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1. Introduction

The computation of perturbative amplitudes in quantum chromodynamics is important to our
understanding both of experimental results on jet production at hadron colliders, and of possible
backgrounds to new physics. In recent years, a great deal of progress has been made in computing
tree-level amplitudes. Three main ingredients contributed to these advances: use of a spinor helicity
basis, such as that of Xu, Zhang, and Chang {1}, for gluon polarization vectors; the Berends-Giele
recurrence relations for amplitudes (2, 3]; and the color decomposition of the amplitudes [4,5,6,7].
In this paper, we shall derive a color decomnposition for one-loop amplitudes in a pure SU{N) gauge
theory.

Open string theories provide an easy way to derive the tree-level decomposition and associated
properties of the kinematical factors, as we shall review in the next section. They can also be
used to obtain a heuristic understanding of the decomposition of one-loop amplitudes, as we shall
discuss in section 3. The formal derivation of the representation for loop amplitudes, presented
in sections 4 and 5, will rely on appropriately constructed heterotic string theories. In section 6,
we discuss the decoupling equations, which yield constraints on the kinematic factors that are the
one-loop analogs of the tree-level ‘twist’ [8,9] ‘dual Ward’ [5], or ‘cyclic’ [2] identity, and display
the form of solutions to the decoupling equations for the four-, five-, and six-gluon amplitudes.
We present the general form of the one-loop decoupling equations in section 7; these decoupling
equations are an important tool for checking practical calculations. In section 8, we discuss the
expansion of the tree-level cross section in inverse powers of the number of colors, and in section 9,
we give the corresponding form for the next-to-leading (C(a™*!)) correction to the squared matrix
element. In section 10, we summarize the decomposition and the decoupling equations. In the
appendices, we discuss a number of string-theoretic and group-theoretic issues, and outline the
derivation of the color decomposition from a Feynman diagram approach.

Some aspects of the color decomposition of gauge-theory loop amplitudes have previously been
discussed by Mangano [7]. Color decompositions along different lines were discussed by Cvitanovic,
Lauwers, and Scharbach [10] and by Zeppenfeld [11].

2. Tree Amplitudes

In an open string theory, the full on-shell amplitude for the scattering of n massless vector

mesons can be written as the sum over non-cyclic permutations of the external legs of Chan-Paton
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factors [12] times Koba-Nielsen partial amplitudes [13],

A (b ena}) = g™ Y TH(TRT%@ T ) AKN (ko) e0iayi s Bugngs Eogmy)
CESn/Zp
(2.1)

where ki, ¢;, and a; are respectively the momentum, polarization vector, and color index of the
i-th external gluon. The T? are the set of hermitian traceless N x N matrices (normalized so that
Tr(T°T*) = §7%), and $,/Z, is the set of non-cyclic permutations of {1,...,n}.

In the infinite-tension limit, a U(N) string theory reduces to a I/{N) gauge theory, where
the matter content depends on the type of the original string theory. For tree amplitudes where
all the external legs are gluons, however, the matter content is irrelevant, since the matter fields
cannot appear as internal lines. Thus one can use the open bosonic string, the simplest of all string
constructions, at tree level. The decomposition of the string amplitude leads immediately to a

decomposition of on-shell n-gluon amplitudes,

An({kise5,0:)) = gn? Z Te(T ... Tn'("))Aﬂ(ka'(l)a Ea(1)i -+ i Ka(n) 50(11)) . (2.2)
cES, /2,

The partial amplitudes A; possess a number of nice properties that follow immediately from
the properties of the Koba-Nielsen amplitudes. Each is gauge invariant on shell, that is invariant
under the substitution &; — ¢; + Ak, for each leg independently. It is also invariant under cyclic

permutation of its arguments, and satisfies a reflection identity,
A(n, ... 1) = (-1)"A,(1,...,n), (2.3)
where we use the standard notation
An(1,...,n) = An(ki,e15. - 3 knyen) . (2.4)

The U(1) gauge boson is an integral part of the string theory (its presence is necessary for
unitarity), but in the infinite-tension limit, it must decouple from SU(N) gauge boson amplitudes.

We can use this observation,
An({kissi: ai}:;—j_l;kﬂ, €y aU(l)) =0 (2'5)

to derive a decoupling identity, simply by extracting the coeficient of Tr(T ... T%n-1), which is

Y Aa(o(1),...,0(n-1),n) =0, | (2.6)

cEZ, .,



(This identity can also be derived starting with the twist operator in the open string theory [8].
Mangano, Parke, and Xu [5] term the identity a dual Ward identity.) Substituting additional
photons for gluons leads to equations which are linearly dependent on equation (2.6).

The decoupling identity (2.6) is a special case of the more general Berends-Giele identities
{14,15,16], which may be derived by considering U(N) currents (rather than amplitudes) of gluons
taken from two or more commuting subalgebras of U(N). These vanish identically because any
internal line must fall into one of the different subalgebras, and therefore cannot connect the

different kinds of gluons. These considerations lead to the equation

> A(o(1),...,0(n—1),n) =0 (2.7)
aeM(l,...,m”m.+1,....m:;rnz+1....;...,n—1)
where M({a;}; {b;}; {ck};...) is the set of all mergings of the sets {a;}, {b;}, {ex},-.., that is, all
permutations of the set {a;, bj,ck,...} that preserve the ordering within each of the subsets {a;},
{b;}, {cr},... separately.

At loop level, however, these amplitudes will not vanish, because internal lines can carry charges
coupling the two sorts of gluons to each other; the general Berends-Giele identities are therefore not
expected to have a one-loop counterpart. We should expect only analogs of the photon decoupling
equation (2.6).

The partial amplitudes also satisfy tree-level unitarity, which is to say they factorize on poles

of a consecutive set of their arguments.

3. Open Strings at Loop Level

Oriented open strings provide a simple intuitive understanding of the color structure of § U(N)
gauge theory loop amplitudes. In all open string models, the associated gauge group arises from
explicit Chan-Paton factors [12], in contrast to closed strings where the gauge group arises implicitly
(17,18]. The Chan-Paton factors can be understood in terms of *color charges’ sitting at the ends of
the string. As the string propagates, it sweeps out a world-sheet, the analog to a particle’s world-
line, and the ends of the string move along the boundaries of the string world-sheet. Interacting
strings give rise to a world-sheet with additional boundaries corresponding to the external states.
These boundaries also carry color charges appropriate to the given external states. The color
structure of the amplitude is thus associated with the boundary of the string world-sheet describing
the écattering process.

The rules of open string constructions [19, 20] tell us that each external gluon has an associated

Gell-Mann charge matrix which is its Chan-Paton factor. Each partial amplitude corresponds to a
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given ordering of the gluons along each of the boundaries of open string diagram. The coefficient
of the partial amplitude is simply the trace of the product of the gluon charges, taken along each
of the boundaries of the string world-sheet. A boundary containing no external gluons gives rise to
a trace over the identity matrix, that is a factor of the number of colors, N..

For example, the Chan-Paton factor associated with the five-point partial amplitude repre-
sented by the planar diagram in fig. 1 is N, Tr(T®:T*2 T2 T+ T} while for the non-planar diagram
in fig. 2 the factor is Tr(T*tT22T**) Tr(T*+T**). The full amplitude is the sum of the partial string
amplitudes, with associated color trace factors, over all permutations of the external legs which do
not leave the Chan-Paton traces invariant.

At one loop, the schematic form of the n-point amplitude is

AN ({ay, by i}) =
E N, Tr(Ta’(” RV Aadis )A’luins(krr(l): Ea(1)i+s o) kc(n): I“:a'(ﬂ))
TESL/Z,

+ z E Tr(T2 ) ... Toetm)) Tr(T'etm+1) .. -T“""))A;"i“g(k,(l), Ea(l)- -} ka(ﬂ)s 50{11.))
M oCSn/Zm X Znpn

+ O(a')

(3.1)
where the first term appears when all gluons are attached to a single boundary, while the second
term appears when gluons are attached to both boundaries. The higher order corrections in the
inverse string temsion a' (which do contain terms with three or more non-trivial traces) arise
from graviton exchange, corresponding to pulling some of the holes of higher loop diagrams into
long tubes. Such contributions disappear in the gauge theory (or infinite-tension) limit where the
coupling to gravitons and other colorless states vanishes.

This discussion is only a heuristic one, however, for in contrast to the case of tree level ampli-
tudes, at loop level all string states which couple to the gauge bosons can circulate inside the loops;
thus detailed control of the massless spectrum is required. Although it is possible to build some
consistent open superstring models in four dimensions [21], the technology is not as advanced as
for heterotic strings, and thus we cannot construct completely consistent open string models which
contain a pure SU(N) gauge theory in the low-energy limit. It is possible to construct a range of
models, so the conclusions drawn from the open-string representation are not necessarily specific
to any particular model; but we cannot use open strings to prove the § U(N) color decomposition.
We give a proof of the decomposition at one-loop order based on a heterotic string construction in
the following two sections (the reader who does not wish to indulge in the technicalities of heterotic
strings may skip the details of the next two sections), and return to applications of the decompo-

sition in section 6. It is also possible to give a derivation based on Feynman diagrams, which we
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outline in appendix VI. Such a derivation (and discussion elsewhere {9]) makes clear that each par-
tial amplitude receives contributions fromm many Feynman diagrams, and thus does not necessarily
provide an efficient method of calculating the partial amplitudes. In contrast, the heterotic string
approach has the advantage of providing a concrete and direct formula for the partial amplitudes.
This allows, for example, the full utilization of the power of the spinor-helicity basis and in other
ways provides an efficient means of evaluating the partial amplitudes. The details of one such
calculation will be presented elsewhere [22].

Beyond one loop, the open string picture (fig. 3) suggests that in the gauge theory limit of
an L-loop amplitude exactly L + 1 traces appear in the coefficient of any given partial amplitude,
including traces over the identity for boundaries with no attached gluons, and that the gauge
theory amplitude is simply the sum over all independent partial amplitudes with exactly L + 1
accompanying traces, While the broad outline of this decomposition — the appearance of L + 1
or fewer non-irivial traces — is in agreement with a diagrammatic derivation along the lines of
appendix VI, the latter derivation allows that coefficients of the terms with fewer than L + 1 traces
might carry fewer powers of N, than suggested by the string picture. (For example, at two loops,
the diagrammatic derivation does not rule out the appearance of terms with a single trace and no
powers of N.. Such terms might conspire to cancel, and do for the two-point function, but it is
not clear that will happen in general.) If a more precise statement than the one emerging from
the diagrammatic derivation can be made, it must await the multi-loop analogs of the formalism

presented in the following sections.

4. Heterotic String Loop Amplitudes

If we wish to write an SU(N) gauge theory loop amplitude as the infinite-tension limit of
a string amplitude, we have to control the massless matter content of the string theory, because
colored massless matter particles (if any) can run around the loops. It is possible to build heterotic
string theories whose infinite-tension limit is a non-Abelian gauge theory where one of the factors
is an SU(N) with no matter fields. The technology needed for such a construction is precisely the
one used to construct four-dimensional string models. We have discussed the construction of such
models, for which we use the fermionic formulation of Kawai, Lewellen, and Tye (KLT), in previous
work [23]; a sample model is summarized in appendix I (Bosonic strings always contain unwanted
massless scalars and tachyons, while four-dimensional type IT [19,24] and type I [21] superstrings
do not have a rich enough variety of models for our purposes.)

The three basic types of four-dimensional heterotic superstring constructions are the bosonic

formulations {25 ], fermionic formulations [26,27], and direct superconformal field theory construc-
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tions [28]. These constructions have generated a huge class of consistent four-dimensional super-
string models; the freedom in constructing models is so large that strings with virtually any low
energy gauge group with rank 22 or less can be built. In this paper, we again use the fermionic for-
mulation in the notation of Kawai, Lewellen and Tye [26). We have found the fermionic formalism
to be i)articularly straightforward to use for constructing models as well as scattering amplitudes
although one could use the other formalisms as well.

These constructions of the four-dimensional string models are based on analyses of the one-loop
partition string function. In their construction, Kawai et al. require world-sheet reparameterization
invariance, world-sheet supersymmetry, freedom from the conformal anomaly, one-loop modular
invariance invariance [29], and a physically sensible projection on the spectrum. (The last condition
is actually equivalent to two- and higher-loop modular invariance [27,30].)

In the fermionic formulation all internal degrees of freedom (which carry the non-abelian gauge
charges) are taken to be world-sheet fermions [17]. In general each of the world-sheet fermions can

have independent boundary conditions on the one-loop world sheet torus,
Hi(t + 270, 0 + 2rm) = e?THanthmly (1 o) (4.1)

Corresponding to each set of boundary conditions on the n ¢ fermions is a one-loop partition function
Zg = I, Zg . (The explicit value of these partition functions in terms of ¥-functions is given
in Appendix ITI.) The world-sheet fermionic contribution to the full string partition function is a
linear combination
Ztermion = ) , C§25 (4-2)
o,f
where the KLT coefficients Cg must be chosen so that the full fermionic partition function is
modular invariant and represents a physically sensible projection on the space of states. Rules for
choosing such coefficients have been discussed in detail in refs. [26,27).
The full one-loop partition function of the string is the product of the above fermionic partition
function with the bosonic partition function Zg given in Appendix III.
Once the partition function of a particular model has been determined the procedure for
computing a scattering amplitude is straightforward using the vertex operators [31,20] of the theory.

The amplitude is given by the expectation value of the vertex operators using the world-sheet action

for free fermions and bosons,

AL ({0 ko)~ [(DXIDY exp[-5] V™ (kyye)- Vo (knyen) . (43)

For a bosonic string, the world-sheet action § = (4ra')~! J A 17,8 X#8°X"; it is a bit more

complicated for a four-dimensional heterotic string (see, for example, ref. [26]). Using Wick’s
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theorem and expressions for the Green functions, these the expectation values can be computed
explicitly. (The details of performing such computations in the operator formalism may be found
in ref. [20].)

