
F
erm

ilab
FE

R
M

IL
A

B
-C

onf-96-281-T
arXiv:hep-lat/9609014 v2   22 Nov 96

1

H
U
P
D
-9
61
6

F
E
R
M
IL
A
B
-C
O
N
F
-9
6
/28

1
-T

h
ep
-lat/9609014

T
h
e
L
igh

t
Q
u
ark

M
asses

w
ith

an
O
(
a
)-Im

p
roved

A
ction

T
.
O
n
og
i
a
�,
A
.X
.
E
l-K

h
ad
ra

b,
B
.J
.
G
ou
gh

c,
G
.M

.
H
o
ck
n
ey

d
A
.S
.
K
ron

feld
d,
P
.B
.
M
ack

en
zie

d,
B
.P
.

M
erten

s
e,
J
.N
.
S
im

on
e
d

aD
ep
t.
o
f
P
h
y
sics,

H
iro

sh
im

a
U
n
iv
.,
1
-3-1

K
agam

iyam
a,
H
igash

i-H
irosh

im
a,
H
irosh

im
a
739,

Jap
an

bD
ep
t.
o
f
P
h
y
s,
U
n
iv
.
o
f
Illin

ois,
11
1
0
W
.
G
reen

S
t.

U
rb
an
a,
IL

61801,
U
.S
.A
.

cT
-8,

L
o
s
A
la
m
o
s
N
ation

al
L
ab
orato

ry,
L
os

A
lam

os,
N
M

8
7545,

U
.S
.A
.

dT
h
eory

G
rou

p
,
F
erm

ilab
,
P
.O
.B
ox

500
,
B
a
tav

ia,
IL

60510,
U
.S
.A
.

eD
ep
t.
of

P
h
y
s.,

U
n
iv
.
of

C
h
ica

go,
5
6
40

E
llis

A
v
e.

C
h
icago,

IL
6
0637,

U
.S
.A
.

W
e
p
resen

t
th
e
recen

t
F
erm

ilab
calcu

lation
s

of
th
e
m
asses

of
th
e
ligh

t
q
u
ark

s,
u
sin

g
tad

p
ole-im

p
roved

S
h
eik

h
oleslam

i-W
oh
lert

(S
W
)
q
u
ark

s.
V
ariou

s
sou

rces
of

sy
stem

atic
errors

are
stu

d
ied

.
O
u
r
�
n
al

resu
lt

for
th
e
average

ligh
t
q
u
ark

m
ass

in
th
e
q
u
en
ch
ed

ap
p
rox

im
ation

evalu
ated

in
th
e
M
S
sch

em
e
is
m

q (�
=
2
G
eV

;n
f
=

0)
=
(m

u
+
m

d )=2
=

3
:6
�
0
:6

M
eV

.

1
.
In
tr
o
d
u
c
tio

n

W
e
p
resen

t
recen

t
resu

lts
on

th
e
lig
h
t
q
u
ark

m
a
ss

d
eterm

in
a
tion

u
sin

g
th
e
S
W

a
ction

[1],
w
h
ich

are
u
p
d
a
tes

of
th
e
last

year's
resu

lts
[2].

F
o
r
resu

lts
fro

m
w
ilson

an
d
sta

ggered
ferm

ion
s

see
[3
][4
][5
].

T
h
e
b
asic

p
ro
ced

u
re

is
to

ex
tra

ct
th
e
p
seu

-
d
o
sca

la
r
m
asses

(m
P
S
)
n
u
m
erica

lly
fo
r
a
ra
n
g
e
of

q
u
ark

m
asses

a
n
d
d
eterm

in
e
th
e
lin

ea
r
co
eÆ

cien
t

in
th
e
ch
ira

l
ex
tra

p
o
latio

n
,

(m
P
S
a
)
2
=
Aem

la
t

q
a

(1)

w
h
ereem

la
t

q
=
ln
(1
+
1
=2
~��

1
=2
~�
c ),

w
ith

~��
�
u
0

an
d
u
0 �

4
p
<
U
P
>
M
C
[6].

U
sin

g
th
e
ex
p
erim

en
ta
lly

m
ea
su
red

p
ion

m
ass

as
an

in
p
u
t,
w
e
o
b
tain

th
e
lig
h
t
q
u
a
rk

b
a
re

m
ass

em
la
t

q
,
w
h
ich

is
th
e
av
erag

e
o
f
th
e
u
p
a
n
d
d
ow

n
q
u
ark

m
asses.

W
e
con

vert
it
to

th
e
lig
h
t
q
u
ark

m
a
ss
m
q in

th
e
M
S
sch

em
e
b
y
p
ertu

rb
a
tio

n
th
e-

o
ry.T

ab
le

1
sh
ow

s
th
e
lattices

u
sed

fo
r
th
e
sim

-
u
la
tion

.
W
e
u
se

th
e
S
W

ferm
ion

actio
n
.

F
or

�
=
5.5,

5
.7
a
n
d
5
.9
th
e
clov

er
co
eÆ

cien
t
c
is
th
e

�
P
re
se
n
te
d
b
y
T
.O

n
o
g
i.

T
ab
le
1

L
attice

d
etails

(n
f
=
0)

�
5
.5

5
.7

5.9
6.1

�
's

4
4

4
4

con
�
gs

4
0

3
0
0

1
0
0

100
a
�
1
(G

eV
)

0.79
1.16

1.80
2.55

L
3
(T

=
2
L
)

8
3

12
3

1
6
3

24
3

L
p
h
y
s
(fm

)
2
.0

2
.1

1.8
1.9

c
1.69

1.57
1.50

1.40

tad
p
ole

im
p
roved

tree-level
valu

e
1
=
u
30 .

