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ABSTRACT: We define inflation to be a cosmic scenario characterized by
a period of superluminal expansion and massive entropy production. We
show. subject to minimal assumptions, that the resolution of the horizon
and flatness problems associated with the standard cosmology necessarily
invoives both features. This rules out a class of adiabatic solutions in which
the Planck mass varies by many orders of magnitude. and points to inflation

as the unique dynamical solution to horizon and flatness problems.
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As successful as the standard cosmology is. it has a number of well known
shortcomings: the horizon and flatness problems [1. 2] and, in the context
of grand unified theories (GUTs), the monopole problem (3]. While these
shortcomings do not involve logical inconsistencies, they indicate that in the
standard cosmology the present state of the Universe depends strongly upon
the initial state—a feature that many consider undesirable. (It is possible of
course, that these cosmological conundrums do not need a dvnamical expla-
nation: e.g.. Penrose has suggested that there may be a law ol physics that
governs the initial state of the Universe [4].)

Guth's inflationary Universe scenario provides an elegant solution to these
problems involving the microphysics of the very early Universe (¢ < 107 sec
and T 2 10 GeV) [2}. While many implementations of Guth’s original idea
now exist, all involve two key elements: a period of superluminal expansion
(driven by false-vacuum energy) and massive entropy production (conversion
of the false-vacuum energy to radiation} [3). We shall take the presence of
these two elements as our definition of inflation. In this Letier we show.
subject to minimal assumptions. that both elements are required for the
solution of the horizon and flatness problems. This rules out the possihility
of adiabatic solutions based on a time-varying Planck mass [6. 7. 8]. and
indicates that inflation is the unique dynamical solution to these problems.

Let us begin with the horizon problem. One of the many ways of stat-
ing the horizon problem is that the comoving Hubble radius at early times.
H~'/R. was much, much smaller than the present comoving Hubble radius.
Hi'/ Ry; here R(t) is the cosmic-scale {actor and H = R/ R is the expansion
rate. This precludes causal physics operating at early times from explain-

ing the smoothness of our current Hubble volume 9]. To solve the horizon



problem one must arrange to have
(RyHL) ™' 2 (RoHo) 7 (11

where subscript 1 refers to some early epoch ¢; and subscript 0 refers to the
present epoch {10]. Since HR = R. this implies that R must increase from
time ¢, until the present: this can onlv occur if Ris greater than zero at some
time between t; and {y. which is the definition of superluminal expansion.
The flatness problem and its resolution are intirmately related to the hori-
zon problem. The flatness problem involves the observation that 2. the ratio
of the energy density of the Universe to the critical density. is close to unity

today in spite of the fact that | — 1| grows as a power of the scale factor.
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Since the curvature radius is proportional to
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this implies that the Universe becomes relatively “less flat” with time, pro-
vided k£ £ 0. (In alternative theories of gravity. we take the 3-curvature to
be 6k/R(i)? and use Eq. {2) as the definition of £2.) Suppose the horizon
problem is solved, i.e., (R H,)™! = 3(RoHy) ™! where 3 > 1. it follows that

1 — 1t = 10, — 1}/ 8% (3)

That is. the deviation of Q from unity is reduced by the square of the factor
bv which the horizon problem is solved. insuring that {2 is close to unity
today and that the Universe is relatively flat.

We now return to Eq. (1] since at present the Universe is matter domi-
nated with puacer ~ 10*7T3. we have Hy ~ 1073 /mpy. At some earlier time

t; when the Universe was radiation dominated. H, ~ T//mp): if radiation



was not the dorninant contribution to H,, then H, was greater than this. In

any case. the horizon/flatness-problem-solving condition Eq. (1} implies

mpy o q-z TR

p—y) i (4)
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where 5 x {RT)? is the entropy per comoving volume. (We will treat g..
the number of effectively massless degrees of freedom, as a constant. Closer
analysis shows that the variation of g, does not affect our conciusions unless
the initial value of g. was at least 10'®) Equation (4) makes clear that the
horizon and flatness problems can be solved by large-scale entropy produc-
tion; specifically, Sq/S81 2 (107*T\/Ty)%. This is the strategy underlyving the
inflationary solution, in which a period of superluminal (usually exponential)
growth of the scale factor is followed by a reheating period characterized by
large entropy production.

We now proceed to show that entropy production is in fact necessary.
In the standard cosmology. where mp) is constant. this is easy to see. lf the
expansion were adiabatic. then S| = Sy and Eq. (1) would require 7, < 10T,
and thus. by adiabaticity. Ry > 107*Ry. Since the early superiuminal epoch
t, was certainly well before the time of recombination { Rrec ~ 1072 Ry). this
means that & must have decreased at some point. However. this cannot be,
since any Friedmann-Robertson-Walker model that is now expanding must
always have been expanding, provided only that we make the reasonable
assumption that the energy density has always been positive.