We are interested in an amplitude with n external gluons. The one-loop string amplitude

can be written as follows*,

1 nfl- n oy m1 Gn Min
Aﬂ:é‘(iﬁ—ﬂ'zj/\ & 2(\/59) T8, ™ e T

dr et . | i
(I—mﬁf (H df; dbiy db:x by )/ (gd v.) ZCEZE(T)

i=1 &,

Wy

n

H exp [—3.‘1 0,’26”“ i:\" SF[;T‘ j”
m;

i=1
Hexp {Ak‘ - ijB(Vi - UJ')
i<y
o

B

- ,-_3053/\1!; . k_,' Gp[g:](ﬁ.' —ﬁj)

—_ Bﬂﬂj;é’“‘;ﬁj GF[ Ti ](V{ - Uj) - ggzej]_&m". a‘é}:‘[;:‘j ](V{ - .UJ')
m; m (4.4)

@

+ fﬁ(a,‘ga’-;kg s €5+ 9{40j3kj . Ei) GF[ﬁT ](F.' - 'ff'j)

- :‘\/X(B.-;;G“k,- "8y - j30j¢k|' . é.‘j) GB(_ﬁg - Fj)

+ 0;40548" T Ej GF[E:J(F; - Fj)

+ 8:26,48;30,4¢; + £; Gp(T; - 7;) ]

where A = 7o’ is the inverse string tension; the 8; ; are Grassman integration variables, and the
v; are integrated over the torus specified by the modular parameter 7; & and 3 are the various
boundary conditions for the world-sheet fermions, over which one must sum into order to obtain
a modular-invariant answer; g is the partition function for a given set of boundary conditions;
G F[g:] are the left-mover fermionic Green functions, with a,, and B, the boundary conditions
on the torus of world-sheet fermions associated with the gauge group of interest; G p[;:] are the
right-mover fermionic Green functions, with a; and 8; the boundary conditions of the world-sheet
fermions carrying the space-time index (which occupies the first right-mover postion in the world-

sheet boundary condition vector); G g are the bosonic Green functions (dots indicate derivatives

* This form is valid in all string sectors which do not contain world-sheet zero-modes, such as the sectors of
interest to us — those containing the gluona,



with respect to v); and § F[;:] are the self-contractions of the left-mover fermions. Our convention
is that the left-movers corrspond to the boscnic string while the right-movers correspond to the
superstring. Detailed expressions for all of these quantities are given in the appendices. (The form
of the amplitude given here differs slightly from the standard form, in that we have chosen to
integrate over all vs, and have compensated by dividing by the volume of the torus, rather than
fixing vy,.)

A rather striking feature of the amplitude is that it is valid for arbitrary numbers of gluon
legs. In contrast, the usual Feynman rules do not yield a comparable concrete formula in any
straightforward manner.

It will be helpful to distinguish three pieces of the integrand: the left-mover contributions

(which are a function of the v; alone),

L({u,—}):-./ (Hde,-l db;y )

i=1
i a
Hexp [-9{10;’36"‘";‘“ Sy ﬂr:‘ ]] {(4.5)
i=1 my
1 m, Qpmp, 1 - 5 | Gm;
Hexp - 50(13_1'36 ";!GF A (vi — vi) — —2-9,19516 f;;‘GF B~ (v — Vj)
i#j b ™

the right-mover contributions (which are a function of the ¥; alone),

R({7i, ksiyei}) = f (ﬁdois dfiy )

i=1

H exp ["‘ B33 Ak; - kj GF[;T](F{ - 7;)
i<j )

+ ix/:\(9‘39_.,-,k,- - €5+ 3,'49,'3’63‘ . E,;) GF[;:](F‘ — Fj)

(4.6)
— iw/X(G.';a,B“k,- - j39,-4k,' - EJ-) G'B(Fg — Fj)

+ 05485485 - & GF[QT](E’“:' - 7;)
A
+8i38:48;38;4¢; - £;Gp(7; — ;) ]
and the partition function and parts common to both movers,

E({vi,Bi, ki, e}) = 3 C525(r) [[ exp IAk: - k;C(wi — ;)] - (4.7)

a8 i<j



The overall normalization will be denoted by A/.
If we perform the 8;) and 8;; integrals, the §™,, will contract the indices of the charge matrices,
and we will obtain an expression for the string amplitude as a sum of kinematic coefficients,

A = SO DT T ) TR T

1

2 (4.8)
N [ G [ LD RDR(T, ke

where the sum runs over all trace structures with up to n traces, and all inequivalent ways of ordering
the charge matrices in any given trace structure. (For SU(N) amplitudes, only amplitudes with
at least two charge matrices per trace, and thus up to |n/2] traces, will survive; but amplitudes
containing a U(1) gauge boson will not vanish in the full string theory, and will be important in
the consideration of the decoupling equations.) In the four-point string amplitude, for example,

the different types of trace structures are
Te(T9 T2 T2 T), Te(T*) Te(T*2T*T), Tr(T™T%) Tr(T*sT),

Te(T*) Te(T%?) Tx(T>T), Tr(T) Te(T*?) Te(T%) Te(T*). (£.9)

The on-shell amplitude of equation (4.4) is manifestly gauge-invariant, and as a result the
coeflicient of each trace term -— the one-loop partial amplitudes — are also invariant under on-shell
gauge transformations [20]. (We shall return to this point at the end of the section.) The amplitude
as a whole is of course also Bose symmetric, that is, invariant under the simultaneous interchange
of {a;, k;,é,-} + {aj, k;j,¢;}. This can be seen most easily in the integral by observing that the
integrand is invariant under the simultaneous interchange of {v;, 7;, a;, ki, &5} & {v;,7;, aj, ki 51
and of course any permutation of the v; and ¥; does not affect the integral, since it is merely
a relabeling of integration variables. What are the symmetries of the various pieces? Since the
d™~ are attached to left-mover Green functions with the same external indices, a simultaneous
permutation of external color indices @ and of integration variables v simply carries left-mover
contributions along with the corresponding trace structure. Consider, for example, the exchange

{az,vz} « {a,, vy}; the part of the exponential of Green functions involving v, and vy transforms

as
exp I:— 0210,36™ -y GF[;':' ](u= -y) - 8,3%16"";’;_ GF[ET' ](v,, - v,,)]
™ i (4.10)
— exp [ — 9,10,,,6'"';;‘_ GF Z':' :|(.Ua, - .b'y) - 0,,0!,16"";,@;-[2':' ](V, - .Vy)]
since @F[g](—u) = ~GF[5](v), with similar behavior (exchange of indices {mz,nz} = {my,n,})

for the parts involving only one of v, and v, in a given Green function. The rest of L is invariant,

10



and on the charge matrices the transformation amounts simply to exchanging the indices of T«
with those of T,

In particular, if the permutation of the color indices a leaves the trace structure invariant,
the corresponding permutation on the v will leave the left-mover contribution invariant as well.
The right-mover pieces R are invariant under a simultaneous permutation of the momenta k;, the
polarization vectors ¢;, and the integration variables ¥,; while the common parts E are invariant
under simultaneous permutations of the momenta k; and all integration variables, v; and ¥;. Thus
if we consider the coefficient of a given trace term in the sum of equation (4.8), we find that it is
invariant under those permutations of the external momenta and polarization vectors that leave
the trace structure invariant when applied to the color indices.

To express this structure a bit more formally, we must introduce a bit of notation. Denocte
by Grom, ,ms,....,mq (f1,%2,...,ix) & term with z + 1 traces, starting at the m;-th element of the i,

mga-th element, and so on:

Grrimy mapeeme (15120 2) = Tr(T®0 oo . Tmy =1 ) Te(T%ms - cTHma=t) o Tr(T%me . T ),

(4.11)

A trivial trace (when my = m;;| or m; = 1) is replaced by the number of colors N.. (The reason

for the explicit appearance of the number of colors will become more obvious when we consider the

infinite-tension limit; for the moment, the reader may treat it as an arbitrary convention.) In the

four-point case, we have in the string amplitude the trace structures Gry;1y Gryyz; Grygs; Grygsas;
and Gry;z,3,4.

We may now write the full string amplitude as
AN ({ankne) =Y D Gram(o(1)---o(n) AR (ke }) (4.12)

m UEsn/snaﬁ

where 7 ranges over all distinguishable trace structures, for which we use the convention that
shorter traces appear first. In this equation, S, is the symmetry group of the given trace structure,

that is those elements of the permutation group §, which leave the trace structure invariant,
Spi = {0 € Sp| Grpm(o(1) -+ - o(n)) = Grpm(l - -n)}. (4.13)

The sum over ¢ in equation (4.12) thus instructs us to sum only over inequivalent trace structures.
In general, the lengths of the strings of charge matrices inside the traces in equation (4.11) are
different, and the symmetry group is simply a product of cyclic transformations on the elements
within each trace. In certain cases, however, the lengths of several different traces may be the

same, in which case the symmetry group also includes the permutations exchanging the equal-

length traces.
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From the earlier discussion, we know that the corresponding string partial amplitudes A'"i“‘

are invariant under this symmetry group,
Yo € Sﬂ;ﬁ” Altrlng(a) - ltnng( .. ﬂ.). (414)

There is one more symmetry of the A'"i" that may be extracted from the integral represen-
tation implicit in equation (4.8). We may note that changing the sign of every v and ¥ changes
the sign of every G F[;I] and Gjp, while leaving each GG and each Gg invariant. Every pair of
fs amongst the right movers is thus multiplied by —1, so that the right-mover contribution as a
whole is multiplied by (—1)", but the right-movers and common part are otherwise invariant. The
integration measure is unchanged ((—1)*® = 1). For the left-movers, this inversion exchanges the
G p[gg] terms in the exponential with the G F[ ;g ] terms, but the interchange of #s absorbs the sign
change from the Green function, so for the left-movers, the only effect is on the §™,: each 6™,
tensor has its upper and lower indices interchanged. This has the effect of transposing each charge

matrix in the trace structure. Putting these transformations together, we find that
Coeff [Te(T® - - - T**)] = (—1)"Coeff [Te(T*7 - .. T*T)] = (~1)"Coeff [Tr(T*" ---T™)] (4.15)
and similarly for other trace structures. Introducing a reflection operator,
Rrimymapeyma (i1 - o5 8n) = (fmy 15 oy fy mgmty e v ey fmysennynges ey im,) (4.18)
we may write the reflection identity as
AN TS (R (1,0, 0)) = (—1)nADMRE (1, n). (4.17)

Each of these partial amplitudes is also gauge invariant on shell; replacing a polarization vector
with its corresponding momentum gives a vanishing result. Within the string context this is not
difficult to prove; starting from the gluon vertex operator (I11.15) and for example setting e, = k;

for the first leg the corresponding vertex operator becomes
Viey = k1) = —v2gT8 : T 0 )0 (0y )85, e XG0P (4.18)

If we compute expectation values using this vertex operator instead of the usual one on the first
leg we obtain a result whose right-mover and common exponential part is a total derivative in ;.
Since the torus has no boundaries one might then conclude that the amplitude vanishes. This is
almost right, but there are two subtleties to be addressed. The left-mover contains poles, and thus

is not necessarily analytic everywhere in ;. As a result, when we attempt to integrate by parts in
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order to prove the vanishing of the resulting longitudinal amplitude, the derivative in ¥, can hit
a left-mover Green function, and this in principle gives a non-vanishing contribution. The typical

form of the 7y dependence in the amplitude near a left-mover pole is
(y — VJ')—1+A'”/4* (4.19)

which is not necessarily analytic as ¢y, — v; when the momentum invariants are in the physical
region. However, an analytic continuation to sufficiently positive values of the s;; renders the
expression completely analytic in », so that the ¥; derivative vanishes. There are further subtleties
in the regions where the loop is isolated on the first external leg, and in the region where the loop is
isolated at the end of a tadpole. The latter contribution can be eliminated in the string theory using
Green-Seiberg [32] type contact terms, and in any event may be shown to drop out [22] in the gauge
theory (infinite-tension) limit. In the former case, the momentum invariant in which we want to
continue is &, which vanishes identically on shell. Because of 0/0 ambiguities [33], which we have
discussed at length in previous work [34,35], contributions from this region of moduli space must
anyway defined by an appropriate ‘offsheet’ prescription during which the momentum invariant
does not vanish. (The limit of vanishing momentum invariants would be taken at the end.) This
means that the appropriate analytic continuation can then be performed. (It is also amusing to
note that within the context of a dimensional regularization scheme, all contributions with a loop
isolated on an external leg vanish identically because of a complete cancellation of infrared and
ultraviolet contributions [36,22].) The gauge invariance property holds for each partial amplitude
since the above argument holds term-by-term for the left-movers. Each color trace structure is
associated with a different set of left-mover Green functions, and so the coefficients of the different

given color traces, that is the different partial amplitudes, are independently gauge-invariant on

shell.

5. The Field Theory Limit

In order to extract gauge-theory amplitudes from the string amplitudes discussed in the pre-
vious section, we must take the infinite-tension limit of the string theory, A — 0. If we examine
the right-mover terms in equation (4.6), we will see that every factor of a @5 carries along a factor
of VA, except for the 8,3 multiplying the double derviatives of the bosonic Green function (C:1 B)
Thus after performing all the 6;; integrals, each term not containing double derivatives will carry
an overall factor of A"~7 (after combining with the factors of A in the over-all normalization).
However, it is possible {as shown in appendix IT) to integrate by parts to remove all the double

derivatives of the bosonic Green functions. After this is done, the right-mover contribution contains
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only fermionic Green functions and single derivatives of bosonic Green functions; and all terms in
the amplitude have a uniform factor of A"=7 in front. (This form is also preferrable in that it makes
the world-sheet supersymmetry of the right-movers manifest, in the sense that disappearance of
the poles associated with the fictitious F}-formalism tachyon is manifest.)

The presence of these explicit powers of A means that only those regions of the integral which
yield an appropriate number of powers of A~ will survive in the gauge-theory limit of vanishing
A. There are two sources of such powers: the large Im 7 region of the modular parameter integral,
and poles in the differences of the locations of the massless-vector vertex operators, Vij = V; — V;.
Even after extracting as many powers of A~! as possible from poles in the vij, it turns out that
surviving contributions come only from the large-Imr region. The v;; pole contributions yield trees
of massless vectors sewn onto a loop; and large Im 7 means that only the massless particles survive
to run around the loop.

In extracting surviving contributions to the amplitude, we must therefore ‘pinch’ together
various sets of vs at a set of locations on the world-sheet torus, and then extract the large-Im
contributions to the modular-parameter integral. In this limit, the theta functions that comprise
the various world-sheet Green functions have simple expansions in terms of ordinary transcendental
functions, which makes it straightforward to compute the integrals explicitly.

