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Abstract

We present a detailed derivation of a new and efficient technique based on the tech-
nology of four-dimensional heterotic strings, for computing one-loop amyplitudes in gauge
theories, along with expressions for the one-loop dimensionally regularized helicity ampli-
tudes for the process with four external gluons. We also give a set of computational rules
presupposing ignorance of string theory.
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1. Introduction

Gauge theories form the backbone of the Standard Model of particle interactions. Perturbative
caleulations in these theories are one of the important tools in searching for new physics through
confronting theories with experimental results, Because of the present and likely future importance
of hadron collider experiments to our understanding of the Standard Model, and to our ability to
uncover the new physics hiding part of the electroweak symmetries and generating the observed
fermion mass hierarchies and weak mixing angles, perturbative calculations in quantum chromody-
namics have special importance. They are important not only to precision measurements, but also
to understanding from a theoretical point of view which QCD-associated predictions can be made
reliably, and which cannot.

These perturbative calculations have traditionally been done with Feynman diagrams. The
relatively large value of the QCD coupling constant makes it desirable to carry out such calculations
to relatively high order {large number of external legs or large number of loops); but the prolifera-
tion of diagrams, and associated vertex algebra, makes such higher-order calculations increasingly
difficult.

Recent years have seen substantial progress in improving the situation in tree-level calculations.
Three main elements contributed to this progress: the use of a spinor helicity basis [1,2], such as
that of Xu, Zhang, and Chang (3], for gluon polarization vectors; the color decomposition of the
amplitudes [4,5,6,7]; and an improved technique for calculating the kinematical coefficients of the
different color factors — the Berends-Giele recurrence relations for amplitudes [8]. The tree level
color decomposiiion {5,9} and recurrence relations [10] emerge quile naturaliy irom siring iheories.

In this paper, we present a new and efficient technology for calculating the kinematical coef-
ficients at one-loop, along with the explicit calculation of the one-loop helicity amplitudes for the
gg — gg process. The technology is based on appropriately constructed heterotic string theories,
although for practical applications one can rely on a set of rules presupposing ignorance of string
theory. (The particular string theories we use are do not possess space-time supersymmetry; they
contain a pure non-abelian gauge theory in the infinite string-tension or field-theory limit.)

There are a number of advantages in using a string-based formalism. In the Polyakov string
formalism the loop momentum is already integrated out in the initial expression, and thereby
all algebra associated with the non-abelian gauge vertices is bypassed. Furthermore, the string
amplitude is well suited to use of the same spinor-helicity basis that has proved so useful in tree-level

computations. The spinor helicity basis simplifies expressions with polarization vectors contracted
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into external momenta or other polarization vectors; and these are the only types of terms to be
found in the string loop amplitudes. It thereby reduces greatly the complexity of the expression
for the amplitude, at the very starting point of the calculation. In contrast, in the conventional
Feynman-diagram approach, the initial expression contains polarization vectors contracted with
loop momenta; and a simple technique for evaluating conventional Feynman loop integrals within

the framework of the spinor helicity method does not exist {2].

In a theory of closed strings, at each loop order there is only a single diagram. This allows
one to write a systematic and compact expression for the n-point amplitudes at all loop orders.
The string also provides a color decomposition of the loop amplitudes automatically, just as it
does for the tree level amplitudes: the full amplitude appears as a sum of gauge-invariant partial
amplitudes multiplied by traces over color matrices. We have discussed the color decomposition
of one-loop amplitudes, and the structure of the color-summed corrections to matrix elements, in
a previous paper [11]. The decomposition of the amplitude into smaller gauge-invariant partial
amplitudes, each containing contributions from many Feynman diagrams, eliminates many of the
large cancellations typical of Feynman diagram calculations in gauge theories. Another aspect of
the string reorganization of the amplitude which exemplifies its advantage over the conventional
Feynman-diagram approach is the absence of extra Faddeev-Popov ghost diagrams, even though
the string formalism is completely covariant. For the string n-gluon amplitude at one loop, the

ghost contributions are trivially accounted for in the string partition function.

Since the gluon amplitudes contain the usual infrared divergences found in relativistic massless
amplitudes [12,13], we have developed string versions of several variants of ordinary dimensional
regularization, including its most conventional form. This conventional scheme is distinguished by
its conceptual simplicity, as all states are continued uniformly to 4.— ¢ dimensions, and by the ease
with which one may compare to previous Feynman diagram calculations of Ellis and Sexton [14],
which were done using this scheme. Other variants of dirmensional regularization, in which all
observed states remain in four-dimensions, are to be preferred in future calculations, because they

reduce the amount of work required when using the spinor helicity formalism.

The new approach also lends itself to a richer set of consistency checks than the conventional
one. Besides the usual checks on unitarity, gauge invariance and cancellation of the infrared diver- '
gences — which here may be applied to the separate pieces in the color decomposition — one also
finds relationships between various partial amplitudes that emerge from the requirement of U(1)
decoupling. We have discussed these decoupling identities at great length in ref. {11]. Alternatively,
these decoupling identities could be used to reduce the number of partial amplitudes that must be
computed directly.



We have performed a number of explicit checks on our computation of the four-point helicity
amplitudes. The most direct check of our amplitudes is the comparison [15] of our result for the
next-to-leading order correction to the unpolarized cross-section to the previous computation of Ellis
and Sexton [14]. This provides the first complete check on their results and verifies in detail our
understanding of the dimensional regularization issues in the new string-based formalism. We have
checked the gauge invariance of the amplitude. Using the new techniques for performing soft and
collinear phase space integrations developed by Giele and Glover [16}, we have also checked that the
infrared singularities have the correct form to cancel with the soft and collinear phase integrations
for the corresponding five-point cross sections, in accordance with the Lee-Nauenberg [13] theorem
regarding the complete cancellation of infrared divergences in physical processes. Finally, we shall
demonstrate explicitly that the optical theorem, relating the absorptive (‘imaginary’) part of the

amplitude to tree cross sections, is satisfied.

In deriving our string-based approach there were a number of seeming technical obstructions
which had to be overcome. We have chosen to defer those details which are ultimately irrelevant
to a practical use of the technology to a separate publication [17]. (One of these issues, that of the

gluon wavefunction renormalization, has been analyzed elsewhere (18].)

In section 2 we review the framework of helicity amplitudes, which provide a convenient and
compact basis for expressing the essential gauge-invariant content of gauge-theory scattering am-
plitudes. The formalism we introduce makes good use of the spinor helicity basis of Xu, Zhang
and Chang [3], which we review in section 3. We then review the color decomposition for one-loop
amplitudes in section 4, and the structure of the four-dimensional heterotic string amplitude in
section 5. The ‘moduli’ which appear in the string amplitude correspond to Schwinger proper-time
parameters in field theory; we discuss this correspondence i section 8. We discuss ihe consiruction
of string versions of dimensional regularization in section 7. We then show how to simplify the
string amplitude in the field-theory limit in section 8, and present a set of rules for performing
practical calculations in section 9. The use of these rules does not require any understanding of
the intricacies of string theory {only their derivation does). The partial amplitudes for the physical
helicities of the four-gluon process in a pure glue theory are given in section 10 and 11. The former
section, devoted to the finite helicity amplitudes, also presents several checks on the answers using
the expected symmetry properties of the partial amplitudes and using the decoupling equations.
In section 12 we discuss some of the details of the infrared pole structures in different versions of
dimensional regularization. In section 13, we present the results for the remaining ‘[€]’ helicities,
and show the answer obtained for the unpolarized next-to-leading differential cross-section in the

conventional dimensional regularization scheme agrees with the result previously obtained by Ellis
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and Sexton [14]. In section 15, we check the optical theorem for the different helicity amplitudes;
we conclude with a few general remarks in the final section.

We have also included a number of technical appendices. Appendix I contains a sample string
model which contains a pure SU(N,) factor in the field theory limit, and appendix II contains
some additional technical details. The notation and normalizations for string quantities are given in
appendix ITI. The field theory limit of string expressions are given in appendix IV; these expansions
are necessary for the derivation of a set of rules for the field theory limit. We summarize the
Feynman parameter integrals required for evaluating the loop amplitudes in appendix V, and the
integrals required for checking the optical theorem in appendix VI.

2. Helicity Amplitudes

In a traditional Feynman diagram approach to the computation of the next-to-leading correc-
tions to unpolarized multigluon scattering, one would write down all the contributing diagrams,
in terms of the external polarization vectors and momenta represented by the symbols ¢; and k;;
perform all the algebra associated with the vertex factors; reduce all tensor integrals to scalar
ones through a Passarino-Veltman [19] procedure; re-cast the propagator derominators in each
diagram in terms of Feynman parameters; perform the momentum integrals; perform the Feynman
parameter integrals; sum up the diagrams; construct the interference of the tree amplitude and the

newly-calculated loop amplitude; and use on-shell identities of the form
Z E,(Llj)‘ss;j) — ﬂg“v (2.1)
J

followed by a great deal of algebra, to sum over helicities.

in ihe four-poini amplitude, for each independent color structure, ilhere are furty-iheee foriually
independent terms arising from the number of ways in which four polarization vectors can be
contracted into each other and into independent momenta. At tree level, there are fifteen terms,
so that in forming the the interference of the loop with the tree we would find 645 terms none of
which would be expected to vanish trivially.

However, the entire physical content of the amplitude resides in its values for physical helicities;
the formal expression in terms of the polarization vectors and momenta contains a great deal of
redundant information because of gauge invariance and crossing symmetry. The spinor helicity
basis [1,3] provides a means of writing down helicity amplitudes for processes with external vectors
in a compact and efficient form. In fact, the whole strategy of computing an unpolarized amplitude
changes: it is often more efficient to compute each helicity amplitude numerically (using complex

floating-point arithmetic), and then to square and sum over helicities numerically to arrive at a
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numerical evaluation of a matrix element, rather than squaring analytically and then evaiuating
the resulting differential cross-section numerically.

We will find it convenient to work in a basis where all momenta are labelled as cutgoing, so
that for a 2 — n — 2 scattering process, kh < 0, and momentwm conservation takes the form
> 7=1 k; = 0. (This also changes the sign of the incoming helicities.) We can order the amplitudes
according to the net helicity, § = IZ;':l a;

, which ranges from § = n down by two units at a
time, to § = 0 (for n even) or § = 1 (for n odd).
Each helicity amplitude has a perturbative expansion,
An (1, 2%,3%, . nt) = Alree (17,27 34, at) 4 ALToP (14,27,3%, L nt) 4+ O(g™*?)
A, (17,24,3%, . nt) = Al (17 2% 3% nt) 4 AP (17,27, 3%, L, nt) 4+ O(g™)
A, (17,27,8%, ... nt) = At (17 27,35, .. nt) 4 ALIOR (17,27,3%, .. nt) + O(g™+?)

(2.2)
where the powers of the coupling constant and the renormalization scale dependence are implicit
in the A!-1°°P. The first two helicity amplitudes, with S = n and § = n — 2, are special, because
the Parke-Taylor equations {20] tell us that the tree-level amplitudes vanish; thus the expansions
of these particular helicity amplitudes begins at O(g™) rather than O(g"~?):

A, (17,2%,3%, .., nt) = ALTIeoP (1, 2%, 3%, .., nt) + O(¢"*?)
A, {17,24,3% L nt) = ALTeoP (17, 2%,37, L ) + O(¢g™)
This in turn implies that the one-loop contributions to these amplitudes are infrared finite; and

(2.3)

irrelevant to the calculation of next-to-leading (O(g?*"~2)) corrections to any cross section.

3. Review of the Spinor Helicity Basis

The spinor helicity basis provides an efficient way of evaluating helicity amplitudes of vector
particles in gauge theories. We will follow the form introduced by Xu, Zhang, and Chang (XZC)
[3], which we review in this section.

To every massless four-momentum k, one can associate a pair of Weyl spinors (with opposite
helicities), |k+). These are the basic objects used in this formalism. Amplitudes will eventually be

expressed in terms of the complex-valued spinor products,
(kj_lkiy) and (ki thio). (3.1)
It is convenient to define abbreviations for the various spinor products and the Lorentz product,
(G0 = (kiki) = (kj_lkiy)

(71 = [kj ka] = (kj, k1) (3.2)
(G = GH[1F] = 2k;- ki
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The spinor products are antisymmetric,

G0 =-Ui, 54 =-1t7] (3.3)

and can be evaluated explicitly using [3],

(kyka) = /(L - kf) (k§ + k) exp(i atan(k¥/kF)) — {1 & 2)

kS + kZ .
iy (k% + ik¥) — (1 & 2) (3.4)

[k1 k3] = sign(kikz) (k2 k1))"

For each on-shell gluon carrying momentum k, one must choose a reference momentum gq,
where ¢ = 0, k- q # 0. The reference momenta (which can be different for different giuons) can
be chosen to eliminate many of different invariants involving the polarization vectors. The spinor
helicity basis for the gluon polarization vectors is then

sgf)(k;q _ (q_ﬁnlk_>, =) (k, q) = <q+‘7»|k+>, (3.5)

V2 (gk) V2[kg]
Because of the antisymmetry of the spinor product, these automatically satisfy the on-shell con-
dition k- ¢ = 0, We use the convention that all momenta are cutgoing; the effect of this is to flip
helicity notation on an incoming line. Gauge-invariant quantities are independent of the choice of

reference momentum g, because changing ¢ just corresponds to a gauge transformation,

(ks g) = (ks g) + Gé%%% ky (3.6)
which follows from the rearrangement or Schouten identity
(12)(34)={14)(32) + {13)(24) (3.7)
The Fierz identity, in the form (3]
(17 v {27) (3%|7u]d*) = 2(14)[32] (3.8)

can be used to evaluate the dot products of polarization vectors (note also that (17|y#(27) =
{27y 17))-

Given the reference momenta, the various dot products are simply

N ks 05) e Nk ) = g1 lav 7]

(2;7) (la]
(+) N
ki e k) = 73 (@D (3.9)
ki el (ki) = ____[%}[5;?



The first step in the string-based calculation of gluon amplitudes is indeed the choice of refer-
ence rmomenta for the external gluons, and use of the spinor helicity basis. In making a choice of
reference momenta, it is useful to keep the properties noted by Mangano et al. [5| in mind. With
the first argument to a polarization vector denoting the momentum of the gluon, and the second

its reference momentum, these properties are

g-e®)(k;q) =0
e (kjiq)- P (kig) =0 (3.10)
E(j;)(k_,-;q) . sgi)(h; k;)=0

so that it is desirable to choose the same reference momenta for all gluons of a given helicity, and
to take this momentum to be the momentum of one of the opposite-helicity gluons. This will
greatly reduce the number of non-vanishing ; <¢; invariants. Furthermore, within the set of choices
suggested by these properties, it is preferable to choose a reference momentum that is cyclicly
adjacent to the momentum of the gluon, since that does not introduce spurious poles (which must
cancel) in momentum invariants.

In the computation of the four-point amplitude, examples of good choices of reference momenta
are (ky, ki, k1, k1) for A(17,27,3F,4%)) (ky, ky, ks, ky) for A(17,2%,37,41), and (ky, ko, k1, ky)
forA{(1~,27,3%,47%). Good choices for the other partial amplitudes may be obtained by a relabelling
of legs. These choices are not unique; other choices exist which are just as good. With these choices
of reference momenta we find the following simplifications in computing the partial amplitude
A(l_, 2-,3%,4%),

€163 SEp-£q =€) -£4 —Eg-£4 = E3-64 =0, ky-e1=hy-ca=hky-e3 =k e4=0,
ky-ey = —~ka-e1,  ki-ea= —ka-ea,  hky-ea=—ky-e3, hy-eq=—ka-eq,
£y+€3 = ky-eaka-e3fky - k3,

(3.11)
where the last line follows from an explicit computation making use of the Fierz identity (3.8). We
have made use of momentum conservation in deriving some of these expressions. The reduction
in the number of independent terms greatly reduces the labor in a calculation, from the point at
which these expressions can be substituted into an emerging expression; as we shall see in section 5
these simplifications can be used in their entirety in the very first expression of a string based loop
amplitude computation.

The ordinary (+, —) helicities suffice for next-to-leading computations in certain variants of

dimensionai regularization®, but for computations in the more conventional variant, one must also

* In a scheme in which all helicities are treated as four-dimensional cnes, such as the four-dimensional helicity
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take into account the fact that vectors in 4 — ¢ dimensions have 2 —¢ rather than 2 helicity states. To
do this in the framework of the spinor helicity basis, one introduces {21] an additional ‘[¢]-helicity,
with the following rules in 4 — ¢ dimensions,
ko eliD(k;q) =0
e D(kiq) - V(K 0) = -6
In the last expression, 7, and i; run over the —¢ additional dimensions; in squaring an amplitude

(or forming an interference), one must sum over these additional indices:

6{‘1_‘:)6("_‘:) = 6(‘1_':), 6(‘1_‘:)6('{":) = —¢. (3.13)
It will be convenient to abbreviate ‘5(‘.1—‘:) to 6(13‘,').

4. The Color Decomposition

In analogy to the color decomposition of the tree-level amplitude [4,5,9},
An({kioia}) =g™7" Y Te(T% T2 Anlkaa)s A1) -5 Kognys Aogm) (4.1)
PESA[Z,
there is also a color decomposition of loop amplitudes [22],

n/2)+1

AT =g NN G (p(L)sees A1) Anig (Rp1)s Ap(1)i o3 Rofnpy Apim)  (4:2)
J=1  pES./Sny;

In these expressions, k,;, \;, and a; are respectively the momentum, helicity, and color index
of the i-th external gluon. The T¢ are the set of hermitian traceless N x /N matrices (normalized
so that Tr(T27T*) = §9%); 5,./Z, is the set of non-cyclic permutations of {1,...,n}; Gry;; denote
the double-trace structures

Grp (1,...,n) = Te{1) Te(T* ... T%")
= N, Te(T® ...T%) (4.3)
Grp; (1,...,n) = Te(T* ... T%- ) Te(T% ... T°),
and 5,;; is the subset of the permutation group §, that leaves the trace structure Gry;; invariant.

(Sn;1 is just the set of cyclic permutations of n objects, Z,.) Four pure-glue amplitudes in SU(N),

scheme to be described in section T, the ordinary helicities in fact suffice to all orders in pertubation theory.
This was in fact the scheme that should have been implied in the discussion at the end of ref. [21], rather than
Siegel’s dimensional reduction; the latter effectively treats all helicities in four dimensions at tree-level, but is
slightly different in loop calculations.



the partial amplitude A,; drops out since its coefficient includes a trace over a single SU(N)
generator, which vanishes identically. In summing a squared amplitude over colors, however, the
fact that the additional U(1) of U(N) decouples allows us to sum over U(N). (That is easier
because the U{N) Fierz identities are simpler than their SU(N) counterparts.) If we do that, we
must retain A,;; since its coefficient no longer vanishes trivially. In next-to-leading corrections to
the cross section, it drops out anyway; but in higher-order corrections it does not. The decoupling
equation for this partial ampiitude could stiil be used to eliminate A,;;, but that is not necessarily
desirable, since formulz which contain it may well be more compact than those which eliminate it

in favor of a sum of A, s,

The four-point amplitude thus has the decomposition

AP =gt N N THT o T T T ) 4y, (0(1),0(2),0(3),0(4))
€8, /2,

+ Z Tr(To 0} Te(T O T T2 ) 44.9(e(1);0(2), 0(3), o(4)) (4.4)
TESy/Zs

b THTO T ) I(TH O T ) Ais(0(1),5(2); 0(3), 0(4))

ogE S.”-"Z;'

In the first term, the permutation o lies in the set of all permutations §4 of four objects, with purely
cyclic ones removed; in the second term, the set consists of all permutations which are inequivalent
under a cycling of the last three indices; and in the last term,  is again in the set of permutations
of four objects but with two factors of Z; removed, corresponding to exchanging the indices within
each trace, as well as another Z, removed corresponding to interchanging the two traces. (In this
equation, we have abbreviated the dependence of the A,;; on momentum k; and helicity A; by

writing the label ! alorne.)

The one-loop partial amplitudes A, ; have properties analogous to those of their tree-level

counterparts: they are gauge-invariant on-shell; satisfy a symmetry equation,
Vo € Snyjy Anii(o(1)y...,o(n)) = An(L,...,n) (4.5)
and a reflection identity,
Ani(Bnii(1,..04m)) = (=1)"Any5(1,..., n) (4.6)

where
Rn;j(ili' ..,in) = (‘!:J'.._]_,. ..,il,in,...,ij) + (4.7)
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In the case of the four-point amplitude, these identities are

Ag1(1,2,3,4) = A4,1(2,3,4,1) = 441(3,4,1,2) = 441(4,1,2,3)

Ag2(152,3,4) = A42(1;3,4,2) = A40(1,4,2,3)

Aga(1,2;3,4) = A43(2,153,4) = Aga(1,2;4,3) = 44;3(3,41,2) (4.8)
A61(1,2,3,4) = Agn(4,3,2,1)
A4;2(1;2,3,4) = A42(1:4,3,2)

In addition the partial amplitudes satisfy a set of decoupling equations which we have discussed
in detail in ref. [22]. In the case of the four-point function, these take the form

A43(1,2,3,4) = Z Aga(o(1),0(2),0(3),0(4))
TESy /24

A-i;Z(l’ 27 33 4) - - Z A4;1(1,U(2),O’(3),0‘(4)) (4-9)
geZs{1,3,4}

1
= —§A4;3(1,2,3,4) .

Using the decoupling equations, one can simplify the color-summed next-to-leading correction to
the four-gluon process,
Y [AiAdnpo = 20° N2 (N —1)Re D A=*(0)4ua(o). (4.10)
colora cESs /24
where we have abbreviated Ap;;(o(1),...,a(n)) by 4,;(o).
The leading-order result has the form

* TEeE * 2
Z [Af AL = g*N? (N: -1) Z LY (U)l . (4.11)
colors oES /2,
The color decomposition emerges naturally from the heterotic string amplitude, which we

review in the next section.

5. Heterotic String Amplitudes

If we wish to write an SU{N) gauge theory loop amplitude as the infinite-tension limit of a
string amplitude, we must control the massless matter content of the string theory, because colored
massless matter particles (if any) can run around the loops. In a string theory, control of the
spectrum is particularly important, since even a single sector of a string theory typically contains
different massless states whose contributions are summed together. (In contrast, in field theory,

each different virtual particle has its own set of independent Feynman diagrams.) It is possible to
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build heterotic string theories whose infinite-tension limit is a non-abelian gauge theory where one
of the factors is an SU(N) with no matter fields. The technology needed for such a construction
is precisely the one used to construct four-dimensional string models. We have discussed the
construction of such models, using the fermionic formulation of Kawai, Lewellen, and Tye (KLT),
in previous work [24); a sample model is summarized in appendix I. We use a heterotic string
because bosonic strings always contain unwanted massless scalars and tachyons, while consistent
four-dimensional type II [25,26] and type I [27] superstrings do not have a rich enough variety of

models for our purposes.

There are three basic kinds of four-dimensional heterotic string constructions: bosonic formu-
lations (28], fermionic formulations {29,30], and direct superconformal field theory constructions
[31]. (The appellations ‘bosonic’ and ‘fermionic’ refer solely to aspects of the string world-sheet
and imply nothing about the spacetime nature of the models, which may be supersymmetric or
nonsupersymmetric.}) These formalisms have revealed a huge class of consistent four-dimensional
superstring models; the {reedom in constructing models is so large that string models with virtu-
ally any low energy gauge group with rank 22 or less can be built. In this paper, we again use
the fermionic formulation in the notation of KLT [29]. We have found the fermionic formalism
to be particularly straightforward to use for constructing models as well as computing scattering

amplitudes, although one could use other formalisms as well.

It turns out that a fully consistent string is not needed for practical calculation, since in the
field theory limit the details of the infinite tower of massive states is not relevant. (In particular,
the modular transformation which relates the spectrum of massive states to the massless states is
not important.) However, a consistent string does guarantee that no extraneous problems enter to

affect the results.

We now review briefly the salient aspects of the KLT construction. The construction is based
on an analysis of the one-loop string partition function or world-sheet torus: one imposes on it
the constraints of world-sheet reparameterization invariance, world-sheet supersymmetry, freedom
from the conformal anomaly, one-loop modular invariance invariance [32]. One also demands that it
contain a physically sensible spectrum, with an integral number of states appearing, each with the
correct spin-statistics relation. (This last condition is actually equivalent to two- and higher-loop

modular invariance [30,33].)

