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Summary . The periodicity in redshift distribution in a T-3 

universe has been investiqated. We show that, in a smal I T-3 

universe, if the mean number density of the considered 

objects is 1 arge enough, their rrdshift distribution must 

bear an observably periodic component. In particular, such 

prriodicity can significantly be confirmed by means of the 

power spectrum of the redshift distribution. All observed 

features related to the periodicity in quasar ’ s redshif t 

distribution, including the argument of the periodicity, the 

wavt?l ength and the mean number density of quasars, can be 

fitted in with the periodicity given by a T-3 universe with 

adoptable parameters. Therefore, the redshi’ft distribution 

of large redshift objects may have the potential ability of 

determining the topoloqy of the universe. 
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1. Introduction 

The periodicity in the redshift distribution of quasars is 

a slippery topic in quasar physics and cosmology, More than 

twenty years ago Burbidge (1968) first pointed out the 

probable exirtence of periodici ty in the redshif t 

distribution of quasars. In subsequent investigations, some 

results (Cowan, 1969; Burbidge and O’Del 1, 1972) confirmed 

Burbidge’s guess, while some others (Plegemann et al, 1969; 

Wil Is and Ricklefs, 1976) were negative. Using a much larger 

number of quasars, we (Fang et al., 1992) confirmed the 

periodici ty in the redshift distribution of quasar emission 

1 ines with respect to the variable w=ln(l+z). No such 

periodicity has been found, however, in the redshif t 

distribution of quasars given by the Texas radio survey 

(Wi 11s and Wills, i987). Recently, the periodicity has once 

again been analyzed and confirmed for samples with a 1 arger 

number of quasars (Arp et al., 1989). 

There has al so been considerable debate over how to 

explain the periodicity in redshift distribution. At first 

Burbidge wanted to explain the periodici ty as a result of 

the non-cosmological origin of quasar’s redshif ts. The 

gravitational 1 ensing of quasars, however, directly shows 

that the redshif ts of the lensed quasars are cosmological. 

The observational selection effects, such as the preference 
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for identifications of certain emission lines (Lyo( , Cip , 

MQa ) in quasar spectra, may al so be a reason for the 

periodicity. It has recently been confirmed, however, that a 

periodic component also signifcantly exists in the redshif t 

distribution of Lyc( absorption lines in quasar s; pet trum (Chu 

and Zhu, 1989). In 1983 we proposed that the periodicity 

might be due to the mu1 tiply-connected top01 OQY Of the 

universe (Fang and Sato, 19831 Fang and MO, 1987) , For 

instance, in a small-scale 3-dimensional torus (T-3) 

universe the redshift distribution of the multiple images of 

a quasar wi 11 be periodic. Nevertheless, a 1 ater study 

(Ellis and Schreiber, 1986; Ellis, 1987) concluded that no 

remarhabl e features can be found in the redshif t 

distribution of a small T-3 universe. 

The aim of this paper is to re-investigate the periodicity 

of redshif t distribution in a T-3 universe. We will show 

that, if the scale’ of a T-3 universe is smal 1, then so long 

as the number density of the considered objects is I arge 

enough, their redshift distribution must bear an observably 

per i odi c component. In particular, in this case the power 

spectrum of the redshift distribution of the objects must 

bear an observabl e resonance peak, which is remarkably 

different from that of a simply-connected flat universe. 
c 

That is, the periodicity in the redshift distribution is one 

of the observable features which are sensitively dependent 

on the spatial topology of the universe. All features of 
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observed periodicity in quasar’s redshift distribution can 

natural ly be fitted in with the periodicity of a small T-3 

universe. This seems to strongly imply that the periodicity 

of redshift distribution of large redshift objects; such as 

quasars and Ly4 clouds, would be able to play an important 

role in the observational COStDO OQY Of detecting the 

tOpOlOQy of the UniVePSe. 

2. Redshift distribstionc in 2 T-3 uni~:crse 

Let us consider a T-3 universe, which is constructed from 

a flat universe by identifyinq point <x1, x2, x3) with 

points (xl+lal, x2tma2, x3tna3) with al 1 integers 1, m and 

n. In such a universe an observer will f ind that the space 

is divided into a periodic lattice with s ,ide lengths aI , 

a2 pa3 in the directions of x 1 I x2, x3, respectively. Each 

ccl 1 of the lattice space can be denoted by integers (1, m, 

i-4) . The basic cell is Qiven by l=m=n=O. 