In the pinch limit each single pole in both a v;; and a ¥;; will remove one power of A from the

over-all coeflicient since we would get an integral of the form

Ak - key /x 2x3
dy, |yl.1l — . 5.
/ |v,,|3 Ak; - k; (8.1)

(Higher integer powers of |v;;| in the expansion about ¥ij = 0 correspond to the propagation
of a massive string state; these yield expressions of the form (Ak; - kj — integer)” " and thus are
not relevant in the field theory limit.) The imaginary parts of the remaining v; parts are then
integrated over the size of the torus, a region from 0 to Imr. If we rescale these variables to the
interval [0, 1], by defining #; = Imv;/Im~, we end up with an integral over the imaginary part of
the modular parameter (the integral over the real part of the modular parameter merely enforces
the level-matching condition on the closed-string states in the infinite string tension limit) of the

form
I(n, — 2)

where n, is the number of surviving unpinched v variables. {There are two additional powers

/ dImT(Ian)n,-:!e—AsImf:

of (Im7)™" from the modular measure, and one from the partition function in four dimensions.)
This produces an additional n,, — 2 factors of A~1. From this we see that to get a surviving field
theory contribution each integral over the pinched variables must contribute a factor of A= so as

to completely cancel the overall A7-?,
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There are two contributions that deserve special consideration, when there is either one sur-
viving insertion on the world-sheet (n, = 1), or two surviving insertions (n, = 2). In both of
these cases, the integrals are divergent. The former case corresponds to a tree of gluons coupled
to a massless loop via a dilaton. Naively, these contributions will survive in the limit, but a more
careful analysis [22] using an appropriate regulator shows that they do in fact drop out. For our
purposes here, we will be content to note that this contribution comes from an isolated region in the
space of all v;, and thus could be thrown away by hand; and we shall discard them in the following
discussion. The second set, with two surviving insertions, are more interesting; these graphs are
logarithmically divergent, and correspond to the usual UV divergences of a cut-off field theory when
the cut-off is taken to infinity. They can be handled either with the physical cut-off provided by the
string, or via dimensional regularization [37]; in either case, the would-be divergence is absorbed as
usual into the renormalization of the gauge coupling from its infinite-energy value to its value at a
physical scale. In the case where the pinch effectively isolates the loop on an external leg (that is,
all variables but one are pinched together), the on-shell Polyakov amplitude suffers from the 0 /0
ambiguity mentioned in the previous section; with the use of the Minahan prescription, one can
treat this contribution on the same footing as the other n, = 2 contributions. These issues have
no effect on any of the arguments in this paper, and so we shall treat these contributions in the
same manner as the remaining contributions with three or more surviving insertions; the latter con-
tain only on-shell infrared divergences (which can also be handled with dimensional regularization,
though we shall not do so explicitly).

For the purposes of this section, it will be convenient to use the surviving remnant of conformal
invariance on the torus to fix the coordinate v, of the last leg to be the modular parameter +. This
does not change any of the counting arguments in the previous paragraph, since an explicit power
of Im 7 will appear in the integrand to compensate for the missing integral. Let us begin with the
contribution where none of the vs have been pinched together, and determine which color structures
survive in the gauge-theory limit. As we shall show later, the contributions with pinches do not

give rise to any additional trace structures,

To understand the structure of the surviving contributions, we should therefore consider the
expansion of the partition function and the Green functions in powers of §'/? = ¢~%Im7  The
integer powers of §'/? correspond to mass[-squared] levels of the string in units of 47 /A. Terms
with negative powers of §'/? would correspond to tachyonic divergences (but as we shall see, there
aren’t any); terms with positive integer powers of §'/? would disappear in the infinite-tension limit,
because they would fail to produce inverse powers of A in front of the integral. Only terms with no

surviving integer powers of §'/? will give rise to massless-particle contributions in the gauge theory;
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and such contributions can only arise in certain sectors of the models. In the case of the particular
model we are using, there is only one sector with massless states — the Neveu-Schwarz sector or
Wy sector in the notation of KLT [26].

In any term in the expansion of the integrand, the powers of §!/? coming from the left-movers
are accompanied by powers of e!*®¢7 while the powers of §!/? coming from the right movers are
accompanied by powers of e "*"R¢ T, Thuys unless the left-movers supply the same number of powers
of §'/? in any given term as do the right-movers, there will be a surviving factor of e£i®Re 7 integer_
and the Re 7 integral will kill the term. That is, the Re 7 integral (which in the field theory limit
varies between ~1/2 and +1/2) enforces the level-matching condition of the string, and allows us to
consider the expansions of the left- and right-movers separately. For the purposes of determining
the structure of the color decomposition, the expansions of the right-movers are in fact largely
unimportant.

The left-mover contributions to the partition function from the Neveu-Schwarz or W, sector

have the form

W, ) .
ZL[ B‘GJ(T) - qn—le-—-hr:Re 7(1 + 24q€2mReT)

22 22
X ( 1 — 2g'/2¢miRer Z cos 213, + 4ge?miReT Z cos 2n 1 cos 2x L ; ) .
=1 i<j=1

(5.3)
Since the leading right-mover contribution is at order §=1/2, there is no corresponding =1 term in
the expansion of the right-movers, and the leading term will be killed by the Rer phase integral.
The ¢~1/? term would give rise to a tachyon contribution; but it is killed by the generalized GSO
projection in the particular model we are considering. For the overall §° pieces, the ones in which
we are really inferested, we must also consider the expansion of the left-mover Green functions,
1/2

GF[ ﬂ ](") — —isign(ﬁ) (e'ﬂ'aign(fz)Re ve-w!a')[lmf _ dl/lewi Re‘re—wisign(i')Re ve1r|19|lm7821r:'sign(l>)ﬂ

~gelmiRe o —misign(E)Re v [Pl Im 7 dni lign(l‘/)ﬁ)

SF[lﬁ/f] — —21/e™Re T gin(2r ) — 24e?™ BT gin(4x ).
(5.4)
In expanding the product of the Green functions and the partition function, there are in
principle three possible ways of obtaining the two powers of §1/? needed to cancel off the leading
¢~! from the partition function: (a) a power of § from the partition function, combined with the
lea.ding (¢°) power from the Green functions (b) a power of § or two powers of §1/? from the Green
functions or (c) one power of §'/? from the Green functions, and one from the expansion of the

partition function.
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Terms which contain the self-contraction Green functions § F[ 1{3’] must have at least one power

of §1/3

coming from the Green functions, simply because the leading behavior of a self contraction
Green function is ¢*/?. In terms not containing any self-contraction Green functions, the leading
term in the expansion of the left-mover Green function G F[‘ é’] contains a decaying exponential in
|#;| Im 7, which would in turn imply a vanishing contribution in the field theory limit were this term
taken alone. On the other hand, the coefficients of the §'/? and ¢ contain growing exponentials in
the |#;|ImT that can cancel the decaying ones present in the leading-order term. Thus the only
terms that will survive are those with an appropriate combination of leading-order and higher-order
terms from the Green functions. In particular, at least one of the powers of 4'/* must come from
the Green functions even if the term does not contain self-contraction Green functions, and so

alternative (a) is not viable.

This result for terms without self-contraction Green functions can also be obtained by consid-
ering the phases exp [+risign(#;;) Re 14;], where in correspondence with the notation for the », we
define &;; = ¥; — ;. Since each »; appears exactly twice in a left-mover term (the vertex operator
at position v; contains two world sheet left-mover fermions), this means that for each v; the phases
either cancel to give a factor of unity or else add to give a factor of ex?*{Re#_ Integrating the latter
factor over Rev; then would lead to a vanishing result. This implies that the only non-vanishing
contributions are those where the phases completely cancel. This can only occur when appropriate
combinations are taken of the leading and higher order terms (in ) from the Green functions again

leading to the conclusion that at least one power of §!/? must come from the Green functions.

For the left-movers of the model in Appendix I, we may group the world sheet ‘time’ boundary
conditions, which control the generalized GSO projection into triplets (W+0.W,W41.W, W+
2-W1). Each of the time-boundary conditions in any given triplet shares the same coefficient
Cg", since Wy has a zero in the first right-mover position or “spin-component” (which denotes
the world-sheet fermion carrying the space-time index) and the coefficient C;V" = —cos2xfB; =
(=1)motratnatnatl where § = Y;_ n:Wi. In our model, the complex exponentials e~2™%c and
e~*7c are simply the cube roots of either 1 or —1, and so will vanish when summed over all
time-boundary conditions. Only terms where the factors of e22™c completely cancel can survive.
This tells us that terms where the § comes from the third term in the expansion of a single Green

function cannot contribute, because these would not give rise to an appropriate ‘interference’.

We are thus finally left with two options: (a) one power of §'/? comes from the partition
function, and one from a Green function, or (b) each power of §'/? comes from a different Green
function, with opposite phases for the complex exponentials of 3. In the first case, the sum in the

expansion of the partition function will leave only the sum over those oscillators that correspond to
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the gauge group of interest; there are N, of these for an SU(N,) model. This will yield an explicit
factor of N. when the powers of ¢'/? go according to the first option.
As an example, consider a left-mover term from the three-point function
W, 1/2 1/2 1/2
w0 e el S

Taking the ordering 1 < #; < #3 as § — 0 (Im7 — o00), this expression becomes

len WDL
gle~1miReT(y 24éezm‘aef) (1 _ q-,u:ewiner(Nc(ezﬁ;sg +e—2m‘ﬂg) + Z cos 21‘,)6“) )
i=N.41
X (___") (eﬂ'ﬁe l-'ne—‘rll'anllmr _ q‘-l/Iem‘Ru ‘re—wiRe vnewjl‘agﬂlmreiriﬂg)

x (_1) (eriReu"e—rh‘a"IIm'r _ ~1/281riRa -re—wiRe u"ew]fznllm-reﬂarl'ﬁc)

X (+1) (e‘n'Re vssg=mlim [l _ o1/3 7 Re 7 —mi Re vy giy | Im ,-e_gﬂ-ﬂa)

(5.6)
where we have dropped the O(§) terms in both the world-sheet fermionic contributions to the
partition function and Green functions following the earlier discussion about the sumn over boundary
conditions. Expanding this out, we must only keep those terms where all factors of efmiRew and
e*™% cancel. This leaves us with the simple result —iN..

In general, when we extract terms proportional to §'/? from a product of Green functions, we

will end up with a factor of the form

exp (|9l = Y |o| ). (5.7)
As mentioned previously, in order to avoid an eventual exponential suppression in Im, the sum
must add up to exactly cancel the leading term. This will happen only if each # appears once with
a positive and once with a negative sign after expressing the absolute values in terms of the is
directly. After fixing v, = Imr, that is #, = 1, we may divide the integration over the remaining
v; into different regions, where in each region these variables have a definite ordering, for example
vy < ¥3 € -++¥p ) < ¥y, In this particular case, if we consider the first option, where all Green
functions contribute to the exponential in equation (5.7), then because #, is smaller than all other
vi, and because #, is larger than the others, we can only obtain a cancellation if the leading term is

Un,1, and all other §’s appear only in the combinations P;41,i- That is, in arguments of the Green

functions, the »’s must appear as a cyclicly ordered set,

P P S o ] S I
B S S ) T ) PR
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These two are associated with the trace structures Tr(T'%t-..T%) and Tr(T®~ ...T%). For any
permutation of this ordering of the 1;, we obtain contributions to the coefficients of the appropriate

permutations of the trace structure.

In general, if we want a single power of §!/2, only a product of Green functions whose arguments
form an indivisible cyclic set will survive in the infinite-tension limit. Given a set of n variables
{v1,...,vn}, a cyclic set is the set of differences vi; of the form v,(;) o(j+1) for some permutation o,
and where j and j + 1 are taken modn. A cyclic set is indivisible if the underlying set of variables
cannot be partitioned so that the cyclic set is the union of the cyclic sets generated by the different
partitions. For example, given four variables 1,,...,r,, then {712, v23, 34,741} is an indivisible
cyclic set; {13, ¥34} is a divisible cyclic set; and {13, 143, 14} is not a cyclic set at all. A m-times

divisible set is one that can be partitioned into m indivisible cyclic sets.

In fact, left-mover fermionic Green functions always produce (divisible) cyclic sets, and each
indivisible cyclic set is associated with a single trace, In the full string theory, there is no limit
(up to the number of Green functions) to the number of indivisible cyclic sets that can appear in
any term; but in the infinite-tension limit, as pointed out above, each indivisible cyclic set also
carries a power of §'/?, and we can have no more than two if we want to obtain a non-vanishing
contribution. Thus, the only surviving trace structures in the gauge-theory limit are those with

one or two non-trivial traces, in agreement with the open string intuition.

The self-contractions are associated with traces of a single matrix; but since the expansion of

Sr starts with g'/2, these traces behave in exactly the same way as longer traces.

Furthermore, the terms with a single non-trivial trace, as we have seen, pick up one power of
§'/? from a set of fermionic Green functions, and another from the partition function, the latter
being accompanied by an explicit power of the number of colors. This gives us exactly the trace
structure Grp;;. The terms with two non-trivial traces give us the remaining trace structures
Gry;;. The remaining pieces of the integrand know nothing about the number of colors, and so the
kinematic factors that multiply these group theory coefficients are ‘universal’ — independent of the
particular gauge group we are considering. Using the symmetry properties of the amplitudes, we
can restrict the set of Gr,,;; to those with j < |n/2| + 1.

So much for the contributions with no pinches. What happens if we take account of pinches?
In principle, pinches of cyclic set of Green could lead to extra traces without extra powers of /3,

in turn leading to terms with more than two traces in the field theory limit. However, as we argue

below, such terms will not survive,

Let us consider first pinching together some subset of the variables {vp; }i—,, leaving the

remaining ones ({v,};-7) unpinched. (The argument generalizes in a straightforward way to
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the case where we pinch distinct sets of variables at different locations on the world-sheet.) It is

convenient to make the following change of variables,

p:ypl
= Vs ps (5.10)
wizpl'-‘inpj-u/’? i=23..,p-1 (w1=1).