In the fermionic formulation all internal degrees of freedom (which carry the non-abelian
gauge charges) are taken to be world-sheet fermions [34]. The degrees of freedom corresponding to
uncompactified (genuine space-time) dimensions are left as world-sheet bosons. These satisfy the

conventional world-sheet boundary conditions X (o1 + 271,03 + 2xm) = X(01, ;) on the one-loop
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world sheet torus. Before imposition of the KLT conditions, each of the world-sheet fermions can

have independent boundary conditions
wi{oy + 2am, 09 + 2xm) = 2™HEHEM Y (5) a0) . {5.1)

The points on the torus are parametrized by the complex quantity oy + 7oy where 7 is the modular

parameter describing the ‘shape’ of the world-sheet torus. The modular transformations
T— —1/7, T —T+1, (5.2)

are the last remnant of reparametrization invariance on the world-sheet after gauge fixing.
Corresponding to each set of boundary conditions of the ny, world-sheet fermions is a one-loop
fermion partition function on the torus Zg [g:] =112, 24 [g: ] , where 2, is the partition functions
for a single complex fermion. (The explicit value of these partition functions in terms of J-functions
is given in Appendix III.)
The complete string partition function is an integral over all inequivalent tori of the separate

world-sheet bosonic and fermionic contributions,
——ZpZp. (5.3)

The KLT construction imposes modular invariance separately on the fermionic and bosonic contri-
butions. Note again that ‘boson’ and ‘fermion’ do not refer to the space-time properties but only
to world-sheet properties; in particular, Zp will contain contributions from states which are space-
time bosons. At one loop, the ghost contributions enter trivially, and simply reduce the number
of bosonic and fermionic degrees of freedom by two. In the KLT construction, the bosonic degrees
of freedom are completely generic and require no special consideration. The choices of boundary
conditions of the world sheet fermions, on the other hand, define the string model; different choices
of boundary conditions on the world-sheet lead to different particle contents.

Under the modular transformations (5.2), the single-fermion partition functions transform as

follows,
S [;z] . emw,_uz)(u.—uz)zl[ B }

i t - (5.4
r—=T+1: Z [al] N ezri(a,’—u;+1/a)zl [ oy ] ‘
B B — a

Linear combinations of products of these single-fermion partition functions,

Zp = chzp [g] = ch Illzl B:] , (5.5)
&, =

o
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will be invariant under the modular transformations, for appropriate choices of coefficients Cg.
KLT give a set of rules of determining these coefficients so that the partition function is modular-

invariant in addition to satisfying the other consistency requirements mentioned above.

Given the partition function for a given string model, the computation of scattering amplitudes
is straightforward. In the Polyakov formalism the amplitude is given by the expectation value of

the vertex operators [35,23] of the theory using the world-sheet action for free fermions and bosons,

Attring ({@iy ksy£5}) ~ /[DX][DI;”} exp (—S5] V' (k1,e1)--- Vo {kn,£n) . (5.6)

For a bosonic string, the world-sheet action § = (4wa')~? [ d?£ 7,83 X 8P X" corresponds to free
bosons X #; it is a bit more complicated for a four-dimensional heterotic string (see, for example,
ref. [29]). The vertex operator for external gluon states is given in appendix III. Using Wick’s
theoremn and expressions for the Green functions, these the expectation values can be computed

explicitly. (The details of performing such computations in the operator formalism may be found
in ref. [23].)

The one-loop dimensionally-regularized amplitude for n external gluons in a heterotic string
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theory can be written as follows,*

,(4#)5/2 nf2—1+e/2 e/2\n ma, r’;u On 1:;;..
A=ty A S T T

f (I:f—:P f (E iy diz dbis dbsy ) / (I—'[ d*y; ) Y. cizin)
o ez
i=1 * ﬁ;.

Hexp [Ak,- - k; Gp(v; - v;)
i<j

i mi; my A QX
- 9,‘133'26"" ;_-l,_ GFI:S* :I(V,' - Uj) - 9.‘38516 ,aiGF[ﬁ... }(V,- —_ u:;)

ar

Br
ay

+ i\/X(G.';;Qﬂk; - &5+ 9;4953kj . E;) GFI:ﬂT }(F{ — D'j)

(5.7)

- 9{39j3/\k" . k;; GF[ :|(ﬁ,' - Fj)

- i\/X(G.-:.B“k,v - &y — j39j4k; . EJ')G'B(I—I'.' —'173')
ap

+ Biaji - €5 GF[ :l(Fi - 7j)
Br

+ 0:38,48430,46; - €5 éB(F; —Vj)

where A = wa' is the inverse string tension; the §; ; are Grassmann integration variables, and the
v; are integrated over the torus specified by the modular parameter r; a and 3 are the various
boundary condiilons for the world-sheet fermions, over which one must sum into cider to obtaln
a modular-invariant answer; Zg: is the partition function for a given set of boundary conditions;
G F[g:] are the left-mover fermionic Green functions, with a,, and B, the boundary conditions
on the torus of world-sheet fermions associated with the gauge group of interest; GF[ g;] are the
right-mover fermionic Green functions, with ay and 8; the boundary conditions of the world-sheet
fermions carrying the space-time index {which occupies the first right-mover position in the world-
sheet boundary condition vector); Gp are the bosonic Green functions (dots indicate derivatives
with respect to ¥); Our convention is that the left-movers form a bosonic string while the right-

movers form a (world-sheet) superstring. Detailed expressions for all of these quantities are given

in the appendices. The T® are the usual charge matrices of U(N.). The overall factor of i ensures

* This form is valid in all string sectors which do not contain world-sheet zero-modes, such as the sectors of
interest to us — those containing the gluons.
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that the phase convention is the same as in a Feynman diagram computation. (The form of the
amplitude given here differs slightly from the standard form, in that we have chosen to integrate
over all vs, and have compensated by dividing by the volume of the torus, rather than fixing »,.)
The string amplitude may be diagrammatically represented in terms of a torus world sheet and

punctures for the vertex operators, as depicted in fig. 1 for the four-point amplitude.

This expression yields a properly normalized amplitude in {4 — ¢) dimensions, with the param-
eter u being the usual scale parameter which absorbs the dimensions of the coupling constant. We

shall discuss the details of the string versions of dimensional regularization in section 7.

A rather striking feature of the amplitude (5.7) is that it is valid for arbitrary numbers of
gluon legs. In contrast, the usual Feynman rules do not yield a comparable concrete formula in
any straightforward manner. A field theorist would also find the simplicity with which the ghost
contributions enter into the amplitude rather remarkable. The contribution of the world sheet
ghosts (which are not trivially related to the space-time ghosts) amounts to removing two degrees of
freedom from both the bosonic and fermionic partition functions with no other change whatsoever,
This simplicity is an indication that the string amplitude contains a non-trivial rearrangement of
contributions to the amplitude that would emerge from different Feynman diagrams in the usual

method of calculation.

In the string model we employ, the gauge group of interest is actually U/(N;} rather than
SU(N.). The extra ‘photon’ is an integral part of the string theory, and amplitudes with an
external ‘photon’ receive non-vanishing contributions from the self-contraction left-mover Green
functions Sp[g]. The decoupling of this extra U(1) gauge boson in the infinite-tension limit can be
used to derive various constraints on pieces of the gauge theory amplitude {11]. The self-contraction
Green functions enter only into the calculation of the A, partial amplitudes whose coefficients
vanish trivially for SU(N.) gluons, and for the most part we shall ignore thern in the remainder of

this paper.

It will be helpful to distinguish three factors of the integrand: the left-mover contributions
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(which are a function of the v; alone),

i . [s Pl
o[ maelz]
. Qm,
x gjexp [— 9;19_,‘35"" ajGFl:ﬁ,.’;j ](Vi -

ﬁ di; dbiz

i=1

- ([ sz )

o nimasf]
=] ™my

Qo ;

ﬁA
™y

x [] exp

i
i#)

1 . A
](v; - Uj) — —2-9;19j16m’ TTI.'GF[

[+

Uj) - 0,‘10,’16’“1 f‘;.G‘F[ﬁ

|

;i](l’i“”j)

(5.8)

;':" ](Vi - vj)

m;

|

The form of the left-mover Green functions associated with any given trace structure is actually

quite simple. Every left-mover Green function

is uniquely associated with a Kronecker é-function

which ties together two color charge matrices, and so the list of left-mover Green functions can be

read off from the trace of color charge matrices. As examples, the following terms appear in the

four-point string amplitude:

-

?Tr(T"'T“’T“T“*)GF[‘;j_(—m)Gp[gj](—uza)ap[gﬂ(—uu)cptgg](m) (5.90)
o I N S w
o 1 Nl i ol

where we have used the relation Gp[ gg](v) = —-GF[ ;g](—u) to rewrite the form appearing in

equation {5.8).
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The second factor of the integrand consists of the right-mover contributions,

R({7i, ki e:}) = / (H df;z dfis )
=1

n ar], ~

Hexp - 8,-39_.;3Ak; . kj GF (V,' ha b’j)

i<] ﬁT

+ 'iﬁ(gigﬂﬂk,‘ cE5T 9,‘4953]8_,' . E,‘) GF[;T](F,' — FJ')

T (5.10)
— iﬁ(ﬂiggukj Ef — ngg‘“k,- . EJ-) C;'B(F; — Fj)

+ Gi4Oj4e; - €5 GF[QT}(F:' - 7;)
B1
+ 0i38i46;30,4; - €5 Gp(7: - 75) ]

This is a function of the ¥; alone, except for the zero-mode piece in the bosonic Green functions,
which also depends on r;. In this part, one may use the spinor helicity simplifications, then
perform the Grassmann integrals, and then integrate the ¥; integrals by parts to remove all double-
derivatives of the bosonic Green function, Gp(¥). As we shalil discuss in section 8, integrating by
parts is important for deriving a simple set of rules in the field theory limit. Before performing the
integration by parts, there is a simple correspondence between the kinematic tensors and products
of Green functions arising from the structure of the right-mover contributions (5.10); the integration
by parts, however, destroys this simple correspondence.

The third and last factor of the integrand consists of the partition function and parts common

to both left- and right-movers,

E({viTi ki ei}) = 3 CEZ5(r) [[ exp [Mki - £5G 5w — v5)] - (5.11)
a8 i<y
The overall normalization will be denoted by A/. The partition function is composed of a product

of zero-mode, left-, and right-mover pieces
d(7) = (Imr)~2+e/2Zgin 2, &
Z5(r) = (Imr) ZRznZLst (5.12)

Before summing over the world sheet boundary conditions, in the Neveu-Schwarz sector, the left-
mover bosonic string partition function has a leading leading behavior of ¢~! (where g = €¥*i7),
corresponding to a mass-squared level of —4x /A, while the right-mover superstring partion function
has a leading behavior of §~!/?, corresponding to a mass-squared level of ~2x/A. The appearance

of the dimensional regularization parameter € will be discussed in section 7.
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As an example of the structure of a right-mover contribution and of the required integration by
parts, consider the right-mover terms associated with the factor £, - €; in the three-point amplitude

(n=3)

et - e (Ga(ma)(hs - e1Cnlora) + b - esGa(vm)
art

B
+ Mes - krky - k3 — 3 - kyky - kg)GF{;:}(Flz)G;[gI:I(Vu)GF[g:j‘(?g;;)) .

+ Aky - kz(GB(?ns)Sa - ky + G'B(Fm)ss . kl)GF[ ](Fu)z (5.13)

These right-mover Green functions contain a G p(¥;3), and we must perform an integration by parts
to remove it: multiply the offending right-mover terms by the common factors (5.11), integrate by
parts with respect to one of the 7;, and then divide out the common contributions to obtain the
transformed form of the right-mover contributions. For the & B(Fu)é p{(V13) term, the appropriate

variable is 73; the transformation takes
és(ﬁu)és('ﬁla) - AGB(Flz)GB(Vw)(kz . ktas(721)+kz . kacs(523)+kz . k4é5(724)) (5.14)

where the terms in parentheses have been pulled down from the exponentiated Green functions in
equation (5.11). There are no surface terms since the torus has no boundaries; at the locations
of the vertex operators an analytic continuation in the external momenta removes the potential
singularities which might have obstructed the integration by parts {11]. For the G g(v13)G5(¥23)
term, the appropriate variable is #;, and this transformation also removes the G p(713).

In general, when we perform the &;; and 6;; integrals, the §™, will contract the indices of the
charge matrices, and we will obtain an expression for the string amplitude as a sum of kinematic
coefficients,

.A;tring - Z TI(T‘" i __Tu,-) .. -TI(T"“ . .Tu...)

! e 2 ' (5.13)

xN/ e /d vi L{LD E({w, BN R({B, K, })
where the sum runs over all trace structures with up to n traces, and all inequivalent ways of order-
ing the charge matrices in any given trace structure. In this way the string induces a natural color
decomposition on the amplitude; in the field theory limit the coefficient of each color trace struc-
ture is a partial amplitude discussed in the last section. In order to evaluate a particular partial
amplitude we need only focus on a particular trace structure in the full amplitude, which in turn
implies that we need focus only on a particular left-mover Green function structure. Furthermore,
the factorization of the amplitude into separate left- and right-mover factors implies that the ma-

nipulations discussed above — substitution of the spinor helicity basis, the right-mover Grassmann
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integrations, and the integrations by parts — can be performed on the right-movers independently
of the structure of the left-movers.

As an example of the expressions one obtains after such manipulations, consider the right-
mover contributions to the helicity amplitude ,A,(17,27,3%,4%). If we use the reference momenta
discussed in section 3, substitute the simplifications (3.11) in the right-mover terms, and integrate

by parts to remove the remaining G B's, the right-mover expression becomes

- 9= gt _ 24t (12}4 43 (- 20— = AT VG (T
R(17,27,37,4%) = A I{l 2 23) (34 (A1) [(GB(H:J) - GF(WS)) (GB(VM)GB(VM)

— Gp(Fn)Gs(Fn) + Gp(Fn)Ge(¥a) + Gk(vn) - éfe(le))
+ (GZB(FH) - G’p("f'n)) (C'?B(Fu)é'a(ﬁa) — Gp(P11)Ga(Tas) + GB(FS:)GB(V4=))
+ Gr(P2)Gr(7n )G r(Va)Gp(¥as) — Gr(P1)Gr(73)Gr(van )G r(P4a)
+ Gr(P31)G r(¥22)G p(Va1 )G r(Paz) — Gp(931)G8(732)G8(P41)Ga(Tua)
— Gp(721)G8(Ta1)G (P41 )G B(Taz) + GB(FH)Gs(ﬁsz)éa(341)¢3(ﬁ43)]

(5.16)

This is an example of a ‘first-line’ simplification obtained using the spinor helicity basis; comparable

simplifications emerge for the other helicities.

Before proceeding to extract the infinite-tension or field-theory limit, there are a number
of technical points which must be addressed. In the corners of moduli space where the loop is
isolated on an external leg, the standard Polyakov amplitude is in fact ill-defined, because of ‘0/0’
ambiguities which must be resolved. These can be resolved using a prescription due to Minahan
[36] which preserves modular invariance. We have performed a detailed analysis of this question
in previous work [18], and have also shown a connection between the Minahan prescription and
possible off-shell continuations of the amplitude [37], bui for caicuiaiions in ihe fieid theory limit
using a dimensional regularization scheme it turns out that the coefficient of the ‘0/0’ vanishes
because of a complete cancellation of the UV and IR divergences, just as in field theory when loops
are isolated on external on-shell legs [38]. We also note at this point that with the use of the
Minahan prescription, the wavefunction renormalization in the string theory vanishes (independent
of the renormalization scheme), and so the amplitude (5.7) in fact is the S-matrix element as well.
The vanishing of the coefficient of the ‘0/0" ambiguity means that this technical issue is in fact
irrelevant to the derivation of the field-theory limit, and so we shall not discuss it any further. We
will perform a closer examination of the vanishing of the coefficient in another paper [17].

Since the siring model of interest does not possess space-time supersymimetry, the dilaton
tadpole does not vanish. One might fear that this would lead to difficulties with gauge invariance
or decoupling, but a more detailed analysis [17] reveals that for our purposes this is not the case.
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For practical computations, one may simply note that the would-be dilaton tadpole contributions
come from an isolated region of parameter space, where the locations of all the external vertex
operators come together, and therefore they can simply be dropped.

The one technical issue that is important for practical calculations is that of regulating infrared
divergences; we shall discuss this question in section 7.

Before turning to that issue, we may note that although the moduli of the string amplitude, =
and the »;, may appear strange to a field theorist, they have a simple interpretation in as Schwinger

proper-time variables; we discuss this interpretation in the next section.

6. A Connection to Field Theory: Schwinger Proper Time

At first sight, the string amplitude {5.7) does not look much like an ordinary quantum field
theory amplitude; in particular, the integration parameters or string ‘moduli’ may appear rather
exotic in nature. These parameters (or more precisely their imaginary parts) are in fact just ordinary
Schwinger proper-time parameters of the same sort that one would encounter in field theory.

This interpretation can be understood most easily in the operator formalism of string theory.
In this formalism the one-loop string amplitude is written as a trace of vertex opertors separated

by string propagators

A, = Tr (v1 LI v A ---V,,;_) (6.1)
Lo+ Lo~-2 Lo+Lp-—-2 Lo+ Ly -2

where the V; are vertex operators, one for each external state, and 1/(Lg + Ly — 2) is the string
propagator. Ly — 1 is the world-sheet hamiltonian for the left-mover modes of a string while Lois
Lhauniionian for the right-movers. The string propagator is a space-titue scalar which propagaies an
infinite tower of states with increasing space-time spin; besides the usual vitrational string modes
there is an overall translation mode which can be identified with the momentum variable of a point
particle theory. (For simplicity’s sake we restrict our attention to bosonic string theory, but the
essential features are identical in all conventional string theories.)

The general form of the string theory loop amplitude (6.1) is analogous to that of a field theory
loop consisting of a trace of vertices separated by propagators. There are, however, some general
properties of a string theory, central to its computational simplicity, that are quite different from
the properties of a field theory; for example, a single string propagator, devoid of Lorentz indices,
propagates an infinite tower of space-time bosons, with ever increasing spins. For computational
purposes, string theory takes vector and higher-spin states, and turns them into scalar-like states.

One should contrast this with the field theory, in which the Lorentz structure of the Feynman
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propagators and vertices becomes significantly more complicated as one increases the spin of the
propagating states, leading to laborious tensor-loop computations.

Another remarkable feature of oriented closed strings is that only one diagrammatic topology
contributes at each order of perturbation theory. It is therefore possible to (effectively) integrate
out the loop momenta at a given order in perturbation theory in one fell swoop and thus to write
closed-form expressions like the one-loop amplitude (5.7). In field theory each loop amplitude
would be associated with a number of different diagrammatic topologies, each in turn leading to a
different loop integral.

In the operator formalism of string theory one may evaluate the loop integral (or trace) by
introducing proper-time variables for each propagator:

*—--%_-—-— = /m dt exp(—t(Lg + Lo — 2)) = /00 dt exp( — t(p?/2 + string osci]lators)) (6.2)
Lo+Lo-2 Jo 0
where p is the zero-mode or string momentum.

At this stage, the introduction of a proper-time parameter is identical to the field theory case
(6.2), so the (4 — ¢)-dimensional zero-mode integrals produce a result identical to the corresponding
field theory loop integrals (7.1). The string amplitude also contains non-trivial contributions from
the string oscillators, of course.

In string theory, the left- and right-mover parts of the theory are completely decoupled except
for a ‘level-matching’ condition [23). This condition demands that for any physical state, the left-
and right-mover world-sheet Hamiltonians must take on identical values, so that (Lo — Lo }|#) = 0.

One can include this condition in the propagator by introducing a phase in the proper time integral

/m dt /h e~ Lot+Lo=1) id(Lo—Lo) _ { 1/(Lo + Lo — 2, (Lo — Lo)l¥) = 0 (6.3)
0 o 0, (Lo — Lo)lY) # 0

since the eigenvalues of Ly — Lo are integers. Combining ¢ and ¢ gives a complex proper-time
parameter; by convention in string theory ¢ is put in the imaginary part and ¢ in the real part.

The sum of all complex proper time parameters around the loop

T

3+ %) (6.4)
i=1

is the ‘modular parameter’. In the geometrical picture of string theory this parameter specifies the
inequivalent tori over which one must integrate.

Those parameters appearing in the conventional string amplitude which describe the locations
of the vertex operators on the world-sheet torus are partial sums over the complex proper time

parameters,

Vi = % ;(t; +1¢) . (6.5)
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This simple interpretation of the string amplitude integration parameters in terms of proper-
time variables makes possible the identification of string versions of dimensional regularization
with their field-theory counterparts. We discuss the construction of string versions of dimensional

regularization in the next section.

7. Dimensional Regularizations in String Theory

Bare loop diagrams in a massless quantum field theory possess both ultraviolet and infrared
divergences. A variety of regularization schemes could be used to regulate the ultraviolet diver-
gences, though in non-abelian gauge theories various forms of dimensional regularization are by far
the most popular, In dealing with infrared divergences, one must find a scheme in which one can
regulate both the divergent phase space integrals over soft and collinear momenta in the higher-
point tree diagrams, as well as the corresponding divergences in the loop diagram. For practical
calculations, there is simply no choice other than a form of dimensional regularization. We should
therefore construct a form of dimensional regularization for the new technology presented in this
paper; to do so, we will construct a dimensional regularization for the string amplitudes. (We note
in passing that although the string amplitudes do not require an ultraviolet regulator, all relativistic
quantum-mechanical theories in four dimensions, including string theories, with massless particles
display infrared divergences in on-shell amplitudes with fixed particle number {12,13], and thus
four-dimensional string amplitudes require an infrared regulator as well.)

In discussing dimensional regularization, it is helpful to keep in mind several different classes
of particles: internal, or virtual, ones; external particles which are soft, or collinear with other
external particles, and are thus unobserved; and external particies which are observed. The former
two classes we shall lump together as unobserved particies, while the lasi class we shall term simply
observed. Unitarity demands that the treatment of unobserved particles be uniform, independent
of whether they are internal or external. It is also helpful to keep in mind the possibility of differing
treatment of a gluon’s momentum and polarization vector.

All dimensional regularization schemes entail continuing the momentum integrals (both the
loop integrals and the integrals over soft and collinear phase space) to 4 — ¢ dimensions in order to
render them finite. There are, however, at least three versions of dimensional reguiarization, which
differ in their treatment of the polarization vectors (or helicities) of the observed and unobserved

particles:

{(a) The original 't Hooft and Veltman scheme (HV) [39] in which all unobserved polarization

vectors are also continued to 4 — ¢ dimensions (so that unobserved gluons have 2 — ¢ helicity
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states), but observed gluons are kept in four dimensions (so that observed gluons have 2 helicity

states);

(b) the ‘conventional’ dimensional regularization* (CDR) used, for example, by Ellis and Sex-

ton {14] in which both observed and unobserved polarization vectors are continued to 4 — ¢

dimensions (so that all gluons have 2 — ¢ helicity states); and

{c) afour-dimensional helicity scheme (FDH) which naturally arises when using the spinor helicity

formalism. In this scheme all helicities {of both observed and unobserved particles) are treated

in four dimensions (so that all gluons have 2 helicity states).

We summarize the defining properties of the various regularization schemes in Table 1.

Four-dimensional

. ) )
Conventional t Hooft-Veltman helicity
Momentum Unobserved particles 4—¢ 4—¢ 4—~¢
components Observed particles 4—¢ 4 4
Helicities Unobserved particles 2-¢ 2—¢ 2
Observed particles 2 -« 2 2

Table 1: Defining properties of the various dimensjonal regularization schemes.

A satisfactory regulator must respect gauge invariance and unitarity. The conventional scherne

is conceptually simpler, as all quantities are continued uniformly to 4 — ¢ dimensions, and its

consistency is widely accepted [40]. We will not address the compleie cunsisiency of the 'L Hoolt-

Veltman and FDH schemes in all situations, although the desired properties are not hard to prove

at one loop. We will however show explicitly the consistency of the latter schemes in the four-point

calculation. The FDH is similar to Siegel’s regularization by dimension reduction [41] since the

number of helicity states is fixed at 2; however, in dimensional reduction the two physical states

are split between a (4 — €)-dimensional vector (which has 2 — ¢ states) and e scalars which must be

treated separately.

{The reader might worry at this point about the use of helicity amplitudes in the context of

dimensional regularization, given the difficuities encountered with «5 and chirality in such schemes.