With no loss of generality, we can choose the observer to 

be located at the origin of the basic ccl I, i.e. x1=x2=x3=0. 

If an object is located in (x1, x2, x3) of the basic ccl 1, 

then the redshifts of the object and its imaQes are given by 



where R(t) is the scale factor of the flat universe, Ho is 

the Hubble constant and to the present time. 

The size of the universe is described by Li =R(t,,)ai , i 

-1, 2, 3. The lower limit of Li can be obtained from the 

fact that there are no opposite-side twins in some surveys 

of galaxies or quasars. Up to now, it can only be confirmed 

Li > 400 - 600h-1 Mpc (Fang and Liu, 1988) . Therefore, one 

cannot now rule out that the universe is so small that the 

present horizn size LhrY(c/Ho)is already at least five times 

as large as L.. That is, we have 
1 
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Eq. (3) is equal to say that the whole observable range may 

al ready cover on N 
C 

cells of the lattice space, where N is 
C 

given by 

* =4rr 3 
C -j- Lh I L1LzL3 - F P3 fw 500 (4) 

Therefore, every object has, on average, N images. c 
In fact, the coordinates of images are not precisely given 

by (x +la , x +ma 1 1 2 2B x3+nq). Since the object and its images 

be1 ong to different era, peculiar motion will lead to a 

deviation from rigorous periodicity of (a 1, a2, a3). Another 

reason for the deviation from rigorous periodicity is the 

clusting of objects. As we know, in some clumps of matter in 
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the universe formations of quasars and galaxies are more 

active. Therefore, for short-lived objects like quasars, the 

brightest obj PC t for a given clump in different time was 

1 ocated at different places in the clump. In this case, it 

would be most 1 ikely that the observed images in different 

ccl Is be1 ong t0 the r.ame C\UmD, but not the same object. 

Hence, the coordinates of such images may also deviate from 

(a1 , a2 , a33) periodicity by a scale of the size of the 

clump. In order to describe al 1 the deviations, the 

coordinates of images of an object with coordinate (x1, x2, 

x ) should be revi%ed as 
3 

(x +la + 1 1 5 2 2 S , x3+na3+h 1 , x +ma + (5) 

where S 1s a random number in the range (O,O-), and c is 

given by 

o-= d/R(t,) 
(6) 

where d is the length scales of the size of clumps and/or 

peculiar motion. 

Fran Eqs.(l) and <5) , one can generate a redshift sample 

from a given set of coordinates of objects in basic cell. 

Let us now consider the T-3 universe with aI-aZ=a3=a, and a 

can be taken to be equal to 1 by re-normalizing R(t). Fig. 1 

plots a redshift histogram of a sample, which includes all z 



< 3 rodshifts Of images generated by 10 randomly distributed 

objects in the basic ccl 1 in an a = 1 universe with P = 2.5 

(or L = 120Oh-1 Mpc) and IT = 0 . No peripdici ty can be found 

from Fig.1. In fact, this result has already been dicussed 

by Ellis (1987). 

If, however, we let at least one object be located at the 

observer’s place, i.e. the origin, the redshift histogram 

shows the expected periodicity. In Fig. 2 the sample is the 

same as that of Fig. 1, but one object has been placed at 

the origin of basic cell. The sample of Fig. 3 differs from 

Fig. 2 only by d= 0.05 or d = 6Oh%pc. It can easily be 

seen from Figs. 2 and 3 that several significant peaks are 

super imposed on a random background. This f’eature is quite 

similar to the observed redshif t samples of the quasar’s 

emission lines and absorption lines. Histograms of both Fis. 

2 and 3 also even have the most remarkable peah at z&2, as 

in quasar samples. The failure to find periodicity in the 

simulations done by Ellis (1987) is just due to overlooking 

the contribution of objects within the region near the 

observer. In the following sections we will show that it is 

necessary to consider the contribution of the nearby 

objects, 

3. Power spectrum analysis 

As in the case of quasars, we adopt the method of power 
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spectrum (PS) to analyze the periodicity in redsh i f t 

distribution. Also as in the case of quasars, we study the 

periodicity with respect to the argument w=ln(l+z) 

redshift range of zl< I < z2(Fang et al., 1982). 