[t might seem that a variable Planck mass could drastically alter this: A
jarger Planck mass at early times would imply a weaker effective gravitational
constant. This would slow the expansion. leading to an older Universe and

a larger horizon [6. 7. 8]. Specifically. the horizon-problem-solving condition



would be satisfied without entropy production if it could be arranged that
mpi(t1) 2 (107 11/ Tp) mpro ~ 10°°TY; (3)

where mp) o denotes the current value of the Planck mass. mp1 g = mp(tg) =
G;-ln =1.22x10% GeV, and mp(t) = Gy (t)~V? denotes its value as a func-
tion of time. [Equation {5) can also be derived from entropy considerations.
The current Hubble volume contains an entropy So ~ H*T? ~ 10% while
the entropy within the horizon at early times is S, ~ H 7372 ~ [mp(2)/T)° ~
1057 [mp(2)/mpo]*{GeV /T). To ensure that 5, 2 S;. we must require that
mpi(t1) 2 101°( T/ GeV)mpg.)

We now show that it is not possible to decrease the Planck mass rapidly
enough and thus that an adiabatic solution to the horizon/fiatness problems
is not possible. Qur strategy is to focus on the quantity 7/mp;. To reproduce
the successful predictions of primordial nucleosynthesis, the Planck mass
must have reached its present value by a temperature of order 10 MeV.
From this and Eq. {3) it follows that at some early time t, the value of
T/mp) must have been smaller than its value at nucleosynthesis by a factor
of 10° in order to solve the horizon/flatness problems. We now demonstrate
that such an increase in T/mp, from {; to {gpn is incompatible with the
assumption of adiabatic expansion.

In describing a generic theory with a variable Planck mass we shall rep-
resent the Planck mass squared by a Brans-Dicke type fleld & = mp®. We

write the action in the form
s=[dsy=g [

The unusual form of the ¢ kinetic energy term is not essential: it can be put

w{®) ‘o _ »
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in the standard form by transforming to a field v(®) obeving (dv/d®)? =



~/(87®). For constant w and vanishing V{®) this reduces to the Brans-
Dicke theory. We will assume that both the matter energy density p and
V{®) are non-negative {a negative potential would lead to a negative cosmo-
logical constant). It is also reasonable to require that w{®) be positive to
avoid the instabilities (and quantum mechanical inconsistencies) associated
with negative kinetic and gradient energy terms; actually, only the weaker
condition w > —3/2 is needed for our purposes here, and this is what we
shall assume. We do not consider the possibility of terms of second or higher
order in the curvature: for the case of second-order terms. the theory can be
reformulated as Einstein gravity with an additional field [11} and an analvsis
similar to ours can be applied.
This action leads to a Friedmann equation of the form

: L2
8r(p+ V) 8\ w(d\ &
a _ TN = bl e
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[t is convenient to rewrite this as

. 2 : 2
16\ srip+1) 1 3) o\ ok ﬁ
(H+26) =TS slri)ls) w (8)

The quantity appearing on the lefthand side of this equation is

1d d d
H+ 5— = Et-ln{RTnP]) = —-a

In(T/mp); (9)
where the second equality follows from the assumption of adiabaticity. Hence,
during epochs where the righthand side of Eq. {8} is nonzera. the quantity
T'/mp) must evolve monotonically. For & < 0. the righthand side can never be
negative. and so the variation of 7'/1p) is always monotonic. Since T/mp, has

certainly been decreasing since the time of nucleosynthesis. it must alwavs

have been doing so: we thus have our result for an open or tlat Universe.
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The proof for a closed Universe requires a bit more work. With & > 0.
the righthand side of Eq. (8) has no definite sign, and so the Universe might
have alternated between eras of increasing and decreasing T/mp;. Consider
the possibility that the current era of decreasing T/mp) did not extend back
to the beginning, but rather began at some time {7, after the early era of
rapid Planck mass variation and before nucleosynthesis. From the vanishing

of the righthand side of Eq. (8) at ¢t = ", we obtain

k B Prad“'.}
P ——
Rt < 3 mplit) (10)

These quantities can be related to the corresponding quantities at the time

of nucleosynthesis. By adiabaticity prgl{t®) = praallsan) R {(tpan)/ R (7).

while the assumption that 7/mp; has been decreasing since { = ¢* implies
pradlt™)/mp{17) > praalteen)/me(tean ). since pag x T Substituting into
Eq. {10]), we obtain
k 5 37 praalten)
R¥(igpn) — 3 me’iiBen)

This last inequality is false. since at the time of nucleosynthesis the curvature

(11)

term in the Friedmann equation was in fact much smaller than the radiation
energy density. Hence, the assumption of the existence of a time {* must he
abandoned, and we have proven our result.