The 7 coordinate is the size of a (small) disk on the torus at location p, which contains the points
{vp, }, while the w; are the relative locations of the vertex operators within the disk. Under this

change of variables the measure becomes

P P
f H dlv,, = /d’pd’nH d*w; [n|*P~* . (5.11)
i=1 =1

Recall that we are interested only in terms which produce p powers of A~!. Since each integration
can produce at most one power of A~!, and there are only p — 1 of the w;, we can restrict our
attention to those terms for which the 5 integration near n ~ 0 also produces a pole in A. Such a
pole can arise only from terms of the form |5{~?~*%i/*, Terms with mismatched powers of 7 and
7 will be killed by the integration over the phase of 7, while terms with a higher negative power
of |n| correspond to the would-be propagation of the fictitious tachyon and will cancel by virtue of
world-sheet supersymmetry.

In the n — 0 limit, the Green functions behave as follows,

Gy aG_(vp,.,u,) - GF[Z;;](P ~ va,) + O(7)

B |
G O'G- three _9s1/2 miRer _:
| e [Grama) = 26 (1) - 267177 sinanga) + O(n) (512
- 1 '
Gp ;Z (¥p;p) = EG‘Fne(Ei—:ljwk) - 261/281"3"' sin(278¢) + O(n)

with analogous formule for the right-movers. These @(n°) terms do not vanish in general because
the 8 take on values which are a multiple of 1/3.

It is now a straightforward matter of counting powers of 7 and independent ws in order ta
determine which terms might survive in the gauge theory limit, and which will not. Let us begin
with an example where we pinch a subset of v;; that does not itself contain a cyclic set. The

left-mover terms associated with the color trace Tr(Te1TaaTas) Tr(TaeTas) Tr(T2sT°r) is

[GF(—Vu )GF(—st)GF(Vla)] [GF(“‘V45 )GF(V45)] [GF(—Ve'r)GF(VeT)] (5.13)

where we have simplified the notation by dropping the boundary conditions associated with the

fermionic Green functions. The pinch vy — v3 — 0 results in a contribution of the form

_% [GF(—uza)GF(uza)] [GF('—V45)GF(V45)] [GF(—v")Gp(v")] (5.14)
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where 7 = v13. The fact that we have a single pole in 7 means that we obtain (assuming the
right-movers also have a single pole in 7) the required A~! from performing the 5 integral. This
pinch, of course, has not increased the number of potential trace structures in the field theory limit
since even after the pinch, each cycle still contributes at least a power of §'/3.

In general, at most p — 1 Green functions can involve two vy, — otherwise the arguments of
the Green functions would contain a cyclic set — so we will end up with n~! or higher powers,
depending on the precise arguments of the Green functions in the term. If exactly p — 1 Green
functions involve two v, , then assuming the right-movers supply the necessary poles a surviving

contribution will emerge from this term. Such a term will have the [left-mover] structure
P
Gr (”uum) H Gr (”Pf-1.li;) Gr (”P;-ﬂ:) (5.15)
=1
of which the leading pinch part will be

1 o 1
np_2+1 27”1’:‘ GF (V“Ilpl)GF ('upjnul.) * (5'16)
i=2

The overall power of 7, after combining with the powers from the measure, will be n~!, which will
lead to a factor of A™! (assuming the right-movers also supply a factor of 1 /7}; and each Green
function will give rise a pole in an independent combination of ws, so that the w integrations will
each give one factor of A~! (again assuming the right-movers supply the appropriate single poles
in the @s), for an over-all factor of A~(P=1) a3 needed. In this case, however, the charge matrices
associated with the pinched variables will be in the same trace as the charge matrices associated
with p and those unpinched vs which complete a cyclic set; and in general an independent trace is
not pinched off.

If we do attempt to pinch off a set of »’s which by themselves yield a cyclic set for a subset
of arguments v;; of the Green functions, then we will find that either the 1 integration, or at least
one of the w integrations, will fail to give rise to a required pole, or that we lose a power of Im
at the end of the expansions. In each of these three possibilities, we lose a power of A~1, and the
term will die in the gauge theory limit.

As an example, consider the left-mover term in the six-point amplitude associated with the
trace structure Tr(7'*1T23) Tr(T23 T2} Tr(T2 T'%¢),

(G r(=13)Ge ()] [Gr(-va0)Gr(330)] [G (- 1a8)Gr(us0)] (5.17)

If we don’t pinch some of the u;, this term will not survive in the field theory limit, because it

contains three traces. Let us now show that even if we pinch a a complete cyclic set of »;;, this
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term will not survive in the field-theory limit. Taking the pinch v; — v — 0 and keeping terms
through O(n™!) yields

(—2—;1- — 24'¢ "R"sm(zmg)) (%’ - 2% **R"sm(zfrga)) G r(~v34)Gr(v2s)Gr(—vss )G r(vse)

= ( 4;",)6'?( v34)G r(v34)G r(—v56 )G F(Vse)

(5.18)
where 1 = v;. Note that the single pole in 5 disappears (the two contributions cancel). As discussed
above, unless there is a single pole in 5 we cannot obtain sufficient powers of A~Y, and this term
will disappear in the field theory limit. Pinching additional variables beyond the complete cycle
does not change matters: consider the same term (5.17) but with #,v; and »3 pinched together.

Including the power of n that comes from the measure (5.11) we obtain in this pinch limit through
O(n)

—~ 11211"’ 2;; F(va — pYGF(p — v4)G p(—vs8)G r(vse) (5.19)
= 41, Gr(va — p)Gr(p ~ v4)Gr(—vse )G Fr(vse)

where p = v;. Because of the extra n from the measure, we are left with one inverse power of
1, so the integral over n might lead to a power of A\~l. However, the left-mover contribution is
independent of w; = 143/7. In particular, the left-movers term cannot have a single pole in wy so
that it is not possible to extract a A~! from the w; integral. This would leave us at least one factor
of A~ short of completely canceling the overall power of A* since every integral must contribute
one power of A~1,

More generally, if the arguments of the Green functions involving the pinched variables form

exactly a cyclic set (with no open ‘edges’),

P
Gr (v, ..) I]:;GF (Yps—s1ps) (5.20)
i=

then the powers of 7 will be wrong: we will end up with a leading term of =2, which will eventually
be killed by world-sheet supersymmetry as it corresponds to the fictitious F}-formalism tachyon.
The coefficient of the subleading pole ™! in the expansion of the left-movers will vanish since
it is proportional to 37 ., v; = 0. It is also possible to obtain a subleading pole by expanding
the right-mover contributions, because the bosonic Green function and its derivative contain non-
analytic contributions; they depend on the »’s in addition to the ¥’s. However, the non-analytic

piece of G g has the form

Wy
Im~r
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so that even if we obtain a single pole in  and 7 by expanding to include such factors, we will lose
over-all powers of Im 7, because of the Im in the denominator. The loss of a power of Im7 will
translate into a loss of a power of A=}, and such a contribution will again die in the field-theory
limit.

On the other hand, if there is a proper subset of the pinched variables that is a cyclic set, the
term will be

! P
Gr ("“l.PH-l) GF (VPhPl) HGF (VP:'—-I-P;') H GF (Vl'-‘j—ul’j) GF (Vp,,,ug)

i=2 j=1+12
1 1 T 1 ”J'l 1 (5.22)
~ H II Gr (v, —p)Gr(p—wi,) -
1]? (1 + EJ :w:r) 21rw, iy 21“1),

Because the arguments of the Green functions contain a cyclic set, they will not be linearly inde-
pendent. Since the total number of Green functions is fixed, this in turn means that the integrand
is independent of some ws (or linear combinations of them) — in the expansion above, independent
of wi. The integration over such ws will fail to produce a power of A~!; but since any given inte-
gration can produce at most a single power of A=, we will fail to get a sufficient number of poles.
[Note that even an integral — for example [ d?w|w|~3+**|1 — w|~3+2*' _ which produces powers
of A1 from different parts of the region of integration, will give only a single overall power of A1,
because the different contributions just add.]

In summary, only single-trace or double-trace structures survive in the infinite-tension limit;
and single trace trace terms are always accompanied by an explicit power of the number of colors,

so that the gauge-theory one-loop amplitude can be written in the form

[n/3]+1
A= 3, D Gry(e)Ans(o). (5.23)
i=1 crES../S.m

6. Decoupling Equations

Amplitudes with any number of external I/(1) gauge bosons will vanish in a gauge theory with
no matter content. We can use this simple observation to derive a variety of decoupling equations
for loop amplitudes, similar to equation (2.6) for tree-level amplitudes. Unlike the tree-level case,
however, there is a larger variety of equations at loop level. This comes about because there are
many different trace structures which contribute, and in addition, substituting additional photons
for gauge bosons beyond the first can lead to new equations.

In this section, we give the explicit form of the decoupling equations for the four-, five-, and

six-point amplitudes; we present the general form in the next section.
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The arguments of the previous section show that the gauge-theory four-point amplitude can

be written as follows,

3

A=Y 3 Gry(o(1) - a(4) Aus(o(1),- -+, 2(4)

i=1 6€5y/Say;
= 3 N IHTo 0T T2 01T%0) 4 (0(1),0(2),0(3), 0(4))
TES /2, (6.1)

+ Z Tr(T %)) Te(To T T ) A, (0(1), 0(2), 0(3),0(4))
c€Sy/Z,

+ D TI(TernTo®) Tr(T2 T W) Aga(a(1), 0(2),2(3), o(4)) -
€8/ 23
In the second term of this equation, Z3 refers to the cyclic permutations of the matrices inside the
second trace, while the Z refers to the exchange of two matrices inside each of the traces as well
as the exchange of the two traces.
If we take the fourth leg to be a photon, T* becomes a matrix proportional to the identity

matrix, and we obtain

> THTeT0T®) Ay (o(1), 0(2), 0(3), 0(4))
FES;/ZQ (6.2)
+ THTM T T ) Aga(4,1,2,3) + Tr{TH T T?) A43(4,1,3,2) = 0 .

Since

3 THTOWTH T ) A (0(1), 0(2),0(3), 0(4))
TES,/Z,

= Te(T™T*T%) ¥ Aua(o(1),0(2),0(3),4) + TH(TT>T) Y Aga(o(1),0(3),0(2),4)
o2y oEZs
(6.3)

and since the coefficients of the two independent trace structures in equation (6.2) must vanish

independently we have the decoupling equation

z Aq1(o(1),0(2),0(3),4) + A4a(4,1,2,3) = 0. (6.4)
cEZ,

If we substitute photons for both the third and fourth legs we find an independent equation,

Y Au(o(1),0(2),0(3),0(4))

- TESL/Zy
+ (404, 1,2,9) + 44a(4,1,3,2) + A4 (3,1,2,4) + Aea (3, 1,4,2)  (6%)

“+ Ag;g(l,z, 3,4) =0,
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The one-photon equation (6.2) allows us to eliminate the partial amplitude A,,; when choosing
to sum over all the colors in U( V) rather than merely those in SU(N ), something that is convenient
to do, as we shall see in later sections. (Were we to sum only over SU{N'), 44,2 would not appear
in a color-summed object since its trace coefficient vanishes when all external legs lie within the
SU(N) algebra.) Substituting this equation into the two-photon equation yields a constraint on
the other two partial amplitudes,

Aa(1,2,3,4) = > Aqu(o(1),0(2),0(3),0(4)) . (6.6)
c€S. /2,

A computation of A4, is thus sufficient to determine the entire one-loop four-point amplitude. An
explicit calculation will be presented elsewhere.

Equation (6.6) also reveals that the partial amplitude A4;3 also has more symmetry than
expected from the arguments of section 4. Its right-hand side is invariant under exchange of any
two legs; and thus the left-hand side must be as well.

The equations obtained by substituting three or four photons for gluons in the four-point ampli-
tude do not yield any new information; the three-photon-one-gluon amplitude vanishes identically,
while the four-photon case gives a linear combination of the previous equations,

Once again using the representation (5.23), we can write the five-point amplitude in the fol-
lowing form,
3

z Z Gry;j(o(1)--- o(6))Ag;3(o(1), - -, 0(5))

F=l o€ 8/ 55

= ) N Tr(TeeT o T T 0T %) 4y (o(1), o(2), 0(3), o(4), 7(5))

As

CES/Zy

F Y TH(T) I(T o T T T2 ) Ay s (o(1)0(2), 0(3), o(4), (5))
TESy /24

F Y TR T o0 T ) Ay s (1), 0(2), 0(3), o (4), o(5))
CESs/Z3x 2y

(6.7)
Taking the fifth leg to be a photon, and setting the coefficient of Tr(T*1T32T23T%) to zero,
we obtain the first decoupling equation,
> Asa(o(1),0(2),0(3),0(4),5) + 45,2(5;1,2,3,4) = 0 . (6.8)
TEZ,
A new feature of the five-point amplitude is the emergence of additional constraints from other trace
structures, still considering the one-photon substitution; the coefficient of Tr(T2T%2) Tr(T 2 T9)

must vanish, which means that
AE;3(1a 2’ 31 4: 5) + As;g(l, 2, 4: 3’ 5) + A5;3(3a 4, 1, 2! 5) + A5;3(3’45 29 1: 5) =0. (6'9)
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If we substitute two photons for gluons, only one equation emerges,

Y dsalo(1),a(2),0(3),0(4),5)

oeCOP'?