* For historical reasons, this scherne (with the use of specific pole subtraction prescription) is sometimes referred
to as the * MS scheme’. That nomenclature is misleading and confusing, since it is possible to use an MS
prescription in any of the schemes we are discnssing. We will therefore reserve the term ‘MS’ for the name of

the uitraviolet subtraction prescription.
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The definition of v5 is however irrelevant to the calculations considered in this paper, and indeed
irrelevant to any calculation not involving parity viclation; the easiest way to understand this is
to imagine performing the calculation without resorting to the spinor helicity basis. In that case,
one would obtain an answer expressed in terms of the polarization vectors as formal objects, and
no vs’s would be encountered; at the very end (in principle even after construction of differential
cross-sections and cancellation of infrared divergences), one could then use the spinor helicity basis.
In the string-based calculation, we are effectively at the very end in the very beginning, since the

starting expression (5.7) is already expressed in terms of dot products of external quantities.)

While the conventional scheme is conceptually simpler, the other two schemes have practical
advantages when using the spinor helicity formalism, which is most naturally used in four di-
mensions. Use of the conventional scheme would require the computation of additional e-helicity
amplitudes, using the conventions of section 3. While the formalism we present in this paper can
of course be used for such a computation as well, it does entail extra (unnecessary) work. We have
introduced the FDH scheme because it is in a sense the most natural within the context of the
string formalism when using the spinor helicity basis. From a practical point of view, however, for
the calculation of the one-loop corrections, the amount of work required in the FDH scheme or in
the 't Hooft-Veltman scheme is the same; indeed, one may trivially include a parameter multiplying

the difference between the two schemes.

We turn now to the construction of string versions of these dimensional regularization schemes.
Although the meaning of these regularization prescriptions in terms of the underlying conformal
field theory on the string world-sheet remains obscure, it is also completely irrelevant to practical
calculations. The important question is the equivalence of our string versions of these regularization

prescriptions to their field theory counterparts.

As we do not know how to map field-theory Feynman diagrams into the QCD amplitudes
generated by the string, we rely on an indirect verification of the equivalence. We shall show
that all the string versions preserve on-shell gauge invariance, and are thus at least consistent
regulators; we shall argue that the field content of the string versions of the regulators reduce to the
desired field content in the field-theory limit; we shall argue that the relations between the different
schemes are precisely those expected between their field theory counterparts; and in section 13,
we shall compare our results for the unpolarized corrections to gluon-gluon scattering, using the
string version of the CDR scheme, to the result of the previous Feynman diagram computation of
Ellis and Sexton [14]. We shall find complete agreement {15], verifying that our understanding of

dimensional regularization in string theory is sound.

The string versions of the various forms of dimensional regularization that we have constructed
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are based on the work of Green, Schwarz and Brink (GSB) [42]. These authors started with a ten-
dimensional superstring which was regulated by assuming that 10 — D of the spatial dimensions
are circular with radius R. This compactification is analogous to the usual Kaluza-Klein compact-
ifications of field theory, except that a non-integer number of dimensions are compactified. In
field theory, a compactification to non-integer dimensions was used by Siegel [41] to construct his
dimensional reduction scheme. This scheme entails a compactification of the theory from four
dimensions to 4 — ¢ dimensions. In string theory, the GSB regularization scheme automatically
leads to modular invariant string amplitudes, since it is nothing more than a simple toroidal com-
pactification of the string. The compactification would result in the insertion of an additional
factor (Im7)3~P/3F10-D (1) (defined in Appendix III) into the ten-dimensional superstring ampli-
tude. Green, Schwarz, and Brink did not discuss the treatment of the external polarization vectors
explicitly.

For four-dimensional strings, the simplest regularization scheme to construct is the FDH
scheme. The only modification required to the unregulated amplitude is a change in the dimen-
sionality of the string zero-mode (or loop momentum) integral. The operator formalism of string
theory is convenient for understanding the effect of this modification to the string amplitude, as it
contains the loop momentum explicitly.

One can perform the string momentum integral in 4 — € dimensions as follows. In string theory,
the loop momentum integration consists of two types of contributions. There is a conventional 4 —¢

dimensional momentum integral

o0 oo 4 — p hid
f dt1/ dtg"'/ dt, _ lf dt"_/(: e exp(-*Zt,-pf/‘Z-%—\/Xs‘--p,-—}—osciﬂators) (7.1)
0 0 o

i=1
where

pi=p—ki—ky—---—kicy=ptkit---tkn (7.2)

and the proper time parameters f; are related to the conventional string parameters as described
in the previous section. (The real parts of the string parameters are not relevant for the discussion
of the string momentum integral.) The p? terms arise from the string propagators, while the
£; + p; terms arise from the zero-mode momentum dependence of the string vertex operators. For
convenience we have exponentiated the £; - p; terms; at the end, one must of course extract those
terms linear in each and every polarization vector. In addition to the integral over momenta, in
string theory one also has a discrete sum over the compactified zero-mode momenta and winding
number modes. These will yield a factor of F(7), whose definition is given in Appendix III.

After completing the square (see also chapter 8 of ref. {23]), the string amplitude is then of the
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form

Im 7 Im Vo s Im 1y
Anmfdlmrfo dImvn_I/O dhnu,,_g---/o dImy, (Imr)~3*+*/2F¢
X exp [Z (Ak,— . ki Imw(1 + Imu;_.,'/Imr)) +VA(g; - kj— 5 - k)(Imyy/ ImT — 1/2)
i<
—€; - €5/2 Imr} (oscillator contributions)

(7.3)
where have changed variables to the imaginary parts of the conventional string parameters using
the relations (6.4) and (6.5). Thus, the only explicit dimension dependence arising from the string
zero-mode integration is an additional factor of (Im7)¢/? F¢(7), as in the work of GSB.

The factor F#(7} maintains the modular invariance of the amplitude, but reduces to unity
in the field theory limit. Thus the only modification in the field-theory limit is an additional
factor of the Schwinger proper time (Im)%/?. Except for those terms arising from contractions of
the polarization vectors induced by the string loop momentum integral (these are precisely terms
containing G p’s), in the fermionic formulation, the number of gluon helicity states circulating
around the loop is determined by the right-mover fermion carrying the ‘spin’ index. This number
is not altered by the GSB-type compactification procedure for the string loop momentum. (For
consistency, when evaluating the contractions of polarization vectors with other polarization vectors
induced by the string loop-momentum integral we assume that the loop momentum is continued
to D > 4 so that the polarization vectors (and hence the helicities) remain uniformly in four
dimensions. Further details of the string loop momentum integration will be provided in ref. [17].)
By construction we leave all observable particles in four dimensions.

We can now modify this scheme in order to match the two more standard forms of dimensional
regularization. Let us consider first the modification necessary to obtain ihe 't IIvoli-Veltinan
scheme. From Table 1, the difference between the 't Hooft-Veltman scheme and the FDH scheme is
that in the FDH the number of uncbserved — in our case virtual or internal — gluon helicity states
is 2 while in the 't Hooft-Veltman scheme the number of helicity states is 2 — €. Thus, in order to
obtain a string version of the 't Hooft-Veltman scheme we must remove a set of ¢ massless bosonic
degrees of freedom from the string loop. The generalized Gliozzi-Scherk-Olive (GSO) projector [43]
which controls the string spectrum gives us the means to accomplish this; subtracting a set of €
adjoint massless states from the loop turns out to be relatively straightforward. The contribution of
an additional massless bosonic state (with its associated tower of massive states) transforming as an
adjoint under the gauge group can be written as a constant times the difference of amplitudes in two
different models, one with no matter content, and the other with additional scalars. Since each of the

two amplitudes is modular-invariant, the difference is modular-invariant, and the contribution we
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subtract from our original amplitude will thus be modular-invariant. This will provide a consistent
string version of the 't Hooft- Veltman scheme.

More precisely, the relation between amplitudes in the two schemes is

ARV (pure glue) = AEPH (pure glue) — % (AEPH (pure glue + N, real scalars) — AEPHE (hyure glue))
(1.4)

We begin by considering the addition of a discrete set of IV, adjoint real scalar states to to the
Neveu-Schwarz sector of the string loop. This increases the number of propagating states in the
loop from 2 (for the two gluon helicities) to 2 + N,. Given the model presented in Appexicﬁx I, we

could, for example, replace the basis vector Wy with

1° 1 |1 1 111 1
w!=1{0%Z 0=00| = ) [===} (o00= . 7.5
= (o 03005 (3) (332) (03)) 1)

This would add one complex (or two real) scalars to the massless content of the theory arising
from the Neveu-Schwarz sector (corresponding to the fifth right-mover oscillator}); these additional
states will also transform as adjoints under the gauge group of interest, since their left-mover
structure will be identical to that of the gauge bosons. In general, changing the sets of boundary
conditions modifies the string amplitude in both the sum over boundary conditions and in the set of
coefficients Cg in a rather complicated way. When we restrict our attention to the Neveu-Schwarz
sector, however, the modifications are quite simple, and for this reason we do not really need a
specific choice of model; the fact that such choices exist suffices.

It turns out that again only the partition function is modified,

Z8¥(pure glue) = ZFPH(pure glue)—}-s,—- (ZFDH(pure glue + N, real scalars) — Z¥PH(pure glue}) .
‘ (7.6)
As we shall discuss in the following section, the partition function for the right-movers in a

multigluon amplitude has the following expansion in powers of §!/3 = e~*Im™,
phase x /3 (l — 2§'/? x phase + -+ ) (7.7)

where the omitted terms are irrelevant in the field theory limit. Changing the number of scalars
changes only the coefficient of the ¢!/3, from 2 to 2 + N,, so that calculations are transformed to

the 't Hooft-Veltman scheme by replacing the above expansion with
phase x g~ '/2 (1 -2 (1 - %) §'/? x phase + - ) . (7.8)

In field-theory, one moves from the 't Hooft-Veltman form of dimensional regularization to the

conventional one by removing a set of ‘epsilon’ helicities for the external states [21]. The same is
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true in string theory; in addition to the usual (+, —) helicities, one now has ‘[¢]’ helicities {or more

properly ‘[—¢]’ helicities) that must be summed over in constructing differential cross sections,

LZ i“““'z] ) R ]
elicities HV AvgenAn=(+,—}

LZ w’} = X e
elicities CDR All"'!Aﬂ=(+l_|[E])

I

(7.9)

Using the rules described in section 3, one can perform such calculations in the framework of the
spinor helicity basis.

In traditional Feynman diagram calculations, one squares the amplitude and sums over helic-
ities, and thus only scalar quantities appear visibly as the results of calculations. Quantities with
indices — such as helicity amplitudes — do not appear explicitly. In the helicity approach, in
contrast, the results of calculations do involve tensorial quantities. It is for this reason that the
distinction between the 't Hooft-Veltman and conventional dimensional regularization schemes are
sharper, and more apparent, than a mere difference in renormalization prescriptions. In particular,
the use of either the 't Hooft-Veltman or FDH regulators are preferable to the use of the conven-
tional scheme, since the latter requires the calculation of amplitudes with ‘epsilon’-helicities, which
increases the amount of work involved.

We summarize those calculational differences between the three schemes that remain in the
infinite-tension limit in table 2.

FDH 't Hooft-Veltman Conventional
Factor of (Im7)~¢/? Yes Yes Yes
Remove € bosonic states No Yes Yes
) glt-e Ne No Yes

Table 2: Modifications needed to construct various string versions of dimensional regularization

from the unregularized string amplitude.

The main motivation for choosing a dimensional regularization scheme is the issue of infrared
divergences. Having chosen such a scheme, however, we must also handle the ultraviolet divergences

in a conventional manner. Field theory computations are performed in terms of ‘bare’ quantities,
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that is with an infinite renormalization scale. In order to re-express Green functions in terms of
couplings and fields renormalized at physical scales, one must multiply by the appropriate (infinite})
renormalization constant. In one-loop perturbation theory with a dimensional regulator, this cor-
responds simply to subtracting the 1/¢ ultra-viclet pole; but of course there are finite ambiguities.
Within any of three regulators, we can perform renormalization according to the MS prescription
— subtracting only the ultra-violet pole — or according to the MS prescription [44], where one

subtracts
1T3(1 ~¢/2)T(1

E r(1_£)+€/2) (41r)¢f2 (“2)e/2A:ee (1,.”,,”) (7.10)

(n = 2)Bog’

from the n-point amplitude (3; = —11N./(3 - 16%x2)). In the string formalism, the amplitudes are
ultraviolet-finite so long as the inverse string tension A is not actually zero; but in the limit, we of
course recover the usual ultraviolet divergences of field theory, and we perform the subtraction in
the usual manner.

We turn next to the discussion of the gauge invariance of these various schemes., We want to
show that the regulated amplitudes are invariant under the shift £; — £; + k;.

In string theory, the substitution of the external momentum k; for the corresponding polar-
ization vector ¢; formally leads to the vanishing of the unregulated amplitude, becanse one obtains
the integral of a total derivative in punctured moduli space. We shall begin with a review of this
formal proof of gauge invariance in the string theory. Start with the gluon vertex operator, as given

in appendix ITI, and set ¢ = k; the vertex operator becomes
V(i 0),np = ~V2gVATE 1 Bt (0) 0 ()8’ X7 ;| (7.11)

If we now compute expectation values using this vertex operator instead of the usual one for the
first external gluon, we obtain a result whose right-wnover and comumon expoueniial pari 18 a total
derivative in ¥y; that is with £; replaced by k;, the integrand of the amplitude (5.7) is a total
derivative in ¥;. As discussed above, the various dimensional regularization schemes modify only
the partition function and possibly the external polarization vectors; the important point is that
none of these changes alter the fact that the integrand is a total derivative in v, because they do
not affect the structure of the Green functions. As a result, the dimensional regularization schemes
do not alter the formal argument.

Since the torus has no boundaries one might then conclude that both the amplitude with
a longitudinal external gluon vanishes since the integrand is a total derivative. This is almost
right, but there are subtleties that must be addressed. The left-mover contains poles, and thus
is not necessarily analytic everywhere in #;. As a result, when we attempt to integrate the right-

mover factors by parts, in order to prove the vanishing of the resulting longitudinal amplitude, the
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derivative in 7, can hit a left-mover Green function, and this in principle gives a non-vanishing
contribution: for example, 8, v;! = 278(*}(v;). The typical form of the vy dependence in the
amplitude near a left-mover pole is

(v — wy)"LHAi/w (7.12)

which is not necessarily analytic as »; — v; when the momentum invariants are in the physi-
cal region. However, analytically continuing to sufficiently positive values of the s;; renders the
expression completely analytic in 1, so that the 7y derivative vanishes.

There are further subtleties in the regions of the integral where the loop is isolated on the first
external leg, and in the region where the loop is isolated at the end of a (dilaton) tadpole. The
latter contribution can be eliminated in the string theory using Green-Seiberg [45] type contact
terms, and in any event may be shown to drop out [17] in the gauge theory (infinite-tension) limit.
In the former case, the momentum invariant in which we want to continue is k3, which vanishes
identically on shell. Because of 0/0 ambiguities mentioned in the previous section, contributions
from this region of moduli space must anyway defined by an appropriate ‘offsheet’ prescription
during which the momentum invariant does not vanish. The appropriate analytic continuation can
then be performed. The limit of vanishing momentum invariants must be taken at the end. A
further twist occurs in this limit: we obtain terms proportional to (K?)¢ where X? is a momentum
invariant which vanishes in the on-shell limit. While an appropriate prescription for such terms
may seem at first elusive, an analogous set of terms arises when working with ordinary Feynman
diagrams {38}. In field theory calculations, the prescription that has been used is to take the limit
K3 — 0 first, so that one sets such terms to zero; this is interpreted as a complete cancellation of
infrared and ultraviolet contributions. The present formalism makes it possible to prove that this is
the prescription consistent with gauge invariance, and we shall do so elsewhere {17]. It is amusing
that the two regions of moduli space which contain subtleties in the proof of gauge invariance

uitimately do not contribute to the regularized QCD amplitudes.

8. Derivation of Rules for Field Theory Limit

In order to calculate the gauge-theory scattering amplitude for n external gluons, we rmust
compute the partial amplitudes An,;{1,2,...,7) for 1 £ j < |n/2] + 1. The full amplitude can
then be obtained using the color decomposition (4.2), and the next-to-leading correction to the
differential cross-section can be expressed in terms of these partial amplitudes using equation (9.16)
of ref. [11].

These partial amplitudes appear in the dimensionally-regulated amplitude (5.7) as the coef-
ficients of the trace structures Tr(T'® --- T -1} Te(T* -..T°"); after integrating over the various
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Grassmann parameters, we should pick the coefficient of each of these trace structures, and com-
pute it in the infinite tension limit A — 0. As explained in section 5, the left-mover terms are in a
direct correspondence with the trace structures, so we need not start with the full expression (5.8)
and perform the Grassmann integrations explicitly; we can simply write down the left-mover Green
functions associated with the given trace structure. Because of the factorization of right- and left-
mover pieces (other than the zero-mode contributions in equation (5.11)), we will get the same
initial right-mover integrand for each partial amplitude. The contributions to the different partial
amplitudes will differ because of differences in pole structure and integration region determined by

the different left-mover Green functions.

The first step, as explained in section 3, is to choose a set of reference momenta for the external
gluons, and substitute into equation (5.10) the expressions resulting from use of the spinor helicity

basis for the various dot products of polarization vectors and external momenta.

If we then examine these right-mover terms, we will see that every factor of the Grassmann
parameter &3 carries along a factor of \/X, excepting the #;; mulitiplying the double derivatives
of the bosonic Green function (é‘ g). Thus after performing all the §;3 integrals, each term not
containing double derivatives will carry an overall factor of A"~7+%/2 (after combining with the
factors of A in the over-all normalization). It is however possible (and desirable) to integrate the
right-movers by parts and remove all double derivatives of the bosonic Green functions. (We showed
in appendix II of ref. [11] that it is always possible to do so. The procedure required is completely
mechanical.} After such integrations by parts, the right-mover contribution contains only fermionic
Green functions and single derivatives of bosonic Green functions; and all terms in the amplitude
have a uniform factor of A"~?*¢/? in front. In the following discussion, we shall assume throughout
that such an integration by parts has been carried out. (This form is also preferable in that it makes
the world-sheet supersymmetry of the right-movers manifest, in the sense that disappearance of the
poles associated with the fictitious F}-formalism tachyon is manifest. The manifest supersymmetry
can be used as a check on the algebra — or on the computer program performing the algebra;
substituting -G F[;I](ﬁ) for each G p(¥) should yield zero in this form of the amplitude.) These
steps are common to all partial amplitudes, and thus need be done only once for each helicity

configuration.

The presence of these explicit powers of A in front of the amplitude means that only those
regions of the integral which yield an appropriate number of powers of A~! will survive in the
gauge-theory limit of vanishing A. There are two sources of such powers: the large Im 7 region of
the modular parameter integral, and poles in the differences of the locations of the massless-vector

vertex operators, »;; = v; — v;. Even after extracting as many powers of A~! as possible from poles
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in the »;;, it turns out that surviving contributions come only from the large-Im 7 region. The v;;
pinch contributions yield trees of massiess vectors sewn onto a loop; and large Im 7 means that
only the massless particles survive to run around the loop, as depicted in fig. 2.

In extracting surviving contributions to the amplitude, we must therefore ‘pinch’ together
various sets of vs at a set of locations on the world-sheet torus, and then extract the large-Im~
contributions to the modular-parameter integral. In this limit, the theta functions that comprise
the various world-sheet Green functions have simple expansions in terms of ordinary transcendental
functions, which makes it straightforward to compute the integrals explicitly. The types of terms
which arise in the field theory limit are similar to the types of terms one would expect from a
Schwinger proper-time formulation of gauge theory after the momentum integrations have been
performed. (The terms themselves are more compact than their Feynman diagram counterparts.)

In the field theory limit we end up with a loop integral of the form

r(ﬂg -2+ 6/2)
(AK)ng--ﬂ-i-e/]

/m dImr (Im7)H—3+e/2g-AKIm ™ _ (A —0) (8.1)
where n, is the number of surviving v variables which remain after integrating out the pinched
variables, and where K is a function of the momentum invariants and Feynman parameters. (Each
surviving v variable is integrated over the torus, producing a factor of Im r; there are two powers
of (Im7)~! from the modular measure, and a factor of (Im7)~1+¢/? from the partition function in
{4 — €) dimensions.) Combining with the over-all uniform factor of A"~?*+¢/3, we have a factor of
A~ left over. The integration of any pinched variable, as we shall see below, can contribute at
most one power of A™}; and since we have only n — ny pinched variables, we see that each integral
over a pinched variable must contribute a factor of A~! in order to cancel the overall powers of A
and thereby obtain a non-vanishing contribution in the infinite-tension limit.

For the purposes of this section, it will be convenient to use the surviving remnant of conformal
invariance on the torus to fix the coordinate v, of the last leg to be the modular parameter . This
does not change any of the counting arguments in the previous paragraph, since an explicit power
of Im r will appear in the integrand to compensate for the missing integral.

The remainder of this section is divided into five parts. In the first, we discuss the pinch
integrations, followed by three parts in which we discuss in turn the large-Imm7 expansions of
the left-mover, the right-movers, and the common exponentials. In the last part, we discuss the

integration regions.
8.1 Pinch Integrations
We begin with a general discussion of the structure of pinch contributions. In a pinch region,

33



vi; = v, — v; — 0, the Green functions have simple expansions,
l/x

exp (Gp(vij)) — |viji™"'™ X constant

Ga(vy) — - 2eoy; O(7i;)
Ge ) — 7 + 00 (82)
e 5 Jo) gy + o)

In general we may pinch together different sets of vertex locations v; at several different locations
on the string world-sheet. Each separate set of pinched variables may be integrated independently.
The various pinch contributions may be classified by drawing ordinary one-loop ¢* diagrams with
n external legs. The diagrams classifying the pinch contributions in the four-point amplitude are
shown in fig. 3. Diagram 3a corresponds to a contribution with no pinched variables; diagram 3b
to contributions with a single pair of variables pinched together; diagram 3c to contributions with
two separate pairs of variables pinched at separate locations on the string world-sheet; and diagram
3d to contributions where three variables are pinched together. These diagrams may seem a bit odd
from a field theory point of view, since there are neither four-point vector interaction vertices nor
ghost lines. The string theory includes those aspects of gauge theory interactions automatically.
Momentum factors in the numerator can cancel momentum poles leaving contributions equivalent
to four-point contact terms; and as discussed in section 5, the ghost contributions affect only the
string partition function, and there they are already included in a strikingly simple manner.
Consider first pinching only two variables together, »; — v;. In this limit, we can expand

the integrand. The highest pole that can emerge from the left-movers is »~?

, corresponding to
the left-mover vacuum level of —4wx/A. Because of the manifest world-sheet supersymmetry of the
right-movers after the integration by parts, the same degree pole does not exist {it would correspond
to the propagation of a fictitious F; formalism tachyon), so the highest pole that can emerge from

the right-movers is 7!

, corresponding to the propagation of massless states. Thus the integrals
we must consider are

Pl = jdz"iil’ijl'“‘"k""w"if?f’% (8:3)
where m > —2, n > —1, and the factor of |¥;;|~** "*/* comes from the pinch limit of the expo-
nentiated Green functions (5.11). If the orders of the left- and right-mover poles are not identical,

the phase integration makes the integral vanish,
P,‘;;-I"" = Jm‘nPfl'-’" . (8.4)
Thus we need consider only the case m,n > —1. For the lower bound, we find

2 1 2m3
: = - . 8.5
/d PR Ak - k; (8:5)
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so that we would obtain the factor of A~! necessary for a contribution to survive in the infinite-
tension limit. Other integer powers of |v;;| correspond to the propagation of a massive string state;
these yield expressions of the form (Ak; - k; — integer)™! which fail to produce an overall factor
of A~1, and thus are not relevant in the field theory limit. In the infinite-tension limit, we can
therefore summarize the pinch integrals in the following form,

. 273
P = G by X ) . .
mn b v 15 -1 X ( kg - k;r) (8 5)

Now, each left-mover and each right-mover Green function, whether fermionic or bosomnic,
contributes a single pole of its argument in the pinch limit of its argument. Thus the only terms
which survive are those which have exactly one left-mover and exactly one right-mover fermion with
an argument of the pinched variable. Other terms vanish. The contribution of each surviving term
is given by the following rule: remove the pair of Green functions that produce the pole, replace it
with the value from equation (8.6) times the appropriate signs from equation (8.2), and continue
with the analysis of the other factors in the term. In the other factors, one must set ¥; = v;, which
substitution we perform by replacing Vmin(i,j) With Vmax(i,5)- This procedure generalizes trivially
to pinch structures such as that depicted in diagram 3b, with pinches at different locations on the
whole, since these pinches are independent, and may be treated independently.

