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Abstract

In this paper, we have derived the effects of strong magnetic fields B on nucleon and

particle reaction rates of astrophysical significance. We have explored the sensitivity to the
presence of artbitrary degeneracy and polarization. The possible astrophysical applications
of our results are discussed.
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1. Introduction

The effects of intense magnetic fields on various phenomena, in both laboratory and
astrophysical dynamical systems, have been investigated by numerous authors(!?l. Spe-
cially, a number of the principal features of high-energy, high-field electromagnetic con-
version processes have been well studied, such as magnetic bremsstrahlung (synchrotron
radiation), magnetic pair production, direct and indirect trident cascades, photon split-
ting, and magnetic Cerenkov radiation. However, the effects of an intense magnetic field
in astrophysical investigations have often been ignored. In particular, the effects on the
the rates of processes which are fundamental to studies of many astrophysical objects
(e.g., neutron stars, supernova, and etc.), and even Big Bang Nucleosynthesis, are usually
neglected. For example, in neutron stars, where the magnetic field may be as large as
1012 ~ 10" gaussi®4l, the effects on reaction rates which are relevant to the cooling rates
of neutron star can be substantial. A joint work of Ruderman, Cannuto, Lodenquai, and
Tsuruta on the general effects of strong magnetic fields and superfluidity on neutron star
cooling, has been presented in Ref.[5,6], where they have specially studied the effects of
magnetic fields on photon opacities. They found that the major effect of strong magnetic
fields is to drastically reduce photon opacities in certain spacial conditions and greatly
accelerate the cooling rates. However, the influences on the cooling rates directly from the
altered URCA rates by strong magnetic fields still remain. Moreover, in the early universe,
the effects on the weak-interaction rates which determine the rate of production of helium
and other light elements can also be significant, depending on the possible existence of
magnetic fields at that time. In this paper, we examine the effects of a magnetic field on
reaction rates (including both wesk and strong interactions) in the presence of variable
degrees of degeneracy. Some potential astrophysical implications of our results will also be

discussed.

2. Relativistic Motion of a Charged
Particle in a Magnetic Field

The Dirac equation for the motion of a charged particle in an arbitrary magnetic field

is, in conventional notation,

m%’b = [ihé@ - (P + eA) + yamc? + ehcys@ - Blo, (2.1)

where # is the wave function of the charged particle, e and m are the electric charge and
mass, A is the electromagnetic vector potential, B is the strength of the magnetic fields,
h denotes the Planck constant, and c represents the speed of light. The Dirac operators &
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and «,; are chosen to be of the following forms

. {0 & I o0 (10

where & = (0, 0y,0.) is the usual Pauli spin matrix, with components

() (D) Y e

For a constant magnetic field oriented along the z axis (A =0, B= B, = B = const.),

the energy eigenvalues E for the charged particle are given by
E* = c*p® + mPct + eheB(2n 4 s + 1), (2.4)

where n = 0, 1, 2, - - - is the principal quantum number, s (= %1 refers to spin up and
spin down) is the spin variable, and p is the momentum of the particle. The third term
in the expression reflects the contribution to the energy of the particle resulting from the
interaction of the particle’s magnetic moment with the magnetic field. This expression is
very useful in determining the influence of the magnetic field on the interaction rates of
many processes.

3. Interaction Rates in the Presence of Magnetic
Fields and Arbitrary Degeneracy

3.1 Weak reaction rates:

We here consider three fundamental weak interactions which act to determine the
critical n/p ratio (see Schramm and Wagoner 1977)"lin many astrophysical processes,
including e.g., big bang nucleosynthesis and neutron star cooling:

n+et = p+ 7, (a)
n+v=p+ e, (b)
n = p+e +T (¢)

The cross-sections for these reactions can be computed using standard charged current 3
- decay theory, with the well-known V-A interaction Hamiltonian (8

H= f/—g [Zo7u(1 — avs)ua] [Tev*(1 — 15)00] + . c., (3.1)



where gy = 1.4146 x 107 *%erg cm?®, and a = *gﬁ— ~ —1.262.0] Here Up, Un, Ue, and v,
stand for the proton, neutron, electron, and neutrino operators, with ¢ = r,bT*m.

For the case of a constant B-field!?], we use the exact relativistic wave function in
a constant uniform magnetic field for an electron and a free-particle relativistic spinor
wave function for an antineutrino. As to the neutron and proton, since the effects of a
magnetic fleld on them are small compared with their rest mass energy difference, they
can be treated nonrelativistically. To a good approximation, we can therefore use the
free-particle nonrelativistic spinor wave functions for them.