+ Y (As;z(5,0(1),6(2),0-(3),4) + AB;,(4; 0(1),0(2),0(3),5)) (6.10)
aEZy

+ A5,3(4,5,1,2,3) = 0

where COPL{D (‘cyclicly ordered permutations’) denotes the subset of S,, that leaves the ordering
of the a; unchanged up to a cyclic transformation. We can now solve these equations to eliminate
the partial amplitudes As;; and As;3. Using the one-photon single trace equation (6.8) to substitute

for A,z in the two-photon equation (6.10) we obtain

A53(4,5,1,2,3) = Y Aga(e(1),0(2),0(3),0(4),5) . (6.11)
aeCop{t?™
From this equation along with the one-photon double trace equation (6.9) we obtain also the
constraint
3 Asa(o(1),0(2),0(3),0(4),0(5)) = 0 (6.12)
o€Ss /2y
which is trivially satisfied because of the reflection identity (4.17). Just as in the four-point case,
additional equations obtained by substituting three or more photon legs are not independent.
The infinite tension limit of the six-point amplitude has the form

A= 3 N Te(To 0T 0T T To 0T Agis (5(1), o(2), o(3), o(4), #(5)o(6))
aESs/Zq

+ 3 TE(To00) Te(To T2 T2 T2 T% ) Ag 1 (o(1), 0(2), o(3), 0 (4), 5(5), o(6))
CESs [ Zs ‘

Y THT T ) eI @ T T 0T ®) dgs(a(1), 0(2), o(3), 0(4), 0(5), o(6))
TESe/Zax 2y

+ z Tr(T- T T %) Tr(T“'(')T""(”T“'(”)Ao;i(o’(l),0'(2),0(3),0(4),0(5),0(6)) .
D‘ES‘/Z;XZQ
(6.13)
Following the same approach as in the four- and five-point amplitudes leads to the one-photon
equations,
Y Aeu(a(1),0(2),0(3),0(4),0(5),6) + A6:2(6,1,2,3,4,5) =0 (6.14)
dEZ;
from the coefficient of Tr(T® T2 T2+ 7%) and

(46:5(1,2,3,4,5,6) + A0,0(1,2,3,4,6,5) + Aga(1,2,3,6, 4, 5))
(6.15)
+ (A5;4(1,2,6,3,4,5) + A5;4(2,1,6,3,4,5)) =0
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from the coefficient of Tr(T2:1T22) Tr(T 93 TaeT%s).
The two-photon equation arising from the Tr(T®:T'®2T2:74) term is

0= Z Asa(o(1),0(2),0(3),0(4),0(5),6)

cecop{tBt)

+ 3 (40a(6,0(1),0(2), 0(3),0(4),5)

P (6.16)
+ Aoa(5,(1),2(2),0(3),5(4), 6))
+ Ae;3(5,6,1,2,3,4)
while from the coefficent of Tr(7*1792) Tr(T*37T2+) we obtain
> (A0(1,2,0(3),0(4),2(5), 0(6)) + As;a(3,4,5(1),5(2), o(5), 5(6)) )
TESS/Z,
+ A6,4(1,2,5,3,4,6) + A6.4(2,1,5,3,4,6) + Ag;4(1,2,5,4,3,6) + Ag.4(2,1,5,4,3,6)
+ A6:4(1,2,6,3,4,5) + 46,4(2,1,6,3,4,5) + Ag;4(1,2,6,4,3,5) + Ag.4(2,1,6,4,3,5) = 0.
(6.17)
The latter equation contains no new information, however, as it is simply a sum of equations of the

form (6.15).

Finally, by taking the fourth, fifth, and sixth legs to be photons we obtain from the coefficient
of Tr(T*:T*27%3} the decoupling equation

Y Aea(o(1),0(2),0(3), o(4), 5(5),6)

oreCOpiI®

% (402(6,0(1),0(2),(3), 0(4), 5) + Aea(5, (1), 0(2), 5(3), o(4), 6)
O'EOOPP”)

+ Ao (4,0(1),0(2), o(3), 0(5), (6)) (6.18)

+¥ (Aa;3(5,6,0(1),0(2),0(3),4) + As,3(4,5,0(1), 2(2), 2(3), 6)
TEZy

+ Asa(4,6,0(1),0(2),5(3), 5))
+ (A.,;4(1, 2,3,4,5,6) + As;,(1,2,3,4,6,5)) =0.
No new equations emerge from terms with two traces after the substitution of three photon legs,

and no new equations emerge from substituting more than three photons for gluons.

We can again solve for the second partial amplitude, Ag;2; substituting into the two-photon

single-trace equation (6.14) yields

463(5,6,1,2,3,4) = Y Asu(a(1),0(2),0(3),0(4), 0(5),6) (6.19)
cEGDP.“’"’

27



and substituting this into the three-photon equation (6.18) yields
Aeia(1,2,3,4,5,6) + A01a(1,2,3,4,6,5) = — > Agu(o(1),5(2),0(3),0(4),0(5),6). (6.20)
ceCOP*}
Note that in all the decoupling equations, Ag,4 appears only as a sum of two terms, so that none of
the decoupling equations will separate the two. In the six-point case, we see that the one-photon
double-trace equation (6.15) is automatically satisfied for solutions of equations (6.19) and (6.20).
This is in contrast to the situation in the five-point case, where the one-photon double-trace equation

does lead to an additional constraint.

7. General Decoupling Equations

In considering the n-point gluon amplitude, we can derive decoupling equations by substituting
one or more photons for gluons (that is, replacing an SU{V) generator by the identity matrix),
and then looking at the coefficients of the various independent trace terms.

Let us look first at the equations obtained from substituting a single photon for a gluon. We
take this gluon to be the last one; the coefficient of Tr(T21792 ... T9=-1) yields the equation

3 Ana(o(1),...,0(n~1),n) + Ana(n,1,...,n—1) =0, (1.1)

d€Zn-1{ly.,n—1}

where Z,{;,...,3,} refers to the set of cyclic permutations of n objects acting on the positions
occupied by the symbols sq,...,s,. This equation allows us to eliminate Ap;; in all other equations.
(This partial amplitude does not appear in the SU(N) amplitude, because it is the coefficient of
a group-theory structure which contains the trace of a single generator. It may however appear
in formul for cross-sections calculated by summing over U(N) instead of § U(N); this equation
would then be required to show that the two forms are equivalent. It is not necessarily desirable to
eliminate A3, since formula which contain it may well be more compact than those which eliminate
it in favor of a sum of An;1’s.) Extracting the coefficient of Tr(T® ... T-1) Tr(T% ... T9»-1), we
find the decoupling equation (3 < j < [n/2])

> Ani(1,..., 5~ 1,0(5),-..,0(n - 1),n)
0€2uj{dn—1}

_ (7.2)
+ 3y Anijrr{o(l),e.y0(f — 1), 004,00, n—1) =0,
e€Z;_ 1 [L,i-1}
If n is odd, we obtain one more equation, involving only A,, {n/2]+1°
n-1 n+1
Z Anin+1)/2 (1,..., 3 ,o-( 5 ),...,a(n—l),n)
7€Z(a—1ya{ 2§ 1oin-1} (7.3)

n+1 n—1
+ 2 An;(ﬂ+1)/:( 2 ,...,n—l,a(l),...,o’( ) ),n):O.

O’Ez(u-x)u{lu--ulf—l}
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In presenting the remaining equations, we will find it convenient to introduce the following

notation for:

1. A set of ordered permutations, OP,&"“'""'){al,...,a,,}, that is the set of permutations of n
objects, acting on the symbols s,,..., s,, while keeping the order of z;,...,z., fixed. (The z;

are a subset of the s;.) This set has n!/m! elements. For example*,

OP{*V{1,2,3,4} = {(1234),(1324),(1342),(3124),(3142),(3412), 14
(1243),(1423),(1432),(4123),(4132),(4312)}.

2. A set of eyelicly ordered permutations, COP,S.""""“){.sl, .++y8n}, that is the set of permutations
of n objects, acting on the symbols s,,..., s,, while keeping the arder of z;,...,z,, fixed up
to a cyclic permutation. (The z; are again a subset of the s;. Note that this definition is a
generalization of the usage in the previous section, where s,,..., s, were implicitly 1,..., n.)
This set has n!/(m — 1)! elements. For example,

COP{**3{1,2,3,4} = {(1234),(1243),(1423), (4123)
(2314),(2341),(2431),(4231) (7.5)
(3124),(3142),(3412),(4312)}.

3. The set of distinct partitions of the n symbols s;,..., s, into subsets of length m — 1 and n —
m+1, P(;) {s1,...,8,}. The elements of P are expressed as permutations, with the elements
mapped into the first partition listed first, in increasing order, followed by the elements mapped
into the second partition, again in increasing order. This set has n!/ ((m — 1){(n — m + 1)!)
elements, unless n is even and m = n/2 4 1, when it has half that many elements (because we
must then divide out by the Z; symmetry exchanging the two partitions). For example,

P(3) ={(123456),(124356),(134256),(125346),(135246),
(7.6)
(145236),(126345),(136245),(146235),(156234)} .

We can re-express any element of a COP in terms of an element of the corresponding OP,

followed by a cyclic permutation,
COP,(,"""""){M, cvr8n}t = Zm{21,..., zm}oOP,(,"‘“'”"'){ah R I (7.7)

In particular, note that
COP,("""""}{‘,“ Pney 8,1} = Zﬂ{al, ey 31—1.} . (7.8)

* We use a standard notation for permutations, the image of its action on 1,...,n; (31254)[{abecde}] =
{cabed}.
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If we substitute two photons for two gluons, say the ultimate and penultimate ones, and

examine the coeflicients of the various trace terms, we obtain the following equations,

Z A (o(1),...,0(n — 1),n)

gecoPt N1 ,.,n-1}
+ Z Apa(n - Lo(l),...,0(n - 2),n) + Anp (Ryo(1),...,0(n - 2),n - 1) (7.9a)
crEZ..-a{l.....n-z}

+ Ana(n-1,n;1,...,n-2)=0

E Api(1,... 5 = 10(j),- .. 0(n - 1),n)
c€COPE =3¢ 4, . ,n~1}

+ Z [An;j+1(0'(1),...,0'(j*1),11.— l;a(j),...,a(n—Z),n)
ﬂ'EZj_.]_{l,...,j“l}XZ"_,'_l{j....,n—"}

tAnir1(e(1),...,0(i - 1),n;0(5),...,0(n - 2),n - 1)] (7.95)

+ > Anira(e(1)y...,0(i —1),0(n — 1), 05 5,...,n ~ 2) = 0, (3<j<inf2]-1)
seCoP{M i~V (1, i~1,n-1}

where here we have indicated the separation into the first j —1 and the remaining n— 7 +1 arguments
of the A,,;; with a semicolon. The first of these two equations allows us to solve for Apn.a. In general,
the remaining A,,; will always appear as sums in the decoupling equations, and one cannot solve
for them. The six-point amplitude, discussed in the previous section, provides an explicit example

of this point (in equation (6.20)). If we substitute for A, using equation (7.1), we find

Ana(n - 1,n51,...,n—2) = > Anp{e(1),...,0(n—1),7n).
UECOP“""'_’){I,...,n—-l}

n~1

(7.10)

The equations of the type (7.9b) are not independent of equation {7.2). To see this, note that
in addition to the decomposition (7.7) given above, we can also decompose the COP’s in the second

equation as follows,

COP}IJ:}“_”{J"J eyl — 1} = Zn—j{j"",n - 1}0 n—j-l{j,.. yn - 2} . (7.11)
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We can then rewrite the left-hand side of equation (7.9b),

z Angi(lye 7 — L 2(0(d)). .., 2(0(n - 2)), z(n — 1),n)

sEZl_,-{;‘.....n-—l}
CEZ i1 {ireayn-2}

+ E Anipr(2(1),.., 2(7 - 1), n50(4),...,0(n - 2),n - 1)
A€ 1 {1,mi—1}
€Xn_ i 1{dian—3}

+ Z Aniir1(o(1),...,0(f ~1),n - 1;0(5),...,0(n - 2),n)
LY-F FONFRIPY § RN n—1}
€8 {1min1)

+ E Anira(z(a(1)),-. .y 2(e(f — 1)), z(n — 1), 7} 5, ...,n — 2)

le‘j {Licai-L,n—1}
*EX;_j3{Linj—1}

= 3 3 Anii(1ye 0§ = 13 2(0(5)), ..., 2(e(n - 2)), 2(n — 1),n)

o'eZ..._j...l{j,...,n—-I} zEZ.._, {j....,ﬂ—l}

+ Z Aﬂ;_,-.,.l(z(l),...,z(j——1),n;cr(j),...,a(n—2),n—1)
ZEZ"_I{I,....J‘—I}

+ Z Z Anji+1(o(1),...,0(5 — 1),n - 1;0(5),... yo(n - 2),n)

FEZf...l'[l,.--,J-—l} zEZ,._,;_l{j,....n—-l}

+ Z Anijra(z(o(1)),...,2(0( — D)an-1)mn54,...,n—2)
2€Z;{1,....5}

(7.12)
which vanishes upon substitution of equation (7.2) in the two different terms.

This is a general feature of the decoupling equations generated by substitution of more than
one photon leg: only those which link coefficients of color factors with different numbers of non-
trivial traces — in the one-loop case, linking coefficients of color factors with two non-trivial traces

to the coefficient of the color factor with a lone non-trivial trace — are independent of previous

equations.

Thus we may need to substitute up to |n/2} photons for gluons in order to obtain the full set
of decoupling equations (because this is the minimum number of identity matrices that can convert
a double trace into a single trace), but further substitutions wiil yield only linear combinations of
exisfing equations. (As we have seen in the previous section, not all the equations obtained for
[n/2] photons are necessarily independent.) The independent equations, besides equations (7.1-

7.3) are obtained by substituting the identity for Ter-m+2,...,T%, and extracting the coefficient
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of the resulting single-trace term,

3 Ana(o(1);e--y0(n=1),n)

oeCoP =™, ;n-1}

m
+ Z >
i=1 ’Ep(mj_l){.p—m+3..--.n}

2€S5;_ 1 Ej 1 ipidpli-1)}
.ecapf"_"::"“"'*'”(l ..... n=m+Lp(i b p(n=1)}

Anii(p(P(1))y - o o(p(d =~ 1))o(1),. .y o(n— m 4+ 1),0(p(j))s . -, o(p(n — 1)}, p(n))
=0
(7.13)
where 3 < m < [n/2| + 1. For mm = 3 we obtain once again equation (7.9a). If we substitute for

Apny, using equation (7.1), we obtain

- Z Apa(o(1),...,0(n —1),n)

cecop{timmH . n-1}

5> >

=3 vep(mj—l){--m42 ..... n}
PESy 1/ Ff a{p(L)iepli— 1)}
recopil:;l—ﬂl+ll(1 ,,,,, a4 Ll hep{m—11}
Ans (P(P())s - ARG = 1)), (1), o0 0 = m o+ 1), 0(p(3)), o oo = 1)), 2()
=0.
(1.14)

If we continue to substitute using equations for smaller m, we find that although we cannot solve

for An;m>3, we can eliminate them from the equations for larger m. Thus we obtain a simple form
of the remaining decoupling equations,

Z Anm (e{n~m+2),...,0(n),1,...,n—m+ 1) =
ESm—-1/Zm-1{n—m+1,..,n}

(-1)™ Y Asa(o(l)..,0(n—1),n)

ceCOPS ™y -1}

(7.15)

where 3 < m < |n/2| + 1. For n odd, the independent equations can be combined to yield another

equation involving only the A,;,
3 Ana(e(V), .. 0(n—1),n) + 3 Ana(e(1),e..s0(n—1),n) = 0. (7.16)
eeCoP( v =DMy (n—1}) ceQOplmd N Auntiny 1}