In the particular case of the four-point amplitude, we need not worry about pinching together
more than two variables to one point, as depicted for example in diagram 3d, because in these
contributions the loop is isolated on an external leg, and as discussed in section 7, the contribution
therefore vanishes in dimensional regularization because of a cancellation of ultraviolet and infrared
regions.

In general, of course, there will be nontrivial contributions from pinching together some subset
of more than two variables {v;, }}_,, leaving the remaining ones ({vy, } ;=7 ) unpinched. In this case,
we will again find that only terms which lead to single left- or right-mover poles in the various pinch
variables survive; and it is possible to perform the integrals in a manner analogous to that above.
(See equations (7.6-7.8) of ref. {37] for an example.) However, it is possible to derive a simpler
set of rules for the results of such integrations. We defer the discussion of a set of simpler rules
regarding the multi-pinch structure [46] since these are not needed for the four-peint amplitude
discussed in this paper.

8.2 Large Proper Time Expansions

After integrating out all the pinched variables, we must take the large Im r limit in order to
reduce the string loop into a field theory loop. To understand the structure of the surviving con-

tributions as Im T — oc we should therefore must consider the expansion of the partition function
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and the Green functions in powers of §1/2 = e~*Im7  The integer powers of §'/? correspond to
massi-squared| levels of the string in units of 4x/A. As we shall discuss later in this section, the
correspondence can be understood simply through the interpretation of of ImT as a Schwinger
proper-time parameter; in ordinary field theory, contributions frorn massive states would also be of
the form e~*™" where ¢ is a proper-time parameter. Terms with negative powers of §'/? would cor-
respond to the propagation of tachyonic states in the loop, but these are removed by the generalized
GSO projector; terms with positive integer powers of ¢'/? would disappear in the infinite-tension
limit, because they would fail to produce inverse powers of X in front of the integral. In this fashion,
the massive tower of states in the string disappears, as expected, in the infinite-tension limit, Only
terms with no surviving integer powers of 4!/? will give rise to massless-particle contributions in
the gauge theory; and such contributions can only arise in certain sectors of the models. In the
case of the particular model we are using, there is only one sector with massless states — the

Neveu-Schwarz sector or W; sector in the notation of KLT [29].

In any term in the expansion of the integrand, the powers of §'/?

coming from the left-movers
are accompanied by powers of ef"R¢ ™ while the powers of §'/? coming from the right movers are
accompanied by powers of e "*"R¢7_ Thus unless the left-movers supply the same number of powers
of §1/3
and the Re 7 integral will kill the term. That is, the Re v integral (which in the field theory limit

varies between —1/2 and +1/2) enforces the level-matching condition of the string, and allows us

in any given term as do the right-movers, there will be a surviving factor of e*i*Re7x integer

to consider the expansions of the left- and right-movers separately. (The origin of level matching
conditions in the integration over the real parts of the parameters should come as no surprise, since

that is precisely the role the real parts play in the operator formalism.)

In this limit, the Green functions behave as follows,

exp (Gg(v)) — exp (Im*r(:)2 - |l:‘|)) X constant

Gp(7) — 2 (—si§n(ﬁ) + 20)

Gp[l/Z](U) — —isign(s) (em'sign(a)a. ve=mImr|d _ 51/3 miRe T, —wisign(i) Re v o lm |5 2misign(2)P

5 |

_q'-.e?-rriRe 7 g —misign(ir) Re v w Im 1'|£4|ei1rilign(|‘z),ﬂ)
GF[léz (7) — +isign(#) (e—winign(fz)ReFe—-wIm 7I6] _ gl/2g—miRe T+ misign(s) Re Uy Im rl£v|e~21r|'lign(r})ﬁ)
(8.7)
where ¥ = Imv/Im7 = —Im%/Im7. The left-mover partition function in the Neveu-Schwarz
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sector, which contains the gauge bosons, goes as follows in the large Im 7 limit,

ZL [?L] ._’q“-le—Z:riRc -r(l + 24qe2:riRe 'r)
L

len ctor 23
X ( 1 — 244/2emiReT Z cos 27 Qi + 4getTiBeT Z cos 2w 3; cosZ‘n‘ﬂLi)
i=1 1 j=1

(8.8)
In the following discussion, we will find it convenient to distinguish between the different types
of terms in the left-mover partition function. For the sample model of appendix I, the O(§~/?)
left-mover contributions to the partition function can be grouped into three types: those associated
with the SU(N,) gauge group G of interest (where N, = 9 for the model in appendix I), those
associated with the secondary SU(N!) gauge group G' (where N! = 9 for the model in appendix
1), and those associated with any remaining string gauge groups. Labeling the the world-sheet
boundary conditions associated with gauge group of interest G¢ and those associated with the

secondary gauge group as 8¢ the O(¢71/?) terms in the partition function can be rewritten as

follows,
12 22
—g§~1/3gmiReT Z cos 28L; = —2g~1/2gmiRe -r(Nc cos(27B8g)+ N, cos(2x B )+ Z cos Z‘A’ﬂLj)
i=1 =N+ N +1

(8.9)

These expansions might seem complicated at first sight, but as we shall see, combinations of
Green functions and partition functions always yield simple expressions. The simplifications resuit
from the constraint that only terms not exponentially suppressed in Im 7 survive. Furthermore,
the generalized GSO projector (which arises from the summation over string world-sheet boundary
conditions) removes all contributions in the field-theory limit from states which decouple in that

limit from the SU(N,) gauge group of interest.

8.3 Expansion of the Left-Movers

Let us consider first the structure of the left-movers. We must extract the coefficient of the
¢° term from the product of the Green functions and the partition function. In expanding this
product, there are in principle four possible ways of obtaining the two powers of §'/? needed to
cancel off the leading ¢! from the left-mover partition function: {a) a power of ¢ from the partition
function, combined with the leading (¢°) power from the Green functions (b) a power of § from one
of the Green functions (c) one power of ¢*/? from the Green functions, and one from the expansion
of the partition function, or (d) two powers of §'/? from two different Green functions.

From equation {8.7), we see that the leading term in the expansion of the left-mover Green

function G F[léz] contains a decaying exponential in | ImT. A product of such terms alone would
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fail to produce any powers of A~! after performing the Im 7 integral, and would therefore vanish in
the field theory limit. (In the region where the #; vanish, cne fails to obtain the required powers
of A~1, except for th pinch limits discussed above.) On the other hand, the coefficients of the ¢/2
and § terms in the expansion of the Green functions contain growing exponentials in the || ImT
that can cancel the decaying ones present in the leading-order term. Thus the only terms that will
survive are those with an appropriate combination of leading-order and higher-order terms from
the Green functions. In particular, at least one of the powers of §'/? must come from the Green
functions, and so alternative (a) is not viable.

For the left-movers of the model in Appendix I, we may group the world sheet ‘time’ boundary
conditions, which control the generalized GSO projection into triplets (W +0-W, , W +1.-W,, W +
2. Wy). Each of the time-boundary conditions in any given triplet shares the same coefficient
CL;.V", since W) has a zero in the first right-mover position or “spin-component” (which denotes the
world-sheet fermion carrying the space-time index) and the coefficient C;V" = —cos(2wf;)/ M =
(—1)rotmatnatnatl fAq where 3= E'::O n;W; and M = 48 for the model in Appendix I. In our
model, the complex exponentials e ?*%¢ and e~*"¥e are simply the cube roots of either 1 or —1,
and so will vanish when summed over all world-sheet time-boundary conditions. Only terms where
the factors of e¥?™A¢ completely cancel can survive. This tells us that terms where the § comes
from the third term in the expansion of a single Green function cannot contribute, because these
would not give rise to an appropriate ‘interference’, so option (b) is not viable either.

We are thus left with the two alternatives (c¢) and (d). In general, when we extract terms

proportional to §'/? from a product of Green functions, we will end up with a factor of the form

exp [(Ifful -y Iﬁs;i) ImT] . (8.10)

As mentioned previously, in order to avoid an eventual exponential suppression in Imr, the sum
must add up to cancel the leading term within the exponential exactly. This will happen only if
each &; appears once with a positive and once with a negative sign after expressing the absolute
values in terms of the #;s5 directly. After fixing v, = ImT, that is i, = 1, we may divide the
integration over the v; remaining after the pinch integrations into different regions, where in each
region these variables have a definite ordering, for example &, < &y < -+ i < P,. We will
call each of these orderings an integration ordering. This ordering can be given a diagrammatic
interpretation in terms of the labels of the legs attached to a loop as depicted in fig. 4a.

In this particular ordering, we will avoid an exponential decay only if the first term inside the
exponential is #;_, ., and if the terms inside the sum have the form 0; ;1. Such terms are
an example of a cyclic set: given a sequence of n variables {#,...,1,}, the corresponding cyclic

set is the set of differences v;; of the form w;;,, (where the indices are taken modn). We shall
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term a cyclic set indivisible if the underlying sequence of variables — the base set — cannot be
partitioned so that the cyclic set is the union of the cyclic sets generated by the different partitions.
For example, given the sequence of four variables vy, . .., vy, then {142, V23, va3s, ¥01 } is an indivisible
cyclic set; {ry3,v34} is a divisible cyclic set; and {vy2,v13, V14} is not a cyclic set at all. A m-times
divisible set is one that can be partitioned into m indivisible cyclic sets.

As noted in section 5, the left-mover Green function are in one-to-one correspondence to the
trace structures appearing in the amplitude. For example, the left-mover Green functions associated

with Tr(T®1T%2...T2~), and thus contributing to 4n;1(1,2,---,n) are

ag

I 1 i et W

where the sign comes from the Grassmann integrations and from replacing C;'F[ E: }’s with GF{E: ]’s,

n
[ (H db;y dfi ) [—61,10n,2] [—01.202,1] [=02,203,1] - - [~0n-1,20n,1]

i=1

a ag

< Gr| 50 onmGr] 52 |marin] 52 - e[ 50 Jiom-t)

Be Ba
= f (H d@n dﬂ,—z [—9:'191'2])

i=1

Ta 1 ag

X (—1)"-1GF[ﬁz](u,m)GF[zz](_ul,)GF[ZE](_.,,S)...Gp[ﬁc](-u.,_l,,,)
(8.12)
which reduces to equation (8.11), since the Grassmann integrations yield unity. The arguments
of the Green functions in these equations are a cyclic set (or more precisely the negatives of the
arguments are a cyclic set generated from uy,..., v, ), and we will thus call the product of Green
functions itself a cycle. Similarly, we will refer to a product of Green {unciions whose arguments
are a divisible cyclic set as a divisible cycle of Green functions.

The expansion of the cycle of Green functions in equation (8.11) will yield a single power of
¢'/? with no accompanying exponential suppression only for the integration ordering # < i#; <
«++Ppy € P, = 1 depicted in 4a and the reversed ordering #,.3 < #p3 < ---01 < Py = 1 depicted
in 4b, since only for these orderings will the factor muitiplying the Imr inside the exponential
of equation (8.10) vanish. (Variables that have been eliminated through the pinch integrations
are of course omitted from the ordering.) In the first ordering the factor of ¢'/? emerges from
Gr| 3% (v1,n), while in the reversed ordering, the factor emerges from Gr[5¢ =¥n-1,n)-

The left-mover fermionic Green functions always come in (divisible) cyclic sets, where each
indivisible cyclic set is associated with a single trace. In the full string theory, there is no limit

(up to the number of Green functions) to the number of indivisible cyclic sets that can appear in
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any term; but in the infinite-tension limit, as pointed out above, each indivisible cyclic set also
carries a power of §'/2, and we can have no more than two if we want to obtain a non-vanishing
contribution. The only surviving trace structures in the gauge-theory limit are those with one or
two non-trivial traces corresponding to cases (¢} and (d), respectively. This argument is unaffected
by the pinch integrations, since a cyclic set cannot be pinched off [11].

In case (c), which arises in the computation of A, the other power of §!/? must come from
the expansion of the partition function. In the partition function, the §!/? is multiplied by a sum
over oscillators. The sum over all boundary conditions with coefficients Cg which builds up the
generalized GSO projection operator will eventually leave only the sum over those oscillators that
correspond to the gauge group of interest; there are N, of these for an SU({XN,.) model. This will
yield an explicit factor of N, which we have anticipated in the definition of the trace structure

Grp;1. Let us consider first the contribution of two left-mover Green functions to A, :

WI; Z Cg."" Zr (-1t GF[;;z ](—"u)GF[;: ](”H)

_1yn—1 . , ] 22
- ( ]j-\)( cho [q-,\—le—iﬂ.Re-r(l_(jl/]e‘nRefzcoszﬂ_ﬂL‘_)]
€ i=1

x (—1) (eriRe vay g=lim | Tmr _ él/?ewiRa Te—wiRevn wiiay | Im T 27ifa

x (+‘i) (erinevne—ﬂfq;!Imf _ *l/ﬁem’Re're-—rs'Ra [ ew|:‘an|Im re--hriﬂc) (8'13)

_1yn—1 .
= ;\)f Z C3° | Necos(2mifa) + N!cos(2miBar)
22 .
+ Z cos(27ifL,)| X e¥™iPa o o~mibe
i=N.+N!+1

where the explicit factor of 1/N, compensates for the NN; in the definition of Gry;;, and where we
have discarded all terms exponentially suppressed in Im 7.

This can be simplified further through the same consideration (of that part of the sum over all
boundary conditions which corresponds to surnming over multiples of the boundary condition basis
vector W;) that was used to eliminate alternative (b). In addition to terms with a dependence on
Bg, the partition function also includes terms with a dependence on B¢+, so in this case, the sum
over triplets (W +0- Wy, W + 1. W, W + 2. Wy eliminates all terms lacking an interference except
those of the form exp [+27i(8g — Bg+)]. These terms are however eliminated by the sum over other

boundary conditions, as discussed in appendix II. This then leaves us with
o 30 G5 (2N 4 NiferriBeBon) 4 orrilse—pe))) (8.14)
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as potential contributions. It turns out that the interference terms between the G and G’ gauge
groups e£?™{(8c ~Ba} are removed by the sum over the other boundary conditions, whose discussion
we defer to appendix II. Thus, the only remaining terms are from the N, gauge oscillators, as one
might have expected, since those are the oscillators corresponding to the gauge charges carried by

the external legs. This will leave a factor of
(-1)"tz2, (8.15)

for the left-mover contribution (after performing the remaining sums over world-sheet boundary
conditions) in this two-Green function case.

Terms with more than two left-mover Green functions arranged in a cycle of the form in equa-
tion (8.11) can be analyzed in a similar fashion. In the large Im r limit the surviving contribution

for such a term (for the ordering &) < 3 < .- < &) is

. 333 2 0n el 2 i 57 o )
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e‘l“!REVH —x|ingy | Im T 1/2 xiRer ——‘nRewle‘r]wlllm‘reTx;ﬂc)
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x (—i)
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miRe vaz =% faa [Imr -I[ZeriRef
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—~=xiRe u;qewli':\: | Im rEZwiﬁg)

x (=) (e-rriRe Unin=1g=FlPnn-s|ImT _ 51/2gmiRe T —xiRevn a i o¥linn-i|lm fezriﬁc)

( )ﬂ+ﬂ¢zﬂ1_ Caol (eh'iﬂc +e—21ri6r,-) +Né (e2ﬂ'l:ﬁcl + e*ﬂwiﬂca)
a2
22
+ Z (eﬂti,ﬁz,l. +e—-21riﬁ;_,'.) x _ e~ ¥ iBg
i=N+ N +1

(8.16)
where any variables and Green functions removed du.ri:ig the pinch integrations are understood to
be omitted, and where we have again discarded all terms exponentially suppressed in Im T on the
last line. Following the same reasoning concerning the cancellation of the phase factors of e?*ifs

employed above for the two-Green function case, we find a factor of

(—pymime gne (8.17)
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We remind the reader that n is the total number of external legs for the process at hand, while n, is
the number of legs attached to the loop after performing the pinch integrals. (Each pinch reduces
the number of legs by one.) The factor of 2 difference between this case and the earlier case of
two left-mover Green functions is due to the fact that in the former case either Green function can
supply an O(4'/?) term, while in the latter case only G}z"[gz ](ul,ﬂ) can supply the O(¢*/?) term.
However, this factor is (eventually} compensated by the fact that there is another ordering of the ’s
which gives a contribution for this cycle of Green functions, that with &, < &3 < -2 < iy < Py

This reversed integration ordering gives a contribution with a factor of
(-1)" ™ {8.18)

for the left-movers. All other integration orderings give no contributions for this cycle of Green
functions.

In case (d), which arises in the computation of An; (3 £ j < |»/2] + 1; the computation
of An;3 is essentially the same, except that the first cycle of Green functions is replaced by a

self-contraction Green function), we start with two indivisible cycles of Green functions,

(ool maigfem -l
o o s ac (8.19)

each contributing a power of §'/? in the infinite-tension limit. (The sign (—1)™ = (—1)(r=7+1)-1(1)(i-1)-1
again comes from replacing G 7| i I's with G F[Eg I's.) Throughout the following discussion, we will
assume again that variables and Green functions that have been removed by the pinch integrations
are omitted.

Following the same reasoning used in the discussion of case (c) above, we can see that there

are four classes of integration orderings without an exponential suppression of the form (8.10},

By <Py € oe € Dyg s By < Bipgr S bp=1 (8.20a)
Diy < jg <<y, Dpoy < Dpog o <0 S =1 (8.208)
i1 S Pjg Lo S Py, P S 41 S pg S =1 (8.20c)
By < by << By, P; € Djanrr S bpoy S hp =1 (8.20d)

In addition to contributing a power of §'/2, each cycle also contributes a factor of exp [£27i8¢g].
In order to obtain a non-vanishing result after the sum over string world-sheet boundary conditions
one cycle must contribute a factor of e?*#¢, while the other contributes its inverse, a factor of

e~378¢  This imposes a restriction on the relative ordering of the variables in the two cyclic
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sets: if they are ordered in the same direction, as in equations (8.20a) and (8.20b), we would
obtain a vanishing result in the field theory limit because then the phases would add to give
e+47i8¢  This would then vanish after summing over the triplet of world-sheet boundary conditions
generated by W,, For example, in the fleld theory limit with ordering (8.20a) the Green functions
in equation (8.19) expand to

|:(_+_‘) (e'n'Rev,-_L;e—w!faj..;_1[1mr _ él/?ewiﬁe -re—-n' Re yj_1,|e1r|l'q_|.1|Imfe—3wiﬂa)

(—t) (ewi Re v, e—1r||'131 [Im+» _ *ljﬂe-m' Re 're—'ﬂ' Re g, evr|i-.-1 {Im ‘reﬂ-n'ﬂg)

x (—i) (em'n. “ieri-2 g~ - i—alm T _ G1/2omiReT o mwiRe Va2 g [By | Im feﬂwiﬂq)]

N wiRa v, — i [ Tm T s {Rer —xiRevng  x|0nj | Im T — 24
% [(_{_1)(81&“# e~ "ionilImT qlfze‘n eT, e¥nj o |0nj|IlmT, *ﬂc) (8.21)

X (_1) (evri Rewvj4a,) e—-;r|;‘;f+1.,- jImT _ q-;l,f!e-xi Rer,-wiReviyy,; e7|'|l",‘+1.j {Im -rez-n'ﬁg)

X(—i) (ewiﬂe v,.l,._le—rh’),,.,,_; jIm T _ ql[!ewiﬁe 're—wi Re u,._.._leﬂio..‘,._.lllm 1-6211',6(;)]

—_— QCZ'n'Re T(-wl)"+n‘1:ﬂ‘ [e—iwiﬂg] [e——iwiﬂc]
— 0

where we have obtained a vanishing result because the phase e?*%¢ did not cancel. The result is
the same for the ordering (8.20b). Only in those cases where the two cycles of Green functions
have the opposite ordering, as in equations (8.20c) and (8.20d), do the phases cancel. For these
orderings, the left-movers simplify in the field theory limit, to

(—p)ntmemictlimn (8.22)

(for the ordering (8.20¢)) where j, — 1 of the first j — 1 variables remain after the pinch integrations

and

(—1)ntiemlime (8.23)

for the ordering (8.20d)).
E

We can now summarize the factors produced by the left-mover Green function in the field
theory limit,

Two Green functions:

% 3 CZLGF[Z;;](V.-I;,)GF[;:](u.-,.-l) s (~1)"t 2 (8-24a)
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Three or more Green functions in a single cycle:

Klfz > CZL(‘“I)n_lGF[;z ](Vilin)GF[gz](Vi:is) e GF[;Z ](”ﬂ'n,in)

(_1)"+"£i"t b) f,l'q S i}i: $ e S 01.'-,_

— (C1)Pi% by >, 2 D B (ne>3)  (8.24b)

0 otherwise

Four Green functions in two cycles:

S ch(—1)"GF[;‘G’](u.-,,-, )GF[gz](u,-,ﬂ)Gp[;g](u,-,,-‘)cp[gz](u,-ﬁ-,) . (—1)™2 (8.24¢)

Five or more Green functions in two cycles:

> CZL(—l)"GF[aG](V-A-‘:)GF{QG}(W:&;) . 'GF[GG](”i;I—xi:)

Be Bea Be
ag ag (s ¥
X GF[EG ](V’.il iJ't-H )GF[ﬂG :l(uil'g +1‘li¢ +2) e GFI:ﬁG ](u‘-nz"h) s 24d
(CLJHIm | Gy < By S S By B D B 20 2 B, o2t
s Q (—A)Emetasline g >, > e 20y, Py, S, S S,
0, otherwise

where »; . = 1 has been fixed. The schematic notation }_ C indicates that these sirnplification rules
include all effects from summing over the world sheet boundary conditions. If there are more than
two cycles of left-mover Green functions there will be no field theory contribution. In the case that
ng = 2, there is only one integration ordering (since one of the legs is at a fixed location), whereas
for ny > 3 we see that the left-mover factors contributed by a given integration ordering and the

reversed integration ordering always differ by a factor of (—1)",

8.4 Expansion of the Right-Movers

We turn next to the consideration of the large Im 7 limit of the right-mover contributions.
The analysis of the right-movers in similar to that performed above for the left-movers. There
are several differences, most importantly the change in the vacuum energy of the right-mover
superstring, which is at m? = —~1/2 (in units of 4x/)). The leading term (before GSO projection)
is therefore ¢~1/3. Thus, in the field theory limit we can obtain at most a single additional power
of §'/? from either the Green functions or from the partition function.

After performing the #;3 and 6;, integrations in equation (5.10), and integrating by parts to

remove all double-derivatives of the bosonic Green functions G g, a general term in the right-mover
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factor is a product of bosonic Green functions and cycles of fermionic Green functions. There are
two types of terms that survive in the field theory limit, those with (a) no fermionic Green functions
or (b) a single cycle of fermionic Green functions. Terms with more than a single cycle of fermionic
Green functions will not contribute because, just as in the left-mover case, each cycle of fermionic
Green functions contributes at least a factor of §'/3, and here more than one power would yield an

over-all positive power.

Let us consider first the surviving contributions for the FDH scheme, where no modifications
to the string amplitude of equation (5.7) are necessary; we will consider the modifications (7.4)
necessary for the HV (and CDR) schemes later. We begin with case (a), where only bosonic
Green functions are present. Since the next-to-leading order term in the bosonic Green functions
is of ©O(§), the infinite-tension limit will leave only the leading contributions; the next-to-leading

term will result in an overall positive power of §'/2.