The energy eigenvalues for an electron are obtained from Eq.(2.4)
E? =c%p? + mict + eheB(2n + 5+ 1), (3.2)
where m, is the rest mass of electron. In the nonrelativistic limit, this becomes
E? = ¢*p? + mict + 2¢heBn. (3.3)

If the electron spin is not measured, the matrix element for each of the reactions ((a) — (c))

will be the same, i.e.,

2 2.4 1 1
| Hps(Popyn) [P= HE2 L (14 30%) (1= 26001 — 2) + PAJz + 36001~ 2)]},  (3.4)
g
where 1
z=cp/E, v= 5B/Be; A=20(1-a)/(1+ 30%) ~ —0.99, (3.5)

and the subscripts f and i denote, respectively, the final and initial states. P is the
polarization of the neutron source( P = 0: unpolarized; P = 1: completely polarized;
0 < P < 1: partially polarized). B, = -'%5?- = 4.4 x 10*%gauss is the field strength at
which magnetic quantum levels, “cyclotron lines,” begin to occur!!l,

The reaction rate is obtained from Fermi’s golden rule (cf 12)

2 dn
Aimf = “ﬁ—zﬂifdef‘ZEfa(Ef ~ E;) | Hpi(P,p,n) |2, (3.6)

where n; is the distribution of initial states and g-% is the density of final states.

For convenience, we introduce the following parameters:

2

_ E My —my, _ mec
€= mec:? ’ g = m. ) Ze = ch s
me02 He He
Z, = e = ) = , .
v kTy ] (?15 kTE ¢U kTv (3 7)
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where m, and m, are the rest masses of the neutron and proton, respectively, Teory
represents the temperature of the electron or neutrino, jeo;, is the chemical potential of
the electron or neutrino, and ¢;(i = e, v) is the degeneracy parameter.

Thus, the rate for reaction n + e* — p + 7., is given by

2 2 5 .4 o0 (o] d
A, zgv(l + 3o’ )m]cty 2[2—5n0(1 —PA)]/ ede

273 AT por ViFTm /€8 — (1 + dyn) (3.8)
1 (E +q)26(€+q)3y+¢y '
% (1 + eZetoe) (14 eletDZuten)
Similarly, for reaction (b), n + v — p 4+ €™, the rate is
2(1 4 3a?ym3cty oo ede
Ny =3¢ > %Z et ¥ > (2= 6no(1 — PA)] -
- — JITam Vet — (1 + 4vn)
9 1 (E — q)2 8fze+¢e
(1 4 eeZ¢+¢e) (1 + ele—q)Z, —¢'u) (3 9)
2 2Y.,5 4. Rmax q )
gy (1 + 3a®)micty ede
_ 9u( o 32— buo(1 — PA)] -
T n=0 VItiTn \/e ~(14+4vn)
1 (€ — g)2etZet9e

X (1 -+ eﬁze+¢'e) (1 -+ e(f-Q)Zu_¢v) ’

where nmay is the largest integer in (¢> — 1)/4y and ¢ = 2.53. Finally, for reaction (c),
n—p+e” +7,, we have

3(1+4 3a?)micty & 1 d
Ao =¥ . Jme 13" 2= 8ag(1 — PA)] —
27 ﬁ n=0 \/1+4-yn \/E - (1 +47ﬂ.) (3 10)
1 (q — E)chze+¢’c e(q_f)zv+¢v
x (14 ecZetée) (1+ e(q—e)z.,+qb.,)

From these expressions, we can clearly see that, if v > (¢ — 1)/4 ~ 1.35, (or, equivalently,
B > 10'*gauss), then np., = [1%;—1] = 0, and the rate of f-decay would behave linearly
with B. In addition, the rate A (Eq.(3.10)) is exactly cancelled by the second term of A,
(Eq.(3.9)) if ¢, is negligible.

Finally, we are interested in the total reaction rates for converting neutrons into
protons (and vice-versa), which can be obtained by summing the above three rates

/\n—rp = Aa + f\b + Ac

201 P 5.4, =
_ gv(1+ 30 )mecty D 12— 6no(1 — PA)]

ox3nT =

8 f°° ede [ — (1 + 49m)) 7 [(E +g)?eleto vt + (e — g)%ecZetee
VI¥dyn (1 + ecZ-+é.) 1+ eletOZ.+¢. 1+ =07 =%, 1"

(3.11)
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For illustrative purpose, we will briefly examine several limiting cases.
1. No magnetic fields:

In the absence of a magnetic field, B = 0, which means ¥ = 0 and P = 0. Thus, the
summation over the principal quantum number n needs to be replaced by an integration.
We define a variable