H
ow

ever,
for

�
=
6.1,

w
e
u
se
c
=
1
.40

in
stead

of
1
=
u
30
=
1.46.

A
ll
calcu

lation
s
are

d
on
e
in
th
e
q
u
en
ch
ed

ap
p
rox

-
im

ation
.
T
h
e
lattice

sp
acin

g
a
is
d
eterm

in
ed

from
th
e
1P

{1S
ch
arm

on
iu
m
sp
littin

g.

2
.
S
y
ste

m
a
tic

E
r
r
o
r
s

W
e
u
se

th
e
m
u
lti-state

sm
earin

g
m
eth

o
d
[7]

to
su
p
p
ress

ex
cited

state
con

tam
in
ation

.
T
h
e

sm
earin

g
sou

rces
are

�
ts

to
th
e
m
easu

red
w
ave-

fu
n
ction

s
of

th
e
p
seu

d
oscalar

grou
n
d
an
d
ex
cited



2

0.0 5.0
t

0.0

0.5

1.0

1.5

2.0

2.5

3.0

M
_e

ff

Effective mass plot
1x1 , 2x2, 3x3 fits

3 x 3
2 x 2
1 x 1

Figure 1. The pseudoscalar e�ective mass plot
for � =5.9, �= 0.1385. The 1� 1 one-state (dia-
mond), 2�2 two-state (square), 3�3 three-state
(circle) �ts are shown.

states with the following forms,

f1S(r) = exp(��1Sr); (2)

f2S(r) = (1� �2S) exp(��2Sr): (3)

For � =5.5, 5.7 and 5.9, we use 1S, 2S and lo-
cal sources, while for � =6.1, only 1S and local
sources are used. We choose 2 � 2 two-state �ts
as our best �ts. In order to estimate the sys-
tematic error of excited state contamination, we
compare our best �ts with the results from 1� 1
one-state and 3� 3 three-state �ts. We �nd that
the di�erence is less than 1% for �= 5.7, 5.9 and
about 1-1.5% for �=6.1. (See Figure 1.)
As the chiral extrapolation error, we take the

di�erence in the chiral extrapolation with three
�'s and four �'s. The results are again less than
1% for � =5.7 and 5.9, and about 3% for �=6.1.
(See Figure 2.)
The one loop the renormalization factor which

connects the lattice bare mass with MS mass is,

mq(�) = emlat
q

h
1+�v(q

�)(
0(ln eCm� ln(a�)))
i
:(4)

The mean-�eld improved bare mass emlat
q is given

by emlat
q = m0=(1�(�=3)�v+: : : ) in perturbation

theory [6]. 
0 = 2=� is the leading quark mass
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Figure 2. The Chiral extrapolation of m2

PS for
� =5.9. The four � �t (solid line) and the three
� �t (dashed line) are almost indistinguishable.

Table 2
Our results for A, the coeÆcient of the lin-
ear �t in the m2

� chiral extrapolation, emlat
q (in

MeV), the tadpole improved lattice bare mass,
and mq(2GeV) (in MeV), in the MS scheme,
renormalized at 2 GeV (q� = �=a; 1=a.) .

� 5.5 5.7 5.9 6.1
A 5.3(7) 4.1(5) 3.05(7) 2.24(10)emlat
q 4.34(17) 3.9(1) 3.3(1) 3.2(1)

mq(�=a) 4.75(19) 4.41(12) 3.90(13) 3.84(18)
mq(1=a) 6.20(25) 4.89(13) 4.19(14) 4.05(19)

anomalous dimension. eCm for SW-improved light
quarks is 4.72 [8].
Using Eq.(4), we �rst convert the lattice quark

mass to the MS mass at � = �=a or 1=a, then
run it to the common scale of 2 GeV. In Eq.(4),
there is another scale q�, which is the scale for the
gauge coupling constant. Since we do not know
the two-loop correction, it is not obvious which
scale we should take for q�. We estimate the size
of unknown higher order corrections to Eq.(4) by
varying q� between 1=a and �=a. This procedure
is consistent with assuming a coeÆcient of order
unity for the �2v term. Our estimates are 30%,
13%, 7%, 5% for � = 5.5, 5.7, 5.9, 6.1.
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Figure 3. The continuum extrapolation of mq.
The upper value is the � =6.1 result, and the
lower value is the naive linear extrapolation of the
�= 5.7, 5.9, 6.1 data. The data for � = q�=1/a
(circle, solid line), �/a (diamond, dashed line) are
presented in the same graph.

There are both O(�a) and O(a2) corrections
to the action, and the continuum extrapolation
could change depending on the relative size of
these subleading terms. All we can say is that
there is a systematic downward trend as we ap-
proach to the continuum. Without a theoretical
argument to tell us about the a-dependence, we
take the � =6.1 result as an upper value and take
the linearly extrapolated value using �= 5.7, 5.9,
6.1 as a lower value. Our estimate of the contin-
uum extrapolation error is 11%. (See Figure 3.)

3. Summary

In summary, our error estimates are,

excited states < 1.5%
chiral extrapolation � 3%
perturbative 5%
continuum extrapolation 11%

combined 17%

The perturbative and a dependent errors are in-
tertwined. We combine them linearly in the fol-
lowing way. As we saw earlier, the scale of the

coupling constant q� is arbitrary. When we dis-
cuss the continuum limit, we therefore perform
the extrapolation of the data for both q� = 1=a
and �=a (Figure 3). The outer points so obtained
are taken as the limits of the combined error bar.
The remaining errors are much smaller and com-
bined in quadrature. Our �nal result for the light
quark mass in the MS scheme in the quenched
approximation is

mq(� = 2GeV;nf = 0) = 3:6� 0:6MeV: (5)
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