For the bosonic Green functions, there is
no exponential suppression of the form (8.10) in the leading terms (unlike the fermionic Green
functions) so the product of all the leading order terms from the bosonic Green functions survives
in the field theory limit. Since the bosonic Green functions cannot supply the required factor of
§'/3, this factor must come from the right-mover partition function. Thus a factor of this type in

the amplitude becomes

m
& (T 2:5-~ ~iR -1/7_ -miR
E—Cﬁ__ﬂzgl]]l;GB(V‘-hj‘) — Cﬁnq 1/2 miReT (1—2Q‘ [2g-mi T cos 27 By
ﬁ =

10 .\ m m
, 1 . .. -
_2q.1/ze—-m Rer E cos ZW,BR,-) (E) H (—Slgn(lf;,j,) + 2Vi;j;)
i=3 =1
(8.25)

in the field theory limit. In the Neveu-Schwarz sector, which contains the gluons, the KLT coeffi-

cients C'g are

Cg“ = - cos(2wfB:)/ M

(8.26)
— _(_1)ﬂ0+ﬂ:+n:+ﬂ4 /48

where the first form is true for the Wy sector in any model, while the second form is for the specific
model detailed in appendix I. The n; are the coeflicient of the basis vector W; in the given boundary
condition vector § = 5> n;W;. We may note the basis vector W;, which was used to simplify the

left-mover structure, does not enter into the considerations of the right-movers. We can also rewrite
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the various cos 2r3g; in terms of these n;; we obtain

Cg" cos 2783 = —1 C;‘:” cos2rPrg = —(—1)(metna)
Cg“ cos 2xBpy = —(—1){m+m4) Cg" cos 2xBpr = —(—1)("3)
Cg." cos 27 Bps = —(—1){"s) Cg" cos2rBprs = —(—1)(") (8.27)
Cg.” cos 2xBrs = —(—1){™) Cg“ cos 2mfBre = —(~1){"2)
C;..'" cos 2wfBgs = —(—1)() Cg‘."’ cos 2w fBRye = —(—1)(matns)

Because each coefficient n; in the boundary condition vector is summed over the values 0 and 1,
only those terms independent of all the n; can survive; here, only the terms involving the ‘spin’

component survive, leaving

—jl/l-— Z 2cos?(2781) = 2 (8.28)

for the coefficient of the ¢'/2 term in the partition function. While the precise form of the coefficients
is model-dependent, this result is not; any model with only gluons transforming under the gauge
group will yield the same result.
Combining this with the large-Imr behavior of the bosonic Green function given in equa-
tion (8.7), the contribution of the right-mover Green functions in this case is simply
ne o, .
2 (-iy ]] (22 aa) ) (8.29)
i=1
Next, consider case (b), where the term does contain fermionic Green functions. The product
of the leading contributions (in §) from the fermionic Green functions is exponentially suppressed,
just as for the left-mover Green functions. In order to get a non-vanishing resuit the exponentials
of the form (8.10) must again cancel completely between the next-to-leading order term in one
fermionic Green function and the leading terms in the remaining Green functions. Unlike the case
of the left-movers, however, the expansion of the right-mover partition function begins with §—1/2

rather than 4}

, 50 we can have at most one cycle of fermionic Green functions; since each cycle
contributes a factor of ¢'/?, terms with more than one cycle will end up with a positive integer
power of §1/2, and so will disappear in the infinite-tension limit.

If we choose the ordering #; < #3 < +++ € #, (such as arises in the calculation of A, ), the
only cyclic sets of Green functions that will not vanish in the field theory limit are those of the

form
GF[ﬁT ](Vj,m)GF[ﬁT :l(VJ'uJ'+k)GF[ﬂ: ](Vj+k,j+k+ka) - Gp[ﬂl](vm._kn‘m) (8.30)
where 7 < m and k, k', k" > 0. That is, only cycles built upon a subset of the variables ordered in

the base set in the same way as in the ordering determining the integration region, can survive.
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In the infinite-tension limit, such cycles simplify as follows (ns denotes the number of fermienic

Green functions),

L L O ) RS e

_— z Cg-:o(—-'l:) (e—:n' Revm; o= 7i0m; | ImT _ él/Ze—ri Re T miRevm; e |Pmi|Im T COS(Z‘KﬁT))

x (=) (e—ﬂne Vivhi g 0tay [ImT _ g1/3p—miReromiRe vy 1aj oWiFj4s, il T cos(27rﬂr))
x (—1) (e""" Revyiiint,jvn o= ¥ 1asar jealImr

_élfze—m' Re -refri Revjaqurj+s g™ |Piansat jen | Im r 605(21“31))

X (—-—l) (e~-n' Re vm'm_.ue-w}fam‘,‘_,uﬂm‘r

ﬂql/!e—‘n’ Re re-n' Rev, . _4ir ewlf"m.m—l” |Imr COS(Z?I’ﬁT))

1 -2 N (nf = 2)
— —= Y cos?(2m8;) x
PP U i (ny > 2)
-2, (ny =2)
(=)™, (ny >2)

(8.31)
where we have dropped all exponentially suppressed terms. Any bosonic Green functions multiply-

ing a cycle of fermionic Green functions should be expanded according to equatibn (8.7), yielding
a factor
i sign( &, ;)
(- H ( 2 AL — l}‘lir) (8.32)
i=1
with n; replaced by n, — n;.
A cycle of Green functions built upon a set ordered differently than the integration ordering,

for example,

GF[QT](Fj,m)GF[ar](Fj.jH)G’F[aTl(ﬁnk—k'.jﬂ) = 'GF[GT] Tm-kt,m) » (8.33)
By Br Br By

with the same ordering of the & used above, will vanish in the field-theory limit. Conversely, the
cycle of equation (8.30) will yield a non-vanishing factor only for those integration orderings where
either the order of the variables in the base set of the cycle {Fj, ¥jiis Vit kskis - -+ s Pkt s Pm } iS CON-
sistent with the integration ordering, or where the reversed ordering {Fm, Vm—k" s s Vit htk's Vithky P4}

is consistent with the integration ordering. For every integration ordering with which the base set
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is consistent, the cycle of right-mover fermionic Green functions (8.30) will contribute an identical
factor, the one given in equation (8.31). For the reversed integration ordering (i.e. those integration

orderings with which the reversed ordering of the base set is consistent), the contributed factor will
he

{ -2, {n’f = 2) (8 34)

it (ny > 2)
That is, the contributions of a cycle of fermionic Green functions in a given integration ordering
and in the reversed ordering differ by a factor of (—1)"f.

So much for the expansions in the FDH regularization scheme. What are the modifications
necessary to obtain the expansion for the HV regularization scheme? If we introduce scalars in the
Neveu-Schwarz sector, for example by replacing W, from the set of basis vectors for the model we
are using with W, as given in equation (7.5), we will alter only terms which depend on ny4, the
coeflicient of W, in the boundary condition vector 5 In the modified model, only terms which
depend on Bgra, Br3, 3rs, and Sy will end up with a dependence on ny. In particular, the fermionic
Green functions depend only on 3+, and are thus the infinite-tension limits of terms containing any
fermionic Green functions are left unalitered by the addition of scalars. The only terms which are
affected are those which contain only bosonic Green functions, case (a) above.

For these terms, again only terms independent of the remaining n; can survive; these now
include not only the cos 2r8; term in the partition function, but also the cos 2x83g; term. Equa-
tion (8.28) is thus replaced by

4 (8.35)
as the coeficient of ¢'/?. As promised in section 7, the addition of scalars effectively modifies only
the partition function in the field-theory limit.

The model modified by replacing the W, vector with W/ contains one complex, or two real
adjoint scalars in the Neveu-Schwarz sector; thus, the prescription for obtaining the HV scheme

amplitude (and the ordinary helicity contributions in the CDR scheme),

28¥(pure glue) = ZFPH(pure glma)—Ni (ZFPH(pure glue + N, real scalars) — Z2FPH(pure glue)),
’ (8.36)

is simply to replace the coefficient of the ¢'/? in the partition function {8.28) with
2—¢ (8.37)

(thus this coefficient simply counts the number of independent helicity states circulating in the

loop) so that equation (8.29) becomes
€ A, T (st (91'”]) -
2 (1 - JRE) (—i)™ :l—!. (_5n2 - y,-,,-,) (8.38)
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where ép = 0 for the FDH scheme, and §g = 1 for the HV and CDR schemes.
A simpie check on that the modification of the partition function includes the effect of adjoint
scalars correctly comes from the computation of the gauge theory §-function. Using this string-

based technology, we computed the A-function in previous work {47|, obtaining the standard result,

3
_g'N.s1
Bym = To (3 4) . (8.39)

In this equation, the 1/3 arises from terms which contain only bosonic Green functions (after all
pinch integrals have been performed), while the second term, —4, arises from terms which contain
fermionic Green functions. Following the above discussion, to include the effect of adjoint scalars we
should simply multiply the contributions from the pure-bosonic Green function terms by (1 + N,/2).
For the 8-function of a theory with N, real adjoint scalars, we would obtain

(8.40)

BYM+tscalars = g° N (1 N2 4)

1673 3
in agreement with the usual field theory result [48].

8.5 Expansion of the Exponentiated Green Functions

The third factor in the integrand of the string amplitude are the contributions common to the
left- and right-movers, equation (5.11). The partition function and its expansion have already been
taken into account in the above discussions of the expansions of the left- and right-movers; this
leaves us with the zero-mode pieces — the exponentiated bosonic Green functions.

These produce the standard Feynman-parameter denominator of a loop integrand in the
infinite-tension limit (after the Imr integration). In the large Im7 limit, these exponentiated

Green functions behave as follows,

exp(Gg(vi — vj)) — exp (Imr(ﬁfj - \ﬁj¢|)) (8.41)

The kinematic factor K in equation (8.1) thus becomes
g
=) R kdii(1 - [945) (8.42)
i<y
and the denominator of the parametric integral is

ng—1+¢€/2

3 ki ks 10l(1 - [9:4) (8.43)

i<y
We can put the denominator in a more standard form by changing variables from the # to a

set of standard Feynman parameters a;. In general, we may have to sum a given contribution over
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several orderings of the parameters ; that survive after the pinch integrations have been performed;
consider the integration ordering f,(1) < ¥5(z) £ +++ < Vo(n,) = 1 where o € S,,. The required

change of variables is just

&
DI (8.44)

i=1

where the n; Feynman parameters satisfy the constraint

ng
Yai=1 (8.45)
=1

and are positive. The denominator of the parametric integral then becomes

ne—3+¢/2
ne 3 !
D kot ke | D am | (1= D am =
i<i m=j-+1 m=j+1 .
; ; ne~2+e/ (8.46)

ng T

D ke ko | D am (Z°m+ Z)

i<t m=j3+1 m=1 m=i+1

For each independent pinch configuration, the string integral thus becomes a standard Feynman

parameter integral

1 ny ne ng t j ne —ni+1—efl
I1 de; 6 (1~ a,) Pr({a:}) | kotiy ko | D am (Z amt+ )
0 =1 =1 i<t m=j+1 m=1 m=l+1
(8.47)

where P[, is a polynomial given by the earlier reduction of left- and right-mover Green functions.
Note that no Passarino-Veltman reduction of vector integrals is required; as promised, the string

has taken care of that.

8.6 Integration Orderings

Over what orderings of the ¢ variables must we integrate? As can be seen from eq. (8.24), in
computing A,;i(1,2,...,n), only a limited set of orderings contributes. To express these sets in a
compact form, it is convenient to introduce the notion of the set of mergings M({a;}; {b;}) of two
sets {a;} and {b;}, which is simply the set of all permutations of the set {a;, b;} set of mergings is
simply which preserve the order within each of the constituent subsets separately. For our purposes,
we want a notation for the set of all mergings of the two subsets {a;}} and {a;}77} of a single

=51 i
set {a;}7 )

Mn;({a:}in)) =M ({%‘}}:j-ﬁ {Gi}?;_-,-l) (8.48)
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(Recall that we have fixed ¥, = 1, so it is always ordered after the remaining parameters; this is
the reason for the seeming discrepancy between n and n — 1 in this notation. Note also that the
first j — 1 labels appear in reverse order.)

For the contribution without pinches, the analysis of the left-mover contributions would tell us
that in calculating A,,;(1,2,...,n) we must integrate over the orderings M, ;({#}7,) and the re-
versed orderings M,,.;,—j+1({%i}i=n—1; ¥n), which we shall abbreviate by the notation M,,_;(1,2,...,n)
and My n_j+1(n —1,n — 2,...,1,n) respectively, If we have eliminated some variables through
pinching, leaving n, of which 7, — 1 are amongst the first j — 1, we must integrate over the or-
derings M,,.;,(1,...,n) and My, ., ;. +1(n,...,1,7n), where the variables removed by the pinch
integrations are understood to be omitted from the argument lists.

This is not quite the whole story, because the contribution from a given ordering and its
reversed ordering are related in a simple manner. This is easiest to see after changing to Feynman
parameters. First, we may note that the left-mover and right-mover fermionic Green functions
factors change by at most a sign, while the expansion of the bosonic Green functions in the ordering

b <Py < Sy S Pp=Lis (5 <)

GB(Vji) — Imr (l}?j - l;';j)

. P (8.49)
Go(Fq) = 3 (1+ 285)
Using the same change of variables (8.44) employed above, these become
! !
G'B(V_,-;)wlmr Z Ay 1-—- Z Qym,
m=j+1 m=j+1
[} 7 n
ctar [ 3 am (Z it 3 am) (5.50)
m=j+1 m=1 m=i41l v
; 1
GB(F_,';)-—%E 1-2 z A
m=;j+1
For the reversed ordering, &,y € bp.3 < <+ < 7 € Pp = 1 we have
Gy — Im7 (9; + iny)
(8.51)

) ; ,
GB(i_fj;) — 5 (—-1 -+ 2VJ1)

Here, we employ a slightly differently mapping to Feynman parameters, which corresponds to a

relabelling of the variables introduced in equation (8.44),

b; = i am (8.52)

m=j+1
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With this mapping, the latter expansions are simply

i i
G’B(Vﬁ)ermr — Z Qe - Z am + 1
m=j+1 m=j41
! ’ (8.53)

. 1
GaEa)— 5| -1+2 3 an
m=j+1
The expression for G' g is equal to that for the original ordering, equation {8.50), while the expression
has changed by a sign. The measure in both cases is identical, so that we may conclude that the
contribution of a given ordering and the reversed ordering can differ by at most a sign.

Let us consider this possible sign more carefully. After all pinch integrations have been per-
formed, each right-mover term contains n; fermionic and n, — ny bosonic Green functions. We saw
earlier that the contribution of the fermionic Green functions changes sign when we reverse the
ordering of the integration variables; since the factor contributed by each bosonic Green function
also changes sign, the net change in each right-mover term is simply (—1)"’. As we saw in the
discussion of the left-mover expansions, the factors contributed by the left-movers also change by
the same sign between a given integration ordering and the reversed one. We thus conclude that
the contribution to any partial amplitude of a given integration ordering and of the reversed inte-
gration ordering are identical. We may thus pick one of each pair, and multiply that contribution
by 2. The integration orderings we must sum over are then reduced to those contained in the set
M,,;;.(1,...,n). This can be given a diagrammatic interpretation, namely that the contributions
of the two diagrams 4a and 4b are identical. For all diagrams with three or more legs attached to

the loop, there are two orderings giving identical contributions.

8.7 Collecting the Pieces

In the field-theory limit, the string integral simplifies considerably, and the various Green
functions, which in the full string theory consist of products of theta functions, simplify to numbers
or polynomials in the Feynman parameters. The above expansions allow one to write down a simple
set of rules for calculating each partial amplitude. Fach partial amplitude will receive contributions
from various pinch diagrams with certain orderings of the integration variables. These contributions
have the schematic form

1
Pinch factors

Polynomial(Feynman parameters) (8.54)

/ d(Feynman parameters) Feynman denominator

wherein the ‘Pinch factors’ are simply products of certain external momentum invariants k; - k;
times constants, and the Feynman denominator is the standard one encountered in a ¢* scalar field

theory in 4 — ¢ dimensions.
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In the pinch factors, we must keep track of the signs; for a generic neighboring pair of indices 7
and I, a pinched left-mover Green function will appear in the form G F[;g ](——uﬂ); the right-mover
Green functions will appear in the form G F[ST' @) or G p(¥j), leading respectively to pinch
factors of 1/2k; - k; and —1/2k; - k; after performing the pinch integrals. If the indices are the
first and last indices within a trace, however, the left-mover Green function will appear in the form
G,—.«[Sg ](uj;), giving rise to an additional sign.

As noted in the previous subsection, we can pick one out of each pair of equivalent integration
orderings, in which case we get an over-all factor of 2, and we can ignore the left-mover structure,
ezcept in the case that we have four legs attached to the loop after the pinch integrations, corre-
sponding to two independent traces (i.e. An;;»3), in which case we get an additional factor of 2.
The factors of it emerging from the left-movers combine with the factors of { —£)™ emerging from
the right-movers and disappear. Only a factor of (—1)"*+#~1 js left over.

Amongst the right-movers, contributing cycles of fermionic Green functions will then yield a
factor of 2 if they contain only two Green functions, 1 otherwise; terms with no fermionic Green
functions should be multiplied by 2(1 — §re/2), and every bosonic Green function G 5(¥;) should
be replaced by sign(#;;)/2 — v;;.

It is possible to decouple these expansions from their string theory origins, as we discuss in

the next section.

9. Rules for the Field Theory Calculation

The simplifications derived in the preceding section enable us to write down a set of rules to
be used in performing calculations with the new technology. This set of rules does not require any
knowledge of string theory for its application. |

In the calculation of the n-gluon amplitude, one begins by picking a set of reference momenta for
the external gluons, along the lines suggested in section 3, and substituting the resulting expressions
for the various dot products of external momenta and polarization vectors (&;-¢; and ¢; - £;) into

the following expression,
K ({zi, kirei}) = f (H dé; dfy )
=1

[Iexe [" 8;61k; - kiGr(zji) + i(0:0:k; - &1 + 801k - ¢5) Gr(zj1)

i<l (9.1)

R z(ﬂ,é:,k, . EJ' - egélkj . E() C::B(ZJ';) -|- éjéls,- . Ej Gp(zj;)
+ 0_,-5_,-9;5;5,- - B éB(:Ej])
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which we shall call the kinematic tensor. In this expression, the Gps and Ggs, to which we shall
refer as the ‘F* and ‘ B’ Feynman parameter functions, may be treated as ‘black boxes’; the rules will
eventually turn products of these objects into a polynomial in the (ordinary) Feynman parameters.
The other parameter function appearing in this expression, Gp, is the derivative of B-parameter
function with respect to its argument. The F- and B-parameter functions are antisymmetric
functions of their arguments, which are differences of variables labelled by the indices of external
gluons: z;; = #;—z;. (These z variables are in fact sums of Feynman parameters, but the ruies take
this into account implicitly, and we shall not have to make use of this fact explicitly.) The ¢; and éj
are Grassmann parameters; after substituting the spinor-helicity basis values for the dot products,
one must integrate with respect to these parameters. {We remind the reader that integration with
respect to such Grassmann parameters is equivalent, up to a sign, to expansion of the exponential
in equation (9.1), followed by extraction of the linear term in each parameter.)

Next, one must remove all derivatives of the B-parameter function, by integrating by parts

the following (formal) integral over the z-variables,

JATL dos ) €ttonkih) (G k) (0:2)

as appropriate. (There are no boundary terms.) In this expression,

n
E({zi, ki}) = exp ij -kiGg{zn)l , (9.3)
i<l

where G g is the antiderivative of the B-parameter function. It is possible to write down a systematic
algorithm for this procedure, but one isn’t really needed for calculativus done wauually, For certain
helicity amplitudes, for example { — +---+ ), with an appropriate choice of reference momenta, the
derivatives of the B-parameter function disappear on the first line, without any need to perform
this step of integration by parts. After performing the integrations by parts, one should remove the
integrals and the £ function, and retain only the transformed form of the kinematic tensor. The
latter now is a sum of terms, where each term is a product of spinor products, Lorentz products,
and a combined total of n F- and B-parameter functions. (The number of each type of parameter
function in a given term will vary from term to term.) One may perform the following check on
the integration by parts procedure: the resulting kinematic tensor should vanish identically under

the substitution G g{z) — —Gp(z).
Knowledge of the functional form of the Feynman parameter functions is in fact not required

after this step; only the dependence on the labels of the external gluons is important for subsequent
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steps. It is therefore convenient to replace the notation used above with a notation tracking only

the external labels,

Gp(zﬂ) — GJFE
G’B(zﬂ) — Gg, i<l (9.4)

G-B(:Bﬂ) — —-Gg, J > 1

After this replacement, the first index of the Feynman parameter functions will always be smaller
than the second one. The steps described below may occasionally generate a Feynman parameter
function G (denoting collectively the G%® and G%°), where the first index is greater than the

second one; in such a case, one should replace it with —G%.

At this point, one should write down all planar ¢® diagrams with n external legs, excluding
diagrams with tadpoles, subject to the requirement that the legs be numbered in a cyclicly con-
secutive fashion around the loop. {Cyclicly consecutive is determined by the trace structure Gry,;;;
for the trace structure Gry,,, cyclicly consecutive means consecutive mod n.) These diagrams will
be used as a guide in the evaluation of the amplitude. Each diagram consists of some number of
trees attached to the loop. We will denote the number of legs attached directly to the loop by n,.
Diagrams with only two legs attached to the loop where one of the two legs is an external one give
a vanishing contribution in dimensional regularization, and should be omitted from the following
discussions. It is helpful to label the internal vertices of the trees according to the following rule,
working from the outside inwards: each vertex should be labelled with the larger index of the two
lines feeding into it from an outermore vertex. In addition, it is convenient to think of each external
momentum as flowing into the line labelled by the given index. Momentum conservation is enforced
at each vertex, so the momentum attached to a given line is the same as for the corresponding field
theory diagram. It is not necessary to track the momentum beyond the trees, and one should not
introduce a momentum variable for the loop. Each line in a tree attached to the loop branches
as we go outwards from the loop; we will refer to the set external legs reached via this branching
as the leaves of a given line. Because of the cyclicly consecutive labelling of the external legs, the

leaves of any tree line in the diagram are consecutively numbered either mod j -1 or modn —j + 1.

What one calculates directly in the new technology is not the amplitude, but its irreducible
gauge-invariant pieces, the partial amplitudes; the full amplitude then appears as a sum over
partial amplitudes with appropriate color traces, as in equation (4.2). Each partial amplitude will
eventually be written as a sum ovér these diagrams of a standard integral over Feynman parameters

of a certain polynomial in the Feynman parameters divided by a standard Feynman denominator
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for a loop with ny legs,

: F 3
4 4 Feynman Polynomial (p.ii.'x'.fu'l,)
~ Z parameters Feymman loop ’
enominaior

(9.5)

diagrams

The rules we shall describe below transform the kinematic tensor into the polynomial in the Feyn-

man parameters times additional poles in the external momentum invariants. The diagrams guide

this transformation; in general, of course, the resulting polynomials {including the number of Feyn-
man parameters!) are different for different diagrams.

The first step in the transformation is to account for the contribution of the trees attached to

the loops. For any given diagram, each propagator in the tree (including the propagator attaching

the tree to the loop) contributes a factor of

% (9.6)
where K is the momentum flowing through that line. The momentum flowing through a given line
is of course just the sum of the momenta of its leaves. These factors should be carried along with
the kinematic factor as one analyzes it follows the steps described below.

The contribution of any term to a given diagram is determined by the indices of the Feynman
parameters functions in that term. In general, each tree with ! leaves attached to the loop will
remove { — 1 Feynman parameter functions from the term, replacing them with either 1, 0, or —1.
One may then proceed to analyze the other trees. Here, we give only the rule for analyzing single
three-point vertices attached to the loop. Similar rules can be formulated for more complex trees
attached to the loop, but as we have deferred the derivation of such rules, so we shall defer the
staternent of them. Iu the particular case ol the four-point amplitude, the rules for three-point
vertices alone suffice, because the only diagram with a more complex tree attached to the loop {(one
containing two three-point vertices and three external legs) has only two legs attached to the loop,
and one must necessarily be an external one; it therefore vanishes, as stated above.

The contributions of the trees depend on the particular partial amplitude we are calculating,
and so it is convenient to introduce a bit of nomenclature to refer to the arguments of the various
partial amplitudes. Recall that we must calculate |[n/2] + 1 partial amplitudes in general (though
one may rely on the U/(1) decoupling equations to reduce this number by two). Each partial
amplitude A,,; is associated with a color structure with two traces, the first containing j — 1 color
matrices corresponding to the first j — 1 arguments, the second containing the remainder. (If j = 1,
the first trace is then trivial; it is replaced in the associated color factor with the number of colors,

and all the arguments are associated with the second and only non-trivial trace.) By extension, we
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will refer to the first j — 1 indices or arguments of A,;;(1,...,n) as ‘belonging’ to the first trace,
and the set of indices {1,...,7 — 1} as ‘constituting’ the first trace, and so on.