6 =1+4yn, (3.12)

such that

Z ]dn_hm — | 4. (3.13)
7—0 4y

1

Substituting Eq.(3.13) into Egs.(3.8), (3.9), (3.10), and (3.11), and integrating over the
variable 8, we finally obtain

1 [ ede/e2 =1 2o(e+9) 2, +4,
MN(B=0)= = =V (etg)e — , (3.14)
T 1 (1+e e+¢e) (1 +e(q+ ) v+¢'u)
Ao(B = 0) 1 /°° edevel —1 (e — g)%esZetoe
) = = -
- 14 ecZetde) (1 + ele—9) 20—

¢ fdﬁ\/ 62 -1 (E _ q)zefze+¢e
(1+ eeZ¢+¢e) (1 + e(e—*q)Z,—qb,,)'
1 1 €d€v e —1 (q —_ 6)2efze+¢=e(ﬂ_f)zv+¢'n

A(B=0)= = | Gredo (T 9mT) (3.16)

and

Y (B =0) _1 * edeve? — (g + €)2elctDZteés
n—p - _T 1 (1 + eEZe+¢e) (1 .+. e(q+€)Zp+¢),)

(€ = g)lecBetee
1+ 0% =on) )’

(3.17)

where + = ﬁ%?ﬂ:c—‘ ~ 6.515 x 107*sec™!. We express our results relative to the
measured life-time 7, of the neutron (7, ~ 889.6 4 2.9 sec., 7172 ~ 10.277 £ 0.046 min.)['3],

T=1Ir,,

where I is the value of the integral.

These formulae are merely the generalized form of the rates derived by Peebles and
Wagoner et all® and used in standard Big Bang Nucleosynthesis (BBN) calculations.!9]
Thus our formalism reduces to the correct limit as B — 0.

2. Weak magnetic fields (B < B., that is y < 1)
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In this case, we can approximate
(€ —1—dyn) 2 o~ (& — 1)7V2 4 2yn(e? — 1)7%2 4 0(42). (3.18)

Incorporating this, together with equation (3.13), into equations (3.8), (3.9), (3.10), and
(3.11), and replacing the summation over » by an integral, we obtain the result

Ai(B < B.) = Mi(B = 0)[1 4+ 0(+)]. (3.19)

where ¢ = @, b, ¢, of n — p. Thus, it can be seen that a weak magnetic field (B < B,)
will have a negligible effect on the rates of the weak reactions.
3. Strong magnetic fields (B > B., v > 1) :

If the magnetic field is strong, v > 1, then nmax — 0, which implies that there is only
one term (n = 0) left in the summation over n. In order to see the effect of the magnetic

field, we rewrite the first function in the integrals as

2 _ 1)1/2
2 ] gy 2o DT .20
(¢~ 1~ 4yn) e (3.20)
Since € goes from 1 to oo, in a mathematical sense, it is always true that
o] 2 _1 1/2 oo
] de (—e-—?)—g(e) < 2/ de (2 — 1) g(e) . (3.21)
1 et ~1 B0 1 B=0

where g(¢) (> 0, for any €) is an arbitrary positive exponential decay function. Thus, by
comparing with the rates for zero magnetic field, we have

Mi(B > B.) < 2y (B = 0) (> A\i(B = 0)). (3.22)

The dependence of the ratio of the total neutron-depletion rate to the free-field rate on
the magnetic field parameter and the temperature, in the case of nondegeneracy and
nonpolarization, is plotted in Figure 1. From this, we see that the effects of a strong
magnetic field are negligible-until the temperature drops to the point at which neutron
p-decay begins to dominate and large deviations can occur. We therefore conclude that
a strong magnetic field can, in some domains, have a significant effect on the rates of the
weak reactions.

Here, it is worthwhile to point out that, if the magnetic field is not uniform, but rather
is characterized by a distribution function with regions(or magnetic bubbles) (11 # 0 in
Eq.(2.1)), the nuclear reaction rates will become inhomogeneous; i.e., the field will vary
with spacial variables, and the reaction rates will be different, region by region. Thus a
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fluctuation in the reaction rate would occur (similar to the introduction of the density

fluctuations associated with a first order QCD phase transition*4]),
3.2 Strong reaction rates

Let us now discuss the effects of magnetic fields on strong interactions. In this sit-
uation, the nucleons(p and n) and pions(w*, 7% 7~) will interact both with themselves,
and with the magnetic fields, through their charges and magnetic moments. Among these
interactions, the relative interaction strength between themselves (a, ~ 1) is about two or-
ders of magnitude larger than that of the electromagnetic interaction (a, ~ 10~2) and five
orders of magnitudes larger than that of the weak interaction(a,, ~ 107%). The entirety
of the phenomena caused by the strong interaction, for example, the processes below

p+p— D+ 7t (3.23a)
n+p— D+ 9 (3.23b)
n+ T - p, (3.23¢)
n+p— D+ % (3.23d)
3a — 2C, (3.23¢)

is described by the quantum chromodynamic(QCD) gauge theory. For these gystems in

the presence of a magnetic field, the Hamiltonian of the particles is composed of two parts:

H =Hy + Hy
where
Hy = cp + mc? (3.24)
and ; .
Hi~—eA P+ —f-B, (3.25)
mce 2

respectively, represent the energy of the particle in the field-free case and the coupling
energy of the field to the magnetic moment @ of the particle. If the magnetic field is
uniform, A = 0, the interaction Hamiltonian will become

B o
Hy ~ %ﬁ . B. (3.26)

Since all baryons and pions involving the strong interactions have mass m > 10m, and
magnetic moment | i |<| &, [~ & | &, |, where | fi, | and | fi, | stand for the magnetic
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moment of proton and electron respectively, the interaction energy between the magnetic

fleld and the magnetic moment of the baryons and pions will be

Hy < fi,- B ~ 107% 4, - B~10"° Bﬁmpcz, (3.27)
<
where, again B, = 4.4x 10" gauss. It is apparent that this interaction energy is much much
smaller than the rest mass energy difference of the associated reactions, if the magnetic
field is weaker than 10'® gauss.

We thus conclude that, for all magnetic fields of interest (B < 10'® gauss), the contri-
bution of the interaction energy between nucleons and magnetic fields to the total energy
of the system is too small to be significant, and therefore that the effects of magnetic fields
(B < 10'®G) on the strong interaction rates are negligible.

3.3 URCA and modified URCA rates

At very high temperatures (T' > 10°K), e.g., in the core of some massive stars, the
so-called URCA ratesl!S!

n —~p+e + 7, (3.28a)
e +p—=n+t v, (3.285)
and modified URCA rates(?3]

mtn—=mn+pte + 7 (3.29a)

ntpte —=n+n+ o, (3.295)

n+ 1T = n4 e + T, (3.29¢)

ntn—=n+4+pt+out + 7, (3.29d)

nEt Pt a oo+t oy, (3.29€)

(as well as the inverse processes) provide a dominant mode of energy loss via neutrino
emission. A typical example of this will be the essential cooling processes involved in the
interiors of neutron stars. '

Ruderman et all®¢] have explored the effects of the strong magnetic field on the photon
opacities, and in turn, on the cooling rates. Using our calculations in Section 3.1 of the
weak interaction rates in the presence of the magnetic field, we are now in a position to
examine the rate of the URCA reactions and the modified URCA reactions in the presence
of a intense magnetic field. This should lead to important consequences to the cooling of
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neutron stars since it has been inferred that a strong magnetic field (> 10'°gauss) may
exist in the interior of the neutron stars. A detailed calculation will be presented in a

COIINg paper.
4. Astrophysical Applications

In section 3, we have derived the interaction rates as a function of magnetic field B
in the presence of variable degrees of degeneracy and polarization. Qur calculations have
shown that the effects of the magnetic fields on weak reaction rates are significant, if the
strength of the magnetic field is comparable with the critical B field B, = 4.4 x 10'3gauss
where quantized cyclotron states begin to exist. These results can lead to important

astrophysical applications.

(a) Big Bang Nucleosynthesis

If an intense primordial magnetic field existed in the early universe, particularly at
or just before the epoch of primordial nucleosynthesis(~ 1min.), then the direct influence
on the nuclear reaction rates can be consequential and, in turn, the abundances of light
elements produced in BBN can be significantly affected. This phenomenon will enable us
to constrain the strength of the primordial magnetic field more accurately by using big
bang nucleosynthesis. Detailed discussion and numerical calculations relevant to this issue

will be presented in a separate paperl!6).

(b) Physics of astrophysical compact objects

If compact objects (e.g., neutron stars, pulsars, and white dwarfs) indeed have intense
magnetic fields, as has been implied by a number of authors and observed for a number
of objects, then the effects of the fields on the fundamental physical processes involved
in these objects, which have often been neglected in earlier studies (e.g., of the (URCA)
cooling processes of the neutron stars), should be fully taken into account. The results
presented in this paper reveal that, if the magnetic fields in neutron stars are strong enough
(as large as 10'* — 10**gauss), the effects of the fields on URCA rates may be substantial
and must surely be considered in calculations of the cooling problem of neutron stars. A

more detailed examination of this question will appear as a subsequent paper.
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Figure Captions

Fig. 1 The ratio of the neutron depletion rate with B # 0 to B = 0.

12



Fig.1 The ratio of the neutron depletion rate with B»#0 to B=0.
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