The decoupling equations discussed in the section and in the previous section can provide a
valuable consistency check on explicit calculations of the partial amplitudes, or else can be used to

reduce the amount of work, for example eliminating the need to calculate the A3 independently.
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8. The Color-Summed Cross Section

Ultimately, we are interested in calculating a differential cross-section, summed over final colors,
and averaged over initial colors. At tree level, we may use [6,5] the color decomposition (2.2) to

write the color-summed differential cross section as

Z ALA, = gint Z Tr (7201 ... oo (m))* T (T . . . Tt}

colora opESL/Z,
x An(o(1),...,0(n))An(p(1),...,p(n)) (8.1)
= gin—4 Z Tr (T o . Toe) Tr (T%0 ... T*m) A% (5)An(p)
o,pES, /2,

where summation over all a, is understood, and where we have introduced the abbreviation An(o) =
An(o(1),...,a(n))-
Because the extra U(1) gauge boson decouples, one can sum aver U(N) instead of SU(NY);

this is easier, because the U{N) Fierz identities,

Tr(T*X) Te(T°Y) = Tr{XY) (8.2a)

Tr(T°XT°Y) = Te(X) Tr(Y) (8.25}

are simpler than their SU(N) counterparts. The decoupling equations, discussed in the previous
sections, can be used to show explicitly the identity of the U{N)-summed cross section with the

SU(N)-summed one. Using these identities, and the form of the Casimir T°7° = N. (recall that
we use the normalization Tr(T2T?) = §4b), it is easy to see that

Te (T .- T*)Te (T* ... T%*) = NI (8.3)
while for any o # 1 (we denote the identity permutation by 1),
Tr (T - .. PO ) Tr (T ... T ) < NP3 (8.4)

because in this case one takes at least one detour through the Fierz identities, and every such
detour costs a power of N3,
Thus

D MA, =gt N Y A (o)

U'Esn/zu

(8.5)
+ z Te (T %) - .. Te)) T (To(1) - ... TOsiny) AN A,(p)
S PESn fEn
wikp
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where the terms in the second sum are of O(N]~?) or smaller. There is a subset of the O(NP~3)
terms, that may be distinguished from the rest, because they are also absolute values squared. To
extract them, separate out a set generated by cyclic permutations on n — 1 legs,

T AAL =

colors

gt N Y 40
TESL/Z,

+ Z Tr(Tﬂe(n)...Tﬂvm)Tr(Tﬂp-eu)...Tﬂp-e(u)) A,"‘,(U)An(p-a) (8‘6)

A LLYE L]
PEZ, _,.r#El

+ Z Tr (Tortnr . T2 0) Tr (T2 o) o Torem) A% () Ap(p - o)

*pESn{In
EEn_

(in the second and third terms, Z,_; should be understood as a subset of S., 50 that each of its
elements acts trivially on the n-th symbol in its argument, that is p(n) is understood to be n).

Now, for p € Zn._1, p # 1 (p shifting the the elements j units to the left),

Tr (T T ) Tr (T2 - .- T2n-0T%) = Tr(To-1 ... T T ... Torin-1)
— Tr(Tﬂn—l PTG+, P A ...T“:‘)
= Tr(T-2 ... To2T% ... T%) Tr(T%+ ... T%-1)
= Tr(T%+ ... TOn=3T%-1,, T9Ta2 <%

= Ngn—z-j)+(i—1)+1

= Nﬂ—3
e
(8.7)
s0 that
D AA =N Y (A
colors CES, /2,
+ N2 N AN()4,(p o)
eESy [/ Bn
PEX,_ .00
30 Tr(To T8 w) Tr (Toe) - Toetm)) A3(0) A (p-0))| -
CPESn/En
rEE,
(8.8)

Using the decoupling equation (2.6), we can rewrite the second term so that it has the same form
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as the first one, and thus

D, A =gt INITH (NI 1) Y [An(e))

colors TESy [ Zn

+ E Tr (T o Toe)) Tr (T2eel1) .. . T%e0tn)) An(o)A,(p- o)

. PESn/Zp
PEZ,_
(8.9)
For the four-point case, the first term is in fact the entire story; the second term vanishes
because of the decoupling equation, and so we obtain
. 2
DAA =N (N 1) Y (Ao . (8.10)
colors oES /2,
In the five-point case, using both the decoupling equation (2.6) and the reflection identity (2.3),
explicit calculation allows us to put the second term of equation (8.9) in the form
2 »
AN (N2 -1) Y Ai(o)Ays(r-o) (8.11)
oESs/ 2y
where r = (24135). Note that r? is equivalent to a reflection: »? = (43215). We could redefine
the summation variable 0 — ro, since the latter variable also sweeps over S5 /Z5; averaging between

these two formas, we obtain

3 (VI-1) Y [4i(0)A(r-0) + Ai(r- ) Ag(r? - )
i (8.12)
=Ne(NI~1) 3 [43(0)As(r o)~ 4i(r- o)y ()]
oES85 /2y

where we have used the reflection identity (2.3). The full amplitude squared is of course real, and
the first term in equation (8.9) is manifestly real, since it is a sum of absolute values squared. Thus
only the real part of equation (8.12) would survive. But the latter expression is imaginary, and so
it drops out, and for the five-point cross section as well, we find that the first term in equation (8.9)

is exact,

Y AA=SNI(N2 1) Y 400 . (8.13)
colors ocESs/Zy

All O(N2~?) terms arise from a single detour through the Fierz identities in the process of

collapsing the product of the two traces. Consider for example,

Tr(T* T T T* T T T) Tr( TS T4 T T T Tor)
8.14)
= Tr{Te T TS T T T T3 T T Ta17 %) (
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where the subset of consecutive elements 2,3,4,5,6 had been shifted cyclicly by two units in the
second trace on the first line. Because of this shift, a detour through the Fierz identities is required.
Using the Fierz identity (8.2b) we break the last trace back into two traces

N2 To(Toe T2 T4 ) Te(T T T%) . (8.15)

Observe that an additional cyclic shift of the elements of the second trace on the right-hand-side
has no effect on the value of the product after summing over the remaining indices; this means
that we could have performed a cyclic shift of these elements in the second trace on the first line in
eq. (8.14) without changing the of the color sum of this term. (A further use of the Fierz identity
(8.2a) reduces this term to N}.)

This example illustrates the general structure of all O(ND?~?) contributions; these come from a
combination of two cyclic permutations. The first cyclic permutation forces the Fierz detour while
the second cyclic permutation comes from the cyclic symmetry of the second trace in the double
trace term of the Fierz detour.

In order to express the general structure of the O(N?~%) terms succinctly, it is convenient
to introduce some more notation. Let 2y € Zm{81,-..,3m} be the cyclic permutation that shifts
elements by one urit to the left; we then write Z,,, = {1, 2o, 23,..., z*~'}. We want to introduce a
set which contains an additional cyclic shift of all the elements to the left of the resulting position
of 81, for each z € Z,,:

m
U Zm—t{8141,-+ .y 3m}ozl . (8.16)
i=1

(Zo and Z; are understood to contain only the identity element.) In Appendix IV, we show that
the union of such sets for s, = 1,...,n -2 furnishes a complete list of additional elements of Sn/Zn
that contribute terms of O(N~?). The existing constraints on the sum in equation (8.9) however

indicate that we should remove some elements, and thus we define the set

Zufsr,e s = | U U '

j=lm=j41

~ Zx{81,-++, Sk} (8.17)

k-1 k m—j+l
Zm—j-t+1{85+1-1,- .y 8m}ozo [T]
=1

where zg [’;‘] is the unit left generator of Zm_jy1{3;,...,3m}. The set Z, (‘double-Z sub k’)

contains

k=1 ] m—3
DY Sm-i-t+))| -k+1
J=1 m=j+1 I=1
8.18
- ":2)—“1 (8:18)

1
21;(1&: — 1)(k - 2)(k* + 5k + 12)
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elements. For example,

Z,={(3421),(4231),(4312),(2314),(3214),(3124), (6.19)
(1342),(1432),(1423),(2134),(1324),(1243)}. '

With the set Z,,_; in hand, we can write

3 A =gt NN 1) T 4,0

colors cESL/Zn
+N2TE YT An(o)AL(p-0)
'esnlzll
PEX,_

+ Z Tr (T2 .. T @) Tp (Tt ... T2e)) A%(0)A, (p0)
o pESn/En
PEE R X,

(8.20)
where Z,_, is also understood to be embedded in S5,,. The third term in the sum is O(NI—4).
For large n, the use of Z,,_, in computing the next-to-leading color terms is probably preferrable
to that of the (1,2) basis of Kleiss and Kuijf [16] because the number of terms in it grows only

polynomially rather than factorially.

9. Corrections to the Cross Section

In order to calculate the next-to-leading corrections to the differential cross section, we must

compute the interference of tree and one-loop amplitudes

3 A= T (A AT+ O(g7) (A 4 AL 4 0(gm))

colors colors

- Z A::ee tA::ee +2Re [.A::“ tA:.‘—loop] + o(gzn) .

colors

(5.1)

(Throughout the discussion here, the gauge coupling ¢ should be understood to depend on the
renormalization scale in the usual manner, though we shall not display that dependence explicitly.)
As in the previous section, we will compute the next-to-leading correction to the cross section by
summing over U(N) rather than SU(N). By virtue of the decoupling equations, this yields the
same answer as summing over SU(N); but the calculation is simpler this way. In performing the
color sums, we will encounter two types of terms in the next-to-leading corrections, the first with
two non-trivial traces (and an explicit power of the number of colors), and the second with three

non-trivial traces. The latter terms are again suppressed by at least one power of N2 compared to
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the former, since we will use up an additional pair of charge matrices in reducing the three traces

to one trace.

Thus the next-to-leading order terms can be written as follows

Z [AnAslnro =

colors
[n/3]+1
243"~ Re Z Z Z Tr(T% ) -« T2 ) TR{T 1)« T26-0 ) Te( TG - . . Tosw))

a-ES,./Z.. j=1 Pesﬂ/sn;j
X A *(0) Anj(0)

=2¢7""? | Re Z N Te(Toem) o Tom) T T2 - .. T2} A *(0) 4,01 (p)
’uPEsnfrzn

[n/2]+1

+Re Z Z Z Te(Tet~ - T2 1) Te(T e oo . TOU-0 ) Ty(T20) - .. T
CESL/Zn i=1 pES.[Say

X AT () Ani3(p)

=2¢"""? INJ*'Re )~ A'***(0)Ana (o)

cESL/Za
+Re Z N, TI(TG"""’ ... Tu...,u)) Tr(T“nu) . .T".-(n)) A::" .(U)An;l(P)
e pESp/Zn
r gl

Inf2]+1

#Re I3 N (o Tom) Te(To) - o) Te(To .. T
CESn/Zn J= pESp/Say

X AZ"®*(0)Ani(p)| -

(9.2)
As in the discussion of the tree-level cross section, we can identify a subset of the next-to-leading
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color terms which have the same structure as the leading color terms, so that

> AAdnio =

colors
2" INPTH(NZ—1)Re D AN**(0)Ana(o)
Vesu/zn
+ Re Z N Tr(T o etm oo Toentt) ) Tr(T200 - . T ) AL *(g) A, (p)

C#ESn /Ty
cEE, )

[n/2]+1
+ Re Z Z Z Te(T (=)« - T ) Te(T 201 oo TOl=1) Ty(Tl) - . . TOn))
CES,/Zn J=1 pES./Sa);

X AL *(0) Anis(p)

(9.3)
(Note that only the tree-level decoupling equations are required to obtain this result.) The last two

sums inside the brackets are of order O(NI—1).

The j = 2 terms in the last sum can be rewritten as follows,

Re 3 3 Tr(T%m...Tom) Tr(T%m) Te(To@ ... To) 4% *(o) A, i(p)
CESL/Zn PESn{Snn

= Re Z z Tr(T ) ... T80} . .. T2 (1)) Tr(T%) ... Ton)

PESn/Sni CESp 1/ Bpe g {1l p(3)seenim}

.ez,,_.l{-(n.....:(T) ..... e(n)}

x Anee *(z-0(1),..., ;ﬁ‘): a2 0(n), p(1)) Ani(p(1),. . ., p(n — 1), p(n))

(9.4)
since the color sum is independent of z. (The hat ~ denotes an omitted element.) Using the tree-
level decoupling equation, we then find that this sum vanishes identically. (Note that the trace of
a single generator does not vanish identically, because of the U(1) generator, but as expected this

contribution drops out.)

In the case of the four-point amplitude, the complete symmetry of Ay;3, noted in section 6,
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means that the j = 3 terms in equation (9.3) have the following form,

Re Z Z TI'(T“'“) . T“f(l)) TI(TG"“’ vas Tap(:)) TI(Tﬂp(s) van Tap(tl) Airu t(a,)A“s(p)
CES /24 pESe /S

= Re A4;3(1, 2, 3, 4)

X z Z Tr(Tﬂvm . T"cm) Tr(T%(u ‘e .T“n(z)) Tr(T“"“’ “on Tﬂpm)A:‘“ "(0')
TESY /24 pESL/Ssn
(9.5}
The sum over p leads to a completely symmetric tensor in the a;, so that the color sum is indepen-

dent of #; as a result, we obtain a result proportional to

Re | A43(1,2,3,4) Y Af*=*(0) (9.6)
TESL/Z,
which vanishes using the tree-level decoupling equation.
The second term in equation (9.3) also vanishes for the four-point amplitude, and so the
next-to-leading correction in this case has the simple form
Z [AlAdNLo = 2¢°NJ (N7 - 1) Re Z A (o)A (o) - (9.7)
colors TES /2,
The calculation of Ay;; will be described in detail in a future paper.
For the five-point function, we can follow the same steps as in the tree cross section, and
rewrite the second term as

2NI (N2 -1)Re > AP *(r-p)dsi(p)
PESL/Z,

= N(NZ-1)Re 37 [Ar*"*(r- p)dsa(p) - AF** () dsy(r - p)]
PESL/Z,
where r = (2413 5) has the same definition as in section 8.