With this nomenclature, we can phrase the rules for the attached simple trees as follows. For
each such simple tree, consisting of a three-point vertex with external legs @ and b attached to the
loop (note that & = (a+1) mod n for A, , and either b = (a+1)modj—~1lord= (a+1)modn—j+1
for the other A,;;), examine the Feynman parameter functions in a given term. The term will
contribute only if there is either a lone G%® or a lone G%® amongst the parameter functions. If
neither is present, or more than one of each is present, or both are present, the term does not
contribute, and one should throw it away. Furthermore, the term will only contribute to the given
partial amplitude A, ; if both indices belong to the same trace, but do not constitute the entire
trace. (The requirement that the indices not constitute the entire trace eliminates contributions to
An,s with legs 1 and 2 attached to a tree, and also any contributions with attached trees to Ay;3.)
Otherwise, the G’}‘b should be replaced according to the following rule,

G¥* =1, G~ -1 (ab)# (1,5 - 1) and (a,8) # (4,n) 1)

G¥ - -1, G¥ =1 (ab)=(1,5—1)or (6,5)=(j,n) '
(The sign change for indices (1,7 — 1) and (j,n) is essentially due to the difference of the cyclic
ordering of the labels of the diagram compared to the indices of the G}'".) We can summarize this
equation as follows,

G — (~1)fe (—1)%wtyHECD (9.8)

After this replacement of the Feynman parameter functions, one replaces all appearances of the in-
dex min(a, b) in the other Feynman parameter functions with max(a, b), and then proceeds examine
the indices attached to the other trees.

At the end of this stage of the cumputation, vne has reduced each iermn Lo a product of spinor
and Lorentz products (including the poles brought in by the attached tress) times n; Feynman
parameter functions, that is one for each leg attached directly to the loop. Of the legs attached to
the loop, j; — 1 belong to the first trace, and n, — j; + 1 belong to the second. Note that 1 < j; < j.
We will call the first set of indices T, and the second set T3; and the diagram depicted in fig. 5with
the trees amputated we will term the reduced diagram.

For most of the partial amplitudes A,;;, each original diagram represents in fact the sum of
several terms with different Feynman denominators corresponding to the different orderings of the
external legs that respect the order within each trace. (The preceding steps in the calculation are
independent of the ordering, but following steps depend on it.) Each different Feynman denominator
corresponds to a different labelling of the reduced diagram. At this point, one should write down all
inequivalent labellings of the reduced diagram, with the surviving labels, where the cyclic ordering
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of the labels respects the ordering within the second trace, and where the cyclic ordering of the
labels belonging to the first trace is the reverse of the ordering within the trace. Thus each
reduced diagram will spawn a set of ordered reduced diagrams, each of which should be evaluated
independently below. For the particular case of A, the partial amplitude giving rise to the
leading- N, behavior of the next-to-leading corrections, there is in fact only one possible labelling
of the reduced diagram.

The orderings with which one must decorate a reduced diagram in order to obtain the class of
diagrams to evaluate can be expressed in terms of the mergings of the indices associated with the
two traces. (Recall that the set of mergings M({a;}; {b;}) of two sets {a;} and {b;} is simply the
set of all permutations of the set {a;,b;} which preserve the order within each of the constituent
subsets separately.) The set of orderings relevant to the calculation of Ap;; for the given diagram
we shall call M,,,.;,(T1,T2), where

olaj_1) < olaj-z) <+ < o(a1) < o(an)
Mup ({aiticy) = (o € Sn and (9.9)
ofap) < o(@j+1) < - < o(an-1) < o(an)
Note that the first j' — 1 labels appear in reverse order, and that the last label — n' — always
appears last. In the special case that 5 = 1 (this is always the case when calculating A ), this set
contains only one element, the ordering {1,2,...,n}. As another example, the reduced diagrams
associated with the mergings M({1,2,3}; {4,5}) are depicted in fig. 6.

For each ordered reduced diagram, one must now examine the F parameter functions in a
term to determine the contribution. Terms with no F-type parameter function must be multiplied
by 2(1 — dge/2), where §g = 1 for either the 't Hooft-Veltman or the conventional dimensional
regularization schemes, while §g = 0 for the four-dimensional helicity scheme deseribed in section 7.
For the remaining terms, the products of the F-type parameter functions will again reduce to either
2, 1, or 0, depending on their indices. It turns out that one can never have a lone Gr in a given
term; there will always be two or more, and furthermore, each external label on one Gz will appear
on exactly one other Gz. Pick only one copy of each label appearing on some Gz, and call this set
of indices 7. Order the indices according to the ordering of external labels (the element of M, ;,

we are considering). Then
IF={!:1,‘i3,...,if_1,if} (910)

where f is the number of F-type parameter functions in the term under consideration.

The complete product of Gp’s can have the form

(G",,."’)2 : (9.11)
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(for any a and b in Ir) in which case the product is replaced by ‘2"; one of the forms

G!1 i G'z.'a . G‘f ~118¢ G'l e (9.120)
Gi-ritmagi-air-s L gt gl (9-128)

(for the order of elements in Jr as given in equation (9.10)) in which case the product is replaced
by ‘1’; or some other form, in which case the product vanishes, and the term should be thrown
away.
Once the F-type parameter functions have been replaced according to the above rules, one
should replace each B-type parameter function by
Ind(b)

: 1
Gy — ks > am (9.13)
m=Ind(a)+1

where Ind denotes the index of the external label in the given ordering (if it appears in position
m in the given ordering, its index is m). The a,, appearing in equation (9.13) are conventional
Feynman parameters. '

The Feynman denominator for the given ordering of the given diagram is identical to what one

would write down in a ¢* field theory; in the notation used above, it is

. ng—2+e/1
™e 3 X e *
(o€ M) = |- 3 Koy Koy | 3 m (zam+ 3 a,,,) (0.14)
i<i m=j+1 m=1 mz=i+1

where L(a) is the sequence of leaves of the leg with that label, and K1, is the total momentum
flowing through the leg labelled a that is attached directly to the loop.

There is an over-all normalization constant,

[(4m)et n
Np = i (—V29)" 5/ (9.15)
as well as additional constant factors Cy, ;, which are unity unless n, = 4 and j, = 3:
2, n'=4and j' =3
Croy = (9.16)
1, otherwise

and a sign depending on the number of legs attached to the loop in the reduced diagram,
(—1)%et (8.17)

With these pieces, the partial amplitude is given by the sum over diagrams, and the sum over

orderings for each diagram of a conventional Feynman-parameter integral,

r je—1 01— m Om K reduced \&my) T
a=te 3 35 [ (HLten) B e

dillrlm: 43 M,.‘ Vg

(9.18)
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where the subscript ‘reduced’ on X indicates that it has been transformed according to the rules
described above. It includes those factors arising from trees attached to the loop. (In those partial
amplitudes possessing an ultraviolet pole, that pole is still present in this expression, and must be

removed in accordance with whatever renormalization prescription is to be used.)

10. The Finite Helicity Amplitudes

In this section, we present the results of direct calculation for the partial amplitudes A4 (++++ ),
Aga{++++), Agi(—+++), and A43(—+++ ). There are several simplifying aspects of this
calculation: these amplitudes are infrared- and ultraviolet- finite, as noted earlier; and they do
not receive contributions from regions with two pinches or from regions with three points pinched
together.

For the (— -+ + + ) partial amplitudes, we choose the following reference momenta: for the first
gluon, ky; for the remainder, k;. The first partial amplitude, Ay (~ + + + ), receives contributions
both from the no-pinch region and from the vy -+ 13 pinch region; the third partial amplitude,
Ag3(~+++ ), receives contributions only from the no-pinch region (from all orderings). Adding
the various contributions together, we find
B [24]° (24) i (247 (t + 3)

4873 [121(23}34){41]  48x7[12](23)(34)[41]
i {12)[24](41)

Aa(17,25, 3047 = e o e 24y

A.;;]_(l-, 2+, 3+, 4+) =
(10.1)

(In these formulze, and elsewhere, s and ¢ are used as abbreviations for (12) and (2 3) respectively;
one must bear this in mind when evaluating the partial amplitudes for other orderings of the
arguments.) We will discuss the step-by-step procedure of evaluating these partial amplitudes in
separate publications {46,49].

These satisfy the required decoupling equation,

A4a(1,2,3,4) = Z Agi(o(1),0(2),0(3),0(4)) - (10.2)
eES, /2y
Y Au(e(1),0(2),03he(4) = D Au(lT,0(@)F,0(3)F,0(4)7)
TESy/Za oc€53{2,3,4}
o [ 2429 N [34]°(34) [23)* (23)
T 48n? (12](23)(34)[41] ~ [13](23)(24)[41) [L2]{24)(34){31] ] (10.3)

i {12)[24]{41)

T 8x3 (23)(34)(24)
= Aga(17,2%,3%,4%)
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Those symmetries leaving the pattern of helicities unchanged may also be used as a check on
the particular calculation. (The symmetries not leaving the pattern of helicities unchanged are
used to deduce the values of the partial amplitudes for the new patterns, for example, the value of
Agq(1+,27,3%,4%).) For Ay, we may consider the reflection, followed by an appropriate cyclic

permutation; we should find
A‘*;l(l—i2+?3+$ 4+) = Ai;l(l_a4+s 3+12+) (10.4)

and the reader may verify that this indeed the case. For A4;3 we may consider the element of Sy;3

that exchanges the last two arguments; we should find that
A4;3(1_12+!3+a4+) = A4;3(1—:2+,4+33+) ) (10.5)

i.e., that
(12)[24](41) (12)[23]{31) _ |
(23)(34) (24) {23)(43)(24) 0. (10.6)

Using the anticommutativity of the spinor product and momentum conservation, one may see that

the required identity is indeed satisfied.
The third partial amplitude can be extracted using the decoupling equation,

1
A(1,2,3,4)=- > A4 (1,0(2),0(3),9(4)) = ~5 443(1,2,3,4) (10.7)
o€ 23{2,3,4}

which gives
i (12)[24](41)
T 16m3 (23) (34)(24)

In the (++++ ) case, we choose the same reference momenta as in the (~++ + ); here, the

Aga(17,2%,3%,4%) = (10.8)

separate contributions from different pinch regions are infrared divergent, but when added together

the infrared divergences cancel as expected, yielding

] st
A (17,25,3%,47) = (12)(23)(34) (41)
‘ t
Agg(1F,2%,3%,4%) = —16;, BIe 3;(34) ey (10.9)
i st

A1, 253740 = S R ) 38 (A1)

The last partial amplitude is expected to be completely symmetric under interchange of any two

arguments; this is indeed true, since

EH su tu
(12)(23)(34)(41) (12)(24)(43)(31) (13)(32)(24){41}’

(10.10)
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11. The Remaining Helicity Amplitude

For the purposes of computing the next-to-leading correction to the differential cross-section,
the interesting partial amplitudes are A4 (——++ ) and Ay (—+ ~+ ). In FDH or the ’t Hooft-
Veltman scheme, these are in fact the only partial amplitudes required. (In the conventional
dimensional regularization scheme, additional helicity amplitudes, to be discussed in section 13,
are required.)

As discussed earlier, the contribution from the three-points pinch is identically zero, because
of the cancellation of infrared and ultraviolent divergences. In addition, for appropriate choices of
reference momenta, every pinch of two variables vanishes (at the level of the string integrand). As
a result, the only contributions to these partial amplitudes come from the no-pinch region and the
ultraviolet subtraction term. In any of the dimensional regulators, we choose the MS subtraction
prescription. For the n-point amplitude at one loop, the appropriate quantity to subtract is thus

1TH(1 — €/2)T{1 + €/2)
€ I'(l1-¢)

(n — 2)Bog* (am)/? (u?) /2 A0 (1,...,n) (11.1)

where 3, = —11N_/(3- 16x?) is the leading coefficient in the gauge theory 8-function. Thus only
Anpg is affected by the ultraviolet subtraction,

1T?(1 - ¢/2)T(1 + €/2)

- N (47)/? Atee=(1,...,n) (11.2)

Ana(l,...,n) > Apq(1,...,0) - (n—-2)8

where 8, = ~11/(487%).
The normalizations and phase conventions are defined by the expansion (2.2) and the decom-
positions (4.1) and (4.2)

\ 1=ioo
(1,2,3,4) + A7 (L, 2,3, 4) +---

4)
A (1,2,3,0)= g 3 THTSOTo @ T To0) A4 (o(1),0(2), 2(3), o(4))
€84/ 24

Al-loor(1 2.3, 4) = g*(u?) Z N . Te(Ter T P T A, (o(1),0(2),0(3),0(4))
0’E54/24

+ 3 T(Tm) TH(T T T ) Ay (a(1), 0(2), o(3), 0 (4))
FESy/ Saia

+ Y T T ®) T(ToO T ) Ags(0(1),0(2), o(3), o(4))
7€ 54/ 543
(11.3)

where the matrices T° are normalized so that Tr(7°T*) = §°*. All amplitudes are givenin D = 4—¢

dimensions.
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The tree-level ordinary helicity partial amplitudes are
Ag(17,2%,31,47) = 4,(17,2%,37,4%) =0
(12)*
(12)({23)(34) (41) (11.4)

(13)*
(1 2)(23) (34) (41)

Ag(17,27,3%,47) =4

Ad17,2%,37,47) =

Other helicities are related either by complex conjugation, or by cyclic permutation of the argu-
ments.

The next-to-leading differential cross-section is given by [11]

20°(w?) (1) N3(NZ ~1) 30 AY**"(o) Disp dsa(0) (1L.5)
TES.[Z,

for each helicity independentiy. The absorptive parts are irrelevant because Ay, is proportional to
At{ee-

As mentioned above, the only contribution to this helicity amplitude comes from the no-pinch
diagram, fig. 7; following the rules in section 9 and performing a bit of algebra to simplify the

polynomial in the Feynman parameters, one obtains

- - i 7 E3.5it
A(17,27,3%,4%) = L (amut) (12)(23 34) 41)] Hda 6 1—2 )

i=1
8ayaa + 12aqaa1a4 + 8a3a3 + 8a3a4 + 4a3 ~ 4a304 — a3 — 5ay — 3
(—sayaz — tagas)?+e/?

as

(11.6)

One can integrate this expression using the integral table in appendix V. Integrating equa-
tion (11.6) and its counterpart for A41(17,2%,37,4"%), one obtains the dispersive parts of the

one-loop partial amplitudes needed for the next-to-leading corrections (dropping 2ll terms of O(e)),
e/2
. - , 12y I'?(1 — ¢/2)T(1 + ¢/2) (41“;1)
Disp A4;{17,27,3%,41) = {
isp A (17,27,37,47) “[12)(23)(34)(41)  8mil(1-¢) Q?

(=5 - B+ Hal) + 2 ta(0) + lo®) ~ ta9)le(0) + Tia0) + T - 7 - F)

(13) (1 — ¢/2)T(1 + €/2) (4,r“2)€/2

Disp A4;1(1~,2+,3—,4+) =

‘112)(23)(34) (41)  8mT(l—¢) 0?
u? — s)? .
(-5 - 32+ alu) + 2 (tae) + ta(®) - P late) + 1a(e)
P ) - 10) - 3 (e1g(0) + s Lo(t)
8 7t wl.  st(2ul - s
ot (slale) + tho(0) - o + 5 - TR 2 Sk )

(11.7)
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where pu? is the renormalization scale, Q? is a completely arbitrary scale introduced in order to
simplify the comparison to the result of Ellis and Sexton [14], Ig(z) = In|z/Q?!, B(z>0) =1,
O(z <0) = 0, and

0, FDH scheme,

bp = { (11.8)

1, HV scheme,

and where evaluation in the physical region is assumed (that is, only one of (12), (13), and (14)

may be positive).

Using the following functions,

8(z) = - logarg(2)

4 (11.9)
= =1 -
O(z) = — logarg(~z)
which are discussed more thoroughly in appendix V, along with the shorthand notation
)
Lih=In Gh
w30 } p (11.10)

0@l =0y )]

64



we can write the whole of the partial amplitudes in the form
(12)* (47)/* T3(1 - ¢/2)T(1 + €/2)
(12)(23)(34)(41) 8xl(1 — ¢€)

(-2 20,02+ 4(29) - (1) @) + Fe)

Aa(17,27,8%,47) =4

+%2(1+2o(12)9(23)) _32_?%a

tix E (0(12) + ©(23)] — O(12)1,(23) — O(23)1,(12) + 361@(2 3)D

ot e v (13)* (4m)*/ T2 (1 - ¢/2)T(1 + ¢/2)
Aa(17,27,37,47) = M2y (23)(34) {41 873(1 — ¢)
2
5 22 2 [(13) - (12)(23)]
X (—22— —§+;[lp(12)+f,,(23)]*- - 2(13)4, [!u(12)+lu(23)12

+(12)‘+(23)‘ _11(13)" -3 (12)(23)

[ (12)+ 12 (23))

[(23)1,(12) + (12) 1, (23)

2(13)* 6(13)°
_(12)(23)
Saap [(12)4,(12) + (23) 4, (23)]
2 (12)(23) |2(13)* - (12)(23)
+?(1_ | o L 1ot - otz

2 {13 - (12)(23)]

¥ 13y

0(12)0(2 3))

(12)(23) 32 éx

EETE A
F]

[(13)" - (12)(23)]
(13)°

tix F (0(12) + ©(23)] - (0(12) 1,(23) + ©(23) ,(12)]

) (12)(23) [2 (13)% - (1 2)(23)] [0(12) 1,(12) + ©(23) 1, (23)]

(13)*
[0(12) (23) + ©(23) (12)] [11(13)" - 3 (12)(23)]
- 6(13)°
_(12)(23) [0(12) (12) + ©(23) (23)]
2(13)°

(11.11)
(Note that the absorptive parts could have been extracted by replacing the logarithm of each
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momentum invariant {,(sas) — I.(3ap) + iTO(34,); With the standard field-theory conventions,

@(s) =1, and ©(t) = O(u) = 0 in the physical region.)

The absorptive parts are irrelevant in the four-point cross-section (because Ay;; is proportional
to A4), but may be extracted if desired from the dispersive parts by using the appropriate ic
prescription on the momentum invariants. The absorptive parts are, of course, important in checks

of the optical theorem as we shall discuss in section 15.
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With the aid of the decoupling equations (4.9), we can write down A3 for these helicities,

12y (4m)/ T2 (1 — ¢/2)D(1 + ¢/2)
(12) (23 (34)(41) 873T(1 - ¢)

A4;3(1_:2—a3+94+) =1

x (— 5 (2 4(12) + (L3 4(13) + (23)2,(23)

(23) [2(1 2)* — (1 3)(23)]

- o7 (2 (23) + 8 (13)) - 20, (12)1,,(23) - 2%1“(1 2)1,(13)
L, 2):1;)(31(?;)23)}2 e(29)t09) - CHEZEZED 1, 23) -1, 19)
~ %:;:% 4+t [_ (3) [2 ¢ 222;3(2 A 3)] (1-0%(23) - 0%(13)) + 20(12)6(23)
BULIICICE [(12)(’1—2)21(31)3()”)]2 023)0(13)
+in [— 2(1—133 (8(12) (12) + O(13) (13) + ©(23) (23))
- 223 (0(13)1,(12) + 0(12)1 (13) - 2(0(12)1, (23) + 0(23) L (12)
_ 23 [2(1222)—3(2 5 (13) (©(23)1,(23) + 0(13)1,(13))
Ll 2);;)(31(?3()23)] (0(13)1,,(23) + ©(23)1,,(13))
ER02:263 o540 3)]D

Aga(17,2%,37,4%) = A3(17,37, 2%, 47)
1
A4i2(1_12'$3+a4+) = —§A4;3(1_,2—,3+,4+)

1 - -
Aga(17,2%,37,47) = Ag2(17,37,2%,47) - §A4;3(1 ,27,37,47).
(11.12)

12. Infrared Structure

The answers obtained for the (— —++ ) and {—+ ~ + ) partial amplitudes in the previous

section are quite similar for both the FDH and the 't Hooft-Veltman dimensional regularization
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(HV) schemes; indeed the pole pieces are identical, and the expressions differ only in the finite
pieces. It is possible to understand this similarity by examining the corresponding tree amplitudes

with one unobserved gluon, and that is our purpose here.

The infrared singularities appearing in the one-loop amplitude must cancel when eventually
forming a physical quantity, for example, a next-to-leading differential cross-section for observed
partons. Such a quantity has three different contributions, each of which is separately infrared
divergent: the one-loop corrected differential cross-section for the 2 -+ 2 process; the differential
cross-section for the 2 —+ 3 process, with one final-state gluon taken to be soft, collinear with
another final-state gluon, collinear with an initial-state gluon, or collinear and soft; and the one-loop
corrected parton distribution function. When combined, the infrared divergences cancel (and one is
left with explicit logarithmic dependence on the minimum energy and minimum angle ‘experimental’
cuts). It should be noted that in QCD, unlike QED, in general the final-state infrared singularities

do not separate cleanly from initial-state radiation singularities.

The one-loop corrected parton distribution function has only a single pole in € (proportional to
the Altarelli-Parisi splitting function), and so the pole structure is of course the same for both the
FDH and HV regularizations. Now, the leading {1/€?) singularity is universal, and thus scheme-
independent; but why is the subleading pole the same?

The identity may be understood by examining the helicity amplitudes for the 2 — 3 process.
The incoming gluons, and two of the three final-state gluons, are observed and are thus kept in
four dimensions in either scheme. The lone unobserved gluon must be treated in 4 — ¢ dimensions;
for the FDH scheme, there are still only two helicities to worry about, but for the HV scheme,
there is an additional ‘(¢}’ helicity [21] to take into account. However, because there is only one
unobserved gluon, the € helicity amplitude vanishes in the spinor helicity basis, and the differential
2 — 3 cross-section is in fact the same for both schemes. Thus all pole contributions other than the
one-loop correction are the same for both schemes; in order that the infrared divergences cancel in

both schemes, the one-loop corrections must have identical pole structure — and they do.

The above arguments are in fact not specific to the 2 — 2 process; one expects the pole
structure for the FDH and HV schemes to be identical at next-to-leading order for any 2 — n

gluon process.

In the CDR regularization scheme used by Ellis and Sexton, the answers for these helicities
are of course the same as in the HV scheme. The two schemes differ in their treatment of the
external or observed partons, and this difference shows up in the appearance of additional € helicity

amplitudes, which we discuss in the next section.

68



13. Comparison to Previous Results

It is clear that in the conventional dimensional regularization scheme, one must compute
additional helicity amplitudes beyond those needed for the 't Hooft-Veltman or FDH dimensional
regulators, and thus additional work is involved. What is less obvious is that these additional
helicity amplitude are typically much more time-consuming to compute, because they necessarily
involve more of the ¢ - ¢ terms, which tend to be more complicated than other terms (even though
one only needs these terms through O(e) rather than O(€%)).

The use of either the HV or FDH schemes is thus clearly preferable for practical calculations.
Indeed, in the particular case of the four-point function, the extra work needed for the ¢ helicities
is even more pointless than the above discussion might indicate, because after helicity-averaging,
the answers obtained for the CDR and HV schemes are in fact identical thru O(<?).

