted to a second-order polynomial. The shape of the K�� re
ection peak, in the

��� �nal state, was parametrized from MonteCarlo and was not allowed to vary in the

�nal �t to the data. The �nal results for the branching ratios are quoted in Table VI

together with the other available measurements.

From the �(D+
s
!���+�+)

�(D+
s
!K�K+�+)

measurement, using the PDG96 [6] value for �(�! K+K�)

together with our previous result [2] on �(D+
s
!��+)

�(D+
s
!K�K+�+)

, we can derive the �(D+
s
!���+�+)

�(D+
s
!��+)

branching ratio, which is also quoted in Table VI.

Our results are in reasonable agreement with the previous determinations of the

relative branching ratios and signi�cantly increase the precision of the measurement.
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The �nal measurements were checked by varying each of the vertex cuts individually;

the results were always well within the errors.

Table VI: Branching-ratio measurement results
�(D+

!���+�+)

�(D+!K��+�+)

�(D+
s !���+�+)

�(D+
s
!K�K+�+)

�(D+
s !���+�+)

�(D+
s
!��+)

.

E687 0:043 � 0:003 � 0:003 0:265 � 0:041 � 0:031 0:328 � 0:058 � 0:058

E691 [7] 0:035 � 0:007 � 0:003 � 0:44 � 0:10 � 0:04

WA82 [9] 0:032 � 0:011 � 0:003 � 0:33 � 0:10 � 0:04

MarkIII [10] 0:042 � 0:016 � 0:010 � �

In analogy with what was done for the Dalitz analysis, estimates of the systematics

were obtained by splitting our data into disjoint samples depending on the D+ and

D+
s momenta, the di�erent periods in which the data were collected and the �Cerenkov

signature of the opposite-sign particle. For these measurements, we employed a slightly

modi�ed version of the S-factor method of the Particle Data Group [6], as illustrated

in Ref. [11]. In particular, the S-factor method was used to separate true systematic

variations from statistical 
uctuations. The branching ratio was evaluated for each of

the statistically independent subsamples and a scaled variance was calculated; the split-

sample variance is de�ned as the di�erence between the reported statistical variance and

the scaled variance when the scaled variance exceeds the statistical variance.

The additional systematic e�ects related to the di�erent �t procedures were evaluated

for the whole sample. The branching ratios were calculated varying the �t conditions�

and the sample variance was used since the �t variants are all equally likely a priori.

VII. CONCLUSIONS

We have performed a fully coherent analysis of the resonant substructure of the D+

and D+
s decays into three pions. The results show that, while the D+ decay appears to

be dominated by non-resonant and �(770)�+ channels, the D+
s decay seems to proceed

mainly through f0(980)�+ with smaller but signi�cant contributions from a state which

we are calling S(1475) and the f2(1270) resonance. The parameters of the S(1475)

�These include the choice of the estimator, the background shape and the Gaussian

parameters.

13



are completely consistent with the f0(1500) listing in the PDG96 [6] but we cannot

rule out possible contributions from several resonances in this general mass region. In

the D+
s case, no evidence for the �(770)�+ was found and the evidence for the non-

resonant component is very weak. The same data have been used to measure the relative

branching ratios of these decays into three pions with respect to the best measured D+

and D+
s decays.
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Fig. 1: 3� mass combinations:

a) full sample, b) requiring the secondary vertex out of target.
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Fig. 2: 3� mass combinations from the \stand alone" method, requiring
the secondary vertex out of target.
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Fig. 3 D+ and D+
s ! ���+�+ Dalitz plots:

a) and b) are for the D+ and D+
s signal regions respectively.

c) and d) are the corresponding plots as obtained by the \stand alone" method.
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Fig. 4: Dalitz plot of the expected D+
s ! f2(1270)�+ shape

along with its two mass-squared projections
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Fig. 6: The Dalitz projections and �t results for D+
s ! ���+�+: �ve amplitude �t

(a, b, c) and reduced three amplitude �t (d e, f). The continuous line
represents the �t result and the shaded area the background contribution.
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Fig. 7: Correlation between NR and S(1475) from a D+
s ! ���+�+ Monte Carlo simulation.
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Fig. 8: The Dalitz projections and �t results for D+ ! ���+�+:
four amplitude �t (a, b, c) and reduced two amplitude �t (d e, f).
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Fig. 9: a) K��+�+ and b) K�K+�+ mass spectra for the
normalization channels in the branching ratio measurement.
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