(9.8)

Explicit calculation shows that the j = 3 terms in the five-point cross section can be written

using a subset of S5/Z;,

Hs = {(12345),(34125),(31245),(21345),(32145),(34215)} (9.9)
as follows,

Re Z Z t[‘r(T"rm ‘e .T"vm) Tr(TﬂamTa;c:)) 'I'I(T“pca)Tﬂp(nT%(s)) A;m “(o)As;a(p)
TESs/Zn pESs/ Sus

=NI(NI-1)Re Y Y Ar*(h-p)Asalp)
heHy pE S5/ Spia
= 2N} (N! - 1) Re Z D AF*(h-p)Asa(p)
heHy 5
PEP(:;)

(9.10)
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where the last form of the equation uses the fact that for each partition in P(g), there are two

elements of S5 /55,3, and these are related by the reflection identity (4.17). This set of partitions is

P = P()M1,...,5}
- ={(12345),(13245),(14235),(15234),(23145), (9.11)
(24135),(25134),(34125),(35124),(4¢5123)}.

Putting all of the terms together, we can write

> A Aslnio =29° |N2(N2-1)Re 3 AP *(0)4su(o)
colora oESy/Zy

+ N2 (N} -1)Re APt (v p) A5 (p) — A (p)Asa(r - p)
( ) pegzs[ ’ g ? B p] (9.12)

FINI(VE-)Re 3 T AP (A p)dsa(p)
i er ()

One could also use the decoupling equations to eliminate As;a in favor of Ag;; in this case, the
third term inside the parentheses could be written as

2N} (N2 - 1)Re Z At (o)
TES /Zs

X [3A5;1(a- (12345)) + Asa(c- (41235)) + Asa(o- (12435)) + Aga (- (31245))
+ A (0 (34125)) — Asa(o - (43125)) ~ Asa(0 - (13245)) - 345,(c - (41325))

= Asa (- (13428)) ~ A5 (0 (24135)) + Asa(0- (14235)) — s (o - (14325))] .

(9.13)

The general structure of the subleading color pieces for the j = 1 part of equation (9.3) is
similar to that at tree level. For the j = 2, these terms were shown to vanish above. To display
these terms explicitly for 3 < j < |n/2] + 1, we must define another bit of notation, for eyelicly
conseculive partitions, or CCP(7), the subset of P(7) that maps the set 1...j ~ 1 into a set of
elements that are consecutive up to a cyclic transformation (of 1... n) [so that 1 is considered the
successor of n]. Because of the definition of the full set of partitions, the set J«..n will then also

be mapped into a cyclicly consecutive set of elements. For example,
B
CCP(a) = {(12345),(23145),(34125),(45123),(15234)} . (9.14)

Note that for n even, and j = n/2 + 1, this set has already been reduced by the Z; symmetry
exchanging the two traces, because of the way P(;‘) is defined. The number of elements in CCP (;‘)

is n, except for n even and j = n/2 + 1, when it is n/2.
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We show in Appendix V that
Te(T" + o« T2} Te(TOe (0 . . T2eti~1) Tr(T o0 - - -Toetm)) = N:—l (9.15)

if and only if ¢ € CCP (;‘), which is the condition that no detours are taken through the Fierz
identities. (For other elements of $,/S,,;, the color-summed traces will be N*~* or smaller.)
With these sets, along with Z,,, defined in the previous section, we can write the next-to-leading

correction to the cross-section for general n as follows,

Z [ArAnlnpo = 24771 | NPT (N2 - 1) Re Z AN (o)An (o)

colors o€ES, [ Z,
+NZ'Re ) AN *(0 - p)Ana(p)
PEFn [Ey
ceXE,
[n/3)+1

PR Y Y S AN (0)Ans(pr0)

+ Re z N, Tr(T“'--(-) P Tur--(ll) Tr(T“n(lJ e Taf(ﬂ)) A::“ ‘(0’ . P)An;l(p)

PESR/In
(L PO LY 2 POy

n/2]+1

+ Re Z E 2

TE€Sn/Zn =3 peS,[Sny-CCP(])
T]'(Ta'(n) .. _Tu,u)) I'I\r(Tﬂp-a-(l) e Ta’-c(.i—l}) TI'(T“J-:(J') e Tap-c(n))

X A *(0) Ansj(p - o)

(9.16}
where the last two terms are of O(NI3).

As we have seen, for processes involving a small number of external gluens, the color-summed
cross section through next-to-leading order in a, has a simple form. For a larger number of external
gluons, we may note that although the number of colors in QCD is not that large, the expansion
presented here is in 1/N? (rather than just 1/N.}, and thus a restriction to the leading term can
provide & useful approximation. (For six or fewer final-state gluons, this approximation is quite
good at tree level [38].) Of course, one may also wish to calculate the exact tree or next-t{o-leading
matrix element; in this case, the expansion in 1/N? provides a useful way of organizing a numerical
calculation. For example, it is possible in a Monte Carlo calculation of an integrated cross section to
perform the summation over the series in a probabilistic way, evaluating the leading terms (which
are numerically more significant but cheaper to evaluate) more often, and the higher-order terms

(which are numerically less significant but more expensive to evaluate) less often. The differing

42



frequencies of evaluation will be compensated by different weight factors for the different terms,
with the frequencies (for example) adjusted so that each term in the color expansion contributes
roughly an equal amount to the total error in the Monte Carlo evaluation. (An adaptive algorithm
such as VEGAS [39] could be used to select the frequencies and calculate the appropriate weights.)

10. Summary

We have presented a color decomposition for one-loop amplitudes in an SU(N) gauge theory
with no matter content, analogous to the trace decomposition of tree-level amplitudes. The fuil

on-shell amplitude A, can be written as a sum over double traces times partial amplitudes A,.;,

In/23]+1

1—loop g Z Z Gry,;; (O’(l),---,ﬂ'(ﬂ))An;:‘ (‘7(1)1”'3‘7("’)) (10.1)

i=1  0€S5a/Say
where Gry,;; denotes a double trace structure,
Grnj (1,...,1) = Tr(1) Te(T*' ... T")
= N, Te(T* ...T%) (10.2)
Grni (1,00 0ym) = Te(T™ ... T ) Te(T™ ... T*)
and Sy, ; is the subset of the permutation group S, that leaves the trace structure Grp;; invariant,

The one-loop A,,;; have properties analogous to those of their tree-level counterparts: they are

gauge invariant, and satisfy a symmetry equation,

VYo € Sp;4, Apj(a(1),...,0(n)) = A,,(1,...,n) (10.3)

and a reflection identity,

Aﬂ;j(ij(l, e ,ﬂ-)) = (—l)nAnu'(l, vy n) (10.4)
where
Rﬂ:.‘i(il’ SRRE] 'ﬂ] = (ij—h ceortiying .. 3 3_1) . (10-5)

In addition, they satisfy the decoupling equations

> Ana(0(1),..i0(n—1)yn) + Ana(n,1,...,n—1) = 0 (10.6a)
UEZ.-l{l,...,ﬂ—l}

Y An(1,.. 5~ 1,0(5),...,0(n - 1),n)
€2y ;{jp..yn—1}

+ > Apia(o(1), oG~ 1),m,5,.0,n—1) = 0
GEZj_1{1|...,j—1}

(3<j<(n/2]) (10.68)
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n—1 n+1l
E Aﬂi(ﬂ+1)/3 (1""’ ) ﬂT( 2 ),...,c(n—l),n)

G'EZ(.._IH:{L;—',...,H—I}
n+1 n-—-1
+ Z Aﬂ;(n+1)/3( 2 ,...,n——-l,a(l),...,a( 2 ),n):

7€ Z(m—1y2{Lis 252 }

Z Anjle(n—j+2),...,0(n)1,...,n=-j+1) =
trES,-;/Z;..;{ﬂ-j-{-ﬂ....,ﬂ}

(1) Z Apa (o(1),...,¢(n~-1),n) .

oceCopitm=ity | n-1}

(3< 7 < [n/2] +1)(10.6d)

Examples of these equations for the four- through six-point amplitudes can be found in sec-
tion 6. We have discussed the structure of the color-summed cross-section through next-to-leading
order in «, in sections 8 and 9.

We wish to thank the Theory Group at Los Alamos, where this work was begun, for its
hospitality; and D. A. K. would like to thank the theory group at the University of Pittsburgh,
where the work was completed, for its hospitality. This research was supported in part by the
National Science Foundation, grant PHY-87-20221, and in part by the Department of Energy.

Appendix I. String Model

To construci an appropriate four-dimensional string model, we follow the fermionic formula-
tion of Kawai, Lewellen, and Tye (KLT) [26]. We discuss the construction of a heterotic string
theory containing an SU(9) pure gauge theory in its infinite-tension limit. There is no particular
significance to nine colors; it just happens to be an easy model to construct and analyze. It is not

difficult to construct such medels with other gauge groups, including SU(3).
The four-dimensional model at hand is specified by the five “basis” vectors,

W B lal 110
= \z2 |32
118
le (Ei 04 010)
1%1 1/111 1 1
Wa=[06°= -p00|=(===){=00)} (=00
? ( 22 |2 (222) (z ) (2 )) (1.1)
1* 1 l1/1 111 1
Wi ={ 0% 0-=00{= (0= g =
3 (0 2 2 |2 (020) (222) (020))
1* 1|1 1 1\ /111
W, ={0°- oo-0|= {o00: s ls5s
' ( 3 09392 ( 02) ("02 (222))
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where ™ signifies n contiguous components with value I. The triplet grouping for internal right-
movers arises from requiring world sheet supersymmetry [26]. The gauge group we will be interested
in corresponds to the first nine left-mover oscillators, while the space-time index for vectors is carried
by the first right-mover complex fermion. It is straightforward to show that this model satisfies the
KLT constraint equations presented in ref. {26] and hence is modular invariant.

We do not present a complete analysis here; it is straightforward though tedious to verify the
properties of the model. (A more detailed discussion was presented in earlier work [23].) Here we
are interested in the spectrum of massless particles, since only these will survive in the infinite-
tension limit. Sectors containing massless particles must have both left and right vacuum energies
that are zero or negative. There are seventeen such sectors; sixteen of these are easily eliminated,
as exciting a gauge oscillator in those sectors would necessarily yield a massive state. These sectors
also contain no tachyons. The remaining sector is the Neveu-Schwarz (Ws) sector, which is the one
containing the graviton and the gauge bosons. The coefficients of various terms in the generalized
GSO projection in the Neveu-Schwarz sector are given by C;f" = —cos2rf; where 3; is the
boundary condition of the first right-mover. The generalized GSO projections in this model imply
that the only massless particles which carry gauge charge of the SU (9) x SU(9) subgroup are the
gauge bosons themselves. (The above properties hold independent of the choice of KLT ‘structure
constants’, so long as they are consistent in the sense of ref. (26].)

As a result, this string model yields a tachyon-free pure gauge theory in the infinite-tension
limit.

Appendix II. Integration By Parts and Banishment of Double Derivatives

In this appendix, we argue that it is always possible to remove the double derivatives of the
bosonic Green functions (G 5) from all terms in the amplitude (4.4) (without generating any Gz
terms) by appropriate integrations by parts. The idea is to integrate by parts until the double
derivative is shifted to a Green function which depends on a ¥; which appears only once in the
term of interest. A further integration by parts with respect to this ¥; then eliminates all G g’s.

This strategy might founder only if we cannot find a T appearing only once in the arguments
of the different Green functions, that is, if the #’s which are in the argumernt of a Gy are part of
a cyclic set (in the sense of section 5), so that repeated integrations by parts only shifts the extra
derivative around; in & cycle each 7 appears twice.

However, in the general N-point amplitude (4.4) elements of a cyclic set cannot appear in the
arguments of any G 5’s, because of the multi-linearity requirement on the polarization vectors. For

example, consider a potential cycle of the form C:‘B(Fu )G‘g(ﬁn) e (7w1) we would have g, - 4
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associated with G 5(712), an €3 associated with G 8(733) and so on until we come to G g (Fn1) which
would again require an £;; this is not allowed from the multilinearity of the polarizations. This
argument extends to the appearance of more than one G g with arguments in a cyclic set.

We can also show that such cycles containing G g’s cannot be created by integrating by parts

a G g external to the cycle. Consider, for example, the term
(GB(712)Gp(Pas) - G5(Fn1))G p(Trm).- (IT.1)

One might worry that an integration by parts with respect to 7, could introduce a G5 into the cycle.
However, this term cannot appear in the amplitude (4.4) because once again the multilinearity of
the amplitude prevents it; a term of this form would require ¢; to appear twice. This argument
can be extended in a straightforward way to show that the process of integrating by parts does not
create any G g’s or Gp’s in cycles.

[We can in fact avoid worrying about the appearance of G F’s, for if a 6;3 integration has
brought down a fermionic Green function, the corresponding ;, integration cannot bring dewn
a bosonic Green function, since a 6;3 and 6;, with the same external index always multiply a
given bosonic Green function, whether G5 or G . Rather, the corresponding #;4 must bring down
another fermionic Green function, which will contain a 7; in its argument. Thus a 7 appearing
in the argument of any initial Gz will not appear in the argument of a Gp. Furthermore, when
we integrate by parts, in those cases when we do not eliminate all double derivatives, we shift it
to another bosonic Green function in whose argument one of the ¥'s is the same as one in the
argument of the previous Gz (and thus cannot appear in the argument to a fermionic Gg), and
whose other argument is associated with a 6;36;4 pair (and for that reason cannot appear in the
argument to a fermionic Green function). Thus at no stage would integration by parts create a
)

Integration by parts can thus always be used to remove all G g’s from the amplitude (4.4) so

that the only Green functions appearing in the amplitude are Gg’s, Gg’s and Gg’s.

Appendix III. Notation and Normalizations

We define theta functions for general twisted boundary conditions by

a[g] (wl7)= 3 emilnta1/2yr ganilnta=1/2)v-0-1/2) (IIL.1)
nezZ
Then
9 [Z] (v|7) = eﬁa’rezwia(v—ﬂ—lﬁ)gl(y +ar — Bit) (11L.2)
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where ¥; = ﬂ[g] is the conventional first Jacobi theta function.

We remind the reader of the definition of the Dedekind 7 function,

n(,r) — eirir/lz ﬁ (1 - e?tt’n‘r)

n=1

(IIL.3)
- {/ﬂr[g} (0|'r)/21r
where the prime indicates differentiation with respect to the first argument.
The bosonic partition function is
Zs(r) = (n(r)(r)im7) (IL.4)

where D is the number of spacetime dimensions.