The tree-level four-point functions computed in the two schemes provide a foretaste of this
phenomenon. Using, for example, the helicity amplitudes given in section 11 (or from elsewhere in

the literature {20]), and the tree-level [¢]-helicity partial amplitudes,

A (1l 219 3% 4ty = 4,(10d, 2%, 30 4Ty =0

A4(odd number of ‘[¢]”) = 0
2

32
23)
Al(1d 9l 3= 4ty — _ 3)°(
4(1 i2 i3 ’4 ) T'6(—() 12 )(34)(41)
_ 12)’(32)’ (13.1)
Ag(1lel 2- 3ld 4ty = ;823 (
« )= ol ey eay )
(el old ald aley — (13)(24)(14)(23) 513 g3 (12)(34)(14)(23)
A 293545 = o0 iy em p ey e 0% T a (a) 4 1)
g3 (12)(34)(13)(24)
+ 54 2
(=9%=0(13)(23)(34) (41
one finds that
ree J“l‘t""u{ 52 +t2 +u2)
Z |"4:. ‘f{v = 4N:(N: - 1)94( Jg)th‘g
colars
helicisies
(13.2)
ree sttt Lut) (aF + 87+ 0f)
5 A g = ANV = 1)g (- 2)" e
nelicisian
so that if we average over incoming helicities — 2 for each incoming gluon in the HV scheme,

2(1 — ¢/2) in the CDR scheme, we find the same expression.
What about the next-to-leading corrections to the four-point matrix element? The difference

in the pole terms, if any, can be understood by comparing the 'singula.r regions of the 2 — J matrix
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helicities

element. The two schemes lead to the following resuits for the five-point matrix element (the CDR
result is from ref. [14]),

Z {Atsree|2 — Na _ 1)9 Z Z ]Atree o.)l (13.3)

calors F €5y /2y helicities

helicities

where

treed 2 BV |
Z IA tHV (12)(23)(34)(45)(51) 153-2155 (Jl]!) + e
Ji<j2 &5

tree i — 2
> At oor = {223 GBI

helicities

< [(1—e/2) Y (irda)' +3e(3+¢/2) D (A(2)+ fa(2) + fa(2))

1<, <5 €2y
F1<7a%h
(13.4)
in which
f1(1,2,3,4,5) = —(12)*(23)’
£:(1,2,3,4,5) = 2(12)(23)* (34) (13.5)

£2(1,2,3,4,5) = ~-2(12)(23)(34)(45) ,
and where the dots represent terms that make only a finite contribution to cross sections integrated
over unobserved particles. Thus after helicity averaging, the difference between the two schemes is

given by

cEr P A;'"w’] - [i 5[4y
CDR

helicities ( helicities HY \ (13.6)
3e(6 + ¢) A + z) | + fini
f.{2) Faf 21 fa( z) t
(2 f) (12)(23)(3 1)( 5 (51) (EZ '-\zl ! --\zf A e

Because of the explicit power of € in front, the only differences in pole contributions must come from
those regions of phase space which produce a double pole in ¢, that is in which one of the final-state
momenta must be soft (and in addition collinear to another gluon}. Consider, for example, the case

when particle 5 becomes soft. The phase space measure behaves like
E}~*dEs (13.7)

while the coefficient in front of the parentheses in equation (13.6) behaves like 1/ EZ, so that the only
singular part of the integral comes from setting Fs (and therefore k;) to zero inside the parentheses.
This yields

(z-e2 (1 2:)’7(263;(;)4) (45)(51) (-a27@y - @34 +202(3) ) =0 (38)
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so that there are no differences between the pole contributions of the integrations over unobserved
real particles in the 2 — 3 matrix elements in the two schemes, and there should thus be no
difference in the pole pieces of the four-point matrix element in the two schemes.

This is indeed what one finds. Explicit computation gives (we have dropped the O(e®) terms

since they are not needed)

(13°(23)) (1 —¢/2)I(1 + ¢/2) (47”3)‘/’
)

B £ € - — s 512 2
Disp A4 (109,219,37, 4%) = —ig{2, (12)(23) (34) (41) 8xiT(1 — ¢) Q*

< (-3 - 2+ 2ol + o)

Disp Ay (119,27, 319, 4%) = —iff%

(12)2(32)  T?(1-— ¢/2)T(1 + ¢/2) (4«;42)"’
(12){23)(34){41)} 872T(1 — ¢) Q?
(-3~ 2+ 2iols) + 10le))
Disp Aq, (19,20, 3l aley =
(iéu gt (13)(24)(14)(23) 5 g (12)(34){(14)(23)
(-a%(-<)(12)(23) (34) (41) (797" (12)(23)(34) (41

)
31 _ e . ud /1
o Swz/s()fglegr /2) (4Qx: ) (,_?. 22, %(IQ(S) + lo(t)))

L i6(1i¢,«5(’ic} (12} (34)(13)(2 4))

(12)(23)(34)(41)

€l de
(13.9)

for the [¢]-helicity partial amplitudes, so that for all helicity configurations of the Ay;;, one can

write for the pole pieces,

2 /2
s P () (32 S ) s a0
(13.10)
After helicity averaging, the pole pieces are indeed identical for the HV and CDR schemes.
Moreover, the finite pieces are identical up to order O(¢), since that is the only difference which
can be introduced by the helicity averaging.
If we now compute the next-to-leading correction to the differential cross-section in the CDR
scheme,
Z Z [AfAsinLo =
Ai=(+,-[¢]) colors
2°N2 (N2 - 1)Re Y0 g (a(1), a2, o3P, afape)  (13.1)
0ESs/Z4
% A (@(1Y0, 0(2) 1, o (3)), a(a)w)
and add in the leading-order contributions, we find complete agreement with the result d(s,¢, u) of
Ellis and Sexton, equations {2.25-2.26) of ref. [14] (note that those authors compute the answer in
4 — 2¢ rather than 4 — ¢ dimensions).
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14. Consistency Checks

There are a variety of checks that can be applied to the calculation pursued in this paper.
One of the more important is the check on the gauge invariance of the partial amplitudes. There
are two ways to perform such a check. One may choose a different set of reference momenta for
a partial amplitude with given physical helicities, and verify that one obtains the same answer
as with the original set of reference momenta (we have performed checks of this sort). One may
also calculate a longitudinal amplitude, replacing one of the polarization vectors in equation (5.7}
with the corresponding momentum, then picking physical helicities and reference momenta for the
remaining legs, and performing the calculation in the standard way. In the case of the four-point
amplitude, there are three independent longitudinal forms one may calculate: Ag (1] 2+ 3+ at)
Ay (1127 3% 4%), and Ay, (118, 2+,37,4F), where ‘(L] denotes a longitudinal external leg.
(The other configurations of helicities are related by the various symmetries of the partial amplitude,
and the longitudinal values of the other partial amplitudes are related by the decoupling equations. )
It turns out that the first and last of this trio are semsitive to the prescription (p? )‘Ip,=0 — 0 for
the case where the loop is isolated on an external leg, and thus can be used to verify it. (The same
prescription is used in field theory calculations; to our knowledge, no-one has shown explicitly that
it is consistent and gauge invariant.) We shall discuss this point in greater detail elsewhere [17)].
With an appropriate choice of reference momenta — k3 for leg 2, and k; for legs 3 and 4 — the
remaining longitudinal partial amplitude is independent of this prescription, and thus serves as an

independent check on gauge invariance.

If one employs the spinor-helicity basis and performs the Grassmann integrations in the right-
mover contributions (5.10) to the longitudinal partial amplitude Ag(11E,2- 3%, 4%), one find an

expression proportional to

Ga(7a4) (GF[Z:](FM)Z - é};(?u)) (-!G'B(Vn) + uGp(v1a) + tfr‘s(‘ﬁu)) (14.1)
which is a total derivative with respect to P, after multiplication by the cornmon factors (5.11),
and thus vanishes identically in the string theory. Taking the infinite-tension limit of this object,
using the sorts of expansions derived in section 8 {along with a prescription [36,18] for the contri-
butions with the loop isolated on an external leg), one should should still obtain zero, of course;
this is effectively a check on the algebra yielding the final answer from the kinematic tensor expres-
sion (9.1). In this particular case, the contribution from the three-points pinch is in fact identically

zero, independent of the prescription on (p’)‘|P,=o; indeed, the only non-vanishing contributions
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come from the diagram with no pinches, fig. 8a,

% (%(t A 612 (9s1n|t/u?| — 9tIn[s/u?| + 10t — 125 + 365(t — 3))

1 14.2
+25 (—slnit/u®| (27In(t/p?| - 72— 186g) + tin|s/p?| (27In{s/u?| ~ 72 — 184R) (14.2)
-27x% (@%(s)t — ©(t)s) — 968 + 40t + (84t — T2s)))
the 1 + 2 pinch, diagram 8b,
c 3 1 2
—[-=t+ — — 10t — 36 Rt
= ( Stt 5 (9tln|s/p?| — 10t — 38gt) es)
+,-(1§ (—27tln(s/u®] (In|s/p?| — 60 ~ 185g) + 277?07 (s)t — 40t — 8463t))
and the I « 4 pinch, diagram 8c,
C (3 1 2
o (e_=" + P (—9slnit/p?| + 125 + 36gs)
(14.4)

+7—12 (27sln(t/p?| (Inft/p’| — 72 — 1865) ~ 277?03 (t)s + 965 + 726;;3))

where C is a normalization factor (which includes spinor products), and where we have retained
only the dispersive parts {the vanishing of the absorptive parts would follow trivially from the
vanishing of the dispersive parts). The reader may verify that the sum of the contributions in
equations (14.2-14.4) vanishes, as it should.

In additional to such checks on gauge invariance, one may also check various symmetry prop-
erties of the partial amplitudes and the decoupling equations they must satisfy; we have given
examples of these checks in previous sections.

Another check is on the cancellation of infrared and collinear divergences with those arising
from singular regions of phase space of an appropriate 2 — 3 process. We will not discuss this
cancellation in detail, but it can be done most conveniently using the universal soft and collinear
functions of Giele and Glover (16}, and the poles do indeed cancel as expected®.

A final consistency check on the answers comes from unitarity, that is, the optical theorem,

and it is to this that we turn next.

15. Optical Theorem

In its most commonly-used form, the optical theorem relates the imaginary part of a forward

amplitude to the integral over all phase space of the amplitude squared. To leading order, this

* The appropriate 2 — 3 process for strict cancellation is in fact an unphysical, crossed process, with all legs
treated as final-state particles. What should happen in a physical process, such as that arising in the scattering
of gluonic partons within two incoming hadrons, is the cancellation of soft and final-state collinear divergences,
and the factorization of remaining collinear divergences into (universal) gluon distribution functions. J. Guillet
has informed us that he has verified this factorisation for our four-point helicity amplitudes in the CDR scheme.
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amounts to relating the imaginary part of a loop amplitude to the integral of a tree amplitude
squared. We will in fact check a more general form of the optical theorem, which relates the
imaginary part of an amplitude to the interference of amplitudes with different initial states (but
common final state).

In the calculation at hand, there are several subtleties. The simplest is the fact that the spinor
helicity basis introduces additional phases (associated with the external legs) into the amplitude;
as a result, we must replace ‘real’ and ‘imaginary’ with ‘dispersive’ and ‘absorptive’, respectively,
as distinguished by their origin in cuts of logarithms.

A more serious subtlety has to do with infrared regularization. In perturbation theory, a
massless gauge theory leads to infinite-range forces, and thus to a divergent total cross section.
Both sides of the optical theorem relation must therefore be calculated using an infrared regulator,
for which we shall again pick dimensional regularization.

The optical theorem tells us that

2Absp s A(L2,1,0) =5 5 /d‘“LIPS(sA)A}(i,2,3,4)./!.4(1,2,3,4). (15.1)

colorn(3,4)
helicithen(3,1)

where d*~°LIPS(3,4) denotes the (4 — ¢)-dimensional Lorentz-invariant phase space of particles 3
and 4, excluding the symmetry factor for identical particles which we have specified explicitly. (The
factor of 1/ on the left-hand side divides out the additional relative phase between an amplitude
and the usual convention employed in Feynman diagrams.)

We shall now proceed to show that the results for the partial amplitude Ay; satisfies this
constraint.

Extracting the O(g*) coefficient of Gry.1(1,2,1,2) = N, Tr(T*: T*T*1T4) from the right-hand
side of equation (15.1), and dividing by g¢* (p’)c‘“, we find that it is

14;1(1)‘1,2'\7, iAi,éAi) =

1 s
()Y d*CLIPS(3,4) [Aye (372, 172, 3,440 (1%, 2%, 3,4)

2 (15.2)
helicities(3,4)

+ A:ree t(i-Ai,é——)\’, 3,4)..4‘:"(2)‘3, 1).1, 3,4)
where AYee*(1%:, 2%, 3%, 4*) means [Af'{"(l"‘,2"=,3*°,4’“)]'. Using the symmetry properties
of A'™*® and relabelling integration variables, we can rewrite
14;1(1A‘ , 2)", iA", él,) =

(“2)!/3 Z /d‘l—eLIPS(s’ 4_) Aine a(ﬁ.\,’ ikl’ 3)«_,’ 4’\1)‘4:’“(1‘\1’ 2)\,, 33,,4)\‘) (15.3)
Aasdg=(+,-)
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Lip(1*,2%,1%,2%) = (uz)“'”/d*“LIPS(aA) [A;"“(:‘r,i-,3+,4+)A;'"(1+,2+,3+,4+)
+ Alreer(27 17,37, 47) A (11, 2%,37,4h)
+ At:eet(é—’ i-,37, 47 YAl (1%, 2, 3%,47)
FAFet(27,17,37,47)48 (11, 21,37, 47)]

=0
(15.4)

Similarly, we find I,;; (17, 2%,37,4%) = 0. The results in section 10 show that the absorptive parts
of the corresponding partial amplitudes also vanish, satisfying the optical theorem (15.1) to the

required order in perturbation theory.

For the remaining partial amplitudes, the relation is non-trivial. Let us begin with the partial

amplitudes in the FDH scheme. We have

I4:1(1_:2_1 i+12+) = (F‘"g)e“ /d4_ELIPS(3v4) Ar"‘(é—si_: 3+?4+)A:'"(1_’2_13+:4+)
(12y'2i]"
(12)(23)(34)(41) [24] [43)[31] [12]

= () [ ¢t~ LIPs(3,4)

La(17,2%,17,27) = (1) f @4 LIPS(3,4) [AY™*(27,1+,3%,47) A" (17, 2%, 3%, 47)
FAPN(2T, 1,37, 4%) AP (17, 27,87, 47))]
(14)'[34]" + (13)" [33]"

= )7 [ ate1ps(s, 0 12023 (34)(41) 24 23] [31] [13]

(15.5)

The integrals are evaluated in appendix VI; with those results,

o it A (12y* T(1~-€e/2)T(1 +¢€/2) (4mp? ¢/ 2 _(i2)

L (17,27,1%,27) = (12) (21) (13) (21) 4rT(1 - €) ((12)) (": ln[ (12)]) et
i (1i)* D3(1— ¢/2)0(1 + ¢/2) (4mp? )/

Lin(17,2%,17,27) = (12)(21)(12) (21) 4x (1 - €) ((12))

b~
——
—

i
1)~ [ iy
i (_? * (1) g [“(12)]
(21) [11(1 ) —3(2)(21) + 30 2)’]2

3(1i)’ + Ote)

(15.6)
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From equation (11.11), we find the following expressions for the s-channel absorptive parts of
the one-loop partial amplitudes (that is, the coefficient of ®(12) in the absorptive part),

1 o _ (12)* T2(1 ~ ¢/2)T(1 + €/2) [ 4rp?
Absp, 2 Aa(10, 273040 = o S D s (=g ((12))
2|23
< (2-wi5)
o 1 _ ey (13)* I?(1 - €/2)T(1 + €/2) { amp®\ >
Absp, 2Ae1(17,27,374%) = o A BT =g ((12)) (15.7)
2 a3 -2 N ey
X{i-- — In
€ (13)‘t ’(12)
(23) [11(13)3 -3 (12)(23)+3(12)’]
v 6(13)°

The reader may substitute these various expressions into equation (15.1), and thereby verify that
it is indeed satisfied.

This completes the check of the optical theorem for the FDH regularization scheme. The reader
will have noted that the absorptive parts are identical in both the FDH and HV schemes; this can
be understoad as follows. In the HV scheme, we must also sum over internal ‘[¢]’ helicities, so there

are additional contributions to fy;,
SITY (122,24, 141 2% =

Gk b3 [ LIPS (3, ) ag (@, e, 2, 2 A (10, 2,35, 40)

S
AL A= sfa] (=[x
(Radg)={ HGAO)H }

= (#2)1:]? /d*'—‘L]:PS(Ii,&i) At:ee ‘(é-‘-i, j_li,:jfﬂ, 4[(})A‘i:::(1»\1, 2_\_’, 3{5}’ 4[:})
(15.8)
where the other terms drop out because partial a.mplitudés with only one ‘[¢]’ helicity vanish. But

SIEV(1,27,1%,2%) = (u?)*/? /d"‘LLPS(3,4)A:""(2+, i+, ale, glelyayree(1—, 2, 3l 4l

=0
(15.9)

because AJ™*{17,27, 3l 4[‘]) vanishes. Furthermore,
SIRY(1-,27,17,3%) = (u?)«/? /d*"'LIPS(3,4)A1f'°*(é+, i=,3ld, gl alree(1, 21, 3lel 4le)
e’ [3i]" 4]’

(12)(23)(34)(41) [24] (43] [31] [12]
(15.10)

= —e(p?)/? fd*“LII’S(s,4)
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As shown in appendix VI, the integral is finite, so that the whole contribution is O(e), and as a
result, both sides of the optical theorem are identical in the HV and FDH schemes.

16. Summary

A major difficulty of the conventional Feynman diagram approach to perturbative QCD calcu-
lations is the proliferation of terms as the number of loops or external legs increases. For example,
at the starting point of a conventional Feynman diagram computation of the one-loop four-peint
amplitude, one would be faced with over ten thousand terms.

In this paper we have presented a new approach for computing the pure gauge contributions
to the one-loop helicity amplitude; these contributions are by far the most difficult to compute
by conventional techniques because of the complexity of the non-abelian vertices. Our approach
makes use of the reorganization of the amplitude inherent in string theory. This string-based
approach bypasses much of the algebra associated with Feynman diagram computations. Although
string theory lies behind the derivations of the new approach, a practical set of rules, such as that
presented in section 9, makes no reference to string theory.

The string-based method meshes naturally with the use of the spinor helicity formalism. The
loop momentum has already been integrated out at the starting point of the string-based compu-
tation, so that all invariants are already expressed solely in terms of the external momenta and
polarizations. The spinor helicity basis makes possible vast simplifications at this very first point
of the computation. Another important irigredient is the color decomposition of the amplitude into
smaller gauge-invariant partial amplitudes, eliminating many of the large cancellations inherent in
Feynman diagram computations. The string also provides a systematic and compact expression for
the 1-point amplitude, arising from the fact that at each order in periucbaiion theory there is ouly
a single string diagram.

We have constructed string versions of ordinary field-theory dimensional regulator schemes to
handle the usual infrared divergences that appear in gluon amplitudes.

We also presented the first computation of the one-loop four-point helicity amplitudes as well
as a variety of checks verifying the correctness of this calenlation in the string-based method.

The extension of this method to include virtual fermions is trivial; the extension to include
external massless fermions is straightforward. We believe that it should be possible to extend this
new computational technique to the multi-loop case, and to the case of massive fermions as well.

We thank W. T. Giele and N. Glover for discussions on infrared cancellations, regularization
schemes, and diagrammology; R. Carslitz and R. Willey for discussions on the optical theorem;
A. Duncan for discussions on the derivation of field-theory-like rules; J. Collins, R. K. Ellis, and
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A. H. Mueller for a variety of discussions on QCD and regularization schemes; and V. Kaplunovsky
and W. Siegel for discussions on dimensional reduction; K. Roland for discussions on string moduli
space. D. A, K. would like to thank the theorists at the University of Pittsburgh for their hospitality
during the writing of this paper.

This work was supported in part by the US Department of Energy and in part by the National
Science Foundation, grant PHY-90-24764.

Appendix I. String Model

In practical computations for QCD it is not important to have a fully consistent model, al-
though it is important to have an explicit example of a consistent model with the required properties
in order to ensure that no extraneous difficulties enter. In this appendix we provide an explicit
example of a heterotic string model containing an SU(9) pure gauge theory in the infinite string
tension limit. There is no particular significance to nine colors; it just happens to be an easy model
to construct and analyze. It is not difficult to construct such models with other gauge groups,
including SU(3). The model we present is not space-time supersymmetric since it contains a pure
nonabelian gauge theory in the field theory limit. Once the field theory limit of amplitude has
been computed in one particular model the extension to all SU(N,) amplitudes is straightforward
since the amplitude satisfies a systematic color decomposition. To construct an appropriate four-
dimensional string model, we follow the fermionic formulation of Kawai, Lewellen, and Tye (KLT)
[29).

The four-dimensional model at hand is specified by the five “basis” vectors,

— (123 110)
0 \va |2
118
W1= (E 04 010)
9
W, = (091 l000 1(111) (100) (100))
2 2 2\222/\2 2 (L1)
1° 1 1/ 1 111 1
=1{0%= 0-00l={0=0)(===][0=0
W (0 2 2% 2 (02 ) (222) ( 2 ))
1° 1|1 1 1 111
W, =[0%= 00=01=(00=){00=) (===
o= (o5 o030)3 (v03) (03) (333))

where [" signifies n contiguous components with value I. The triplet grouping for internal right-
movers arises from requiring world-sheet supersymmetry [29]. Each component of a refers to the

world-sheet boundary conditions on the torus of a particular complex fermion. For example, the
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1/2’s refer to antiperiodic (Neveu-Schwarz) boundary conditions while the 0’s refer to periodic
(Ramond) boundary conditions. The gauge group G that we will be interested in corresponds
to the first nine lefti-mover oscillators, while the space-time index for vectors is carried by the
first right-mover complex fermion. It is straightforward to show that this model satisfies the KLT
comstraint equations presented in ref [29] and hence is modular invariant.

We do not present a complete analysis here; it is straightforward though tedious to verify the
properties of the model. (A more detailed discussion was presented in earlier work [47].) Here we
are interested in the spectrum of massless particles, since only these will survive in the infinite-
tension limit. Sectors containing massless particles must have both left and right vacuum energies
that are zero or negative. There are seventeen such sectors; sixteen of these are easily eliminated,
as exciting a gauge oscillator in those sectors would necessarily yield a massive state. These sectors
also contain no tachyons. The remaining sector is the Neveu-Schwarz (W) sector, which is the
one containing the graviton and the gauge bosons, The KLT coeflicients of various terms in the
generalized GSO [43] projection in the Neveu-Schwarz sector are given by C;n = —cos2xf;
where (3 is the boundary condition of the first right-mover. By summing over the terms in the
G50 projection states are either removed or kept. In particular, the generalized GSO projection

condition on the states in the Neven-Schwarz (W;) sector is
Wi Nw, = s (L.2)

where Ny, is the number of excited oscillators and the statistical factor s; = Wq, the first right-
mover component; any state which does not satisfy the projection condition (I.2) is removed from
the spectrum. Since the projection conditions depend on the choice of boundary condition basis
vectors we can control the spectrum of the model by choosing and appropriate and consistent set of
vectors. In particular, the generalized GSO projections in this model imply that the only massless
particles which carry gauge charge of the SU(9) x SU(9) subgroup are the gauge bosons themselves.
The gauge group of interest G is specified by the first nine positions in the basis vectors, while the
secondary gauge group G' is specified by the second nine positions. (The above properties hold
independent of the choice of consistent KLT ‘structure constants’ k;;.)

Thus, this string model yields a tachyon-free pure gauge theory in the infinite-tension limit.

Appendix II. Decoupling of Secondary Gauge Group

For the sample model of appendix I, the the Neveu-Schwarz (W}) sector of the string model
(which is where the gauge bosons of interest live) consists of a direct product gauge group,

SU(N:)x SU(N[)x U(1)™ (where N, = N! = 9 for the particular model). The O(§~!/?) left-mover
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contributions to the string partition function can therefore be grouped into three types: those as-
sociated with the SU(XN,.) gauge group G of interest those associated with the secondary SU(N,)
gauge group G' and those associated with any remaining string gauge groups.

In this appendix we demonstrate that the secondary gauge group decouples in the field theory
limit as claimed. The decoupling of the secondary gauge group is a bit triclier because its decoupling
depends on summing over boundary conditions generated by the world-sheet boundary conditions
generated by W3, W3 and W,, which also control the number of space-time states in the string
model. Ultimately, these string intricacies are irrelevant in practical QCD computations, since
the only relevant fact is the the unwanted secondary gauge group decouples as expected; in a
computation the contributions from the unwanted gauge groups are simply dropped because they
anyway will not contribute.

Labeling the the world-sheet boundary conditions associated with gauge group of interest 8g
and those associated with the secondary gauge group as Bgr the O(§7'/?) terms in the partition

function (8.8) can be rewritten as

32 22
2§~ 1/3gmiRer Z cos2mfBy; = —2§~1/1emiRer (Nc cos(278g )+ N, cos(2x8a )+ E cos ZwﬂL.-)
i=1 i=N.+N!'+1

(O.1)
where we have explicitly separated out the contributions from both the gauge group of interest G
and secondary gauge group G'.

As discussed in section 8, for the partial amplitudes associated with a single color trace, the
non-vanishing contributions in the field theory limit arise from only interferences between the left-
mover fermionic Green functions and the left-mover partition function. {The double trace partial
amplitudes which recieve contributions from only an interference between two ‘cycles’ (each of which
contribute a single power of §'/?} of left-mover Green functions are independent of the secondary
gauge group and therefore are trivially decoupled from the secondary gauge group.)