The power spectrum P(k) is then given by 

NT P(k) = +-- [ L 
T 

cos(2trkwi/W1* 

i=l 

NT 
+[ 25 

ill 
sin(2rkwi/W) I* 

in a 

(7) 

where NT is the total number of redshifts, wi= In(l+zi ), W 

m In< 1+z2) - ln(l+zl ) and K the wave number. If the points 

W. 1 are randomly distributed with uniform probability in the 

interval ‘y, y’s the power spectrum P(k) .should have both 

average, and variance to be equal to 1. The probabi 1 i ty that 

a given peah in a random spectrum has a power P > P, i c. 

given by Pr(P>Po)=exp(-Po). If one performs K independent 

experiment , the joint probabi I i ty that at 1 east one 

experiment will yield a spectral power exceeding Po is 

PrCP>Po) = l- Cl-exp(-PO)? (8) 

Three PSs are plotted in Fig.4. In Fig. 4 (a), the sample 

is generated from one object located at the origin and 9 

randomly distributed objects in the basic cell of a T-3 

universe with P = 2.5. In (b) the sample is generated from 

10 randomly distributed objects in the basic cell, and none 
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is located near the origin. The samples of Fig. 4 (c) are 

taken from a simply connected flat universe, which includes 

125X10 =1250 randomly distributed objects in the region 

oc Xl’ x 2’ x3x2.5. In ail three PSs we take x1 = 0.5 and ‘2 

= 3.0. Each PS in Fig.4 is the result of average of 10 

samples. 

The PS(a1 is quite simil iar to that of quasars. It has a 

clear peak at h = 6, which corresponds to a periodic 

component in the redshift distribution with respect to w by 

wave1 ength A = W6 10.163. The higher power near k = 1, 2 

is due to global inhomogeneous, but not periodicity. 

PSs (b) and Cc) are obviously different from (a). No 

confirmable peaks exist in the PSs (b) and Cc). Namely, F10 

periodici ty exists in the redshift distributions of samples 

(b) and tc). It is very interesting to note that it is very 

difficult to distinguish directly the pattern of the spatial 

distributions of samples (a) from those of (b) and (a). All 

distributions of (a), (b) and tc) appear to be isotropic. In 

fact, the peak P(6) in PS (a) result from only about N,= 

(4 rrc 13JC2.5) ,-v 65 redshifts, which is much 1 ess than NT 

650. Therefore, PS is a very strong tool to piclc up periodic 

components from a random background. 

The influence of peculiar motion and clustering can be 

found from Fig. 5, in which the sample’s parameters are 

still the same as that in PS (a) of Fig. 4, but talking CT- 

0.05, 0.10 and 0.20, respectively. It is obvious that the 
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significance of Confidence of the k-6 pea)! is still as large 

as 98% for at least r= 0.1, i.e. d = 1206’Mpc, which is 

1 arger than the length scales of clusters and peculiar 

motion. Therefore, both effects do not erase the peak given 

by the T-3 multiple connectivity of the topology of the 

universe. 

The K-6 peak in power spectrum is given by the redshifts 

of the object .at the origin and its N images, These 
C 

redshifts distribute regularly with respect to the observer. 

This means the distribution of these NC redshifts is 

coherent. One knows from Eq. (6) that the contribution of NC 

coherent redshif ts to the power spectrum is rOUghI y 

proportional to Nz , and their peak in PS wil I not be erased 

un 1 l ss the total number of randomly distributed objects is 

1 ar per than Nz . Therefore, we expect the k=6 peak wil I 

still exist as long as the number of randomly distributed 

objects in the basic ccl 1 is less than Ns /NC w 60 or the 

total number of the sample is 1 ess than about 4000. This 

inference can clearly be verified from the distinct i:=6 peak 

in Figs. 6 and 7. Fig. 6 shows PSs of samples generated by 

one object at the origin plus 5 or 20 randomly distributed 

objects in the basic ccl 1. The sample used in Fig.7 is 

constructed by the NC coherent redshifts plus 2000 redshifts 

of randomly distributed objects in the range of 

(x,2 tx; +x3 * PC 2.5. 
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4. Conditions for a detectable periodicity 

With al 1 the above-mentioned preparations, we can now 

discuss a more general situation. If there are a total of N 

objects distributed randomly among the basic ccl I with 

uniform probabi 1 i ty, the number of objects within the box -CT3 

with its center at the observer is then on average going to 

be NV’ . The total NcNW3redshifts of such neighboring 

objects and their images are coherent. Therefore, the 1(=6 

peak given by these c.ot,arent redshi :ts wil 1 not be erased 

until the number of redshifts of the random background is 

1 ar ger than c (N N03J2 . This means that the k=6 peak wil I 

definitely appear in the PS if 

N No = l/N,d (9) 