We define 2, [g] {7) to be the partition function for a single left-moving complex fermion with

{;] boundary conditions,

e_m(m—a)(llwﬂ)a[g] {0]1)
7(T)

where the phase is present in order to be consistent with the KLT definition [26]. It is really

z [a] (r) = Tr [e""?=7e’"‘(%‘ﬂ)ﬁ=] = (I1.5)

B

irrelevant, and could be absorbed into the definitions of the summation coefficients Cg.

Putting the pieces together, the complete partition function for the set of fermions with [gl

boundary conditicns is

len ey,

3= I [

= (atryi(r)Vime)

len oz e—ﬂri(lﬁ—amltlﬁwna)g[SL-:] (0]7) lenag ezm'(x/z—an.-)(1/2+ﬁm)§[gnf] (0| )

] lenag

@ & {G]o

=1 n(r) i (")
(L.6)
The bosonic correlation function, Gp(v), is defined via
(X“(Vl,ﬁl)xy(lf],ﬁg))f =n"Gpy =v —1y). (IH.?)
It can be expressed in terms of theta functions,
0
GB(]/) = —% In 21;8_7(1“' ")’/IMTM (HI_S)

el oln)|
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A dotted variable, for our purposes, will always be taken to signify differentiation with respect
to v,

X=8X. (II1.9)

In a slight abuse of notation, we write the correlation function for right-movers as G g(7) although

in fact it is equal to Gp(v).

We thus have
ilmv _ 1 9'[)] (7} - 7)

= Tmr ~ w81

(I11.10)

The fermionic particle correlation function G F[S](V) and anti-particle correlation function
Gp[;](v) are defined as follows (excluding the case @ = 8 = 0):

(¥ (y) ‘I’j(l’z));;r = ‘5UGF[;J(V = —n)

(II.11)
(¥f(n1) ‘I’j'(vz)>;i_r = Jijép[g](v = ~ 1)

where here the expectation value is understood to exclude a factor of the partition function.

These correlation functions can also be expressed in terms of theta functions,

93] (| 1) [S] (01 7)
279 [3] (v17)9(3] (01 7) (WL.12)

oo 3fo=-oz)cn

ofo-

where the last equality derives from a theta function identity.

As v — 0 the various Green’s functions have the following behavior:

|~Y" x constant

exp (Gp(v)) — |v
Ga(?) » —5= + O()

9'[5](0)

2r9(3] (0)

(111.13)

GF[‘;](V) e +O(v)

The self-contractions are obtained by taking v — 0 but with the pole piece subtracted [40] so
that

al_ ¥'[3](0)
S [6] ~ 209[3](0) (IL-14)

-The vertex operator for emission of a gauge boson, in the F} picture for the right-movers, is

Ve(e, kin7) = —V2gVAT 8 (0)¥(v) ¢ - (8X(R) +VAT(R) - B()) VR XED
(IIL.15)
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or, using Grassman variables to put it into an exponential form,
Vo(e, ki v, 7) = v2gV AT / déy do, dos do,
exp (iV3k - X(,7) + 6, % () + 025(v)
+oabee - X(9) + iVA0:k - F(F) + bye - T(D)) : .

(IIT.16)
The N-point amplitude is then given by
11 .
An = 2(161!") oY (Im )3 (ImT) /d v - fd VN_1
. s (I.17)
Zg(T) ZCEZF [ﬁ] (7) (V*1 (1) - VGN(”N))E;-;-
&8
Evaluating the correlation functions gives (in Minkowski space)
n/i-1 n ra, 1?11 ... TGn ;r.l..
—izf— ﬁde- df;; db;s db; Hd% Y cizi(n)
(Lm.,-)z 41 il GU43 QU3 e 1 i y %3
e [-su006m, ]
i=1 ‘Bmi
Hexp {,\k; + k; Galv: — vy)
i<j
™mi ami m; = am,
- 9,‘191;36 ‘;ijGF[ﬁ.. ](Vg - VJ-) — 9,'39..,;16 ’;;"_G [ﬁA J( - V_.,-)
my (11I.18)

= 8302 )k; - k; GF[QT](Fi — ;)
Br
+ i‘\/:\‘(e,';;oj‘k,' * €5 1 0i4bi3k; - €;) GF[;:](Fi ~7;)

- i\/X(9¢39;4kj ¢ Eg ~ jgﬂﬂk.‘ . EJ') G.'B(F.' - '"U‘,')
+ 0{49;’45; < Ej GF{;I](F; - Fj)

+ 0:30:48;30;4¢; - €; Gp(v: — 7;)

This formula is valid in all sectors except Ramond-Ramond, where the fermionic zero mode de-
mands special treatment. However, that sector enters only into parity-violating amplitudes, and
so is not relevant to any of the calculations in this paper. The normalization of the amplitnde has
been calculated by Polchinski [41] and Sakai and Tanii [42].
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Appendix IV. Structure of Two-Trace Next-to-Leading Color Terms

We wish to show that any relative permutation which gives rise to a term of O(N?-?) from
the sum over color indices of a product of two traces, is either an element of Z,_;{1,...,n -1} or
of Zpn-1{1,...,n — 1}, where the latter set was defined in equation (8.17).

Consider the preduct

C =Tr(T%...T*) Tr (T“n(l) .. .Tﬂp(-—n‘Tﬂn) = Tr (T ~1... "% . < Tetn-n) - (IV.1)

summed over all a;. Assume only that g # 1. Then, without loss of generality, we may take
p(i)=13 forj=1,...,f-1 (f may be 1) av.2)
p()=17 forj=1+1,...,n-1 (! may be n — 1)
where { > f. Define ¢ = p(f) and s = p7!(f) (note that f < ¢ <! and f < s < {); using the Fierz
identities, we can re-write C as
N:-—Hf—l Te (T ... T T .. -T%en)
= NP=MI=b T (7oL To T+ oL T9) Ty (T4 . <T%#) (IV.3)
= N:-‘-‘H—l Tr(T* - . T T2+ Toe-0) =1, T +1 % (s 41) , ST,
The maximal power of N. that can emerge from the trace in this caseis 1+ (I ~t)+{t— f—1) = I~ f,
so that C (as we already know) cannot be greater than NP~?, This means that we cannot afford
any more detours through the Fierz identities, so all the products of matrices inside the trace must
collapse to Casimir operators; thus, we must have

p(f+1)=t+1

Af+2)=t+2
(IV.4)

A(f+i-t)=1
and
pla+1)=f+1

p(s+2)=f+2
(IV.5)

p(l) =f+1l—a
and, in addition, we rmust havet — f > 1 — s+ 1 and

pla~-1)=t—-1
ple—2)=t~-2
(1v.6)
pla—(t—f-lta-1))=t—(t—f-1+s-1).
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From equations (IV.5) and (IV.6) it is clear, that by performing a cyclic transformation on the
image of elements s — (t — f — [+ s~ 1),...,8,...,] under p, one can bring them into an ordered

sequence. After such a cyclic transformation, the image of p has the form
s—(t—f-l+s-1)...08,...,.LAF+1,.. ., f+1-1t (Iv.7)

because of equation (IV.4). A further cyclic transformation on these elements will then bring them
all back into an ordered sequence. From the definition of Z,, however, one can see that this
sequence of cyclic transformations is exactly the inverse of an element of Z,_, U Z,_,. The reader

may verify that the boundary cases (for example, ¢ = ) are included correctly in this description.,

Appendix V. Structure of Three-Trace Next-to-Leading Color Terms

We wish to show that if p € 5,,/Sy,,;, then
C=Tr(T™ - T*) Tr(T) .. T%0-1) Ty (T2t .. cTem)) = NP1 (V.1)

if and only if p € CCP (;'), where the set is defined just before equation (9.14). We will assume that
J>landthatn—j7+1>j5 -1,
Define t = p(1). If p € CCP(?), then using the Fierz identities, we find for t + j — 2 < n that

C = Te(T -+ -T*) Te(T® ... T+i-3) Tg (Ts+i-1 ... T T ., . Ta-1)
= Te (T« TH- AT+ o TOnoa T L 0 ) Ty (T . L Toe+i-3)
= ’I‘r(Tﬂl s TP Y4d=1 T2 T 01, TO4-1T 0, T 4i-3014j-3 ,, -T“‘) (Vv.2)
= NG N1 (n-t—j+1)41
= NP1,
The evaluation in the case ¢ + 7 — 2 > n is similar, and the result is identical.

To prove the ‘only if” part of the assertion, consider C in the general case. We continue to
label p(1) by t, and define u = p(j); then

C = Tr(Ta.. oA B(3) L, L T Rei—1) T, .TGI) Tr(T“p(j) . .Tﬂam)

V.3
= Tr(T“ﬂ 2o PO PO (i42) o T Bt} T Bu—1 T +1T%s(2) ., . TBs(i=1)T8-1, ., Tal) ( )

if ¢ < u, with a similar expression if ¢ > u. Because there are only 2n — 4 matrices inside the trace,
the maximal power of N, that we can obtain after summing over the remaining a; is N*!, and

that value we will obtain only if we avoid a detour through the Fierz identities, that is if the string
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of matrices collapses to a product of Casimir operators. This can happen only if for some b

pi+1l)=u+1 pn)=u—-1
pPi+2)=u+2 pn-1)=u-2

and _ (V.4)
p(j+b)=u+bmodn Pi+b+1)=u—-(n-j-0b)

and for some ¥

p2)=t+1 pi-1)=t-1
p(3) =t +2 pli-2)=t-2

and ) (V.5)
p(M)=t+8 -1 p(V'+1) =t —(j~b —1)modn.

Equations (V.4) tell us that the elements 7,...,n must be mapped into a cyclic permutation of a
set of elements that are consecutive mod s, that is up to a cyclic transformation on all n indices.
Equations (V.5) tell us that the same thing is true of the elements 1,...,j — 1. Using the freedom
to make cyclic transformations on the indices inside each trace, inherent in picking a p out of a set

equivalent under 5, ;, we can then express p as an element of CCP (’;)

Appendix VI. The Color Decomposition from Feynman Diagrams

We give here an outline of a derivation of the color decomposition of pure gauge theory ampli-
tudes from a conventional diagrammatic point of view. Every Feynman diagram in a SU (N) gauge
theory with no matter fields is built out of five components: a three-gluon vertex, V3; a four-gluon
vertex, Vy; a ghost-ghost-gluon vertex, Vgy; a gluon propagator, Dg; and a ghost propagator, Dyy.
The color structure of these objects is expressed in terms of the Kronecker delta on Lie algebra

indices and in terms of the group structure constants. These structure constants are related to the

generators via

fode = _% Tr ([T%,7°] T°) (VL1)

where the appearance of /2 is due to our normalization of the generators.

The first observation is that because all structure constants involving an additional I (1) field
will vanish, it will decouple from physical quantities; we can thus add a U/ (1) gauge field (and
corresponding ghost), and perform all our sums in U(N) rather than SU(N). We can now rewrite
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the vertices as sums of coefficients times traces of generators:
Va = igfuesm KE (ky, ks, k)
= % (Tr (T2 T°2T%) — Te (T T*T™)) Ky (ki k42, k29)

V‘ = __"gﬂ [fba,agfbasaq_[{r;m#;m + fba;a;fbn.ngxrl:#z#am + fbc;a..fba;agxﬁ.mu:m]

_ % [(’I‘r (T2 T2 T To) 4 Tr (T T T2 L)) (Kiakabsra _ K psanas) viz)
+ (Tr(THTSTHT) 4 Tr (TS T T To)) (K akasase _ K fikansne)

+(Tr (T T T T ) + Tr(THTTST™)) (K fasavem _ Kiapanan)]
Ven = —ig fH1o2® K QK28 (o, kg, ka)

=~ (e (ST T%) - Te(TOT™T*) K, (K, b7, )

where the K; are kinematic factors depending upon the momenta flowing into the loop and the
corresponding Lorentz indices.

The propagators are proportional to §212, so that in constructing [off-shell] tree diagrams, they
will simply contract indices. Expanding a given diagram using equation (V1.2), and performing the

contractions term-by-term will lead to products of traces such as
Te(T* T2 T%) Te (TIT*T) . (VI1.3)

So long as we are not creating a loop, the contracted indices will lie in different traces, and using

the U(N) Fierz identities, we can reduce this to
Tr (T T22T2T™), (VL4)

so that any off-shell tree diagram* can be written as a sum of kinematic coefficients times single

traces of products of generators,
3 Tr(To%w...To ) K (o) . (VL5)

If we now close a loop, we will be contracting the indices of two generators with the same loop,
and there are two possibilities, depending on whether these generators sit next to each other, or
are separated by additional generators:

Tr (T .. . Tom T TSI Tom41 ., «T*)

(V1.6)
Tr (T . TOmTo T . T T Tt . TOn)

* The reader should be careful to note that this statement depends on the off-shell continuation of the theory.
It is not invariant under arbitrary field redefinitions (which correspond to different off-shell continuations);
however it is irue for the conventional choice of field variables used in Feynman diagrams.
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In the first case, the contraction will produce a Casimir operator, so that we will be left with a

single non-trivial trace, and an explicit power of the number of colors,
N, Tr(T*-.-T%) (VI.7)
while in the second case, the other Fierz identity tells us that we will get two non-trivial traces,
Tr (T ... T T+t ... T%) Tr(T° ... T) (VL8)

in agreement with the string approach. While the heterotic string approach may be less familiar,
it provides a direct and efficient method for explicit computations of the partial amplitudes.
Beyond one loop, one can continue to split traces, or to generate additional powers of N,
keeping the number of traces fixed. These actions generated terms with 7 < L + 1 traces, and
an explicit coefficient of N2*+1~T. It is also possible to combine previously split traces, generating
terms with fewer than L + 1 traces, and an explicit coefficient less than the maximal one by
some number of powers of N}, One must keep in mind that any given term may disappear if the
corresponding kinematic coefficients conspire appropriately; this diagrammatic derivation only tells

us the set of allowed trace structures.
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Figure Captions
Fig. 1. The planar diagram contribution to the one-loop five-gluon amplitude in an open string
theory.
Fig. 2. A non-planar diagram contribution to the one-loop five-gluon amplitude in an open
string theory.

Fig. 3. A generic higher-loop contribution to the five-gluon amplitude in an open string theory.
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Fig. 2
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