From equation (8.13) or (8.16) we find that for the single trace partial amplitudes the color

factors are of the form
22
- . i Bt Twifes driBe . —2miBy i
chu [Nc(ez i8g +e 2x Bc) +N;(e"'ﬁc +e Imifc )_+_. Z (e =il +e 2mifdy,; )] [_e 2 lﬁq]
i=Ne+ N1 41
(II.2)
where the terms in the first bracket are from the string partition function and the terms in the
second bracket are from the left-mover Green functions.
The sum over the boundary conditions induced by world sheet boundary condition basis vector
W) removes contributions to the field theory limit from all gauge bosons except from the SU(N.) x

SU(N{) subgroup, as discussed in section 8; contributions where the phases obtained from the W,
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boundary condition vector do not cancel will vanish. That is, terms proportional to e£?*#¢ Jead to
a vanishing result while terms proportional to unity or e¥?*¥(8e—8s*) will not vanish when summed

over these boundary conditions. This then leaves
Z Cgo (Nc + Néez“’l'(ﬂc' —ﬁc)) (]'_'[_3)

as potential contributions left-mover contributions.

We now show that the interference factors e=?7{8c~82) between the G and G’ gauge groups
will vanish from the sum over the W;, Wi and W, boundary conditions. To see how this works
we must take into account the right-mover phase contributions in (8.27) and multiply them by the
factor of e+3"48e—Ps') found in equation (I.3). This means that the sum over boundary conditions

will be of the form

Z cos(27mB1) cos(2n G g )etI™HPc—Bar} | i=1,2,---,10 (II.4)
A

for the sample model of appendix I. For i = 1 this becormes

% Z(_l)ﬂn+nz+ﬂa+ﬂ4(_1)ﬂo+ﬂa+ﬂ:+ﬂq(_1)ﬂ:+ﬂ:+ﬂ4 =0 (H_5)
™

while for, e.g. i = 2 we get

4_18_ Z(_l)ﬂo+ﬂ:+ﬂs+ﬂ4(_1)ﬂo+ﬂ1(_1)ﬂ3+"3+n4 =0 (H.ﬁ)
L™

It is not difficult to see that all other potential terms vanish since it is not possible to cancel all

factors of (—1)™. Thus, we see that the gauge group G’ decouples as expected.

Appendix III. Notation and Normalizations

We define theta functions for general twisted boundary conditions by

g[a] (V I 1_) = Z em’(n+a—1/2)"rez-ari(n-!-a—l/?)(u—-ﬁ-l/z) (m.l)
ﬁ neZ
Then

¥ [g:l (v|7)= e”‘“z"e’"""(”'ﬁ'lﬂ)ﬂl(v + ar — B|T) (1I1.2)

where 9, = ﬂ[g] is the conventional first Jacobi theta function.

81



We remind the reader of the definition of the Dedekind n function,

= gmiT/12 H 27rsn‘r

(IIL.3)
- \’/ﬂ'[o] (0[1‘)/2#
0
where the prime indicates differentiation with respect to the first argument.
The bosonic partition function is
Zp(r) = (n(r)n(r)) 7" (Im7)*/* =} [Fe(r)]* (II.4)

where D = 4 — ¢; as discussed in the text, to maintain modular invariance the torroidal compacti-
fication function
F.(r) = Z e—iminmRer —x(n’+m?)Im 7
nmezZ
should be retained, although in the gauge theory limit of the string it reduces to a factor of unity.
[For simplicity we have set the compactification radius to va' = \/A_/ar]
We define Z, [g] (7) to be the partition function for a single left-moving complex fermion with

[g] boundary conditions,

@] (1 < gy [atrifiargimich -] _ €T/ 5] (0 7)
23] m= ") S

where the phase is present in order to be consistent with the KLT definition [29]. It is really
irrelevant, and could be absorbed into the definitions of the summation coefficients Cg.

Putting the pieces together, the complete partition function for the set of fermions with [g-]

boundary conditions is

25 = 2| 3] ) = 2a(nze [ §] (1) = 2a(n) hﬁL Al IH Z G

= (a()a(r) ™ (VImT) (R

lenar  —2wi(1/2-ar:)(1/240L:) g  azs lenar 2xi(1/2—api (1/2+87:)F aril(g|r
19[6“](0!7') 1'9[ ( | )

(111.6)
The bosonic correlation function, Gg(v), is defined via
(XP(VI,EI)XV(Ug,Fg))T = QFVGB(V =¥ - Ug) f (III.?)
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It can be expressed in terms of theta functions,

sl
2T )

A dotted variable, for our purposes, will always be taken to signify differentiation with respect

Ga(v) = _i In |2re~{1m ¥/ (IIL8)

to v,

X =8X. (I1.9)

In a slight abuse of notation, we write the correlation function for right-movers as G g(¥) although

in fact it is equal to G z(v).

‘We thus have 19'{"]
oy ilmy B _}_ 0
Galv) = T 27 9 [°]

(I.10)

The fermionic particle correlation function Gp|%|(v) and anti-particle correlation function
) A
GF[B}(V) are defined as follows {excluding the case @ = 8 = 0):

(01 (1) B(1a)) 5., = JijGF[g](v = - )

a (IIL.11)

A

where here the expeciation value is understood to exclude a factor of the partition function.

(® (1) Tt (1)) = J‘J'c‘:p[ ](u = v — 1)

These correlation functions can also be expressed in terms of theta functions,

al,y - 2Ll iP5l ol
GFL"’_( )= 279 [ ] (y|-,-)19[g] 07
- 'a" -« .
G (V) =G (y) - _G (_V)
F:ﬂ: F[lnﬁ] o F[ﬁ] (II.12)
el @]y = 2@ 0] -7)
LA 2x9 3] (F1-7)9[3] (0] -7)
Gr ; (7) = Gp[i - g](ﬁ) = —G,—.-[;](_-ﬁ)

where the last equality derives from a theta function identity.

The case @ = 8 = 0 demands special treatment, because of the presence of the zero mode;
however, in this paper since we are only concerned with the pure gluon contributions, which live in
the Neveu-Schwarz or W, sector of the string, we do not encounter fermionic zero-modes.

The self-contractions are obtained by taking v — 0 but with the pole piece subtracted [50] so
that

a]_ 93] (0)
Sp[ﬁ:' = 21”9[3] (0) . (]I[.13)
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Although these seif-contraction pieces are important for deriving the U(1) decoupling equations
[11], in practical computations with gluons, the self-contractions drop out trivially because they

are associated with the trace over a single SU(N,) generator, Tr(T'¢) = 0.

With the modular transformation properties of the theta functions, one can derive the modular
transformation properties of the partition function and the various correlation functions. With these

properties the modular invariance of the string amplitude (5.7) can be verified for a consistent string
model although we shall not do so here.

The vertex operator for emission of a gauge boson, in the F; picture for the right-movers, is

Ve, kiv,7) = —vV2gVAT® - ¥ (0) (v & - ( CX(7) + iVAR(D) k - :;7(;)) VAR (X(25)) .
(III.14)

or, using Grassmann variables to put it into an exponential form,

Ve(e, kv, ¥) = vV2gVAT®7 [ df, df, do, d,
exp (i\/Xk X (0, 7) + 0,9 (v) + 8,9 ;(v)
+6810,¢ - f(?) + ivAOsk - (D) + O4¢ - .'i’-(F)) H
(IM.15)

The N-point string amplitude in dimensional regularization in 4 — ¢ dimensions is then given
by

- -(47")5/2 1 dir
Aﬂ—‘lz(lﬁ_’rz)'xf (Imr)’ (IIIPT) fd3y1...fdﬂyn_1

Zp(r) ) C52s [g.] (7) (Vo) Vo ()5, -
aa

(IIL.16)

where the different versions of dimensional regularization are determined by the prescriptions used
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in Zp as discussed in section 7. Evaluating the correlation functions gives (in Minkowski space)

(4“7) nf2— € m m
caldn, =1 (16 2)A /2 2(‘/_9‘” /1 Tmmt |___Tu..m“m,

/ (h_nf_):_w? / (a:flldgil ;3 i3 dbsg ) / (Ed’w) § Cc524(r)
[[ere [-oatat™5 Sp[ﬂ;,;_ﬂ

=1

NE: [J\k,- - k; Gg(vi — vy)

i<

m ](V-‘ - v3)

m;

—0088™ 2, GF[ZT ]("" - v3) = 0abpd™ 5, Gr [; (O1.17)

- 9,’393;3/\1:,- . kj GF[aT](F; - ﬁj)

Bt
+ :'\/X(B;gﬂjik,- - g5+ 0;40j3kj . E,') G;{;:](ﬁ, _— ffj)
- i\/X(O;;;e“kj - Ei— j39j4k‘- . SJ-) GB(Fi - FJ‘)

+ 9{49,‘45,‘ < &5 GF[QT](T/}' - Fj)
Bt

4+ 0:36:48530;48; - €5 Gp(v: - 75) ] .

This formula is valid in all sectors excent Ramand—Ramond, where the fermionic zero mode de-
mands special treatment. However, that sector enters only into parity-viciating amplitudes, and
so is not relevant to any of the calculations in this paper. The normalization of the amplitude has
been calculated by Polchinski {51] and Sakai and Tanii [52}.

Appendix IV. Field Theory Limit Expansions

We need the expansions of the Green functjons and the partition function in two limits: v — 0

and Im+ — oo.
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Asv — 0,

exp (Ga(¥)) — |v|1/™ x constant

while in the limit Im7T — oo,

1

B 277
1

274
1

27y
1

27V

(IV.1)

l—aehn'(l-a) Re -re!m'ﬁ)

0T
Z, [ﬁ ; ol G ReT/O (1 _ ¢=3miB) (1 _ 23R T cos 21 f)
2 [0 < C!ﬁ( 1/2- . é(al—aﬁ-l/ﬂ)lﬁewiﬂ.e al—a+1/6)/3) (1 _ QQCZwiaRere—iwiﬂ —§
1/2 ~—1/14 ,—xiRe T /112 ~1/3 _xiRer s, 1xiRe T
2 3 — ¢ e (1-—2q € cos 23 + de )
) 2
exp (Gp(v)) — exp ((i:f;)—) lsinww|™*/™ x constant
: tImy COS TV
G (T -
5(7) — Imr 2sinw¥
- 1
Galv _
5(v) = 2Imr g 2sin? =7
0 ] sinw (3 — v) . ImiRer /s .
Gr 540 (v) - sinrd + 24e (sinw(r ~ 28} — sinzv)

c O<ac< 1/2: ezxiu(a—lj’z) 2xiax Re re'hri(u—ﬁ) _ q-l—-aehri(l—a)Re'reﬂhri(u—qﬁ)
F ﬁ (U) e Y g 1 — q“aezwiaRe Te—imif _ q“l—aeiri(l—a) Re 7g2xi8
. 2q~ez1n' Re rei'm'u(a—ljij sin Ty
GF|:1£2 (v) — ; '1 + 241/:ewiners-mﬂ.(u ~28) + 24 Re Tsin (v — 403)

sin v
sinw(3 —7)

GF[ ’ 1(?)—’

B#0]
1/2]
8 |

o

2sinrQ3sinn¥

2sinnv

+ 2@1/28_“ Re r Si.‘n?F(F _ 216)

(IV.2)

Retaining only the leading terms in €™, we can simplify the Green’s functions further,
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(sim(z) = sign(Im z)),

exp (Gg(v)) — exp (—(—I—g — | Imvi) X constant
Ga(¥) — —;— (sim(v) - 212“1;)
Ga(¥) — —ﬁ
GF[[J' i 0](p) — —isim(v) (e‘rilim{v)Re ve=wllmul _ go2miRer,—misim(y) Rew x| Im v] (ez-xi im()f 1))
Gp[lézJ(V) — —isim(v) (e‘n'lim(y}ﬁ.g ve=mllmvyi _ 51/3gwiReTy—wisim(y) Re vy Im v dwi sim(v)p
—Get™iRe T gmmisim() Reuewllmuleinilim(u)ﬁ)

GF{ 0 ](17)—>—isim(ﬁ) (e’“"im(ﬁﬁe-"e—«llmvl)

B#0
Gp[léz](v) - —:'slm(F) (eﬂn’lim(i] Reﬁe—ﬂlmﬁl _ q-!.jle—-n' Re -re—'m'lim(ﬁ) Reiewllm'ﬁileilim('ﬁ)ﬁ)
(IV.3)

. . . . . . . —~ 0
A special case of particular interest for the partition function is (with &, = (%nl%l )

o[ 3] =t werorier o] T

=1 i=1

— (Imr)cli—lq-;—.‘!ﬂe—ri Re 1'(1 + 246,821"'3.:1')1;!;(1_)

len axpg len agr
X ( 1 — 2g'/2¢™iRe~ Z cos 2w 3L; + 4ge’™iReT Z cos 2w 8,; cos 21r,6L3-)
i=1 i<j=1
ler agr
X (1 - 2@1/28""i Re Z cos 2:rﬁR,-)
i=1
(TV.1)

Appendix V. Integrals for the Loop Calculation

The class of integrals we need is
P({yiDé (X vi— 1)
dy 1573 (v.1)
[0,1]4 [v1ys + x¥a34]

(_3)—2—-:/2

where P is some polynomial, and where x = ¢/s.
Through the change of variables
n=>0-y)(1-z)
y2 = 2(1-y) (V.2)
ys = y(1 - z)
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which also implies that y4 = zy, we can transform the original integral into

(- s)—a qz/ dz/ dy/ P((l—y)(l—z), z(1-y),¥(1 ~ z),zy) (V.3)

y(l 1+€/2 (1 _ 3)(1 _ Z) + Xzz]2+€;'2 )

The y integral is now elementary; we may note that only terms symmetric under y — 1 - y will

survive, so that we can replace the powers of y in the numerator with powers of P, = y(1 - y) as

follows,
1-1
1
N
Y73
1
yz - "2' _Py
3 1 P,
v =S (1-F) (V.4)
y' - P} — 2P, + =
1
¥ - 3 (5P1 - 5P, +1)
o ,_psidpr_3p, 1
¥y — - ¥ + E [T v + E
The £ — 2z symmetry can also be used to modify the polynomial.
We might thus focus on the integrals
1 gl
/ / dzdzz"z™ (1 — 2)(1 — z) + xz2) 772 (V.5)
o Jo
but it will be convenient to consider a somewhat more general integral,
1opl
Tmm &)= [ [ dedzerzmm- 2 (1= 2)(1 - 2) + xeel
o Jo
I(1+¢£)
=t TS] gn . .
__Ta+¢ .. . :
= m x [B(n+1+2+£,m+1)2F1(m+1,1,n+m+[+3+§,1+x)
—x"" B4+ m+2+&,14 1)3F1(1,n+m+2+£;n+m+l+3+E;1+x)]
(V.6)

(Note that any polynomial in z can be expressed linearly in terms of the P, = 2™(1 — 2), z, and

1.)
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An inspection of the integrands reveals that we require the following set of integrals,

J(0,0,0; -2 ~¢/2;x)  to O(e)
J(0,1,0; -2 —¢/2;x)  to Ofe)
J(1,0,0;-2 - ¢/Z;x)  to O(1)
J(1,1,0;-2 - ¢/2;x)  to O(1)
J(2,0,0;—2—¢/Zx)  to O(1) (v.7)
J(0,1,1; -2~ €/2Z;%)  to O(e)
J(0,2,1;-2 - ¢/2Z;x)  to O(e)
J(0,3,1;-2 — ¢/2;%)  to O(e)
J(1,1,1; -2 - €/2; x) to O(1)

To express these integrals, we should first introduce a bit of notation for expressing imaginary
parts. Define ©(z) and ©(z) via

0(z) = ;1; log arg(z)

0(z) = ;- logarg(~z) (V-8)
6(z) = {8(z)| = 0(=2)
where z is assumed to have an infinitesimal imaginary part in order to make these objects well-

defined. The cut in the argument of the logarithm is taken along the negative real axis. That is,

in the usual complex plane,

O(z) =0, O(z) = -1, ==lg|+i0"
5:) =0, O(z)=1, z=|z|+i0"
(V.9)

)=1, O(z)=0, =z=-—|z|+i0t
O(z) = ~1, O(z)=90, =z=-lz|+i0~
and

B(z>0)=1, B(z<0)=0. (V.10)
Note that in the usual s plane, the branch cut in any amplitude runs along the positive real axis,
and by convention the momentum invariant is just below the branch cut. This corresponds to

having the momentum invariant just above the branch cut in the usual complex plane, so that

O(s) = 1 in the physical region.
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Note that we may write in general

0(z)0(z) =
03(z) = O(z
_3( ) __( ) (V.11)
0 (z) = 0(z)
B(1/z) = —6(z)
The correct prescription on its derivative will be
2.0(z) =0 (V.12)
not a § function. We also have the additional properties
9(—~z) = O(z)
O(—z) = 6(z) (V.13)

(0(z) - B(z))’ =1 =0%(z) + 0 (z)

We can relate ©(t/s) to ©(t) and O(s),

B(t/s) = B(t) — B(s)
= 0(t) — 9(s) (V.14)
@ t/s) =1-0(t/s)
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With these definitions, one has

J(0,0,0; -2 — €/2;x) = —

- glnlxl _= (g)z - ifrf_@(x)] + O(é)

2
(1+¢/2)ex {2
€ 2

J(0,1,0; -2~ ¢/2;x) = —m [2 - (E) 1= + (an Ix} + 7207 (x) + Zm'@(x)ln]x\)] + O(€)

70,0,0-2 - /2%) = = =i | -3t I+ (L0 ai - X0 ()

- 78 (xlald 1 - )| + 09

J(1,1,0; -2 —¢/2;x) = {(hllxl +14+ 0 (xnlx -1 - x) +x*x0?(x)

.
x(1+ x)?

+ xS ()(2xinlx| ~ 1 +37)| + O
T(2,0,0-2 - /2% = T |~ xx - 2) (0 i+ 70%(x)
+(5x" + 4x — V)In x| +x° - 3x =2

_ in®(x) (23 x| ~ 4xlalx] - 5x — 4x + 1)] 1 0

T L -2 -¢/%x) = ~ 7 +1x)= [_(1 -;x)

v (—%mwxulixmu = 01(x) + w@(x)( % —lajx l))]w(f’)
r(1 - €/2) 1
L+ /)3~ /2) (1 + X)?

x[ (_lji"x')‘”’z( Lo x| +

-ir®(x) (x ~x~' +2In ixl))} + O(e)

2I(1 — €/2)
(1+e/2)T(4 - E/2)x

[” ZW (“3(1+x)2 +(1+2)(x* + 8x — 2)Infx] + 3xin’ |x|

J(0,2,1; -2 — €/2;x) = —

2
—X hllx|+(

1+x)?
XX) . 7202(XJ

J(0,3,1; -2 — ¢/2;X) =

+ 372 %03 (x) + 70(x) (6xIn xi + (1 + x)(x* +5x - 2)))] + O(€?)

J(1,1,1; -2 ~ €/2; x)} = x(2x — 1) (In? x| + 7*0*(x))

T |
2x(1 + x)*
+(x - 51 +x)xlnlx}+1—-3x* —2x°
+#m8 ) (2(2x - D nixl + (x ~ 51 + )| + O(&)
(V.15)
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Appendix VI. Integrals for the Optical Theorem

We wish to evaluate the integrals

v [ <12>‘[”]‘
To= ()" [ a4 LS(,0) ERT 2
_ 3ve/2 - (13} [ ]
wrye /d‘ LIPS(3,4)( 12)(23)( 34)(41 ) [24] [43] [31] [12] (V1)
i Fs (14)*[24]"
w= () [ UPS(s,4) i 544331 (13
and to show that
(31)*(41)* [31]*[¢1)’

Tee = ()" [ d~<LP5(3,4) (VL.2)

(12)(23)(34)(41) [24] (43][31] [12]
is finite. In the four-point case, we can solve for some of the spinor products, using on-shell

conditions and momentum conservation (k; + ky + k3 + k, =0, &, + k, + kj + k3 = 0):

__(23)(12)(34)
(23)(41) = B T —_
e (12) (31) .

31] [24] = 13)(34)
so that
= (@)1 2) [21] /d‘“LIPS( “W
Flk#!k}‘!k#!

Taa = 54y SpzSuy Su, (82)Y —————— [ d*~°LIPS(3,4 %
4 1 S s Sy Suy (887) (12):[2112/ (3,4)

00
oo = S SaSunS ()2s [ameaiste DB e
= 51150 500 S (;ﬂ)‘“*-—l[—ﬂ [ e, 4)"—({—1)—’;;7’;—

where §,, = (17| v, |2") (Note that we need only the sum of Z,, and Zj;.)
In the center-of-mass frame, we can perform the azimuthal integral trivially, so the phase space
measure is given by
d*~ky &k,
(2)3-<2E, (2x)3-<2E,

_ i (1 - €/2) (47)</?
"~ (1-€)B(1/2,1-€¢/2) 8xT(1 - €) (12)*/?

d'~*LIPS(3,4) = (2m)1764 " (P — ky — k)

(VL5)

sin™¢ 8d(cos 9)

92



where P = —k; — k,, and where B(z,y) = I'(z)[(y)/T(z + y) is the Euler beta function.

The I, integral can be evaluated by standard techniques,

_ T(1-¢/2) (4mp?\*? 1
‘4:1*(1—5)((12)) (12)"[21 (12)°

X [2-2|—£ 1 (1,1;2+e/2;— (i2)/(12))

2( 12} (i2)
+< (w-(-i—?zj) T(1+ e/2)I{1 —¢/2) 1 Fo ("'6/2§ BTE) ) (VLs)

_ D -¢2P(+e/2) (amt\7 02 24) (2 [ (i2)
- 4xT(1—¢) ((12)) (12)(12) \e " e

= (12)* (4m)/ T2(1 - ¢/2)D(1 + €/2) (2,
T InEL Y 3L I T(l—e) (E e (i2)

The basic integral in Ty, s,

Hi k#zkﬂs k.lu
T, Frbassse (pz)‘/z fd4_eLIPS(3 4) 3

(3 2) (3 1) (VL)

is traceless, and thus can be expressed in terms of the traceless tensors T,‘:“m fa

nym,i

THy - Hn (g 1 = (- 1)"'k(‘“ __.ku...kl_lmﬂ v fHmH Dlmiii1 L, PHa)
! (VL8)
Twatn(2,1) = TH " Hn(2,1) - traces

ﬂ.mi ﬂ.m!

To do this, one performs a Passarino-Veltman [19] reduction. One attaches a coefficient to

each tensor, and writes

T MrHansbe Z Cumy (__((1_3%) Tz:n“m(2,i) (VL.9)

m+i<4

The symmetry of the integrand forces Cy;mi = Cui,m, reducing the fifteen possible coefficient
functions to nine. One then contracts this equation with the tensors Ty;m (m < ), which yields

a set of nine equations for the Cy,, . Finally, one solves the equations to obtain the coeficient
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so that only Cy;0,0 contributes to Iy, Thus

12)* [23]*
Tia+ Ty = (12)" 22] - (04;o.o+ Z C4;m,1)

(12)2[i i]2 (12)(21) m41<4

_ (11)4 (1 — ¢/2)I'(1 + €/2) (4“.#:):/2
Tz (2i) (12) (21)  4wI(l-e) 12)

) (_§+[( i)' - a2)i)] m[ 12)1

(1i)* (12)
2 [11(11)? =3 (12)(21) +3012]
@D [ineD’ 309D +3a2] )w(e)
3(11)
i 11)* (47)*/3TI(1 — ¢/2)D(1 + ¢/2)
Ta2y{21) (12) (21) 4r (1 - ¢)
i) —(12) (21)]’ 2) (21 )? _ Hl?
) (_E ) (1) (‘ 4)( i) W02 - (12)(21) [2 (11? 4 (12) (21)] L)
f (1) (1)
(21) 11 (1D)" -3 (12) (21) +3(12)’]’)
- 3 + Ofe)
3(11)
(V1.13)
As to the remaining integral, we may note that I,. is more convergent than the following
integral, \
e 31 (a1)?[31)7[a1]’
Tie = (%) ’—<12> /d‘ “LIPS(3,4) A0 E1) (VL.14)
in which we have taken the absolute value of the integrand. But this latter integral is
(#’)‘“w/d“‘lﬂ’s(?’ 4) | (31) (¢1)] (VI.15)

which is manifestly convergent.
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Figure Captions
Figure 1: The punctured torus represent a string one-loop amplitude.
Figure 2: In the field theory limit the torus reduces to a loop.
Figure 3: The ¢3-like diagrams for the one-loop four-point gluon amplitude.
Figure 4: Labeled and ordered loops.
Figure 5: The reduced diagram with trees amputated.
Figure 6: The labeled reduced diagrams for the indices {1,2,3} and {4, 5} respectively associated
with two distict color traces.
Figure 7: The sole non-vanishing contribution to A {——++ ).
Figure 8: Diagrams which contribute to A4, (114, 2%,3~,4%)
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