Qur proof for a closed Universe illustrates how difficult it ts to have
d(T[mp)/dt change sign. Even if one were to relax the assumptions < >
—3/2 and the positivity of other contributions to the energy density. the
righthand side of Eq. (8} must vanish and the negative contribution must
thereafter decrease more rapidly than R™* to guarantee a radiation-dorminated
Universe at nucleosynthesis. To see how challenging this is. it is instructive to

use a conformal transformation to rewrite our actjion with a constant Planck



mass, but time-varying particle masses. In the conformal frame. changing
the sign of {7 /mpy)/dt ts equivalent to constructing a cosmological model
which bounces, i.e., in which R changes sign.

The conformal transformation is accomplished by defining a new metric

9
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where mp o = mp)(tp) is the present value of the Planck mass. When ex-
pressed in terms of this metric and the correspanding Ricci scalar R. the

action of Eq. (6) becomes {after an integration by parts)

2 : E
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S“fd'r‘ g[ T (“”L-z IGrgr 2070

mprg* mpLo’ 1
- _'(%q"v((b)+_£l_2‘€)_£matter (13)

where indices are raised and lowered with the new metric and, because of
the metric factors which 1t contains, [:'maue,. has further ®-dependence not
displayed explicitly. If rewritten in terms of the field \ = In ¢. this would be
the usual dilaton action.

Since the gravitational part of the action has the usual {orm. the energy
momenturn-tensor of the ¢ field can be immediately read off. For a spatially

homogeneous @ field, the energy density and pressure are

3\ mpip? (d®\"  mpt
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Furthermore. the time and scale factor for the transformed metric are related

to those for the original metric by d/dt = \/®/mpg? and B = /& /mp, 42 B.
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so the Hubble parameter forsthe transformed metric is

-_1dR_mP1.o 1@
H==-—= (H+§$). (16)

We now recognize Eq. (8) as the Friedmann equation, in standard form, in
the new frame. Moreover, H is, up to to a positive numerical factor, equal to
—dIn(T/mpy)/dt. If d(T/mpy)/dt is to change sign, the expansion rate in the
conformal frame must vanish and change sign— & must undergo a bounce.

In retrospect, it is actually gquite natural that superluminal expansion
should be followed by entropy production. Recall that the energy density
of a fluid with equation of state p = vp evolves as p x B3} and that if
1t dominates the energy density of the Universe the scale factor evolves as
t¥/3047)  Superluminal expansion requires that the effective equation of state
have ¥ < ~1/3, which implies that p decreases more slowly than =%, During
the superlumninal phase, the energy density of the “fluid” that drives inflation
increases as R? (or faster) relative to the radiation energy density and as R
(or faster) relative to the matter density. Since we can be confident that the
latter phases of the evolution of the Universe involve a radiation-dominated
phase {from a temperature at least as high as 10 MeV until a temperature of
about 10eV) and a matter-dominated phase (from a temperature of about
10 eV until the present or close to it), this fluid must eventually “decay” into
radiation, thereby increasing the entropy by a very large amount.

Finally, suppose for a moment that it were somehow possible for T/mp;
to increase as required to make an adiabatic solution viable. We would
argue that the flatness problem is still not solved in a truly satisfactory way.
The flatness problem involves the size of the curvature radius relative to the

Hubble radius at the initial epoch: In the standard cosmology, the apparently



*natural” initial condition that Reu(t:) = R(t,)1kI""? be comparable to the
Hubble radius H ' leads to a Universe that quickly recollapses for & > 0. or
goes into free expansion, R{t} o ¢ for & < 0. neither of which is consistent
with our Universe. The survival of the Universe to at least the ripe old age of
10 Gyr before becoming curvature dominated requires the "unnaturai” initial
condition Rewy(t:) = (10°°7,/mp ) H!. In a variable-Planck-mass model the
curvature radius is initially (i.e., at t;) comparable to the Hubble radius;
however, the price of achieving this is an initial temperature that is thirty
orders of magnitude smaller than the initial value of the Planck mass. i.e.
Ty ~ 107mp(¢,). Thus. an unnatural initial choice of curvature radius
has simply been traded for an unnatural choice of initial temperature. In
fact. had we chosen the initial epoch for standard cosmoiogy by this criteria.
7. ~ 107*%np,, there would be no horizon/fatness prohlem since the initial
epoch would essentially be today.

In sum. we have shown that the search for a dynamical resolution of the
horizon and flatness problems associated with the standard cosmology natu-
rally leads to both superluminal expansion and massive entropy production,
the two generic features of inflation. This precludes adiabatic solutions that
attempt to solve the horizon/flatness by a large variation in the Planck mass
(12]. Further, subject to our minimal assumptions. it implies that inflation

is the unique dvnamical solution to horizon and flatness problems.
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