Therefore, one can conclude that the periodicity of redshift 

ditribution in a T-3 universe wil 1 certainly be detectable 

as long as the number density of the considered objects is 

large so that 

N/L3 > No/L3 = $- C-6 (c/H,)-~ (10) 

or the mean distance D of the considered objects is not 

large as 
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D < (4 w/3)1’3 v2 (c/Ho) (11) 

For instance, when v = 0.1, we have D C 5Oh-’ Mpc. This 

result would also consistent with quasars. From some 

incompl et0 catalogs of quasars, it has already been shown 

that the mean distance between neighboring quasars is about 

100 Mpc (Chu and Fang, 1987). 

More precisely, the value of Noshouuld be found from the 

solution of the equation as 

F(NoCf3,U 1 = NcNo ( 12) 

The function F<n,G) is given by 

NT NT 
F(n,Q) = [=G1 cos(12rrwi/W)12+[ iFl sin(12hwi/W)12 ( 13) 

where the sum takes over N 
.T 

redshifts in the sample, which 

is generated by n objects distributed randomly within the 

box U 3 with the center at the observer. Fig. 8 shows some 

results of F(n, CT ). 

If the considered objects are clustered, the number of 

nearby objects may be much less than the average NC3 , so 

that both conditions (9) and (10) wil 1 not be appl iCabiQ. 

However, we (the observer) are, fortunately, also to be 

1 ocated in a cluster of objects. Therefore, the clustering 

will give more nearby objects than the average N V3. This 
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io, clustering QVQn mor 0 COndUCivQ t0 the observable 

periOdiCity in redshift distribution given by a T-3 

universe. 

Final 1 y, we COnSidQr the periodicity in a 3-dimQnSi on 

torus universe with different sizes ‘i in different 

direction. Fig. 9 shows the dependence of the k=6 power on 

the ratio of a2/aland a3/al . The samples used in Fig. 9 are 

generated f r siil ullly O”e object iocaied al the origin. 

Therefoe P(6) is, in fact, the number of coherent redshifts 

in the SUnplQ. It can be seen that P(6) is sensitively 

dependent on the ratios of sizes of the universe. This means 

that the pQriOdiCity of redshift distribution is one of the 

sQnsitive features related to the topology of the universe. 

One can then conclude that the periodicity in the 

distribution of large redshift objects, like quasars and Ly 

clouds, may Play an important role in the ObSQrVatiOnal 

cosmology of determining the topology of the universe. 
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Figure Captions 

Fig. 1 Histogram of a redshif t samples generated by 10 

randomly dostributed objects in the basic cell. 

Fig.2 Histogram of a redshift sample generated by one Object 

1 ocated at thQ origin and 9 random distributed in the basic 

ce1 I snd o-= 0. 

Fig.3 Histogram of a redshift sample as that in Fig. 2, but 

a- = 0.05. 

Fig.4 10 time average of power spectra of Samples generated 

by ( a) one object at the origin and 9 random distributed 

objects in the basic cell; (b) 10 random distributed objects 

in thQ basic cell; (c) 1250 objects distributed randomly in 

the range 0 < x1, x2, X3(2.5 in a Simply connected flat 

universe. 

Fig.5 10 time average Of power Spectra Of Samples gQnQratQd 

by one obj QC t at the origin and 9 randomly distributed 

objects in the basic ccl 1 and (a) c = 0.05; (b) (7s 0.10; 

Cc) w- 0.20. 

Fig.6 10 time average of power spectra of samples generated 

by one ObjQCt at the origin and (a) 5 or (b) 20 random1 y 
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distributed objects in the basic Cell, 

Fig.7 10 time average of power spectra of ramp1 es 

constructed with one object at the origin and its = 0.05 

T-3 images plus 2000 ObjQCtS randomly distributed in the 

range (x 2 
1 

+x +x; Y2<2.5. 

Fig.8 Function F(n,tr). (a) C= 0; (b) 0-= 0.05; (c) 0-s 

0.10. 

Fig.9 P(6) as a function of the ratios of the sizes of the 

univ0r90. 
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